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1. Introduction

In recent years, many different fields require the handling of dynamic systems in which
there is a component representing random environment and other factors that are not
given as a solution of the usual differential equations. Such systems have drawn new as
well as resurgent attention because of the urgent needs of systems modeling, analysis, and
optimization in a wide variety of applications. Not only do the applications arise from
the traditional fields of mathematical modeling, but also they have appeared in emerg-
ing application areas such as wireless communications, networked systems, autonomous
systems, multi-agent systems, flexible manufacturing systems, financial engineering, and
biological and ecological systems, among others. Much effort has been devoted to the
so-called hybrid systems. Taking randomness into consideration, a class of such systems
known as switching diffusions has been investigated thoroughly; see for example, [23, 32]
and references therein. Continuing our investigation on regime-switching systems, this
paper focuses on a class switching jump diffusion processes. To work on such systems, it is
necessary to study a number of fundamental properties. Although we have a good under-
standing of switching diffusions, switching jump diffusions are more difficult to deal with.
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2 Chen et al.

One of the main difficulties is the operator being non-local. When we study switching
diffusions, it has been demonstrated that although they are similar to diffusion processes,
switching diffusions have some distinct features. With the non-local operator used, the
distinctions are even more pronounced. Qur primary motivation stems from the study
of a family of Markov processes in which continuous dynamics, jump discontinuity, and
discrete events coexist. Their interactions reflect the salient features of the underlying
systems. Specifically, we focus on regime-switching jump diffusion processes, in which
the switching process is not exogenous but depends on the jump diffusions. The distinct
features of the systems include the presence of non-local operators, the coupled systems
of equations, and the tangled information due to the dependence of the switching process
on the jump diffusions.

To elaborate a little more on the systems, similar to [32, Section 1.3, pp. 4-5], we
begin with the following description. Consider a two component process (Xy, A¢), where
A: € {1,2}. We call A; the discrete event process with state space {1, 2}. Imagine that we
have two parallel planes. Initially, Ag = 1. It then sojourns in the state 1 for a random
duration. During this period, the diffusion with jump traces out a curve on plane 1
specified by the drift, diffusion, and jump coefficients. Then a random switching takes
place at a random time 7, and A switches to plane 2 and sojourns there for a random
duration. During this period, the diffusion with jump traces out a curve on plane 2 with
different drift, diffusion, and jump coefficients. What we are interested in is the case
that A; itself is not Markov, but only the two-component process (X, A¢) is a Markov
process. Treating such systems, similar to the study of switching diffusions, we may
consider a number of questions: Under what conditions, will the processes be recurrent
and positive recurrent? Under what conditions, will the process be positive recurrent? Is
it true that positive recurrence implies the existence of an ergodic measure. To answer
these questions, we need to examine a number of issues of the switching jump diffusions
and the associated systems of integro-partial differential equations.

Switching jump diffusions models arise naturally in many applications. To illustrate,
consider the following motivational example—an optimal stopping problem. It is an ex-
tension of the optimal stopping problem for switching diffusions with diffusion dependent
switching in [22]. We assume that the dynamics are described by switching jump diffu-
sions rather than switching diffusions. Consider a two component Markov process (X¢, A;)
given by

dXy = b(Xy, A)dt + o( Xy, A)dW () + / o(Xy—, Ao, 2)No(dt, dz),
Ro

where b(+), o(-), and ¢(-) are suitable real-valued functions, Ny(-) is a compensated real-
valued Poisson process, W(:) is a real-valued Brownian motion, and R, = R — {0}.
Because the example is for motivation only, we defer the discussion of the precise setup,
formulation, and conditions needed for switching jump diffusions to the next section. We
assume that A depends on the dynamics of X. Denote the filtration by {F;};>0 and let
T be the collection of F;-stopping times. Then the treatment of the optimal stopping

imsart-bj ver. 2014/10/16 file: BEJ1607-016-final.tex date: December 24, 2017



Mazximum Principles and Harnack Inequalities 3

problem leads to the consideration of the following value function

V(z,i) = supEy; [/ [e PP L(X,, A)dt + e PTG(X5, A;)]},
TET 0

where L(-) and G(-) are suitable functions, and X, = 2 and Ag = i. As an even more
specific example, consider an asset model

dXt = b(Xt, At)dt + O'(Xt, At)dW(t) + / C(At_, Z)Xt_]vo(dt, dZ)
Ro

Then the risk-neutral price of the perpetual American put option is given by

V(z,i) = sup E, ;[K — Xz
TeT

One of the motivations for using jump-diffusion type models is that it has been ob-
served empirically that distributions of the returns often have heavier tails than that of
normal distributions. In particular, if we take N(t) to be a one-dimensional stationary
Poisson process with EN(t) = At for some A > 0, and take the compensated Poisson
process to be N(t) = N(t) — At. The resulted system is used widely in option pricing and
mean-variance portfolio selections.

Next, consider a modification of a frequently used system in control theory. Let I" be
a compact subset of R? — {0} that is the range space of the impulsive jumps. For any
subset B in I', N (¢, B) counts the number of impulses on [0, t] with values in B. Consider

dXt = b Xt7At dt + O'(Xt, At)th + th,

Ji= / [ etx. )N (ds, d),

with Xg = 2, Ag = A, together with a transition probability specification of the form
P{Atyar = 1A =4, (X5, As), 5 <t} = qij (Xi) At + o(At), i # ],

where b and ¢ are suitable vector-valued and matrix-valued functions, respectively, and
W is a standard vector-valued Brownian motion. Assume that N(-,-) is independent of
the Brownian motion W(-) and the switching process A(:). Alternatively, we can write

dAt:/h(XS,),AS,),z)Nl(dt,dz),
R

where (z,4,2) = 3 ;e pm(J — 1) 1{zea,;(2)y With Ayj(z) being the consecutive left closed
and right open intervals of the real line, and N (t, B) being a compensated Poisson mea-
sure, which is independent of the Brownian motion W(t), A € (0,00) is known as the
jump rate and 7(B) is the jump measure; N (dt, dz) is a Poisson measure with intensity
dt x mq(dz), and my(dz) is the Lebesgue measure on R, N;(dt,dz) is independent of
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the Brownian motion W (t) and the Poisson measure N(-,-). Define a compensated or
centered Poisson measure as

N(t,B) = N(t,B) — AMn(B), for BCT,

where 0 < A < oo is known as the jump rate and =(-) is the jump distribution (a
probability measure). In the above, we used the setup similar to [21, p. 37]. With this
centered Poisson measure, we can rewrite J; as

¢ t
= [ [ o A )R ds ) 4 [ [ g0t A yman)as.
0 r 0 T

The related jump diffusion models without switching have been used in a wide range of
applications in control systems; see [21] and references therein.

We devote our attention to the maximum principle and Harnack inequalities for the
jump-diffusion processes with regime-switching in this paper. Apart from being inter-
esting in their own right, they play very important roles in analyzing many properties
such as recurrence, positive recurrence, and ergodicity of the underlying systems. There
is growing interest in treating switching jump systems; see [31] and many references
therein. However, up to date, there seems to be no results on maximum principles and
Harnack inequality for jump-diffusion processes with regime switching. As was alluded to
in the previous paragraph, the main difficulty is that the operators involved are non-local.
Thus, the results obtained for the systems (known as weakly coupled elliptic systems)
corresponding to switching diffusions cannot be carried over. Thus new approaches and
ideas have to be used.

Looking into the literature, in [15], Evans proved the maximum principle for uniformly
elliptic equations. In the classical book [27], Protter and Weinberger treated maximum
principle for elliptic equations as well as Harnack inequalities and generalized maximum
principle together with a number of other topics. For switching diffusion processes, several
papers studied Harnack inequality for the weakly coupled systems of elliptic equations.
In [14], Chen and Zhao assumed Hélder continuous coefficients, and established Harnack
inequality and full Harnack inequality based on the representations and estimates of the
Green function and harmonic measures of the operators in small balls. In [1], Arapos-
tathis, Ghosh, and Marcus assumed only measurability of the coefficients to prove the
desired results; their proofs were based on the approach of Krylov [19] for estimating the
oscillation of a harmonic function on bounded sets. There have been much interest in
treating jump processes and associated non-local operators. In a series of papers, Bass
and Kassmann [3], Bass, Kassmann, and Kumagai [4], Bass and Levin [5], Chen and
Kumagai [8, 9, 10], Foondun [16], Song and Vondracek [29] examined Harnack inequali-
ties for Markov processes with discontinuous sample paths; see also Chen, Hu, Xie, and
Zhang [11] for a related work and a maximum principle. In [6], Caffarelli and Silvestre
considered nonlinear integro-differential equations arising from stochastic control prob-
lems with pure jump Lévy processes (without a Brownian motion) using a purely analytic
approach. Nonlocal version of ABP (Alexandrov-Bakelman-Pucci) estimate, Harnack in-
equality, and regularity were obtained. Most recently, Harnack inequality for solutions to
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Mazximum Principles and Harnack Inequalities 5

the Schrodinger operator were dealt with in [2] by Athreya and Ramachandran for jump
diffusions on R? with d > 3 whose associate operator is an integro-differential operator
includes the pure jump part as well as elliptic part. Their approach is based on the com-
parability of Green functions and Poisson kernels using conditional gauge function and
strong regularity is assumed on the coefficients of the diffusion and jumping components.

