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Stability of parabolic Harnack inequalities
for symmetric non-local Dirichlet forms

Zhen-Qing Chen, Takashi Kumagai* and Jian Wang'

Abstract

In this paper, we establish stability of parabolic Harnack inequalities for sym-
metric non-local Dirichlet forms on metric measure spaces under general volume
doubling condition. We obtain their stable equivalent characterizations in terms of
the jumping kernels, variants of cutoff Sobolev inequalities, and Poincaré inequali-
ties. In particular, we establish the connection between parabolic Harnack inequal-
ities and two-sided heat kernel estimates, as well as with the Holder regularity of
parabolic functions for symmetric non-local Dirichlet forms.

1 Introduction and Main Results

Harnack inequalities are inequalities that control the growth of non-negative harmonic
functions and caloric functions (solutions of heat equations) on domains. The inequalities
were first proved for harmonic functions for Laplacian in the plane by Carl Gustav Axel
von Harnack, and later became fundamental in the theory of harmonic analysis, partial
differential equations and probability. One of the most significant implications of the
inequalities is that (at least for the cases of local operators/diffusions) they imply Hélder
continuity of harmonic/caloric functions. We refer readers to for the history and the
basic introduction of Harnack inequalities.

Because of their fundamental importance, there has been a long history of research on
Harnack inequalities. Harnack inequalities and Holder regularities for harmonic functions
are important components of the celebrated De Giorgi-Nash-Moser theory in harmonic
analysis and partial differential equations. In early 90’s, equivalent characterizations for
parabolic Harnack inequalities (that is, Harnack inequalities for caloric functions) were
obtained by Grigor’yan [Gi] and Saloff-Coste [Sal] for Brownian motions (or equiva-
lently, Laplace-Beltrami operators) on complete Riemannian manifolds. They showed
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that parabolic Harnack inequalities are equivalent to doubling condition of the volume
measures plus Poincaré inequalities, which are also equivalent to the two-sided Gaussian-
type heat kernel estimates. An important consequence of this equivalence is that the
parabolic Harnack inequalities are stable under transformations of the Riemannian man-
ifolds by quasi-isomorphisms. This result was later extended to symmetric diffusions on
metric measure spaces by Sturm [St] and to random walks on graphs by Delmotte [De]. It

has been further extended to symmetric anomalous diffusions on metric measure spaces
including fractals in [BBKI].

In this paper, we consider the stability of parabolic Harnack inequalities for symmetric
non-local Dirichlet forms (or equivalent, symmetric jump processes) on metric measure
spaces. Let (M, d, u) be a metric measure space where d is a metric and p is a Radon
measure (see Section [[T] for a precise setting). We consider a symmetric regular Dirichlet
form (€, F) on L*(M; ) of pure jump type; that is,

(o= | U@ = 06 ~gw) S dy). L9 F (L

where diag denotes the diagonal set {(x,z) : z € M} and J(-,-) is a symmetric jumping
measure on M x M \ diag. Let X be Hunt process corresponding to (£, F). An impor-
tant example of the jumping kernel J is J(dz,dy) = d(zfzSZla wu(dx) p(dy), where c(x,y)
is a symmetric function bounded between two positive constants and o > 0. The cor-
responding process is called a symmetric a-stable-like process. When M = R? or more
general, an Ahlfors d-regular space, p is the Hausdorff measure on M and « € (0, 2), var-
ious properties of the symmetric a-stable-like processes including two-sided heat kernel
estimates and parabolic Harnack inequalities have been studied in [CKI]. In particular,
when M = RY, 1 is the Lebesgue measure on R? and ¢(z,y) is a constant function, this
corresponds simply to a rotationally symmetric a-stable Lévy process. However, on some
metric measure spaces M such as the Sierpinski gasket and the Sierpinski carpet, the
index « can be larger than 2.

Let ¢ be a strictly increasing continuous function on [0, 00) with ¢(0) = 0.

Definition 1.1. We say that the parabolic Harnack inequality PHI(¢) holds for the process
X, if there exist constants 0 < ] < Cy < C3 < (4, 0 < C5 < 1 and Cg > 0 such that for
every xg € M, to > 0, R > 0 and for every non-negative function u = u(t, z) on [0, co) x M
that is parabolic on cylinder Q(to, xo, C4¢(R), R) := (to, to + C4¢(R)) x B(zo, R),

ess sup g u < Cgess inf g, u, (1.2)
where Q_ = (to + C1¢(R),to + C2¢(R)) x B(zo, C5R) and Q4 = (fo + C30(R), 1o +
Cip(R)) x B(wo, CsR).

We call the function ¢ the scale function for PHI(¢). The PHI(¢) results obtained in

|G1l, [Sa2l, [St, De] are for ¢(r) = r?. Tt is proved in [CKI] that symmetric a-stable-like
processes with o € (0,2) enjoy PHI(¢) for ¢(r) = r*. In [CK2|], PHI(¢) is obtained for
mixed stable processes on metric measure spaces with variable scale ¢.

