
=©Ú^�ª: Yanhua Wang, James Zhang. Discriminants of noncommutative algebras and their applications(in Chinese). Sci

Sin Math, 2018, 48: 1–XX, doi: 10.1360/N012016-XXX

¥I�Æ : êÆ µ"¥v�

www.scichina.com math.scichina.com

����ê��Oª9ÙA^
z�4�Æ�Ç90u�

�ýu1, Üj2

1.þ°ã²�ÆêÆÆ�, þ°½7K&EEâïÄ:¢�¿, ¥I, þ° 200433;

2.u�î�ÆêÆX, {I, u�î, Üäã 98195.

E-mail: yhw@mail.shufe.edu.cn1, zhang@math.washington.edu2

I[3ÆÄ7�]Ï�8(1OÒ: [2016]3099)1, þ°½���
¬�ïM#�8(�8?Ò: 15ZZ037)1, °	3Æ£I<
�

ïéÄÄ71, þ°�ÆEâ�
¬Ä7(�8?Ò: 15511107300)1, {II[g,�ÆÄ7�8(�8ÒµDMS-1402863, DMS-

1700825)2,

Á� �©o(
CAc�êÆ[3����ê�Oª�¡�Ì�ó�. �Þ
8c����
�

���ê��Oª, ¿nã
����ê�Oª3�êgÓ�+!Ó�¯K!��¯K!Tits�n±

9Azumaya;,��¡�A^Ú(J.

'�c �Oª �êgÓ� �� Ì�� ��¯K Azumaya;,

MSC (2010) ÌK©a 16W20, 11R29

1 Úó

�Oª(discriminant)�@Ï/ª�±J��Í¶êÆ[Cayley31848c�Ø©5On the theory of

elimination6[1]ÚSylvester31851c�Ø©5On a remarkable discovery in the theory of canonical forms

and of hyperdeterminants6 [2]¥�A�AÏ�L�ª. 3�5�êÚêØ¥, �Oª�2�^uïÄ

õ�ª�Ü¤±9pg�§�ØCþ. d	, �Oª��Galois+!Úî�ª!õ�ª��f±9õ�

ª�(ª�ÑkX;��éX [3] [4]. p*êÆ{¤, �Oª��±5Ñ´êÆïÄ¥����ØC

þ, cÙ3êØ!���ê!�êAÛ�+�¥Ñ�üX�~���Ú"

êÆïÄ¥�,	����ØCþ´gÓ�+, ¯¢þ, z�êÆé�3§�3��Æ¥Ñ�

±½Â§�gÓ�+. gÓ�+Ø=´éêÆé�é¡5��«�x, �´�ké�(���«�

�Ny. �©¥, ·�?Ø�gÓ�+Ñ´��ê(½�)�gÓ�+. ¯¤±�, �kþ�õ�ª�
êk[x]�gÓ�þ�/X

g : x 7→ ax+ b, a 6= 0, a, b ∈ k

�gÓ�; k[x1, x2] �gÓ�Ñ´tamegÓ� [5] [6]; 'u��õ�ª�êk[x1, x2, x3]�gÓ�+¯

K8c�vk��)û, î8��, d�¡����Ð¿��Í¶�(J´Shestakov-Umirbaevy²


k[x1, x2, x3]äkwildgÓ� [7]. C
c, �X����ê�uÐ, �5�õ�<m©'5����
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ê�gÓ�+, ¿��
��(J, Xµ3þfXêqØ´ü ���¹e, Alev-Chamarie!Alev-

Dumas±9Alev-Hodges-Vivas�Ñ
�
þf+ÚþfWeyl�ê�gÓ� [8] [9] [10]¶Andruskiewitsch-

Dumas�Ñ
þf+�Ü©�gÓ�+�ß� [11]¶Bavula-JordanïÄ
2ÂWeyl�ê�Ó�¯KÚ

gÓ�+ [12]¶Gomez-Torrecillas-El Kaoutit�Ñ
þf"�m�I��gÓ�+ [13]; Launois-Lenagan

�Ñ
$�þfÝ
�ê�gÓ�+ [14]; Suarez-Alvarez-VivasïÄ
þf2ÂWeyl�ê�Ó�ÚgÓ

� [15]. 2012c�2013cÏm, Yakimov|^quantum tori��K5¤õ/)û
Í¶�Andruskiewitsh-

Dumasß�ÚLaunois-Lenaganß�,¿y²
qØ´ü ���¹e,þfÝ
�êÚþf��ä�ê

�Ü©�gÓ�+´A��)�(virtually solvable) [16] [17].

�u�OªÚgÓ�+3êÆïÄ¥��5,XUrþãü�{¤aÈ�ØCþk�/(Üå

5, ¿A^�����ê�ïÄ¥, ò´���~k¿Â�¯�. Äu±þg�, l2015 cå, Ceken-

Palmieri9�©�öm©|^����ê��OªïÄ�ê�gÓ�+ [18] [19]. �C�ïÄL²�O

ª3�êgÓ�+!�êÓ�¯K!��¯K!Tits�n(Tits Alternative)±9Azumaya;,(Azumaya

locus)��¡kX2��A^. eã�Þ
CAc����ê��Oª3þã��¡��'ó�µ

¯K ©Ù

�Oª�O� [18]! [19]! [20]! [21]! [22]! [23]! [24] ! [25]

gÓ�¯K [18]! [19]! [21]! [22]! [25]! [26]

Ó�¯K [18]! [24]! [27]

��¯K [20]! [24]! [25]! [28]! [29]

Tits�n [25]! [27]

Azumaya;, [22]! [30]

�©�©8!, 1�!0�
�Oª�Vg±98c����
����ê��Oª; 1n!�

Ñ
�Oª3�êgÓ�+Ú�êÓ�¯K�¡�A^; 1o!�Ñ
�Oª3��¯K�¡�A

^; 1Ê!{ü/�Ñ
�Oª�Azumaya;,�m�'X; 18!�o(.