In this paper, we focus on stochastic processes that have a switching component in
addition to the jump diffusion component. The switching in fact is “jump diffusion depen-
dent”; more precise notion will be given in the formulation section. When the switching
component is missing, it reduces to the jump diffusion processes; when the continu-
ous disturbance due to Brownian motion is also missing, it reduces to the case of pure
jump processes. If only the jump process is missing, it reduces to the case of switching
diffusions. Compared to the case of switching diffusion processes, in lieu of systems of
elliptic partial differential equations, we have to deal with systems of integro-differential
equations. Using mainly a probabilistic approach, we establish the maximum principles.
Because local analysis alone is not adequate, the approach treating Harnack inequal-
ity for switching diffusion processes cannot be used in the current case. We adopt the
probabilistic approach via Krylov type estimates from [5], which was further extended in
[3, 16, 29], to derive the Harnack inequality for the nonnegative solution of the system
of integro-differential equations.

We remark that since in this paper we are concerned with regime-switching jump-
diffusions, we assume the regime-switching component m > 2. However, the results and
their proofs of this paper hold for the case of m = 1 but are much easier as there would
be no regime-switching. In particular, as a byproduct we have Harnack inequality for
non-negative harmonic functions for Schrodinger operator £ + ¢, where £ is an integro-
differential operator of (3.1) and ¢ < 0 is bounded and measurable. Although in this case
our potential ¢ is non-positive and bounded while in [2] the potential ¢ can be a function
in a suitable Kato class, our integro-differential operator £ of (3.1) has very general
non-local operator component and the diffusion coefficients and the jumping measure
are much less regular than that in [2].

The rest of the paper is arranged as follows. Section 2 presents the formulation of the
problem. In Section 3, we develop the maximum principle for regime-switching jump-
diffusions, using a probabilistic approach that allows us to work under a quite general
context. We obtain the Harnack inequality for the regime-switching jump-diffusions pro-
cesses in Section 4. Finally, the paper is concluded with further remarks.

2. Formulation

Throughout the paper, we use 2’ to denote the transpose of z € R!**!2 with I1,1, > 1, and
RI¥1 is simply written as R. If z € R?, the norm of x is denoted by |x|. For 2y € R? and
r > 0, B(zo,r) denotes the open ball in R? centered at x¢ with radius » > 0. If D is a Borel
set in RY, D and D¢ = R4\ D denote the closure and the complement of D, respectively.
The space C?(D) refers to the class of functions whose partial derivatives up to order 2
exist and are continuous in D, and CZ(D) is the subspace of C?(D) consisting of those
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functions whose partial derivatives up to order 2 are bounded. The indicator function
of a set A is denoted 14. Let Y; = (X4, A¢) be a two component Markov process such
that X is an R%valued process, and A is a switching process taking values in a finite set
M ={1,2,...,m}. Throughout this paper, d > 1 and m > 2. Let b(,-) : R x M > R%,
o(-,) : R x M R? x R4, and for each x € R?, m;(x,dz) is a o-finite measure on R?¢
satisfying
/ (1A |22 (x, dz) < oo.
Rd

Let Q(x) = (gij(z)) be an m x m matrix depending on z such that
gij(x) >0 fori#j, > giy(x) <0,
JjEM
Define
Q@) f(x,)(0) =Y qij(x) f(x, ).

JEM

The generator G of the process (X, A;) is given as follows. For a function f : R x M — R
and f(-,i) € C%*(R?) for each i € M, define

Gf(x,i) = Lif(x,i) + Q) f(z,)(i), (i) eR!x M, (2.1)

where

d 2 f(x,i 4 T,
Lif(z,3) = Z akl(l’,i)m—f-Zbk(l‘,i)af( %)

T
k=1 Oxx

/Rd (f(as +2,4) — f(x,i) — V f(x,19) ~zl{‘z|<1}) mi(x,dz), (2.2)

+

where a(z,i) := (ar(z,i)) = o(z,i)0’(2,i), Vf(-,i) denotes the gradient of f(-,1).

Let Q = D([O, 00), R¥ x /\/l) denote the space of all right continuous functions mapping
[0, 00) to R? x M, having finite left limits. Define (X;, A;) = w(t) for w € Q and let {F;}
be the right continuous filtration generated by the process (X¢, A¢). A probability measure
P,,; on £ is a solution to the martingale problem for (G, CZ(R%)) started at (z,1) if

(a) PxJ()(OIZ m,AD 210 ::1,
(b) if f(-,i) € CZ(R?) for each i € M, then

t
F(Xe Ay) — (X, Ao) — /0 G (X, Ay)ds,

is a P, ; martingale.
If for each (z,7), there is only one such P, ;, we say that the martingale problem
for (G, CZ(R?)) is well-posed.
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Mazximum Principles and Harnack Inequalities 7

Definition 2.1 Let U = D x M with D C R? being a bounded connected open set. A
bounded and Borel measurable function f : R x M — R? is said to be G-harmonic in
U if for any relatively compact open subset V of U,

f(@,9) =Eui [f (X(v), A(rv))]  forall (a,i) €V,

where 7y = inf{t > 0: (X(¢),A(t)) ¢ V'} is the first exit time from V.
Throughout the paper, we assume conditions (A1)-(A3) hold until further notice.

(A1) The functions o(-,i) and b(-,) are bounded continuous on R%, and ¢;;(-) is bounded
Borel measurable on R? for every i,j € M.
(A2) There exists a constant kg € (0, 1] such that

rolél? < Ea(x,i)¢ < kytlE)*  forall ¢ € Rz € RY i€ M,

and |b(x,i)| < wg* for all 2 € R and i € M.
(A3) There exists a o-finite measure II(dz) so that m;(z,dz) < II(dz) for every z € R?
and i € M and

/ (1A |2)7) I(dz) < Ky < oo
Rd

(A4) For any i € M and = € R?, 7;(z,dz) = 7;(x, z)dz. Moreover, for any r € (0, 1], any
xo € R, any x,y € B(xg,7/2) and z € B(xg,r)¢, we have

7~Ti(.’L‘,Z - 3'3) < ar%i(ya z = y)7

where o, satisfies 1 < a, < kor—? with k9 and S being positive constants.

Remark 2.2 (a) Under Assumptions (A1)-(A3), for each i € M, the martingale problem
for (L£;, CZ2(R?)) is well-posed for every starting point x € R? (see [20, Theorem 5.2]).
Then the switched Markov process (X, A;) can be constructed from jump diffusions
having infinitesimal generators £;, 1 < i < m, as follows. Let X be the strong Markov
process whose distribution is the unique solution to the martingale problem (£;, CZ(R?)).

Suppose we start the process at (zg, ig), run a subprocess X0 of X that got killed with
rate —gi,i, (); that is, via Feynman-Kac transform exp (fot Qioio (Xéo)ds>. Note that this

subprocess X has infinitesimal generator L;, + ¢,i,- At the lifetime 7 of the killed
process X%, jump to plane j # io with probability —Gioi (X(T17))/Qigio (X (T1—))
and run an independent copy of a subprocess X7 of X7 with killing rate —g;;(x) from
position X% (7;—). Repeat this procedure. The resulting process (X, A;) is a strong
Markov process with lifetime ¢ by [17, 24]. For each z € R%, we say that the matrix
Q(z) is Markovian if 3.\, ¢ij(z) = 0 a.e. on RY for every i € M, and sub-Markovian
if > em@ij(z) <0 ae on R? for every i € M. When Q(z) is Markovian, the lifetime
¢ = o0, and when Q(x) is just sub-Markovian, ¢ can be finite. We use the convention
that (X¢, Ay) = 0 for t > (, where 0 is a cemetery point, and any function is extended
to @ by taking value zero there. It is easy to check that the law of (X, A;) solves the
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martingale problem for (Q,Cf(Rd)) so it is the desired switched jump-diffusion. This
way of constructing switched diffusion has been utilized in [13, p.296]. It follows from
[30] that law of (X, A¢) is the unique solution to the martingale problem for (G, CZ(R?)).

(b) Conditions (A1) and (A2) presents the uniform ellipticity of a(x,¢) and the uniform
boundedness of b(z, 1) and g;; (x). The measure ;(z, dz) can be thought of as the intensity
of the number of jumps from z to x+z (see [3, 5]). Condition (A4) tells us that m; (x, dy) is
absolutely continuous with respect to the Lebesgue measure dz on R¢, and the intensities
of jumps from z and y to a point z are comparable if z, y are relatively far from z but
relatively close to each other. If 7;(x, 2) is such that

it C;

i =
e S Tl 2) S popy

for some ¢; > 1 and B; € (0,2), then condition (A4) is satisfied with 1 < @, < kK2
independent of r € (0,1). Condition (A4) is an essential hypothesis in the proof of the
Harnack inequality.

Throughout the paper, we use capital letters Cy,C5, ... for constants appearing in
the statements of the results, and lowercase letters ci,cs, ... for constants appearing in
proofs. The numbering of the latter constants afresh in every new proof.

3. Maximum Principle
In this section, we establish maximum principle for the coupled system under conditions
(A1)-(A3). We emphasize that we do not assume condition (A4) for the maximum prin-

ciple. In Subsection 3.1, we prepare three propositions for general diffusions with jumps
that will be used several times in the sequel.