Here is the question we consider in this paper.
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(Q) Suppose (€, F) and (€, F) are regular Dirichlet forms on L2(M;p) of the form
(1)), whose corresponding jumping measures and processes are J, J and X, X,
respectively. Suppose further there exist constants ¢, ca > 0 such that ¢;J(A, B) <

J(A,B) < euJ(A, B) for all A, B C M with AN B = (). If PHI(¢) holds for X, does
PHI(¢) also holds for the process X7

We will answer the question affirmatively in Theorem [[LI7] the main result of this
paper, by giving an equivalent characterization of PHI(¢) that is stable under such per-
turbations:

PHI(¢) <= PI(¢) + Js < + CSI(¢) + UJS;

see (LI8), (L9), (LIO) and (LI7) for related notations and definitions. Moreover, Theo-
rem [[LT7] also gives the precise relation between the parabolic Harnack inequality PHI(¢),
the Holder regularity PHR/(¢) of caloric functions, and the elliptic Holder regularity (EHR)
of harmonic functions:

PHI(¢) <= PHR(¢) + E; < + UJS <= EHR + E; + UJS;

see (I12), (LI4) and (LIH) for definitions.

To our knowledge, there has been no literature on the equivalence of parabolic Harnack
inequalities for non-local Dirichlet forms on general metric measure spaces despite of the
importance of parabolic Harnack inequalities. We note that when the underlying space is
a graph satisfying the Ahlfors regular condition, some equivalence conditions for PHI(¢)
with ¢(r) = r* for a € (0,2) are obtained in Barlow, Bass and Kumagai [BBK2]. In some
general metric measure spaces including certain fractals mentioned above, it is known that
PHI(¢) may hold for ¢(r) = r* with o > 2 (see, for instance, [CKW] Section 6.1]). In this
paper, we establish the stability of PHI(¢) for a large class of scale functions ¢ including
those ¢(r) = r* with a > 2. We also emphasize that our metric measure spaces are
only assumed to satisfy general volume doubling and reverse volume doubling properties.
These make the study of stability of PHI(¢) extremely challenging.

Parabolic Harnack inequalities are closely related to heat kernel estimates. In the very
recent paper [CKW], we obtained stability of two-sided heat kernel estimates and upper
bound heat kernel estimates for symmetric jump processes of mixed type on general metric
measure spaces (see Section [L.2] for a brief survey of the results of [CKW]). In contrast
to the cases of local operators/diffusions, parabolic Harnack inequalities are no longer
equivalent to (in fact weaker than) the two-sided heat kernel estimates. In fact Corollary
[LLI8] of this paper asserts

HK(6) <= PHI(6) + J;

see (L9) and (I3 for definitions. This discrepancy is caused by the heavy tail of the
jumping kernel. This heavy tail phenomenon is also one of main sources of difficulties in
analyzing non-local operators/jump processes.

Due to the above difficulties and differences, obtaining the stability of PHI(¢) for non-
local operators/jump processes requires new ideas. Our approach contains the following
two key ingredients, and both of them are highly non-trivial:



(i) We make full use of the probabilistic properties of jump process X (in particular the
Lévy system of X that describes how the process X jumps) to connect PHI(¢) with
the properties of the associated heat kernel and jumping kernel. See the equivalence
condition (3) in main result Theorem [L.17]

(ii)) We adopt some PDE’s techniques from the recent study of fractional p-Laplacian
operators in [CKPI] to derive some useful properties of the process X. We em-
phasis that, to get the stability of PHI(¢) in our general framework we should use
cutoff Sobolev inequalities CSJ(¢) for non-local Dirichlet forms, instead of the frac-
tional Poincaré inequalities or Sobolev inequalities in the existing literature (e.g.
see [CKP1l, DKL [K2]), since the latter two functional inequalities require some reg-
ularity of state space and non-local operators. See the equivalence condition (7) in
Theorem [L.I7.

Finally, we should mention that, even though non-local operators appear naturally in
the study of stochastic processes with jumps, there are huge amount of interests among
analysts to study Harnack inequalities and related properties for non-local operators; see
[CS| [CKP1], [CKP2, K2l [Sil] and the references therein. Combining probabilistic
methods with analytic methods in the study of heat kernel estimates and parabolic Har-
nack inequalities for non-local operators proves to be quite powerful and fruitful, as is the
case for this paper and for [CKW].

In the following, we give the framework of this paper in details and present the main
results of this paper. We also recall some theorems from [CKW] that will be used in this

paper.

1.1 Setting

Let (M, d) be a locally compact separable metric space, and p a positive Radon measure
on M with full support. A triple (M,d, p) is called a metric measure space, and we
denote by (-, ) the inner product in L?(M; u). For simplicity, we assume that (M) = oo
throughout the paper. Let us emphasize that we do not assume M to be connected nor
(M, d) to be geodesic.