2 �Oª�O�

�Oª�½Âd5®È, Äk·�5£��eêØ¥�Oª�²;½Â. XJf(x)´Qþ�ngõ
�ª, x1, x2, · · · , xn´f(x)��, Kf(x)��Oª½Â�

dis(f(x)) =
∏
i<j

(xi − xj)2 = (−1)
n(n−1)

2

∏
i6=j

(xi − xj) ∈ Q.

XJF´Q�k��Galois*Ü, POF´F��ê�, ¿�OF = Z[α] ∼= Z[x]/(f(x)), Ù¥f(x) ∈
Z[x]´α�4�õ�ª,KF3Qþ��Oªdis(F/Q)½Â�dis(f(x)). ´ydis(F/Q) ∈ Z,¿�dis(F/Q)

�f(x)9α��{Ã'.

�Oªkõ��d�½Â, e¡·��Ñ����ê�Oª�A«/ª. �k´�, A´k-�ê,

R´A�¥%. ½ÂA�,N����R-�5N�

tr : A −→ R,

2
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¦�éu?¿�a, b ∈ A, tr(ab) = tr(ba). XJA´Rþ��n�gd�, KA��¦N��±p�Ñ�

êN�

lm : A −→ EndR(A) −→Mn(R).

�trm�Ï~Ý
�,, ½ÂA��K,N��

trreg : A
lm−−→Mn(R)

trm−−→ R.

���J�´,¦+é?¿�,N�Ñ�±�Ñe©¥�Oª�½Â,Ø�AO`²,�©¥·�Ì�

|^�K,N�, {Ptrreg�tr. ¢Sþ, þã�¥%R�±�¤R�?¿¥%f�ê, ë�©z [18]Ú

[19].

PR×�R¥�_��8Ü, é?¿�f, g ∈ R, f =R× gL«f = cg, Ù¥c ∈ R×, 8ÜZ��P

�|Z|. e¡�Ñ����ê3Ù¥%½¥%f�êR þ��Oª�½Â, �ë�©z [18]! [19]!

[32]! [33]! [34]¥��'½Â.

½Â2.1 [18] �A´���ê, R´A�¥%, s´��ê,

(1) A�f8Z = {zi}si=1��Oª½Â�

ds(Z : tr) = det(tr(zizj)s×s) ∈ R.

ùpdetL«Ý
�1�ª.

(2) A�s-�Oªn�Ds(A, tr)½Â�d�Oª8{ds(Z : tr)|Z ⊂ A, |Z| = s}3R¥)¤�n�.

(3) �A´Rþ��s�k�)¤gdR-�, eZ´A3Rþ�Ä, KA3Rþ��Oª½Â�

d(A/R) =R× ds(Z : tr).

´y, d(A/R)�ÄZ�À�Ã'.

�B´��,��a ∈ BXJ÷vaB = Ba,K¡a�B��5�(normal element). -b ∈ B, a´B�

�5�, XJ�3��x ∈ B¦�b = ax, K¡�5�a�Øb. �8ÜD := {bi}i∈I ⊆ B, XJ�5

�a�Ø¤k�bi, Ù¥i ∈ I, K¡a�D�úÏf; XJ�5�a´D�úÏf, ¿�D�?¿úÏf
Ñ�Øa, K¡a´D3B¥���úÏf, P�gcdBD. 5¿�XJk��C ⊆ B, ¦�D ⊆ C ⊆ B,

KgcdCDÚgcdBDØ�½Ñ�3, =¦Ñ�3, §��Ø�½��. þã½Â�ë�©z [19]Ú [25].

?�Ú/, ·�kXe½Â:

½Â2.2 [19] �A´�ê, R´A�¥%, s´��ê, Z = {zi}si=1ÚZ
′ = {z′i}si=1´A�ü�s-f8,

(1) f8é(Z,Z ′)��Oª½Â�

ds(Z,Z
′ : tr) = det(tr(ziz

′
j)s×s) ∈ R.

(2) A�Uû�s-�Oªn�MDs(A : tr)½Â�d�Oª8

{ds(Z,Z ′ : tr)|Z ⊂ A,Z ′ ⊂ A, |Z| = |Z ′| = s}

3R¥)¤�n�.

(3)XJ�Oª8{ds(Z,Z ′ : tr)|Z ⊂ A,Z ′ ⊂ A, |Z| = |Z ′| = s}3A¥���úÏf�3,KA3Rþ

�s-�Oª½Â�

ds(A/R) = gcdA
Z,Z′⊂A

(ds(Z,Z
′ : tr)).

3
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e¡�Ñ�
����ê3Ù¥%f�êþ��Oª.

dx1, x2, · · · , xn)¤,÷v'Xxixj +xjxi = 1(i 6= j)��ê¡�(−1)-þfWeyl�ê,P�Wn. ©

z [18]O�
ü���)¤�(−1)-þfWeyl�êW2 = k〈x, y〉/(xy+yx−1)��Oª�−24(4x2y2−1)2.

,	, ©z [18]��Ñ
n�óê�, Wn�¥%�R = k[x21, x
2
2, · · · , x2n]¶n�Ûê�, k[x21, x

2
2, · · · , x2n]�

´�¹uWn�¥%���¥%f�ê. 3dÄ:þ, Chan-Young-Zhang�Ñ
Wn3Ù¥%f�ê

k[x21, x
2
2, · · · , x2n]þ��Oª:

½n2.3 [20] �chark 6= 2, K(−1)-þfWeyl�êWn3Ù¥%f�êR = k[x21, x
2
2, · · · , x2n]þ��

Oª�

d(Wn/R) =k×

∣∣∣∣∣∣∣∣∣∣∣∣∣

2x21 1 · · · 1

1 2x22 · · · 1

...
... · · ·

...