3.1. Jump Diffusions and Strict Positivity

Consider
d d
0%f(z) 0f(x)
L = b
f(z) > akz(l“)axkaml + ) bi() O,
k=1 k=1
+ [ (@ +2) = @) = V@) 2 aan) 7o), (3)
where (ag;(z)) is a continuous matrix-valued function and b(z) = (b1(x),...,bs(z)) is a
R?-valued function on R? such that
AN axa < (ar(2)) € Maxqg and  [[boc <A on R? (3.2)
for some A > 1, and 7(z,dz) is a o-finite measure on R? satisfying
K ;:/ (1A 2]?) sup m(z,dz) < oco. (3.3)
Rd z€R4
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Mazximum Principles and Harnack Inequalities 9

Here ;x4 denotes the d x d-identity matrix. By [20, Theorem 5.2], there is a unique
conservative strong Markov process X = {X;,t > 0;P,,x € R} that is the unique
solution to the martingale problem (£, CZ(R%)). Suppose ¢ > 0 is a bounded function
on R%. One can kill the sample path of X with rate ¢. For this, let  be an independent
exponential random variable with mean 1. Let

t
C:inf{t>0:/ q(XS)d5>77}
0

and define Z; = X, for t < ¢ and Z; = 0 for t > (, where 0 is a cemetery point. It is
easy to see that for any = € R? and ¢ > 0 on R¢,

Eolp(Z1);it < (] = Eq [eq(t)p(Xy)], 20, (3.4)

eq(t) == exp (_ /th(Xs)ds> .

The process Z is called the subprocess of X killed at rate ¢, and ¢ the lifetime of Z. For
A C R?, we define its hitting time and exit time of Z by

where

of =inf{t>0:2, € A} and 77 =inf{t>0:27, ¢ A},

with the convention that inf () = co. Note that 7§ < (. The following two propositions
are based on the support theorem for diffusions with jumps in [16].

Proposition 3.1 There is a positive constant Cy depending only on A and K in (3.2)-
(3.3) and an upper bound on ||q||s such that for any R € (0,1], r € (0, R/4), 2o € R?,
x € B(zg,3R/2) and y € B(xo,2R),

P, (ag(w) < rg(mm)) > 7.
ProoF: Note that Z; = X; for t € [0,(), where ( is the lifetime of Z. Define
OB(wy) = f{t > 0: Xy € B(x,7)}, TB(a,2r) = inf{t > 0: X; & B(x0,2R)}.
Define a function ¢ : [0, 8] — R? as follows

T—y
lz -yl

o) =y + t, telo,8].
By [16, Theorem 4.2] and [16, Remark 4.3], there exists a constant ¢; > 0 so that
Py(sup |X: — o(t)| < 7’) > ey’ (3.5)
<8

for any x € B(xg,3R/2) and r € (0, R/4). Moreover, ¢; depends only on A and an upper
bound on |b]|« and ||g||e. Since |¢/(t)| = 1 and ¢(|z —y|) = z, on { sup | X; — ¢(t)| < r},
t<8
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10 Chen et al.
we have X|,_,| € B(z,r), Xy € B(zo,2R) for 0 < t < |z —y|, and |Xgr — 0| >
|Xsr —y| — |y — x| > 3R. As a result, opu,r) < |2 — Y| < T,2r) < 8R < 8 on
{sup|X; — &(t)] < r}. Then (3.5) leads to
<8
]P)y (UB(Z,T) < TB(z0,2R) < 8) > 017’6.

Tt follows from (3.4) that

Py (Ug(w) < Tg(zo,QR)> > Py (Ug(z,r) < TB(o2r) <8 < C)
> exp(=6]lalloc)Py (75() < TB(zo.2m) < 8)
> exp(—6]lglloc)err®
This proves the proposition. O

Proposition 3.2 (i) For any 0 < r < 1/2 and xo € R?, if A C B(zo,r) has positive
Lebesgue measure, then P, (04 < Tg(zo’zr)) > 0 for every x € B(xzg,r).

(ii) Let p € (0,1) be a constant. There exist a nondecreasing function ® : (0,00)
(0,00) and 9 € (0,1/2], depending only on A and K in (3.2)-(3.3) and an upper bound
on ||q|loo, such that for any xo € R, any r € (0,70), and any Borel subset A of B(xq,r)
with |A|/r? > p, we have

1
P, (a—g < Tg(mmzr)) > 3@ (jAl/r"),  « € Blao,m). (3.6)

PRrROOF: As in the proof of Proposition 3.1, define
oa=1inf{t >0: Xy € A} and Tpg(yy9r = inf{t > 0: X; ¢ B(xo,2r)}.

By [16, Corollary 4.9], there is a nondecreasing function @ : (0,00) — (0, 00) such that if
A C B(xzg,r), |A| >0, r € (0,1/2] and = € B(xzo,r), then

Pw(UA < TB(zo,Qr)) >9 (‘A|/Td) . (37)

Using test function and Itd’s formula, it is easy to derive (see [16, Proposition 3.4(b)] or
Proposition 4.4 below) that there is a constant ¢; > 0 independent of z and r € (0,1/2]
so that

EeTB(zg,2r) < cir? for any x € B(xg,2r). (3.8)

(i) Suppose 0 < r < 1/2 and A C B(zo,r) has positive Lebesgue measure. Then by
(3.7), Py(0a < TB(ag,2r)) > 0. Hence in view of (3.8), we have for every x € B(xo,7),

P.(c% < Tg(xo’%)) > Pu(0a < TBp2r) <€) =Ez [eq(TB(wozr))l{aA<TB<wo,2r>}} > 0.
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Mazximum Principles and Harnack Inequalities 11

(ii) Observe that

P, (Ui < Tg(zo,z,«)) >Pyloa< TB(x,27)3 TB(z0,27) < C)

(3.9)
>Pyloa< TB(xg,Zr)) - P (TB((E[),zT) > C)

For A C B(zo,r) with [A| > pr?, we have Py(04 < Tp(z,2r)) = ©(p). On the other
hand,

¢
P.(¢ > 1) =FE, |:eXp (_/ q(Xs)dsﬂ > exp(—|4loc £).
0
This combined with (3.8) yields that

P.(C > TB(zo,2r)) = Pu(C > 1> TB(2g,2r))
P2(¢ > 1) = Po(TB(z,2r) = 7)

E.’/CTB(ZE072T)

Vv IV

> exp(—|lgl[ocr) —
>e

xXp(—gllocr) = crr

Since lim,_, (exp(—||¢|lco”) — c17) = 1, there is a constant ro € (0,1/2] such that
1
P, (TB(MT) > <) < 3®8(p) forall 7 € (0,70). (3.10)
The desired conclusion follows from (3.9), (3.7), and (3.10). O

For a connected open subset D C R? and a Borel measurable function f > 0 on D,
TZ
define G% f(z) = E, [ o f(zs)ds].

Proposition 3.3 For f >0, either G%,f(x) > 0 on D or G}, f(xz) =0 on D. Moreover,
if GHf >0 on D if and only if {x € D : f(x) > 0} has positive Lebesque measure.

PROOF: Suppose that A := {x € D : G}, f(x) > 0} has positive Lebesgue measure.
We claim that for any r € (O 1] and B(xo, r) C D so that B(zg,r/2) N A has positive
Lebesgue measure, then B(zg,r/2) C A. This is because if B(zg,r/2) N A has positive
Lebesgue measure, then there is a compact subset K C B(zo,7/2) N A having positive
Lebesgue measure. By Proposition 3.2 (i), we have P,(0cZ < Tg(moyr)) > 0 for every

x € B(zg,r/2). Consequently,

G f(x) / F(Zo)ds > By (G F(Zo i oFe < Thiay] > 0

for every x € B(xg,r/2). This proves the claim. Since B(xg,7/2) C A, by a chaining
argument, the above reasoning shows that A = D if A has positive Lebesgue measure.
Now assume that Gqu = 0 a.e. on D. Since G4 f(z) = E, [, eq(s)f(Xs)ds, we have
Gpf(z) =E, f s)ds = 0 a.e. on D. In particular, GD(f/\n)—an on D. By [16,
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12 Chen et al.

Theorem 2.3|, bounded harmonic functions of X is Holder continuous. By the proof of
[4, Proposition 3.3], this together with (3.8) implies that Gp(f An) is Holder continuous
on D. Therefore we have Gp(f An)(x) =0 for every z € D. Consequently, Gp f(xz) =0
for every x € D and so is G4, f(x). This proves the first part of the proposition.