Let (€, F) be a regular Dirichlet form on L*(M; i) given in (ILT]). We assume through-
out this paper that, for each x € M, there is a kernel J(x,dy) so that

J(dz,dy) = J(x,dy) p(dx).

In this paper, we will abuse notation and always take the quasi-continuous version for
an element of F (note that since (€, F) is regular, each function in F admits a quasi-
continuous version). Denote by £ the (negative definite) L*-generator of (€, F). Let {P;}
be the associated semigroup on L?(M;p). Associated with the regular Dirichlet form
(&€, F) on L2(M; ) is an u-symmetric Hunt process X = {X;,t > 0,P*, x € M\N'}, where
N is a properly exceptional set for (€, F) in that u(N) = 0 and P*(X; € N for some ¢t >
0) =0 for all z € M \ N. This Hunt process is unique up to a properly exceptional
set (see [FOT], Theorem 4.2.8]). A more precise version of {P,} with better regularity
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properties can be obtained as follows: for any bounded Borel measurable function f on
M,
Ptf(x) = Exf(Xt), x € M(] =M \N

The heat kernel associated with {P;} (if it exists) is a measurable function p(t,z,y) :
My x My — (0, 00) for every t > 0, such that

E*f(X:) = P f(2) = /p(t,x,y)f(y)u(dy), x € Mo, f € L>(M; p),
p(t,x,y) =p(t,y,x) forallt >0, z,y € Mo,

p(s+t,x z) = /p(s,x, y)p(t,y,z) u(dy) for all s,t >0 and z, z € M,.

We call p(t, z,y) the heat kernel on (M, d, i1, E). Note that we can extend p(t, x,y) to all
x, y € M by setting p(t,z,y) = 0 if = or y is outside M,.

The goal of this paper is to present stable characterizations of parabolic Harnack
inequality for the symmetric jump process X. To state our results precisely and show
the relations between heat kernel estimates and parabolic Harnack inequalities, we need
a number of definitions and also recall the stable characterizations of two-sided estimates
and upper bound estimates for heat kernels from [CKW].

Definition 1.2. Denote by B(z,r) the ball in (M, d) centered at x with radius r, and set
Ve, r) = p(B(z,r)).

(i) We say that (M,d, ) satisfies the volume doubling property (VD) if there exists a
constant C), > 1 such that for all z € M and r > 0,

V(z,2r) < C,V(x,r). (1.3)

(ii) We say that (M, d, ) satisfies the reverse volume doubling property (RVD) if there
exist positive constants d; and ¢, such that for all x € M and 0 <r < R,

V(z, R)

Ry
> e, (2) 1.4
V(z,r) _C”(r> (14)
VD condition (L3)) is equivalent to the following: there exist ds, éu > 0 so that
- d
Viz, R) < CM<E> " forallze Mand 0 <7 < R. (1.5)
V(z,r) r

RVD condition (IL4) is equivalent to the existence of positive constants [, and ¢, > 1 so
that
V(x,l,r) > ¢, V(x,r) foral zeMandr>D0. (1.6)

It is known that VD implies RVD if M is connected and unbounded (see, for example
[GH, Proposition 5.1 and Corollary 5.3]).



Let R, :=[0,00) and ¢ : R, — R, be a strictly increasing continuous function with
»(0) =0, ¢(1) = 1 that satisfies the following: there exist ¢;,co > 0 and 5 > 81 > 0 such

that N R N
1 2
cl<—> < M < 02(—) forall0 <r < R. (1.7)
T o(r) T
Definition 1.3. We say J4 holds if for any z,y € M there exists a non-negative symmetric
function J(x,y) so that for p x p-almost all z,y € M,

J(dz,dy) = J(z,y) p(dz) p(dy), (1.8)

and
C1 Co
Vi, d(z,y))o(d(z,y)) Vi, d(z,y))o(d(z,y))
for some constants co > ¢; > 0. We say that J4 < (resp. Jy >) if (L8)) holds and the upper
bound (resp. lower bound) in (9] holds.

(1.9)

< J(z,y) <

For the non-local Dirichlet form (&€, F), we define the carré du-Champ operator I'(f, g)
for f,g € F by

I'(f,9)(dz) =/ (f(x) = fF)(g(x) — 9(y)) J(dz, dy).

yeM

1.2 Heat kernel estimates

The following CSJ(¢) and SCSJ(¢) conditions that control the energy of cutoff functions
are first introduced in [CKW]. See [CKW| Remark 1.6] for background on these condi-
tions. Recall that ¢ is a strictly increasing continuous function on R satisfying ¢(0) = 0,

(1) =1 and (L.

Definition 1.4. (i) Let U C V be open sets in M with U C U C V. We say a non-
negative bounded measurable function ¢ is a cutoff function for U C V., if p =1
onU, p=0o0onVeand 0 < p <1on M.