1 1 · · · 2x2n

∣∣∣∣∣∣∣∣∣∣∣∣∣

2(n−1)

.

,	, Chan-Young-Zhang���
q-þfWeyl�ê��Oª, äN(ØXe:

½n2.4 [20] -n > 2, q ∈ k×´��n-�ü �. Aq := k〈x, y〉/(yx− qxy − 1)�q-þfWeyl�ê,

KAq3Ù¥%R = k[xn, yn]þ��Oª�

d(Aq/R) =k× ((1− q)nxnyn − 1)n(n−1).

�p´��ê, Äu½Â2.1Ú½Â2.2, Chan-Young-Zhang�Ñ
p-��Oª�½Â:

½Â2.5 [25]�s´��ê, XJ8Ü

Ds,p := {ds(Z1, Z2)ds(Z3, Z4) · · · ds(Z2p−1, Z2p)|Zi ⊆ A, |Zi| = s,∀i = 1, · · · , 2p}

3A¥���úÏf�3, KA3Rþ��s�p-��Oª½Â�:

d[p]s (A/R) = gcdA(Ds,p).

�A =
⊕

i∈ZAi´Z-©g�ê, v´���ê, A�v-�Veronesef�½Â�A(v) :=
⊕

i∈ZAvi.

-m,n > 2´�ê, q´m-���ü �,PA := kq[x1, x2, . . . , xn]´)¤��x1, · · · , xn,)¤'X

�xjxi = qxixj(1 6 i < j 6 n)��õ�ª�ê. -

yk := q−[n/2]k(k+1)/2(xk1x
(m−k)
2 xk3x

(m−k)
4 · · · ),

Ù¥0 6 k 6 m. AO/,

y0 = xm2 x
m
4 · · ·xm2[n/2],

ym = (−1)[n/2](m+1)xm1 x
m
3 · · ·xm2[n/2]−1.

e¡�½n�Ñ
�õ�ª�ê�Veronesef���Oª:

½n2.6 [25] ��õ�ª�êA�Veronesef��B := kq[x1, x2, . . . , xn](v). echark - m, ¿

�g�vÚm���úÏf, KkXe(Øµ

4
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(1) �n´Ûê�, B�¥%�R = k〈xmi , yj〉 ∩ kq[x1, x2, · · · , xn](v), �rank(B/R) := w = mn−1.

ev|wp(g − 1), KB3Rþ�p-��Oª�

d[p]w (B/R) =k× (x1x2 · · ·xn)wp(g−1).

(2)�n´óê�, B�¥%�R = k〈xmi , yjm/g〉 ∩ kq[x1, x2, · · · , xn](v), �rank(B/R) := w = mn/g2.

ev|wp(mg − 1), KB3Rþ�p-��Oª�

d[p]w (B/R) =k× (x1x2 · · ·xn)wp(
m
g −1).

�(A,µA)�(B,µB)´�ê,Ù¦{©OP�µA�µB . �τ : B⊗A −→ A⊗B´k-�5Ó�,é∀a ∈
A, b ∈ B, ÷vτ(b ⊗ 1A) = 1A ⊗ bÚτ(1B ⊗ a) = a ⊗ 1B . -µτ := (µA ⊗ µB)(IdA ⊗ τ ⊗ IdB). X

J(A ⊗ B,µτ )�¤��(Ü�ê, PA ⊗τ B := (A ⊗ B,µτ ), ¡A ⊗τ B�A�B�ÛÜþÈ£twisted

tensor product¤. 2016 c, Gaddis-Kirkman-Moorem©ïÄÛÜþÈ�ê��Oª, �Ñ
�
Ore*

Ü�êÚ�+�ê��Oª [21].

½n2.7 [21] �A´�ê, G´+, M´G�f�+, eM´M�ü �, Z(M)´M�¥%. �ρ :

G −→ Aut(A)´+Ó�, ÷vIm(ρ|M ) ∩ Inn(A) = {IdA}, �H := kerρ ∩M ⊆ Z(M). -T = A⊗τ kM ,

R´T�¥%f�ê, ÷vXe^�:

(1) A´A ∩Rþ�gd�, �rank(A/A ∩R) = n <∞,
(2) R = (A ∩R)⊗ kH,

(3) �3kM3kHþ��|Ä{m1 = eM ,m2, · · · ,ml}, Ù¥mi ∈M, i = 1, · · · , l,
Kk

d(T/R) =R× (d(A/A ∩R))l(d(kM/kH))n.

½n2.8 [21] �A´�ê, S := A[t;σ]´A�Ore*Ü�ê, Ù¥σ ∈ Aut(A), σ���m, �é1 6

i < m, σi Ø´SgÓ�. eR´S�¥%f�ê, PB = R ∩ Aσ. XJA´Bþ��n�k�)¤gd

�, �R = B[tm], KS´Rþ�k�)¤gd�, ¿�

d(S/R) =R× (d(A/B))m(tm−1)mn.

½n2.9 [21] -A´���ê, Z(A)´A�¥%, G´k�+, eG´G�ü �, G3Aþ��^�

gÓ��^, ¿�G¥��_�éA�gÓ�Ø´SgÓ�. -S = A#G, Ù¥A ↪→ S : a → a ⊗ eG.

XJA3Ù¥%f�êR ⊆ Z(A)G := {a|g · a = a, g ∈ G, a ∈ Z(A)}þ´k�)¤gd�, KS´Rþ�

k�)¤gd�, �

d(S/R) =R× d(A/R)|G|.