For the second part of the proposition, suppose that f > 0 and f = 0 a.e. on D. It
follows from [25, Corollary 2] that for every zy € R?,

TB(zg,1)
Em/ ’ (1pf)(Xs)ds =0 for every x € B(zg,1). (3.11)
0

We claim that E, OTD f(Xs)ds = 0 for every x € D. For this, we define a sequence of
stopping times: 79 := 0, 7 := inf{t > 0: | X; —Xy| > 1} A7p, and for n > 2, 5, := inf{t >
Tn—1: | Xt —X;,_,| = 1} Amp. Note that on {limy, oo 7 < 7p}, limy 00 Xr, = Xiim,_, .
by the left-continuity of X;. On the other hand, the sequence {X, ;n > 1} diverges on
{limy, 00 7 < 7p} as | X;, — X, _,| > 1 by the definition of 7,,. This contradiction implies
that P, (lim, e 7 < 7p) = 0; in other words, lim, o 7, = 7p P,-a.s. Consequently,
we have by (3.11)

E, /OTD fXs)ds = E, Z - 1f(XS)ds

TB(X,-n_l,l)/\TD
z:]E,qc {IEXTH1 / f(Xs)ds; Tt < 1D
n=1 0

It follows then G% f(z) = By [” eq(X)f(Xs)ds = 0 for every x € D. This proves that
if f>0and f =0a.e.on D, then G} f =0 on D. Next suppose that f > 0 is a bounded
function on R? and {x € D : f(x) > 0} has positive Lebesgue measure, we will show
that G%,(z) > 0 for every x € D. Let ¢, > 0 be the constant in the Remark following
Theorem 3.1 on p.282 of [20]. Using a localization argument if needed, we may assume
that |a;;(z) — ai;(y)| < 1/c, for every z,y € R% Let K be a compact subset of D so
that {z € K : f(x) > 0} has positive Lebesgue meabure Then by Theorem 3.6 and
the proof of Theorem 4.2 both in [20], for A > 0 large, v(z) := E, [;° e ™ (1x f)(X,)ds
is non-trivial on R¢. We define a sequence of stopping tlmes as follows. Let S; := ok,
Ty ;= inf{t > o : Xy ¢ D}; for n > 2, define S,, := inf{t > T,,_1 : X; € K} and
= inf{t > S, : X; ¢ D}. Then

o0 T,
x) = ZE’”/ e M F(X,)ds = ZIE [e " Gp (1 f)(Xs,)]
n=1

where Gp ap(z) :=E, f e *¢(Xs)ds. Hence Gp x(1x f)(x) cannot be identically zero
on K. By the ﬁI‘bt part of this proof (by taking ¢ = A), we have Gp A(1k f)(x) > 0 for
every x € D. It follows that Gp f(z) > 0 and so G}, f(x) > 0 for every z € D. O
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Mazximum Principles and Harnack Inequalities 13
3.2. Maximum Principle for Switched Markov Processes

Now we return to the setting of switched Markov process (X¢, A¢). Let D be a bounded
open set in RY and U = D x M. Then 7p = inf{t > 0 : X; ¢ D} is the same as
Ty = 1inf{t > 0:Y; := (X¢, At) ¢ U}. Suppose u is a G-harmonic function in U. Under
some mild assumptions (for example, when u is bounded and continuous up to 9D x M),
we have

u(z, i) = By ifu (Xrp, Arp)] for (x,i) € U. (3.12)

It follows immediately that if u > 0 on U®¢, then v > 0 in U.

To proceed, we recall the notion of irreducibility of the generator G or the matrix
function Q(-). The operator G or the matrix function Q(-) is said to be irreducible on D
if for any 4,j € M, there exist n = n(i,j) > 1 and Ag,..., A, € M with Ap_; # Ay for
1<k<n, A =1i,A, =jsuch that {x € D : qa,_,a,(x) > 0} has positive Lebesgue
measure for kK =1,...,n.

For each i € M, denote by X ¢ the jump diffusion that solves the martingale problem
(L;,C3(RY)) and X* the subprocess of X* killed at rate —g;;(z). For a connected open

set D C R, G, denotes the Green operator of Xtin D.

Theorem 3.4 Assume that conditions (A1)-(A3) hold, that D is a bounded connected
open set in R%, and that Q is irreducible on D. Suppose that u is a G-harmonic function
inU =D x M given by

u(z,i) =Eq [0 (Xrp, Arp) 3 7D < 00 for (xz,i) e U

and ¢ >0 on D¢ x M. Then either u(x,i) > 0 for every (x,i) € U oru=0 on U.

PrOOF: Clearly u > 0 on U. Suppose that u is not a.e. zero on U. Without loss of
generality, let us assume that {v € D : u(xz,1) > 0} has positive Lebesgue measure.
Denote by 71 := inf{t > 0: Ay # Ao} the first switching time for Y; = (X¢, A¢). Let

vi(@) 1= v(w,1) o= B i[p(XL 1)) = Bai[@(X1,,1); 7D < 7).

Then v; is a harmonic function of £; + ¢;; in D with v; = ¢(+,4) on D°. For 1 <14 < m,
using the strong Markov property 71, we have

u(z,i) = vi() +ZGE(qijU(-7j))($)- (3.13)

Under the above assumption, either {x € D : v1(z) > 0}or{z € D : G}:)(Z%l_ giju(-,7))(z) >
FE

0} has positive Lebesgue measure. If the latter happens, then by Proposition 3.3,

GID(ZT;; giju(-, 7)) (z) > 0 and hence u(z,1) > 0 for every x € D. Note that

vi(2) = Egle—q,, (10)$(X*(7D),1)] < Eo[d(X" (D), 4)] =: Ui (). (3.14)
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14 Chen et al.

Suppose [{x € D : v1(z) > 0} > 0. Then so does A := {x € D : us(xz) > 0}. For any
zo € D and r € (0,1) so that B(xo,r) C D and B(xo,r/2) N A has positive Lebesgue
measure, let K C B(zg,7/2) N A be a compact set having positive Lebesgue measure. By
(3.7), Pyp(o) < 7113($07T)) > 0 for every z € B(xo,7/2), where o} :=inf{t > 0: X} € K}
o,y = nf{t >0 X} ¢ B(zo,r)}. Hence for every x € B(zg,r/2), by the strong
Markov property of X* at ok,

and 7'113(

ui(x) > E, [ﬂl(X;%();a}( < TD} > 0.
Consequently, B(xg,r/2) C A. By the chaining argument, the same reasoning as above
leads to A = D; that is, ui(x) > 0 on D. By the probabilistic representation (3.14) of
v1, we have vi(z) > 0 on D and hence u(z,1) > 0 on D. Thus we have shown that
u(xz,1) > 0 on D whenever {z € D : u(x,1) > 0} has positive Lebesgue measure.
For i # 1, there is a self-avoiding path i = ig, ..., 4, =4 so that {x € D : ¢;,_,:,(z) >

0} has positive Lebesgue measure for each k = 1,...,n. By (3.13) and its iteration, we
have
. i li—
u(e,i) = vi(z)+ Y > G (g, (CGPans, (- (G au_sivi)) -+ +))) (@)
RS RTRI
i Lo
+ > Go(ai, (GHan (- (Gp a1, ul-51n) ) (@)

11, lp=1
11 #L, 10 Fl ey ln ALy 1

> GZD(QZM (GZquhZz( t (Gan_lq%—l’inu('a Z)) e )))(1‘)7
which is strictly positive in D by Proposition 3.3.

Next assume that v = 0 a.e. on U. We claim that v = 0 on U. In view of (3.13) and
Proposition 3.3, it suffices to show that v;(z) =0 on D for every i € M. Since

vi(z) = Ep [0(XL,,1);mp < 1] = Euy [691“. (TD)(ZS(X:;DJ)] ;

and v;(z) = 0 a.e. on D, where

. t .
6(_121“ (t) :=exp (/ qii(X;)ds> ,
0

we have u;(z) := Ey; [¢(XZ, 1) vanishes a.e. on D. The function u;(z) is harmonic in
D with respect to X* (or equivalently, with respect to the operator £; in D). By [16,
Theorem 2.3, it is Holder continuous in D. Hence u;(z) = 0 for every x € D, and so is
v;(x). This proves that u(z,i) = 0 for every x € D and every i € M. O

Theorem 3.5 (Strong Maximum Principle I) Assume conditions (A1)-(A3) hold, D is
a bounded connected open set in R, and Q(z) is irreducible on D. Suppose u is a G-
harmonic function in U = D x M given by

u(z,i) = Bz i[9 (Xrp, Arp)] for (z,i) €U
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Mazximum Principles and Harnack Inequalities 15
for some ¢ with M = sup(, jyepexp By, 7) € [0,00). If (w0,40) € Dx M and u(zo,ig) =
M, then w =M on D x M. If in addition M > 0, then the matriz Q(z) is Markovian.

PROOF: (i) First we assume that Q(z) is Markovian in the sense that > .\, ij(z) =0

a.e. on R for every i € M. In this case, by the construction of the switched Markov
process (X;, A;) outlined in Remark 2.2(a), (X;, A;) has infinite lifetime and so constant
1 is a G-harmonic function on R?. Hence

M — u(x,z) =E,,; [(M - ¢)(XTD’ATD);TD < OO]

is a non-negative G-harmonic function in D x M. (Note that 7p < oo P, ;-a.s. in view of
Proposition 4.4 below.) Since u(xg,ig) = M, we have by Theorem 3.4 that u(z,i) = M
for every (z,7) € U.