(ii) We say that CSJ(¢) holds if there exist constants Cy € (0,1] and Cy,Cy > 0 such
that for every 0 < r < R, almost all x € M and any f € F, there exists a cutoff
function ¢ € Fp, := F N L>®(M, p) for B(xz, R) C B(xz, R+ ) so that

/ 2 dT(p,0) <Cy / (F(x) — F(9))* J(de, dy)
B(z,R+(1+Co)r)

UxU*

Cs / 2
+ == fdp,
o(r) B(z,R+(1+Co)r)

where U = B(z, R+ r) \ B(z,R) and U* = B(z, R+ (1 + Cy)r) \ B(x, R — Cyr).

(1.10)

(iii) We say that SCSJ(¢) holds if there exist constants Cy € (0, 1] and Cy, Cy > 0 such
that for every 0 < r < R and almost all z € M, there exists a cutoff function ¢ € F;
for B(z, R) C B(x, R+ r) so that (LIQ) holds for any f € F.
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Clearly SCSJ(¢) = CSJ(9).

Remark 1.5. As is pointed out in [CKW| Rermark 1.7], under VD, (L7) and J, <,
SCSJ(¢) always holds if Sy < 2, where (5 is the exponent in (LT). In particular, SCSJ(¢)
holds for ¢(r) = r* always when 0 < a < 2.

We next introduce the Faber-Krahn inequality. For any open set D C M, Fp is
defined to be the [ - ||¢,-closure in F of F N C.(D), where || - ||z, = |- ||z + || - [|3. Here
C.(D) is the space of continuous functions on M with compact support in D. Define

M(D) =inf{&(f, f): f € Fp with [[f[ls =1},
the bottom of the Dirichlet spectrum of —L on D.

Definition 1.6. (M,d, u, &) satisfies the Faber-Krahn inequality FK(¢), if there exist
positive constants C' and v such that for any ball B(x,r) and any open set D C B(x,r),

M(D) > %(V(w)/u(m)”. (1.11)

For a set A C M, define the exit time 74 = inf{t > 0: X; € A°}.

Definition 1.7. We say that Eg4 holds if there is a constant ¢; > 1 such that for all » > 0
and all x € My,

' (r) < E*[rpn] < cg(r). (1.12)
We say that E,< (resp. Eg>) holds if the upper bound (resp. lower bound) in the
inequality above holds.

Definition 1.8. (i) We say that HK(¢) holds if there exists a transition density function
p(t, x,y) of the semigroup {P,} for (£, F), which has the following estimates for all
t>0and all z,y € M,,

1 t
Cl(V(g;, @) V(ﬂf,al(x,y))cb(al(x,y))>
< p(t,2,y) (1.13)

<c2< ! A t )
T V(97 (t) Vi, d(z,y)e(d(z,y))/

where ¢y, ¢y > 0 are constants independent of x,y € My and t > 0. Here ¢~(¢) is
the inverse function of the strictly increasing function t — ¢(t).

(ii)) We say UHK(¢) (resp. LHK(¢)) holds if the upper bound (resp. the lower bound)
in (LI3) holds.

(iii) We say UHKD(¢) holds if there is a constant ¢ > 0 such that

c

t < ————— forallt>0and M.
p(,x,x)_v(x’¢_1(t)) orall t >0 and z € M,



It is pointed out in [CKW|, Remark 1.12] that
1 t 1 t

~
—~

Vo () Vi d@ 9)old@y) Ve o) Vi dlzy)e(dm g)

We may thus replace V(x, ¢~ '(t)) and V(z,d(z,y)) by V(y,¢ (t)) and V(y,d(z,y)) in
(LI3) by modifying the values of ¢; and cy. On the other hand, it follows from [CKW]
Theorem 1.13 and Lemma 5.6] that if HK(¢) holds, then the heat kernel p(¢, z, y) is Hélder
continuous on (z,y) for every t > 0, and so (LI3)) holds for all =,y € M.

We say (£, F) is conservative if its associated Hunt process X has infinite lifetime.
This is equivalent to P,1 =1 a.e. on M, for every ¢t > 0.

The following are the main results of [CKW], which will be used later in this paper.

Theorem 1.9. ([CKW| Theorem 1.13]) Assume that the metric measure space (M, d, )
satisfies VD and RVD, and ¢ satisfies (LT). Then the following are equivalent:

(1) HK(¢).

(2) Jy and Eg.

(3) Jy and SCSI(¢).

(4) Jg and CSI(¢).

Theorem 1.10. ([CKW| Theorem 1.15]) Assume that the metric measure space (M, d, 1)
satisfies VD and RVD, and ¢ satisfies (LT). Then the following are equivalent:

(1) UHK(¢) and (&€, F) is conservative.

(2) UHKD(¢), Js < and Ey.

(3) FK(¢), Jo< and SCSI(¢).

(4) FK(¢), Jy,< and CSJ(9).

As a consequence of [CKWI Proposition 3.1(ii)] (recalled in Proposition 2.4 of this
paper), LHK(¢) implies that X has infinite lifetime. As is remarked in [CKW], UHK(¢)
alone does not imply the conservativeness of the associated Dirichlet form (£, F).