Hopf�ê��+�ê�í2, Ù(�'+(���E,Ú��, ¿�+�éõnØ�±�A/í

2�Hopf�êþ. �n > 2, λ´n-���ü �. n-�Taft�êH := Hn(λ)´dg, x)¤�Hopf�ê, Ù

�ê(��:

gn = 1, xn = 0, xg = λgx,

{�ê(��:

4(g) = g ⊗ g, ε(g) = 1,4(x) = g ⊗ x+ x⊗ 1, ε(x) = 0,

5
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é4�:

S(g) = gn−1, S(x) = −gn−1x.

eA´���H-��ê, �vk�"�Hopfn��±"zA, K¡A´S§¢(inner faithful)�H-��

ê, ½H3Aþ��^´S§¢�. PAH = {a|h · a = ε(h)a, a ∈ A, h ∈ H}. �q ∈ k×, Gadddis-Won-

Yee3©z [22]¥�ÑH3þf²¡kq[x, y] = k〈x, y|yx−qxy〉Úq-þfWeyl�êAq = k〈x, y|yx−qxy−
1〉þ�,�a�^´S§¢���=�|q|||λ|, Ù¥|q|, |λ|©O�qÚλ��. ¿�©z [22]�y²
: X

Jn = |λ| = |q| > 2, KA#H�¥%´Z(A#H) = AH = k[xn, yn]. ,	, ©z [22]��Ñ
Taft�ê�

þf²¡½q-þfWeyl �ê�SmashÈ��Oª.

½n2.10 [22] eA´þf²¡kq[x, y]½q-þfWeyl�êAq, H´n-�Taft�ê. XJA´���

½�S§¢H-��ê(� [22, Proposition 2.1ÚRemark 2.3]), KA#H3AHþ��Oª�

d(A#H/AH) =k× x
2n4(n−1).

�!���, ·�5£��eYakimovÚ¦�Æ)3�Oª�¡�ó�.

�chark = 0, (A, {−,−})´kþ�Poisson�ê. -a ∈ A, XJé?¿�x ∈ A, �3A�Poisson�

f∂, ¦�{a, x} = a∂(x), ¡a´A�Poisson�5�(Poisson normal element). Q´��q´Poisson�

5����, ¡�Poisson ��. ©z [23]Ú [24]�Ña´Poisson�5���=�Ìn�(a)´Poissonn

�, p´Poisson����=�Ìn�(p)=´�"�n�q´Poissonn�.

-A´k[q±1]-�ê, éuε ∈ k×, ½ÂAε := A/(q − ε)A. -σ : A −→ Aε�;.Ý�, Aε�¥

%Z(Aε)�´��Poisson�ê, ÙPoisson(��:

{σ(x1), σ(x2)} := σ(
x1x2 − x2x1

q − ε
), xi ∈ σ−1(Z(Aε)).

-Cε´¥%Z(Aε)�Poissonf�ê, ¿�¦�Aε´Cεþ�k��gd�. �{xj |1 6 i 6 n}�Aε
3Cεþ��|Ä, Aε3Cεþ��Oª�½Â2.1(3)¥�/ª:

d(Aε/Cε) := det(tr(xixj)n×n).

½n2.11 [23] �A´k[q±1]-�ê, Aε´Cεþ�k��gd�, Kk

(1) d(Aε/Cε)´(Cε, {−,−})�Poisson�5�.

(2) eCε´Aε���Ïª©)��(UFD)½Noetherian Poisson��Ïª©)��, Kk�Oª

d(Aε/Cε) = 0

½

d(Aε/Cε) =C×ε

m∏
i=1

pi,

Ù¥p1, · · · , pm ∈ Cε´Poisson��.

½n2.11´���~���½n, Ù�Oª�/ªØ=����ê�Oª�/ª�~�q, �

k�/rPoisson��Ú�Oª(Üå5. ½n2.11kéõA^,e¡·�Þ~`². -chark = 0, n > 1

��ê,þfÝ
�êAq[Mn]�dxij)¤�k[q±1]-�ê,�÷v: éui, j ∈ [1, n] := {1, 2, · · ·n}kXe
'X:

xijxkj = qxkjxij , i < k,

6
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xijxir = qxirxij , j < r,

xijxkr = xkrxij , i < k, j > r,

xijxkr − xkrxij = (q − q−1)xirxkj , i < k, j < r.

�l´�u2�Ûê, ε ∈ k�l-���ü �, ½ÂAε[Mn] := Aq[Mn]/(q − ε)Aq[Mn], σ : Aq[Mn] →
Aε[Mn], K��zij := σ(xij)

l´Aε[Mn]�¥%�, =zij ∈ Z(Aε[Mn]). -Cε[Mn]´d��zij)¤�¥

%Z(Aε[Mn])�f�ê, �kCε[Mn] ∼= k[zij , 1 6 i, j 6 n], KAε[Mn]´Cε[Mn]þ�gd�. P∆I,J´Ý


(zij)n×n�{fª [23], Ù¥1I ⊆ [1, n], �J ⊆ [1, n].

½n2.12 [23] �chark = 0, n���ê, l´�u2�Ûê, ε ∈ k�l-���ü �, K�êAε[Mn]

3Cε[Mn]þ��Oª�

d(Aε[Mn]/Cε[Mn]) =k×

n∏
k=1

∆L
[n−k+1,n];[1,k]

n−1∏
j=1

∆L
[1,j];[n−j+1,n],

Ù¥L := ln
2−1(l − 1).

3 �Oª�gÓ�+

�ê�gÓ�+´���~��ØCþ. Ø
AaAÏ��ê	,��éJO��êA�gÓ�

+Aut(A). 3Úó¥·�J�
'ugÓ�+�¡��
�#ó�.-<¯Û�´�êA3Ù¥%Rþ

��Oª´��gÓ�+���k�ØCþ: XJ���ê3Ù¥%þ��Oª´Ì��(dominating),

�½Â3.4, K·��±��ù��êgÓ�+����x, �½n3.6. e¡·�ò50�d�¡��


ïÄ(J.

XJk-�êA = k ⊕ A1 ⊕ A2 ⊕ · · · , Ù¥Ai�k���5�m, ¿�é?¿�i, j ∈ N, Ai, Aj÷

vAiAj ⊂ Ai+j , K¡A�ÛÜk�ëÏ©g�ê.