(ii) We now consider the general case that Q(z) is a sub-Markovian matrix. Define a
Markovian matrix Q(z) = (g;;(z)) by taking ;;(z) = ¢i;(2) and i;() = = 3_ ;¢ a4y i (2)-
Let (X¢, A;) be the conservative switched Markov process corresponding to G as in (2.1)
but with Q(z) in place of Q(z). The original switched Markov process (X;, A;) can be
viewed as a subprocess of (Xt, ]\t) killed at rate x(x,1) = Gi;(x) — q;i(x); that is, for every
Y(z,i) > 0 on RY x M,

Eqi[$(Xe, A)] = Eq i [6x(8)9 (X, Ar)]
where é,(t) = exp(— fot k(Xs, As)ds). We consider
v(z,i) == Ep i (M — ¢)(Xrp,Arp); D < 09 (3.15)
which is a non-negative G-harmonic function in D x M. We can rewrite v(z,i) on U as
v(@,i) = Eqilen(tp) (M — ¢)(Xrp, Arp)]- (3.16)
Since u(xg,i9) = M > 0,
0 < v(wo, i) = MPyy,iy(Tp < 00) — u(zo, o) < 0,

that is, v(zg, i9) = 0. Thus by Theorem 3.4, v(x,7) = 0 on D x M. This implies by (3.16)

that (M — ¢)(Xrp,Arp) = 0 Py 4-as. for every (z,4) € D x M. Consequently, we have
u(z,i) = ME, ; [ex(7p)] for (z,i) € D x M (3.17)
and so
u(z,i) = M+ ME,;[e.(tp)—1)]

™D ™D
= M-E,;; [ k(Xs, Ag) exp <—/ /{(XT,AT)dr> ds]
0 s

TD
= M- M]Exﬂ |:/ I{(XS
0

=1
\@J
Y
»
[
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16 Chen et al.
Let 71 := inf{t > 0: A; # A¢} and denote by G% be the Green function of £; + @;; in

D. Since u(zo,i9) = M, we have by the strong Markov property and the construction of
(Xt, At) in Remark 2.2(a),

™D
0 = Ezpio {/ R(XS,J_XS)ds]
0

Bavs [ . ids| = G (el i)e0) 20 (319

%

Thus G%(x(-,i0))(z0) = 0 and so by Proposition 3.3 we have s(z,ig) = 0 a.e. on D.
Observe that

’U,(xg,io) = Emo,io[_ ( )QS(XTD?A )]
= Eupio[d(Xrp, Arp); 7o < T1] 4 Eug g [€6(TD) (X sy s Aryy ); 71 < 7p).

Hence using the strong Markov property, we have

0 = (M —u)(wo,io) = By iy (M — Mey(7p))]
= Eqpio[(M — Me(7p)); 71 < 7p]

= IE$07i0 [(M )( T17AT ) 1 < TD]

= > Eagio [(M = u)(Xer, -, ) (@i /Tioio) (X - )i 71 < 7]
jeEM\{io}

= > GB(qis (M —u)(wo).
jeEM\{io}

By Proposition 3.3 again, we have ZjEM\{iO}Qioj(M —u) = 0 a.e. on D. Since Q is
irreducible on D, for any j # i, there is a self-avoiding path {jo = 40, j1,.-.,Jn = J} SO
that {z € D : gj,,,, () > 0} having positive Lebesgue measure for k = 0.1,...,n — 1.
Thus we have u(x,j1) = M on {z € D : ¢,j, () > 0}. By the argument above, this
implies that k(z,j;) = 0 a.e. on D. Continuing as this, we get x(x,j;) = 0 a.e. on D
and {x € D : u(z, jr) = M} has positive Lebesgue measure for k = 2, ..., n. This proves
that k(z,7) = 0 a.e. on D for every i € M and so u(z,i) = M for every € D in view
of (3.17). O

Before presenting the next version of strong maximum principle, we first prepare a
lemma.

Lemma 3.6 Assume conditions (A1)-(A3) hold, D is a bounded connected open set in
R?, and Q(x) is irreducible on D. For any ¢ > 0 on Dx M, either B, ; [7 ¢(Xs, Ag)ds >

0 for every (x,i) € D x M or Eqp; [;” ¢(Xs, As)ds =0 on D x M.

PROOF: Denote by G’b the Green function of £; + g;; in D. Using the strong Markov
property at the first switching time 71 := inf{¢ > 0: Ay # A;_} in a similar way to that
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Mazximum Principles and Harnack Inequalities 17

for (3.18), we have for every (z,i) € D x M,
™D
U(I‘,i) = Em,i/ ¢(X53As)d$
0

TDAT1 TDAT1L
= B [ e | [ 60 s <
0 T

1

= GH(o(9)(@) + Epi [v(Xm, Ary); 71 < D)

= Gp i) @)+ Y Euu[o(Xe— k) (@ik /i) (Xr )i < 7]
KEM\ {1}

= Gp@C.D)@)+ Y Gplawv(.k) (@), (3.19)
keM\{i}
where the last identity is due to [28, p.286]; see the proof of [13, Proposition 2.2].
Suppose v(zg, ig) = 0 for some (zg, i) € D x M. Then by Proposition 3.3, v(z,ig) =0
on D. For any j € M\ {ip}, since Q(x) is irreducible on D, there is a self-avoiding path
{jo = d0,J1,...,Jn = j} so that {x € D : gj,j,,,(x) > 0} having positive Lebesgue
measure for k =0,1,...,n — 1. It follows from (3.19) and its iteration that

0 = v(20,d0) = G5 (diogs (G s (-~ (G (@g,-150(5)) ) (o) = 0.

We conclude from Proposition 3.3 that g;, ,;(-)v(-,j) = 0 a.e. on D. So there is some
y € D so that v(y,j) = 0. By (3.19) with (y,j) in place of (z,) and Proposition 3.3, we
have v(z,j) = 0 for every x € D. O

Theorem 3.7 (Strong Maximum Principle II) Suppose that conditions (A1)-(A3) hold,
D is a bounded connected open set in RY and Q(z) is irreducible on D. If f(-,i) € C*(D),
Supgrax s f > 0, and

Gf(x,i) >0 for(xz,i) € D x M,

then f(x,%) can not attain its mazimum inside D x M unless

f(x,i) = sup f(y,j) on Dx M.
R x M

PROOF: Suppose f achieves its maximum at some (g, i) € D x M. Let D; be any rela-
tively compact connected open subset of D that contains g and that Q(z) is irreducible
on D;. Then by Itd’s formula, we have for every (x,j) € Dy x M,

TDq
F@d) = By [y Aoy )] =By [ GFOX A

0
< By [f(Xrp, s Ay, | =2 (2, 5). (3.20)
Let M = sup, jyeraxm f(¥,J), which is non-negative. In view of (3.20),

M = sup f(y7j> :f(x()?i())-
(y,5)€D{ XM
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18 Chen et al.

Clearly, h < M and h is G-harmonic in Dy x M. We have by (3.19), h(zo,i9) = M and
TDl
Ewo,io / gf<Xsa As)ds =0.
0

Theorem 3.5 and Lemma 3.6 tell us that h = M on D; x M and E, ; OTDl Gf(Xs,Ag)ds =

0 for every (x,i) € D; x M. Consequently, f(z,i) = M on Dy x M. Letting D; increase
to D establishes the theorem. O

4. Harnack Inequality
This section is devoted to the Harnack inequality for G-harmonic functions. For simplicity,
we introduce some notation as follows. For any U = D x M C R? x M, recall that

7p =inf{t >0: X, ¢ D}.

We define ‘
TZD:H’lf{tZOXtGD,At:Z}, ZEM

Proposition 4.1 Assume conditions (A1)-(A3) hold. There exists a constant Cy not
depending on xo € R% such that for any r € (0,1) and any i € M,

Pao.i (TB(aor) < Car?) < 1/2. (4.1)
PROOF: Let v(-,4) € C%(R?) be a nonnegative function independent of i and

Nz =202 Jx—x0| < 7/2,
v(z,1) = { r?, |w—xo| >

such that v is bounded by c¢;72, and its first and second order derivatives are bounded

by cir and c;, respectively. Since P, ; solves the martingale problem, we have

. t/\TB(wo,r)
EIQ,iU(Xt/\TB(IO,T) ) At/\TB(IO',‘)) = ’U(x07 Z) + Ewo,i / g’U(XSa As)ds'
0

Using the boundedness of the first and second derivatives of v(-,4) and Q(-), we have

t/\TB(wD,r)
/ Gv(Xs, Ag)ds < cot.
0

It follows that
E(I;o,iv(Xt/\TB<IO,,.) 9 At/\TB(zo,r)) - U(I07 Z) S CQt-

On the other hand, since v(X

— 2 :
5oy M B(ag.m) =T~ We obtain

2
Exg,iU(Xt/\TB(zoy,.) ) At/\TB(,:O,T.)) Z T Pxo,i(TB(aZo,T) S t)

Hence
TQIPJ;Oai(TB(ZEo,’I‘) < t) < cot.

Taking Cy = i in the above formula and replacing ¢ by Car?, we obtain (4.1). (]
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Mazximum Principles and Harnack Inequalities 19

Proposition 4.2 Assume conditions (A1)-(A3) hold. For any constant € € (0,1), there
exist positive constants Cs and Cy depending only on & such that for any (z¢,1) € RYx M
and any r € (0,1), we have

(a) Py (TB(107T) > C’37’2) >1/2 for (x,i) € B(xg, (1 —e)r) x M.
(b) EqiTB(zg,r) = Car? for (z,i) € B(wo, (1 —e)r) x M.