1.3 Parabolic Harnack inequalities

We first give probabilistic definitions of harmonic and parabolic functions in the general
context of metric measure spaces.

Let Z := {V;, Xs}s>0 be the space-time process corresponding to X where V; =V —s.
The filtration generated by Z satisfying the usual conditions will be denoted by {j-:s; 5>
0}. The law of the space-time process s — Z, starting from (¢, z) will be denoted by
P®®) . For every open subset D of [0,00) x M, define 7p = inf{s > 0: Z, ¢ D}.

Recall that a set A C [0,00) x M is said to be nearly Borel measurable if for any
probability measure p on [0,00) x M, there are Borel measurable subsets A;, Ay of
[0,00) x M so that Ay C A C Ay and that P*(Z; € Ay \ A; for some t > 0) = 0. The
collection of all nearly Borel measurable subsets of [0, 00) x M forms a o-field, which is
called nearly Borel measurable o-field.



Definition 1.11. (i) We say that a nearly Borel measurable function (¢, z) on [0, 0c0) x
M is parabolic (or caloric) on D = (a,b) x B(xq,r) for the Markov process X if
there is a properly exceptional set N, of the Markov process X so that for every
relatively compact open subset U of D, u(t,x) = Et®u(Z,,,) for every (t,x) €
U ([0, 50) x (M\N,)).

(ii) A nearly Borel measurable function v on M is said to be subharmonic (resp. har-
monic, superharmonic) in D (with respect to the process X) if for any relatively
compact subset U C D, t — u(Xyar, ) is a uniformly integrable submartingale (resp.
martingale, supermartingale) under P* for q.e. z € U.

Definition 1.12. (i) We say that the parabolic Harnack inequality PHIT (¢) holds for
Markov the process X if Definition [L.I] holds for some constants C; > 0, C, = kC4
for k=2,3,4,0< Cs < 1and Cg > 0.

(ii) We say that the elliptic Harnack inequality (EHI) holds for the Markov process X if
there exist constants ¢ > 0 and § € (0, 1) such that for every o € M, r > 0 and for
every non-negative function « on M that is harmonic in B(x, r),

€ss sup B(w075,1)h < cess inf p(g,6r)h-

(iii) We say that the parabolic Hélder reqularity PHR(¢) holds for the Markov process X
if there exist constants ¢ > 0, 6 € (0,1] and € € (0,1) such that for every xy € M,
to > 0, r > 0 and for every bounded measurable function u = u(t, x) that is caloric
in Q(to, zo, ¢(r),r), there is a properly exceptional set N, D N so that

¢~ (Is — t]) + d(,y)

r

0
) eSS SUD (1, oo x|t (1.14)

fuls,2) — ulty)] < ¢ (

for every s,t € (to,to + ¢(er)) and z,y € B(xg,er) \ N,.

(vi) We say that the elliptic Holder regularity (EHR) holds for the process X, if there
exist constants ¢ > 0, 6 € (0,1] and € € (0, 1) such that for every xy € M, r > 0
and for every bounded measurable function v on M that is harmonic in B(zo,r),
there is a properly exceptional set N, D N so that

o) )] < (22 esssup (1.15)

for any x, y € B(xg,er) \ Ny.

Clearly PHI"(¢) = PHI(¢) = EHI and PHR(¢) = EHR. We point out that
PHR(¢) implies E, >; see Proposition B.9

Remark 1.13. (i) PHI(¢) in Definition [[LT] is called a weak parabolic Harnack in-
equality in [BGK], in the sense that (LZ) holds for some Cy,---,Cs. It is called a



parabolic Harnack inequality in if (L2) holds for any choice of positive con-
stants Cy > C3 > Cy > C7 > 0,0 < (5 < 1 with Cg = 06(017 .. .,05) < 00. Since
our underlying metric measure space may not be geodesic, one can not expect to

deduce parabolic Harnack inequality from weak parabolic Harnack inequality. See
for related discussion on diffusions.

(i) We will show in Proposition L4 that under VD, RVD and (IL7), PHI"(¢) and
PHI(¢) are equivalent.

(iii) Clearly, PHI(¢) holds if and only if the desired property holds for every bounded
parabolic function on cylinder Q(ty, zo, C4é(R), R). Same for PHIT(¢) and EHI.

(iv) Note that in the definition of PHR(¢) (resp. EHR) if the inequality (I.I4]) (resp.
(LI3H)) holds for some £ € (0,1), then it holds for all ¢ € (0,1) (with possibly
different constant ¢). We take EHR for example. For every zq € M and r > 0, let
u be a bounded function on M such that it is harmonic in B(zg, 7). Then, for any
e’ €(0,1) and x € B(zo,e'r) \ Ny, u is harmonic on B(z, (1 —¢&’)r). Applying (LI3)
for uw on B(z, (1 — €'r)), we find that for any y € B(xg,&'r) \ N, with d(z,y) <
(1 —¢er,

d 0
(:: y)) ess sup ¢ |u(2)]-

julz) — uly)] < o (

This implies that for any =,y € B(xg,e'r) \ N, (LI3) holds with ¢ = ¢V W

Below we discuss stability of parabolic Harnack inequalities. This requires further
definitions.