½Â3.1 �A = ∪i>0FiA´��Èf�ê, Ù(Ü©g�ê´ëÏ�. XJgÓ�g ∈ Aut(A)÷

vg(F1A) ⊂ F1A, K¡g���(affine)gÓ�.

½Â3.2 �x1, · · · , xn´A�)¤�, g ∈ Aut(A), e�3�Is, ¦�

g(xi) =

xi, i 6= s,

xs + f, i = s,
(3.1)

Ù¥f´dx1, . . . , xs−1, xs+1, . . . , xn)¤�, K¡g�Ð�(elementary)gÓ�.

XJgÓ�g´d��gÓ�ÚÐ�gÓ�)¤�, K¡g���(tame)gÓ�. 'u±þgÓ�

�äNSN�ë�©z [18].

½Â3.3 �A´�ê, h´A[t]�gÓ�. XJ�3gÓ�g ∈ Aut(A), c ∈ k×9A�¥%�r, ¦�

h(t) = ct+ r, h(x) = g(x) ∈ A,∀x ∈ A,

K¡h�n�gÓ�.

-Y´�êA���k��f�m, F = {FnA := (k ⊕ Y )n|n > 0}�A�¡Þ(exhaustive)Èf,

=∪nFnA = A. XJAéA�©g�grA´ëÏ�,�?¿f ∈ FnA\Fn−1AéA�©g��gr(f) = f +

7
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Fn−1A ∈ (grFA)n := FnA/Fn−1A, K��f�gê½Â�©g�gr(f)�gê, =, deg(f) := deg(grf).

e¡·��ÑÌ���½Â:

½Â3.4 [18] �Adk��f�mY =
⊕n

i=1 kxi)¤, 1A /∈ Y , �A�ëÏ©g�

grA := ⊕i>1(k1A ⊕ Y )i/(k1A ⊕ Y )i−1

´����. ��f ∈ AXJ÷v±e^�: ?¿¦�Ù©g�êgrT = ⊕i>0FiT/Fi−1T´ëÏ©g�

��N-Èf�êT ,é?¿k-�T/F0T¥�5Ã'�f8{y1, . . . , yn} ⊂ T ,�3f3gd�êk〈x1, . . . , xn〉
¥�����f(x1, . . . , xn), ¦�

f(y1, . . . , yn) = 0,

½ö÷v

(a) deg(f(y1, · · · , yn)) > deg(f),

(b) XJ�3i0¦�deg(yi0) > 1, Kkdeg(f(y1, · · · , yn)) > deg(f),

K¡��f�A�Ì��(dominating).

�Qã�B,·�½ÂAf�Æ�(Ük-�ê�Æ���f�Æ,¿d÷vXe^���ê)¤ [18]:

(1) A´Èf�ê, �A3Ù¥%Rþ´k�)¤gd�,

(2) grA´ëÏ©g��,

(3) A��Oªd(A/R)´Ì��.

~X)¤��ê�óê�(−1)-þfWeyl�êÚ©z [26]¥Ñy�2ÂþfWeyl�êÑáuAf�Æ¥

��ê.

½n3.5 [18] �A´Af�Æ¥��ê, Kk:

(1)A�gÓ�´��gÓ�.

(2) A�õ�ª*ÜA[t]�gÓ�´n�gÓ�.

?�Ú, ��k�A��0, K

(3) A�ÛÜ�"�f´"�f.

(4) Aut(A)´�ê+, �äkXe��Ü©)

1 −→ (k×)r −→ Aut(A) −→ S −→ 1, (3.2)

Ù¥r > 0, S´k�+.

e¡�ÑA�Af�Æ¥�ê�~f. -p, q, λ, µ ∈ k×, R = k[z]q[s, t]´dz, s, t)¤, ÷v'X

zs = sz, zt = tz, st = qts

�k-�ê. Tang3©z [26]¥0�
�êAp(λ, µ,kq[s, t]), Ù)¤��x, y, s, t, )¤'X�

xy − pyx = 1, st = qts, sx = λxs,

sy = λ−1ys, tx = µxt, ty = µ−1yt.

Tangy²
Ap(λ, µ,kq[s, t])´R = k[z]q[s, t]þ�2ÂþfWeyl�ê,��p, q´ü ��, Ap(1, 1,kq[s, t])
áuAf �Æ, u´kXe�(Ø:

½n3.6 [26] b�p 6= 1, q 6= 1, K

8
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(1) Ap(1, 1,kq[s, t])��êgÓ�´��gÓ�, ¿�k

(a) ep 6= −1, q 6= −1, KAut(Ap(1, 1,kq[s, t])) = (k×)3.

(b) ep = −1, q 6= −1½p 6= −1, q = −1, KAut(Ap(1, 1,kq[s, t])) = Z2 n (k×)3.

(c) ep = −1, q = −1, KAut(Ap(1, 1,kq[s, t])) = Z2 n (Z2 n (k×)3).

(2)*Ü�êAp(1, 1,kq[s, t])[w]�gÓ�´n�gÓ�. ?�Ú/,eφ´Ap(1, 1,kq[s, t])[w]�gÓ

�, K

φ(x) = φ0(x), φ(y) = φ0(y), φ(s) = φ0(s), φ(t) = φ0(t), φ(w) = aw + b,

Ù¥φ0´Ap(1, 1,kq[s, t])�gÓ�, a ∈ k×, b´Ap(1, 1,kq[s, t])�,�¥%�.

(3)XJchark = 0, KAp(1, 1,kq[s, t])�ÛÜ�"�f�"�f.