ProOF: By Proposition 4.1, there exists a constant ¢; depending only on € such that for
any (z,1) € B(xg, (1 —¢&)r) x M, we have

]Pz,i(TB(Jco,r) < Clr2) < Px,i(TB(x,er) < 017"2) < 1/27
which implies (a). Hence
]Ew,iTB(xo,r) > 01T2P$7i(TB(IQ,T) > CITQ) > 017“2/2-

Then (b) follows. O

For a measure 1 on R? and y € RY, we use pu(dz — y) to denote the measure v(dx)
defined by v(A) := u(A—y) for A € B(R?), where A—y := {x—y : 2 € A}. We know how
the switched Markov processes jumps at the switched times between different plates. The
following describes how the switched Markov process (X, Ag) jumps at non-switching
times.

Proposition 4.3 Assume conditions (A1)-(A3) hold. Suppose A and B are two bounded
open subsets of R% having a positive distance apart and ig € M. Then

t
Z 1{XS_GA,Xs€B,As:io} - / 14 (X5) 1{@'0} (AS) TA (X87 B — X,)ds (4-2)
0

s<t

is a P, ;-martingale for each (z,i) € R? x M.

PROOF: Let A; be a bounded open subset of R? so that A ¢ A; € A; C B¢ Let
v(-,j) = 0 for all j # ig, and v(-,ip) € CZ(RY) so that v(x,ip) = 0 on A; and v(z,ip) =1
on B. Fix (z,i) € R? x M. Note that

MY (t) == v(Xy, Ay) — v(Xo, Ao) — /0 Gu(Xs, As)ds

is a P, ;-martingale, so is fot 14(Xs_)dM?(s). Define o = 0, 7y = inf{t > 0: X; € A},
T =inf{t > 7 : X; € A}, and for k > 2,

Tok—1 = inf{t > T2(k—1) * X; € A}, Tok = inf{t > Top_1:X¢ € Ai}

imsart-bj ver. 2014/10/16 file: BEJ1607-016-final.tex date: December 24, 2017



20 Chen et al.

Note that v(Xy, Ay) = 0fort € Up>1[rop—1,72r) and 14(X;—) = 0fort € Up>1[Tok—1), T2k—1)-
Thus the Riemann sum approximation of stochastic integral yields that

t
[ i are)
0 o0
= Z 1A(XT2k/\t—) (U(XTzk/\t7 ATQkAt) - U(XTQk/\t—7 ATzk/\t—))
k=1

_/t 14 (Xso) Go(Xs, As)ds
0
= Z ]-A (Xs—) [U(XS7AS) - U(Xs—yAs—)]

s<t
t

14 (X,) Gu(Xs, Ay)ds.

S—

Since v(y,j) = 0 on A; X M, we have

Guly.d) = [ o+ 2i)m0.d2) = [ oeimy(adz - )
R? R4
for every (y,j) € A1 x M. Therefore,

D 14 (X)) [0(Xe, As) = 0(Xom, A)]

s<t
t

—/ 14 (XS)/ v(z,As)ma, (Xs,dz — X;)ds is a P, ;-martingale.

0 R4

Because A and B are a positive distance from each other, the sum on the left of the above
formula is in fact a finite sum. With these facts we can pass to the limit to conclude that

Z 14 (Xs—) [1B><{io} (XsaAs) - 1B><{i0} (Xs—;As—)]
s<t

t
—/ 1, (XS)/ 1By (io} (2, As) ma, (X, dz — X;)ds is a P, ;- martingale,
0 Rd

which implies

¢
Z lix, eAx.eBA=io} — / 14 (Xs) La(s)=io) A, (Xs, B — Xi)ds
0

s<t

is a P, ;-martingale. [l

Proposition 4.4 There exist 7o € (0,1/2] and C5 > 0, depending only on kg and Ky in
(A2)- (A3) and an upper bound on Y ;" ||qkk|lec, such that for any zo € R* and any
r € (0,7), we have

sup Es,iTB(zo,r) < Csr. (4.3)
(x,3)€B(z0,r) XM
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PRrROOF: Let u(z) € C?(R?) be a convex function in  with values in [0, 10] and increase
with respect to |x| such that

u(@) =z, |z <2

Let 7o € (0,1/2) be sufficiently small. For 2o € R? and r € (0,7), let v(x,7) = u(Z=20).

r

Then for any (x,¢) € B(xzo,r) X M, since v(-,-) is bounded between 0 and 10 and Q(-) is
bounded, there exists ¢; > 0 such that

Q(x)v(x,-)(i) = —c1. (4.4)

Moreover,

d d )
LEy(z,i) = Z (« Z) +Zbk($ i) dv(x, i)

k=1 8$k8$1 =1 3xk

d d (4.5)
:Z agr(z,8)r +22bkxz(xk—x0k) —2

k= k=1
> 627‘ eyt > 2,

provided 7q is small enough. Define
£(j)U(x, l) = / [f(.’l? + Z,Z) - f($, Z) - Vf(.’IJ,Z) : Zl{\z\<1}]ﬂ-i<x7 dZ)
Rd

We break £W)uv(z, ) into two parts, |z| < 1 and |z| > 1, respectively. For the first part,
by the convexity of u(x), we deduce

/ Kl[v(x + z,1) — v(x,i) — Vo(z,i) - 2]m;(x,dz) > 0. (4.6)

For the second part with |z| > 1, since r < 3, we know = + z ¢ B(zo,r) for any
x € B(zg,r). Then we have v(z + z,i) > 1 and v(z,4) < 1, it follows that

/| \>1[U(z + z,4) — v(x,1)]m(z,dz) > 0. (4.7)

Since P, ; solves the martingale problem, together with (4.4), (4.5), (4.6), and (4.7), we
deduce that

E’I‘ ’Lv<Xt/\TB(IO r))’At/\TB(:co 7‘))) ($7l)

t/\TB(g_ ) 48
= E“/ . Gu(Xs, Ag)ds > c5r By i (t A TB(zo,r))- (4.8)
0
By the definition of v(z, 1),
Ez,iv(Xt/\TB(xOJ.))v At/\TB(J:(],T'))) - 'U(LC, ’L) < 10. (49)
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It follows from (4.8) and (4.9) that
csr 2By i(t A TB(zo,r)) < 10.

The conclusion follows by letting ¢ — co. O
In the remaining of this section, we assume that conditions (A1)-(A4) hold.

Definition 4.5 The generator G or the matrix function Q(-) is said to be strictly irre-
ducible on D if for any i,j € M and i # j, there exists q?j > 0 such that injfj gij(x) > q?j.
zTE

Proposition 4.6 Assume conditions (A1)-(A4) hold. Let o € R? and r € (0,7,), where
To is the constant in Proposition 4.4. Suppose that the operator G is strictly irreducible
on B(zg,7). Let H : R x M + R be a bounded non-negative function supported in
B(zg,2r)¢ x M. Then there exists a constant Cs > 0, depending only on ko and k1 of
(A2)-(A3), an upper bound on Y 7", |lgrklleo and on {qi;;i # j € M} in the definition
of strict irreducibility of G, such that for any x,y € B(xo,r/2) and any i € M,

By H (XTBwo,rwATB(wom)) < Coagrly, lH( TB(wo,rwATB(ww)) :

Here . is the constant appeared in condition (A4).

PROOF: Denote B = B(zg, r). Define
u(z,i) =By H (Xrp,Ary) for (z,i) € Bx M.

Since H = 0 on B(xg, 2r) x M, we have by using the Lévy system formula of Y = (X, A)
given by Proposition 4.3 that

u(z,i) =Eu; [H(X7p,Arp); Xep— € B; X7, € B(o,2r)°]
B
=E,; / / (z,As) Tp, (X5, 2 — Xs)dzds] . (4.10)
(zo, 27’)C

We deduce that

TB m
w(@,i) < Eay / / S H(z, ) (X, 2 — X,) dzds
B(zo,2r)° =1

Z/ ,7) sup T (w, z — w)dz)]Em'rB
B(zo,2r)°

weB

SclTQZ/ H(z,j) sup 7j(w, z — w)dz

B(zo,2r)° weB

where the last inequality is a consequence of Proposition 4.4, and

M:ZMj, M; = H(z,j) sup 7j(w, z — w)dz.
- B(zo,2r)° weB
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Thus,
u(z,i) < eyr®?M  for (z,i) € B x M. (4.11)

Let 71 = inf{t > 0: A; # Ao} and denote the Green operator of £; + g;; in B by G'.
Define
hi(z) =E;;[H (X7, Arp) ;78 <71], (2,i) € BXx M.