Definition 1.14. We say that a lower bound near diagonal estimate for Dirichlet heat
kernel NDL(¢) holds, i.e. there exist € € (0,1) and ¢; > 0 such that for any zy € M,
r>0,0<t<¢(er)and B = B(zo,r),

&1

V(wo, o7 (t))’

Under VD, we may replace V(zg, ¢~ (t)) in the definition by either V(z,¢~'(¢)) or
V(y,»~1(t)). Under (7)), we also may replace ¢(er) and e¢~1(t) in the definition above
by e¢(r) and ¢~ (st), respectively.

pP(t,z,y) > z,y € B(xg, 0 (1)) N M. (1.16)

The following inequality was introduced in [BBK2| in the setting of graphs. See
CKK1] for the general setting of metric measure spaces.

Definition 1.15. We say that UJS holds if there is a symmetric function J(z,y) so that
J(x,dy) = J(z,y) u(dy), and there is a constant ¢ > 0 such that for y-a.e. z,y € M with

T F#y,

Vix,r)

I y) < / J(2,y) pldz) for every 0 < r < d(z,y)/2. (1.17)
B(z,r)
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Note that UJS is implied by the following pointwise comparability condition of the
jump kernel J(z,y): there is a constant ¢ > 0 such that J(z,y) < ¢J(z,y) for p-a.e.
x,y,z € M with z # y and 0 < d(z, 2) < d(z,y)/2.

Definition 1.16. We say that (weak) Poincaré inequality (PI1(¢)) holds if there exist
constants C' > 0 and > 1 such that for any ball B, = B(z,r) with x € M and for any
[ € F,
[ U-Toramscon [ (@ -f@PIdnd). 01
B,

Br X Brr

where f B, = ﬁ Il B, f du is the average value of f on B,.

If the integral on the right hand side of (LI8) is over B, x B, (i.e. k = 1), then
it is called strong Poincaré inequality. If the metric is geodesic, it is known that (weak)
Poincaré inequality implies strong Poincaré inequality (see for instance [Sa2l Section 5.3]),
but in general they are not the same. In this paper, we only use weak Poincaré inequality.
Note also that the left hand side of (LIS) is equal to infeer [5 (f —a)® dp.

The following is the main result of this paper.

Theorem 1.17. Suppose that the metric measure space (M, d, i) satisfies VD and RVD,
and ¢ satisfies (L). Then the following are equivalent:

(1) PHI(¢).

2) PHI* ().

3) UHK(¢), NDL(¢) and UJS.
4) NDL(¢) and UJS.

EHR, E,; and UJS.

)

)

) (¢

) PHR(¢), Ey < and UJS.
)

) PI(¢), Jy<, CSI(¢) and UJS.

(
(
(
(5
(6
(7

We note that any of the conditions above implies the conservativeness of the process
{X.}; see Proposition 24 and [CKW], Lemma 4.22], Proposition and Proposition [Z.9

As a corollary of Theorem and Theorem [[.I7 (noting that J, implies UJS), we
have the following.

Corollary 1.18. Suppose that the metric measure space (M, d, i) satisfies VD and RVD,
and ¢ satisfies (LT). Then

HK(¢) <= PHI(¢) + J 4 >.

In addition to the papers mentioned above, for other related work on Harnack inequal-
ities and Holder regularities for harmonic functions of non-local operators, we mention
BT, [ChZ, LS| Koml MK, [SUL SV] and the references therein. We emphasize this is only
a partial list of the vast literature on the subject.

The rest of the paper is organized as follows. The proof of Theorem [[L17 is given
in Section @ In Section 2, we present some preliminary results. Various consequences
of parabolic Harnack inequalities are given in Section Bl The proof of (1) <= (2) <=

11



Prop 4.4 Prop 3.3 Prop 3.1

PHI{ ¢) ——x—UJS ¢ : PHI( ¢) » UHKD()
Prop 3.2 l [
Cor 3.4 Prop 2.9 +J,#E 4
[CKW]
PI( ) ¢ NDL(¢) LA J.. FK( )
Prop 2.9 4
Prop 3.5 Prop 4.4
F ( ¢) EqS Lem 4.6
Lem 2.8 sconsen. UHK(¢) +Ey
o< [CKW] ) aE

»,< 0,<

PHR($) &————EHR

J £CSY( F’r°j38/ Thm45
’ Prop 3.9
E, » aLUJS
+UJS

}

Thm 4.5

\l — P PHI( ¢)<—>PHI( )

Prop 4.13

Figure 1: diagram

(3) <= (4) is given in Subsection [A.1], the proof of (1) <= (5) <= (6) is given in Sub-
section .21 while (1) <= (7) is shown in Subsection .3l Figure [Ilillustrates implications
of various conditions and flow of our proofs.