,��Af�Æ¥�ê�~f´(−1)-þfWeyl�êWn���í2. -A = {aij | 1 6 i < j 6

n}´k¥�ê8, ½Â2Â(−1)-þfWeyl�êVn(A)�dx1, x2, · · · , xn )¤, ÷v'Xxixj + xjxi =

aij��ê, Ù¥i < j. AO/,

(1) XJaij = 0, KVn(A)´�õ�ª�êVn := k−1[x1, . . . , xn].

(2) XJaij = 1, KVn(A)´(−1)-þfWeyl�êWn.

�n´óê�, Vn(A)´Ù¥%þk�)¤gd�ê,�áuAf�Æ,d�Vn(A)�gÓ�´��gÓ�;

�n´Ûê�, Vn(A)3Ù¥%þØ´k�)¤gd�ê. 3dÄ:þ, ·�½��
'u2Â(−1)-þ

fWeyl�ê�gÓ�+���(Ø [18] [27].

½n3.7 [18] [27] �Vn(A)´2Â(−1)-þfWeyl�ê, K

(1)�n´óê�, Vn(A)´Ù¥%R = k[x21, . . . , x
2
n]þk�)¤��2n�gd�,�Vn(A)�gÓ�

Ñ´��gÓ�.

(2) �n´�u�u3�Ûê, �chark - (n − 1)!, KgÓ�+Aut(Vn(A))�¹dü�)¤f)¤�

gd+, =Aut(Vn(A))´�¹�ê�)¤��gd+.

�G´��+,XJ�3�5�)f+N¦�G/N´k�+,K¡+G´A��)�(virtually solv-

able). 1972c, Tits�Ñ
Í¶�Tits AlternativenØ, ±e{P�TAnØµ

TAnØ. [31] ���5+GLn(n,C)�f+�o´A��)�, �o´�¹����2�gd+

�+.

�Ω´�q+, XJΩ¥z�+�o´A��)+, �o´�¹����2�gd+�+, K¡Ω÷

vTAnØ.

d½n3.7�±��Vn(A)�gÓ�+÷vTAnØ. e¡�½n�Ñ
2Â(−1)-þfWeyl�êÓ

��OK.

½n3.8 [27] �chark 6= 2, n´óê. -A = {aij | 1 6 i < j 6 n}�A′ = {a′ij | 1 6 i < j 6

n}´k¥�ê8. KVn(A) ∼= Vn(A′)��=��3��σ ∈ Sn��"êλi, i = 1, · · · , n, ¦�é?¿

�1 6 i < j 6 n, ka′ij = λiλjaσ(i)σ(j).

l½n3.8�±��, �n > 4´óê�, �3Ã�õ��Ó��2Â(−1)-þfWeyl�êVn(A). e

¡�Ñ�õ�'uþf�êgÓ�+�(Ø.

½n3.9 [18] -q ∈ k×, Aq = k〈x, y〉/(yx− qxy − 1)´q-þfWeyl�ê. ½Â

B := Aq1 ⊗ · · · ⊗Aqm ,

ùpéi = 1, . . . ,m, kqi ∈ k× \ {1},

9
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(1) �êB�gÓ�´��gÓ�, Aut(B)´�ê+�÷vXe��Ü�

1→ (k×)m → Aut(B)→ S → 1.

(2) *Ü�êB[t]�gÓ�´n�gÓ�.

(3) XJchark = 0, KB�ÛÜ�"�f´"�f.

(4) AO/, é?¿�i 6= j, eqi 6= ±1�qi 6= q±1j , KAut(B) = (k×)m; eqi = q 6= ±1, KAut(B) =

Sm n (k×)m.

�{pij ∈ k×|1 6 i < j 6 n}, ei < j, -pji = p−1ij , pii = pjj = 1. e¡�½n�x
�õ�ª

�kpij [x1, · · · , xn]��OªÚgÓ�.

½n3.10 [19] -A = kpij [x1, . . . , xn]´PI(polynomial Identity)�õ�ª�, R´A�¥%, Ke�

(Ø�dµ

(1) �Oªds(A/R)´Ì��, Ù¥s = rank(A/R).

(2) A�gÓ�´��gÓ�, ¿�A[t]�gÓ�´n�gÓ�.

(3) A�¥%R ⊂ k〈xα1
1 , . . . , xαn

n 〉, Ù¥α1, . . . , αn > 2.

XJchark = 0, þã^���du

(4) A�ÛÜ�"�f�"�f.

=¦éuØ3Af�Æ¥��ê, �Oªéuù
�ê�gÓ��ïÄ�k�Ï.

½n3.11 [19] -A = kpij [x1, . . . , xn]´�õ�ª�ê(Ø7´PI�), �é?¿�i, xiØ´A�¥

%�. -s0´1�n�m�,��ê, b�éus 6= s0,

Ts = {(d1, . . . , d̂s, . . . , dn) ∈ Nn−1 |
n∏
j=1
j 6=s

p
dj
ij = pis ∀ i 6= s}

´k�8, KA�gÓ�´��gÓ�.

Chan-Young-Zhang�Ñ
�õ�ª�ê�Veronesef��gÓ�+.

½n3.12 [25] �chark 6= 2, v´��ê, �nÚväkØÓ�Ûó5. -A = k−1[x1, . . . , xn](v)��

õ�ª�êk−1[x1, . . . , xn]�Veronesef�, KkAut(A) ∼= Sn n (k×)n.

½n3.13 [25] -v,m´��ê, �m > 2, q´m-�ü �, A = kq[x1, . . . , xn](v). en�óê

�m - v½n�Ûê�gcd(m, v) = 1, Kk

(i) XJqv´1½−1, KAut(A) ∼= Z/(n) n (k×)n.

(ii) XJqv 6= ±1, KAut(A) ∼= (k×)n.

íØ3.14 -n > 2, PCn := {Aut(kq[x1, . . . , xn](v))|q ∈ k×´��ü �, v ∈ N}, Kk:

(1) C2÷vTAnØ;

(2) en´Ûê, KCn÷vTAnØ.