By the strong Markov property of (X¢, A;), we have

w(w,i) = hi(e) + 3 G (a (Yl )) (@), (4.12)

ki
By (4.11) and the fact that ||gik||lcc = sup |gix(z)| < 00, we arrive at
z€R
> G (antutB) @) < D e Mgl B s
ki ki
< ZQTZMH%‘kHooClTQ = co M7,
ki
Combining above estimates, we obtain
u(z,4) < hi(x) + coMr* for (x,4) € B x M. (4.13)

Next, we drive an lower bound for E,, ;(tg A7) for (x,7) € B(xg,r/2)xM. By Proposition
4.2, there exists c3 > 0 such that

N —

Py (TB > 63?”2) >

It follows that

P, i(tp A1 > c3r?) > P,y (TB > c3r? and T > 03r2)
> exp (—||arklocsr?) Pai (T > c377)
1 ~
> 5 &P (*||Qkk\|oo037’o) =:c4.
Then we obtain
E,i(tg A1) > ccqr® for (z,1) € B(xg,r/2) x M. (4.14)

By assumption (A4), for any z € B(xg, 2r)¢,

sup T; (w, z — w) < g inf 75 (w,2 —w).
wEB weB

By this inequality and (4.14), we have by using Lévy system formula of Y = (X, A),

TBAT1
hi(w) = Eoy / / H (2, M) 7a, (Xo) 2 — X,) dzds
0 B(zo,2r)°

TBAT1
> K. / / H(z,i) inf 7; (w,z — w)dzds (4.15)
0 B(x0,2r)° weB

> agrlMiE%i(TB AT1)
> C5a5T1MiT2 for € B(zg,r/2).
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On the other hand,
TBAT1L
hi(z) =Egz; / / H(z,A) A, (Xs,2 — Xs) dzds]
0 B(xo,2r)°
TBAT1L
<E;; / / H(z,i) sup 7; (w, z — w) dzds] (4.16)
0 B(zo,2r)° weB

< ME; ;7B
< cgMr® for x € B(xg,7/2).

Note that for ¢ # k, inﬂ{d qir(z) > ¢% > 0. By (4.12) and (4.15), we have
zE

5 Gy (an(ul 1) (@) = 3 sz Mir* Gl (4 () Lgeg ra) () ) ()

ki ki
> ZC&;Oéz_rleTQQ?kEz,i (TB(wo,3r/2) N T1)
k7 (4.17)
> Z 05a;T1Mkr2q?kC7r2
ki
= 08a2_r1r4ZMk for x € B(xg,7/2).

ki

In the above, we used the fact that B, ; (T5(zo,3r/4) AT1) = czr?. This can be derived
in the same way as that of (4.14). By (4.12), (4.13), (4.15), (4.16), and (4.17), for any
x,y € B(xg,r/2) and i € M, we have

u(y,i) = hily) + > G (a ()l k) ) ()
ki
C5a5T1Mir2 + 08042;17"1 Z M;,
ki
09042_T1 (Mﬂ’2 +rt Z Mk)
ki
> cloagrl (MiTQ + r4M) > cllagrlu(x, i).

Y%

%

The proof of the proposition is complete. O

Theorem 4.7 Assume conditions (A1)-(A4) hold. Let D C R? be a bounded connected
open set and KC be a compact set in D C R%. Suppose that G is strictly irreducible on D.
Then there exists C7 > 0 which depends only on D, K and operator G such that if f(-,-)
is a nonnegative, bounded function in R¢ x M that is G-harmonic in D x M, we have

fla,i) < Crf(y.§) fora,y € K andi,j e M. (4.18)

PROOF: We first show that for each fixed ball B(wg,4R) C D with R < § ATo (where 7o
is given in Proposition 4.4), there exists a constant C' > 0 that depends only on R A 1,
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ko and k1 of (A2)-(A3), an upper bound on ;" | [[qrrllec and on {gj;i # j € M} in
the definition of strict irreducibility of G on B(0,4R), such that for any nonnegative,
bounded and G-harmonic function f(-,-) in B(zg,4R) x M, we have

f(z,0) <Cf(y,7) forz,y € B(xo,R) and i,j € M. (4.19)

By looking at f 4 ¢ and sending € to 0, we may suppose that f is bounded below by
a positive constant. By looking at af(x,ig) for a suitable constant a if needed, we may

assume that inf r,i) =1/2.
(x,i)€B(x0,R) XM f( ) /

(a) Let us recall several results. Let r < 79 < 1/2. By Proposition 3.1, there exits a
constant ¢; > 0 such that for any = € B(zo,3R/2) and any i € M,

Pfhi ( E(I,T/Q) < TB(IoAR)) Z C]_?"G. (420)
By Proposition 3.2, there exists a nondecreasing function ® : (0,00) — (0, 00) such that
if A is a Borel subset of B(z,r) and |A|/r? > p for a given p, then for any (y,i) €
B(z,r) x M and r € (0,79),

o (|Al/r?). (4.21)

DO =

Py,z(T‘z < TB(x,Qr)) Z

By Proposition 4.6 and H being a nonnegative function supported on B(x, 2r)¢, for any
y,z € B(z,r/2) and i € M,
EyiH(X Arpony) < 2000 B i H(X Arpon)- (4.22)

TE(w,r)) TB(w,r)?

To proceed, we first consider the case that

inf  f(z,i) <1 foreach ie M. (4.23)
z€B(x0,2R)

Thus, there exists {T;};ea such that
T; € B(£E0,2R) and f(fz,l) < 1. (424)

(b) For n > 1, let
rn = c3R/n?,

'S}
n=1

where ¢3 is a positive number such that > "~ r, < R/4 and r, € (0,7) for all n, that
is,
1 To
c3 < 422021 1/n2 N R
In particular, it implies r,, < R/4. Let &, c4, ¢5 be positive constants to be chosen later.
Once these constants have been chosen, we can take IV; large enough so that

(4.25)

ENy exp(can)esrSt? > 2k forall n=1,2,... (4.26)
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The constants kg and § are taken from assumption (A4). Such a choice is possible
since ¢4 > 0 and 7, = c3R/n?. Suppose that there exists (z1,i1) € B(xg, R) x M with
f(z1,i1) = Ny for Ny chosen above. We will show that in this case there exists a sequence
{(mk,ik) k> 1} with

(k41,ik4+1) € Bk, 2ry) X M C B(xo,3R/2) x M,

. 4.27
Nk—i—l = f(xk—i-l,lk—i-l) Z Nl exp (C4(l€+1)) ( )

(¢) S uppose that we already have {(zg,ix);1 < k < n} so that (4.27) is satisfied for
k= ,n — 1. Define
Ay, = {y € B(xn,7n/2) : f(y,in) > §Nnrfz/f<ag}.

We claim that |A | )
—nt <o 4.28
Blan.ra/2)] = 4 (4.28)

Suppose on the contrary, % > 1/4. Let F be a compact subset of A,, such that

By > 1/4. Then F C B(wo, 2R). By (4.20),

n 6
]P)Ein,in (T}g(m n/2) < TB(;co,4R)> >y,

where ¢; is independent of x,, and r,. By the strong Markov property of (X;, A:), we
have

P, .in (T# < TB(oar)) = Ez,, i, {PXTM in (TE < TBGwrn) s T ) < TB(r0AR)
B(zn,rn/2)
1 (2°|F] i
=30 T ) Faiin (TB% ruy2) <T. B(wo,4R>>
1 d
= iq) aEl)> Clrfm

where a(d) is the volume of the unit ball in R<.
We take ¢5 = ® (a(d)/4) c1/2. By the definition of G-harmonicity and the above esti-
mates, we obtain

1> f(finain) > Efznﬂn [f(XT""/\-,—B(wO 4R)’ AT W ATB (g, 4R)) Tln < TB(zo, 43)]

N, rn
g ]PJI”N’LT, (T < TB(zo, 4R))

§N 7'6+6(:5
Ko

(4.29)

> 2,
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which is a contradiction. Note that the last inequality follows from N,, > Nj exp (can)

and our choice of Ny given by (4.26). Thus, (4.28) is valid. Therefore, there is a compact

subset F' of B(x,,7n/2)\ A, such that |F| > |B(z,,7,/2)|. By the definition of F and

An,

ENurp
Ko

flzyin) < for z€F.

Denote 7., := TB(z,,,rn)s Pn = Pa, i, (T%"’ < 7,)and M, := SUDP(y /)€ B2 2rm ) x M fly,4).
Since |F| > 3|B(zy,7,/2)|, using (4.21), we obtain

\ V

Dn

1 d
§(I> (2(1(4-2) =c¢ for n=12... (4.30)

By the definition of G-harmonic function and the right continuity of the sample paths of
(X, Ay), we have

N, = f(Tnyin) =By, 4, [f(XT;n,AT%n) T <1,
+Exn,in [f(X'rrn s A'rm> : X (Trn) € B(xna 27"n)7 Tr, < T;;‘;n]

+-;]::fzn yin [f(XTTn ’ ATTn) : X (Trn) ¢ B(IWJ 27"”), Trn < T%n] (431)
< SN g, (1= pn)

R2 .
+Ez, i, [f(XTm” ) An”) : X‘rm gé B(wy, 27‘,,), Tr, < TIZ}”]

~ N,,r8
Take a point y, € F. Then f(yn,in) < 577“,1 We then deduce from (4.22) that
K2
EN,rh ,
oy f(Ynsin)
> Ky, [f(XT'rn ) AT'rn) : Xnn ¢ B(mn, 27"71)]
1

Y

Es, in [f(Xn”vA‘w”) : XTT,,L ¢ B(wy, 2Tn)]-

CoQior,,
It follows that
anTSCZO[Zrn

502

Emnyin [f(X'rr,, 7A'rr,, ) : XTTT, ¢ B(l’n, QTH)] <
s s s Ko

=—=N,,

where the last inequality is obtained by noting that as,, < ko(27,)”?. Hence by (4.31),

£ e
N, < (@ + )N + Mo(1— pa). (4.32)
Denote n =1 — (£ 5;;) Let & > 0 be sufficiently small such that 1 _1706 > 3/2.