Throughout this paper, we will use ¢, with or without subscripts, to denote strictly
positive finite constants whose values are insignificant and may change from line to line.
For functions f and g defined on a set D, we write f < g if there exists a constant ¢ > 1
such that ¢! f(z) < g(z) < ¢ f(x) for all z € D. For p € [1,00], we will use ||f]|, to
denote the LP-norm in LP(M; u). For any D C M, denote by C(D) (resp. C.(D)) the set
of continuous functions (resp. continuous functions with compact support) on D.

2 Preliminaries

In this section we present some preliminary results that will be used in the sequel.

We first recall the analytic characterization of harmonic and subharmonic functions.
Let D be an open subset of M. Recall that a function f is said to be locally in Fp,
denoted as f € F¢, if for every relatively compact subset U of D, there is a function
g € Fp such that f = g m-a.e. on U. The following is established in [C].

Lemma 2.1. ([C| Lemma 2.6]) Let D be an open subset of M. Suppose u is a function
in F5¢ that is locally bounded on D and satisfies that

/U o lu(y)| J(dz, dy) < oo (2.1)

12



for any relatively compact open sets U and V of M with U C V. C V. .C D. Then for
every v € Co.(D) N F, the expression

/ (ux) — u(y)) (v(z) — v(y)) J(dz, dy)

is well defined and finite; it will still be denoted as E(u,v).

As noted in [C] (2.3)], since (£, F) is a regular Dirichlet form on L*(M;pu), for any
relatively compact open sets U and V' with U C V, there is a function ¢ € F N C.(M)
such that v =1 on U and v = 0 on V. Consequently,

| ey = [ ) = o) ey < Ew0) < .

UxVe

so each bounded function u satisfies (2.1).

We say that a nearly Borel measurable function u on M is E-subharmonic (resp. E-
harmonic, €-superharmonic) in D if u € F¢ that is locally bounded on D, satisfies ([2.1))
for any relatively compact open sets U and V of M with U C V C V C D, and that

E(u,p) <0 (resp. =0,>0) forany 0 <y e FNC.(D).

The following is established in [C|, Theorem 2.11 and Lemma 2.3] first for harmonic
functions, and then extended in [ChKl Theorem 2.9] to subharmonic functions.

Theorem 2.2. Let D be an open subset of M, and w a bounded function. Then u is

E-harmonic (resp. E-subharmonic) in D if and only if u is harmonic (resp. subharmonic)
mn D.

We next recall four results from [CKW]. Lemma is essentially given in [CK2,
Lemma 2.1].

Lemma 2.3. ([CKW| Lemma 2.1]) Assume that VD, (7)) and Js < hold. Then there
exists a constant ¢y > 0 such that

/ J(x,y) pldy) < o for every x € M and r > 0.
B(x,r)c ¢(T)

Proposition 2.4. ([CKW| Proposition 3.1(ii)]) Suppose that VD holds. Then either
LHK(¢) or NDL(¢) implies ( = 0o a.s., where ¢ denotes the lifetime of the process X.

For a Borel measurable function u on M, following [CKPT], we define its nonlocal tail
Tail(u; xg,r) in the ball B(xg,r) by

e |u(2)]
Tail (u; xo, 1) = &( )/B(moﬂ‘)c V (o, d(xo, 2))p(d(z0, 2))

In the following, for any = € M and r > 0, set B.(z) = B(z, 7).

w(dz). (2.2)
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Lemma 2.5. ([CKW| Lemma 4.8]) Suppose VD, (1), FK(¢), CSJ(¢) and J,< hold.
Let xg € M, R,r1,7m9 > 0 withry € [R/2, R] and 11 + 19 < R, and u be an E-subharmonic
function in Br(xg). For 6 >0, set v := (u—0),. We have

1+v
2 C1 2
vidp <o / u”dp
/Brl(wo) 92 V(IO,R> ( Br1+r2($0)
. (1 ; 2)52 - (1 ; 7“_1)‘“52‘51 Tail (u: 20, 1/2)
T2

D) 9 ’
where v is the constant in FK(¢), dy is the constant in (LH), B1, B2 are the constants in
(), and ¢, is a constant independent of 0, xg, R, 71 and rs.

Proposition 2.6. ([CKW| Proposition 4.10]) (L?*-mean value inequality) Assume
VD, [L17), FK(¢), CSI(¢) and Js < hold. For any xo € M and r > 0, let u be a bounded
E-subharmonic in B,.(xg). Then there is a constant Cy > 0 independent of xo and r so
that

1 1/2
ess su U < O / u?d ) + Tail (u; x,7/2) | . 2.3
P B, /5(w0) 0 <<V(:L’0,T’) B (z0) I ( 0 / ) ( )

The following three results are proved in [CKW].