,	, Gaddies-Kirkman-Moore�Ñ
Xe�Ore*Ü�ê�gÓ�, �©z [21].

½n3.15 [21] �S = k[x, y][t, σ]´k[x, y]�Ore*Ü�ê, Ù¥σ ∈ Aut(k[x, y]), �

σ(x) = y, σ(y) = x.

�Z(S)L«S�¥%, Kk

(1) d(S/Z(S)) = 16(x− y)4t4.

10
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(2) �a, b, c ∈ k×, d ∈ k, KAut(S)de¡ü«/ª�N�|¤
x

y

t

→

a b 0

b a 0

0 0 c



x

y

t

+


d

d

0

 ,


x

y

t

→

a a −b

a a b

−c c 0



x

y

t

+


d

d

0

 .

�!��, ·�5ã�egÓ��¡Eúm�Í¶¯K��:

¯K3.16 [36] [37] [38] �n > 3�, XÛO�Ú�xk[x1, · · · , xn]�gÓ�+?

4 �Oª3��¯K¥�A^

���ê¥�Í¶�Zariski��¯K´���õ�ª�k[x1, · · · , xn]���5, �½Â4.1. 8

cAbhyankar-Eakin-Heinzer®²y²
k[x]´���� [35]; FujitaÚMiyanishi-Sugiey²
�k�A�
�0�, k[x1, x2]´���� [39] [40]; Russelly²
�k�A��u0�k[x1, x2]´���� [41]. Guptay

²
XJ�k�A��u0�, n > 3�õ�ª�êk[x1, · · · , xn]´Ø���� [42] [43]. �k�A��0

�, n > 3�õ�ª�êk[x1, · · · , xn]���5E,´��úm¯K. ���ê�Zariski��¯K�g

Ó�¯K!A�¯K!�5z¯K±9Jacobiß�Ñk'X. �C�ïÄL², ����ê�Zariski�

�¯K���êgÓ�¯Kk', Bell-Zhang|^����ê��Oª�Ñ
����ê��x. �

!¥, ·�ò0�CAc����ê��¯K��
?Ð.

½Â4.1 �A´���ê,XJé?¿��êB,dA[t] ∼= B[t]���A ∼= B,K¡�êA����

�ê(cancellative algebra).

���êXJ´k�)¤�, K¡Ù����ê(affine algebra). e©¥, Gelfand-Kirillov�ê{

P�GK�ê, GK�ê�½Â�ë�©z [44].

Äk, e¡na����ê´����.

½n4.2 [28] �k´A��0��ê4�, A´GK�ê�2���k-�ê. XJAØ´���,KA´

����.

½n4.3 [29] �Q´k��ã, K´�êkQ´����.

,	, Abhyaankar-Eakin-Henzery²
GK�ê�1�������´���� [35],e¡�½n�

Ñ
GK�ê�1�����ê���5.

½n4.4 [29] �k´�ê4�, KGK�ê�1�����ê´����.

�e5·�ò0��e�Oª���¯K�m�'X.

½Â4.5 [28] �n´��ê, �êAdY = ⊕ni=1kxi)¤, ��f ∈ A, XJé?¿¦�grT :=

⊕FiT/Fi−1T´�����N-Èz�êT , é÷vXe^��?¿f8{y1, · · · , yn} ⊂ T ,

(a) {y1, · · · , yn}3û�mT/k1T¥´�5Ã'�,

(b)���3��yiØ3F0T¥,

e�3f3gd�êk〈x1, · · · , xn〉¥���f(x1, · · · , xn), ¦�

(i)f(y1, · · · , yn) = 0,

½ö

(ii)f(y1, · · · , yn)ØáuF0T ,

K¡��f�k��(effective element).

11
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¢Sþ, äN�y����´k��¿Ø´��²��L§. 8cÌ��Úk���m�'Xÿ

Ø�Ù, 3©z [28, Example 5.6]¥, �öy²
����´k��, �ØUy²§´Ì��.

½n4.6 [28] �A´��,�A3Ù��¥%Rþ´k�)¤�. XJÙ�Oªd(A/R)´k��½

Ì��, KA´����.

Ï�Af¥�ê��Oªd(A/R)´Ì��, d½n4.6�Af¥��êÑ´����.

�
?n�A�����¯K, ·��^�p�f½Hasse-Schmit�f�Vg [45]. �A´�ê,

A�p�f(higher derivation)´�A��X�k-�5gÓ�∂ := {∂i}∞i=0, é?¿a, b ∈ A, n > 0, ∂÷v

∂0 = IdA, ∂n(ab) =

n∑
i=0

∂i(a)∂n−i(b).

��p�f∂XJ÷ve�^�:

(1) é∀a ∈ A, �3n > 0, ¦�i > n�, ∂i(a) = 0;

(2) N�G∂,t : A[t] −→ A[t]´A[t]��êgÓ�, Ù¥a 7→
∑∞
i=0 ∂i(a)ti, t 7→ t,

K¡∂´ÛÜ�"p�f(locally nilpotent higher derivation), ÛÜ�"p�f8ÜP�LNDH(A).

½Â4.7 [28] �A´�ê, A�Makar-LimanovØCþ [46]½Â�

ML(A) =
⋂

δ∈LNDH(A)

ker(δ).

XJML(A) = A½A�ÛÜ�"p�f�0, K¡A�LNDH-rigid.

¢Sþ, ²;�Makar-LimanovØCþ½Â¥¦^��f´���ÛÜ�"�f, äN[!�ë

�©z [28].

½n4.8 [28] �A´�õ�ª�kpij [x1, · · · , xn], Ù¥pij´ü �, i, j = 1, · · ·n, R´A�¥%, K

e�^��dµ

(1) gÓ�+Aut(A)´���.

(2) �Oªds(A/R)´Ì��, Ù¥s = rank(A/R).