By (4.30) and (4. 32) M, /Ny, > 3/2. Using the definition of M, there is (Zp41,9n+1) €
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B(xp,2r,) X M so that

NnJrl = f(anrlainJrl) > 3Nn/2

We take ¢4 = In(3/2). Then (4.27) holds for k = n. By induction, we have constructed
a sequence of points {(xy, i)} such that (4.27) holds for all & > 1. It can be seen that
N — o0 as k — oo, a contradiction to the assumption that f is bounded. Thus, for a
positive constant Ny sufficiently large such that (4.26) holds, we have

f(z,i) < Ny for all (z,i) € B(xo, R) x M.

Since f(z,i) = 1/2, we arrive at

inf
(z,i)€B(z0,R) XM
f(z,i) <2N1f(y,j), =,y € B(zg,R) and 4,j € M. (4.33)

For any compact set K C D, we use a standard finite ball covering argument. Since
is compact, there exists a finite number of points zx € K, k = 1,2,...,n such that

Kc |JB(.R) cD,
k=1

and |z — zk—1]| < R/2. Let x,y € K and 4,5 € M. Applying Harnack inequality (4.33)
at most n + 1 times, we obtain f(z,i) < (2N7)" ! f(y, ).

Now we suppose that (4.23) is invalid. Then there exists ¢ € M such that f(x,i) > 1
for all z € B(xo,2R). Set

Ki = inf x,i, K := su Ki7 m7i = -’I/"i 3K.
IGB(IO,ZR)f( ) z’e/\I/)l g(x,1) == f(x,)/

Tt follows that (4.23) holds with g in place of f. Moreover, if ig € M and K = K;,, then
g(x,i0) >1/3 for x € B(xo,2R).

By the same argument as in Theorem 3.4, there is a constant ¢; > 0 such that

9(@,1) = Gip(ram) (4100 ()9 10) ) (2)
> cr,

for all (z,4) € B(xo, R) x M, where GiB(:z:O.ZR) is the Green operator of Xiin B(xo,2R).
Note also that inlfj Giio () > q;, > 0. The Harnack inequalities for g, and for f can be
re

established similarly as in the previous case. O
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5. Further Remarks

This paper has been devoted to switching jump diffusions. Important properties such as
maximum principle and Harnack inequality have been obtained. The utility and appli-
cations of these results will be given in a subsequent paper [7] for obtaining recurrence
and ergodicity of switching jump diffusions. The ergodicity can be used in a wide variety
of control and optimization problems with average cost per unit time objective functions
(see also various variants of the long-run average cost problems in [18]), in which the
instantaneous measures are replaced by the corresponding ergodic measures.

We note that the references [8, 9, 10, 12, 26] are devoted to regularity for the parabolic
functions of non-local operators (on each of the parallel plane). The results obtained in
this paper should be useful when one considers regularity of the coupled systems or
switched jump-diffusions.

Acknowledgements

The research of X. Chen was partially supported by NNSF of China (No.11601163)
and NSF of Guangdong Province of China (No. 2016A030313448); the research of Z.-Q.
Chen, was partially supported by NSF grant DMS-1206276; the research of K. Tran,
was partially supported by Vietnam National Foundation for Science and Technology
Development (NAFOSTED) under grant 101.03-2017.23; the research of G. Yin was
partially supported by the National Science Foundation under grant DMS-1710827.

References

[1] Arapostathis, A., Ghosh, M.K., and Marcus, S.I. (1999), Harnack’s inequality for
cooperative weakly coupled elliptic systems, Comm. Partial Differential Equations,
24, 1555-1571.

[2] Athreya, S. and Ramachandran, K. (2016) Harnack inequality for non-local
Schrodinger operators, to appear in Potential Analysis.

[3] Bass, R.F. and Kassmann, M. (2005) Harnack inequalities for non-local operators
of variable order, Trans. Amer. Math. Soc., 357, 837-850.

[4] Bass, R.F., Kassmann, M. and Kumagai, T. (2010) Symmetric jump processes: Lo-
calization, heat kernels and convergence, Ann. Inst. Henri Poincaré Probab. Stat.,
46, 59-71.

[5] Bass, R.F. and Levin, D.A. (2002) Harnack inequalities for jump processes, Potential
Anal., 17, 375-388.

[6] Caffarelli, L. and Silvestre, L. (2009) Regularity theory for fully nonlinear integro-
differential equations, Comm. Pure Appl. Math. 62, 597-638.

[7] Chen, X., Chen, Z.-Q., Tran, K. and Yin, G. (2017) Recurrence and ergodicity for
a class of regime-switching jump diffusions, to appear in Appl. Math. Optim.

imsart-bj ver. 2014/10/16 file: BEJ1607-016-final.tex date: December 24, 2017



30
8]
[9]

[10]

[14]
[15]
[16]
[17]

[18]

[19]

[26]

Chen et al.

Chen, Z.-Q. and Kumagai, T. (2003) Heat kernel estimates for stable-like processes
on d-sets. Stochastic Process Appl. 108, 27-62.

Chen, Z.-Q. and Kumagai, T. (2008) Heat kernel estimates for jump processes of
mixed types on metric measure spaces. Probab. Theory Relat. Fields 140, 277-317.
Chen, Z.-Q. and Kumagai, T. (2010) A priori Holder estimate, parabolic harnack
principle and heat kernel estimates for diffusions with jumps, Revista Matematica
Iberoamericana, 26, 551-589.

Chen, Z.-Q., Hu, E., Xie, L. and Zhang, X. (2016) Heat kernels for non-symmetric
diffusions operators with jumps, J. Differential Equations 263 (2017), 6576-6634.
Chen, Z.-Q., Wang, H. and Xiong, J. (2012) Interacting superprocesses with discon-
tinuous spatial motion, Forum Math., 24, 1183-1223.

Chen, Z.-Q. and Zhao, Z. (1996) Potential theory for elliptic systems, Ann. Probab.,
24, 293-319.

—, (1997) Harnack principle for weakly coupled elliptic systems, J. Differential
Equations, 139, 261-282.

Evans, L.C. (2010) Partial differential equations, Amer. Math. Soc., Providence, RI,
Second Ed.

Foondun, M. (2009) Harmonic functions for a class of integro-differential operators,
Potential Anal., 31, 21-44.

Ikeda, N., Nagasawa, M. and Watanabe, S. (1966) A construction of Markov process
by piecing out, Proc. Japan Academy, 42, 370-375.

Jasso-Fuentes, H., Yin, G., (2013) Advanced Criteria for Controlled Markov-
Modulated Diffusions in an Infinite Horizon: Quvertaking, Bias, and Blackwell Opti-
mality, Science Press, Beijing, China.

Krylov, N.V. (1987) Nonlinear Elliptic and Parabolic Equations of the Second Order,
D. Reidel Publishing Co., Dordrecht, Translated from the Russian by P.L. Buzytsky.
Komatsu, T. (1973) Markov processes associated with certain integro-differential,
Osaka J. Math., 10, 271-303.

Kushner, H. (1990) Weak Convergence Methods and Singularly Perturbed Stochastic
Control and Filtering Problems, Birkhéduser, Boston.

Liu, R. (2016) Optimal stopping of switching diffusions with state dependent switch-
ing rates, Stochastics, 88, 586-605.

Mao, X. and Yuan, C. (2006) Stochastic Differential Equations with Markovian
Switching, Imperial College Press, London, UK.

Meyer, P. (1975) Renaissance, recollements, mélanges, relentissement de processus
de markov, Ann. Inst. Fourier, 25, 465—497.

Mikulevicius, R. and Pragarauskas, H. (1988) On Hélder continuity of solutions of
certain integro-differential equations. Ann. Acad. Scien. Fenn. Ser. A. I. Math., 13,
231-238.

Negoro, A. and Tsuchiya, M. (1989) Stochastic processes and semigroups associate

imsart-bj ver. 2014/10/16 file: BEJ1607-016-final.tex date: December 24, 2017



Mazximum Principles and Harnack Inequalities 31

[30]
[31]

[32]

with degenerate Lévy generating operators, Stochastics Stochastic Reports, 26, 29—
61.

Protter, M.H. and Weinberger, H.F. (1967) Mazimum Principles in Differential
Equations, Prentice-Hall, Inc., Englewood Cliffs, N.J.

Sharpe, M. (1986) General Theory of Markov Processes, Academic, New York, 1986.
Song, R. and Vondracek, Z. (2005) Harnack inequality for some discontinuous
Markov processes with a diffusion part, Glas. Mat. Ser. III, 40(60), 177-187.
Wang, J. (2014) Martingale problems for switched processes, Mathematische
Nachrichten, 287, 1186-1201.

Xi, F. (2009) Asymptotic properties of jump-diffusion processes with state-
dependent switching, Stochastic Process. Appl., 119, 2198-2221.

Yin, G. and Zhu, C. (2010) Hybrid Switching Diffusions: Properties and Applica-
tions, Springer, New York.

imsart-bj ver. 2014/10/16 file: BEJ1607-016-final.tex date: December 24, 2017