(3) �Oªds(A/R)´k��.

(4) A´LNDH -rigid�.

AO/, eA÷vþã�d^�¥�?��, KA´����.

½n4.9 [25] -v´��ê, q ∈ k×´m-���ü �,b�n´óê�m - v½n´Ûê�gcd(m, v) 6=
1, K�êkq[x1, · · · , xn](v)´LNDH -rigid�Ú����.

e¡?�Ú�Ñ�Oª3��¯K�¡¥��
(J.

��chark = 0, F´�êA�f8, -Sw(F ) = {x ∈ A|f = axb, a, b ∈ A, 0 6= f ∈ F}, -D0(F ) = F ,

½Â

D1(F ) = k < Sw(F ) >⊂ A;

én > 2, ½Â

Dn(F ) = D1(Dn−1(F )),

KA�F -Ïff�ê½Â�

D(F ) = ∪n>1Dn(F ).

XJF = {d(A/Z)}, ¡D(F )�A��Oª-Ïff�ê, PA��Oª-Ïff�ê�D(A).

12
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½n4.10 [20] �chark = 0, A´GK�êk��ëÏ©g��, ¿�A´Ù¥%þk�)¤gd

�. XJD(A) = A, KA´����.

½Â4.11 [29] �A´�ê,XJA�z��k-�ê÷Ó�η : A −→ AÑ´Ó�,K¡A´Hopfian�

ê. é?¿�n > 0, XJA[t1, · · · , tn]´Hopfian�, K¡A´rHopfian�ê.

©z [29]�Ñ, �(½m)Noether�ê!k�)¤ÛÜk��N-©g�êÚPI�����êÑ´

rHopfian�.

½n4.12 [29] XJA´rHopfian�, �A�¥%´Artin�, KA´����.

d½n4.12�±��Xe�íØ:

íØ4.13 XJA´�(½m)Artin�, KA´����. AO/, �kþ�k���ê´����.

�!��, ·�2g�ã�e'u�����úm¯K:

¯K4.14 [36] [47] [48] Zariski��¯K: �chark = 0, n > 3´�ê, õ�ª�êk[x1, · · · , xn]´

����í?

5 �Oª�Azumaya;,

�C�ïÄ(JL², �Oª�Azumaya;,�m�kéX, l�±r�OªA^�L«Ø�

ïÄ¥. �!¥, ·�{ü£��eBrown-Yakimov'u�Oª�Auzumaya;,�¡�ó�.

�k´�ê4�, A´�k-�ê, ¿�A3Ù��¥%Rþ´k�)¤�, -n = PIdeg(A) < ∞.

A�Azumaya ;,½Â�A(A) := {m ∈ MaxSpec(R)|A/mA ∼= Mn×n(R/m)}. -I´R�n�, V(I)L

«I3MaxSpec(R)¥�"8. e¡´Brown-Yakimov [30]�Ì�(J���{z/ª:

½n5.1 [30] �k´A��0��ê4�, A´kþ�����ê, �A´Ù¥%Rþ�k�)¤�.

eR´�5��, PIdeg(A) = n, K

(a) A�n2-�Oªn��"8�A�Uû�n2-�Oªn��"8±9A�Azumaya;,�Ö8�

Ó, =;

V(Dn2(A/R, tr)) = V(MDn2(A/R, tr)) = MaxSpec(R) \ A(A).

(b) é¤k�êl > n2, Ñk

Dl(A/R, tr) = MDl(A/R, tr) = 0.

6 o(

�Oª���êïÄ¥����ØCþ,äkaÈ�ïÄ{¤Ú2��A^�� [1] [2] [3] [4],

�, �Oª�MorsenØ!ý��!�AÛ¼ê£hyper geometric function¤�ÑkX;��éX [49].

�Oª3����ê¥�Ñy©uØ�þ�A^ [33],8c,����ê��Oª®¤�ïÄ�êgÓ

�+����óä. ,	, Ù3�êÓ�¯K!��¯K!Tits�n±9Azuyama;,�¯K�ïÄ

�¡��üX���Ú, �ù
¯K�ïÄ�5
#�g�Ú#�ïÄ�{. �Oª�,åuê

ØÚ�êÆ�ïÄ,�ÙØ==Û�uù
+��ïÄ�Æ,�Oª�3�©6/!�êÿÀ!�êA

Û��ïÄ¥kX��/  [50]. ¦+Xd, 8c����ê�OªnØ�k�u?�Ú�uÐÚ

�õ, ~Xéõ�ê��Oªúª8c�Ã{��, �
�êgÓ�+�Ã{äN�xÑ5, �Oª
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�Ì�5Úk�5��õ|^�k�ïÄ, Ï��OªnØ�±��?�Ú�uÐ, ¿A^��õ�

ïÄ+�¥.

��: �~a��¡é, M¡�Úë�W3�©��L§¥�@ý�ÖÚJÑ��B¿�.
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Boston, vol. 190: 2000.

39 Fujita T. On Zariski problem. Proc. Japan Academy, Series A, Math Sci, 1979, 55(3): 106-110

40 Miyanishi M, Sugie T. Affine surfaces containing cylinderlike open sets. J Math Kyoto Univ, 1980, 20(1): 11-42

41 Russell P. On Affine-Ruled rational surfaces. Math Anna. 1981, 255(3): 287-302.

42 Gupta N. On the cancallation problem for the Affine space A3 in characteristic p. Inventiones Math, 2014, 195(1):

279-288

43 Gupta N. On Zariski’s cancallation problem in positive characteristic. Adv Math, 2014, 264: 296-307

44 Krause G R, Lenagan T H, Growth of algebras and Gelfand-Kirillov dimension. Graduate Studies in Math. vol. 22:

Providence, R I: AMS, 1999

45 Hass H, Schmit F K. Noch eine Begründung der Theorie der höheren differentialquotienten in einem algebraischen
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