Proposition 2.7. ([CKW| Proposition 4.14]) Assume VD, (L), FK(¢), Js < and CSJ(¢)
hold. Then, Ey holds.

Lemma 2.8. ([CKW,| Lemma 4.15]) Assume that VD, (L) and FK(¢) hold. Then, E4 <
holds.

Proposition 2.9. ([CKW| Proposition 7.6]) Assume that VD, RVD and (1) are satis-
fied. Then either PI(¢) or UHKD(¢) implies FK(¢).

We also record the following elementary elementary iteration lemma, see, e.g., [Gl
Lemma 7.1] or [CKW|, Lemma 4.9].

Lemma 2.10. Let 5 > 0 and let {A;} be a sequence of real positive numbers such that
Ajpr < CobjA]HB for every 7 > 0 with cg > 0 and b > 1. If Ay < 051/56_1/52, then we
have A; < b8 Ay for § > 1, which in particular yields lim;_, A; = 0.

The following formula, often called the Lévy system formula, will be used many times
in this paper. See, for example [CK2, Appendix A] for a proof.

Lemma 2.11. Let f be a non-negative measurable function on Ry x M x M that vanishes
along the diagonal. Then for every t > 0, x € My and stopping time T (with respect to
the filtration of {X,}),

E° > (s, Xoo, X)

s<T

_E* UOT/Mf(s,XS,y) J(X.,dy)ds| .
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3 Consequences of Harnack inequalities

3.1 Consequences of PHI(¢)

In this subsection (together with some of the results from next subsection), we prove
that PHI(¢) implies UHK(¢), NDL(¢) and UJS. Without further mention, throughout
the proof we will assume that p and ¢ satisfy VD and (1), respectively. Noting that
V(y,r) > 0 for every y € M and r > 0 (since p has full support), we have from (LH]) that
forall z,y € M and 0 < r < R,

V(z,R) _V(y,d(z,y)+ R) _~ rd(z,y)+ R\
V(y,r) Vi(y,r) = C“( ) '

Proposition 3.1. Under VD and (L), PHI(¢) implies UHKD(¢).

< (3.1)

r

Proof. Let C; (i =1,...,6) be the constants taken from the definition of PHI(¢). For
any g € M, r >0, ¢t = Cy¢(r) and any 0 < f € L*(M; u)NL*(M; i), applying PHI(¢) to
the caloric function v(s,z) := P, f(z) in Q(0,xg,t,7), we have for x,y € B(xg, C5r) \ N,

Py vonyomy2f (@) < CsPeyrenem 2 f(y),

where N, is the properly exceptional set associated with v. Then,

V(xo, Cs1) Pioy +on)e(r 2 f (7) < C’a/
B(z0,Csr)

Ryscneyal ) ) < Co [ 1(0) uldy)
Therefore, there is a constant ¢; > 0 such that for almost all z € M and t > 0,

Pif(z) < ————|/fls, (3.2)

~ Viz o7l (1))
where we have used VD and (7)) in the inequality above. In particular, the semigroup
{P;} is locally ultracontractive. According to [CKW, Proposition 7.7] (see also [BBCK]
Theorem 3.1] and Theorem 2.12]), there exists a properly exceptional set N C M
such that, the semigroup {P;} possesses the heat kernel p(t,z,y) with domain (0, 00) X
(MA\N) x (MAN).

By ([B2]) again, for almost all z, y € M,

HEED) S T )

In the following, for any x € M and ¢t > 0, define

1 1
x,t) = inf 7/ ——— u(dz).
P00 = B WBE ) S V o) M
On the one hand, by (1)) from VD, there is a constant ¢; > 1 such that for all x € M
and t > 0,
1 Co

@) < S vy
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On the other hand, for any ¢ > 0, = — ¢(x,t) is an upper semi-continuous function on
M. Indeed, for any z € M,

! (y,1) =i int ! / ! (d2)
imsup¢(y,t) =lim sup in —_— ————— u(dz
Yy—x s—0 0<d(y,z)<s 0<r<¢=1(t) M(B(ya ’l“)) B(y,r) vV (Za ¢ 1(t))

< inf i ! / B (dz)
~ m 1m sup —_— nlaz
0<r<¢—1(t) s—0 0<d(y,z)<s M(B(yv T)) B(y,r) Vv (Z7 ¢_1(t>>

1 1
0<7‘;I<}571(t) /.L(B(l’, T)) L(m,r) V (27 ¢_1(t)) M(dZ)

:()0(‘% t)'

Combining all the conclusions above with [CKW], Proposition 7.7] again, we have

p(t,z,y) < W?’_l(t)) for all (z,y) € (M \N) x (M \N).

This proves UHKD(¢). O

A key consequence of PHI(¢) is a near-diagonal lower bound estimate for p”(t, x,y).
For the cases of diffusions, similar fact was proved in Section 4.3.4], but there is a
gap in the middle of Page 1129. (Indeed, the proof uses B(xo, R+ p) = UzeB(ao,r) B(T, p),
which is not true in general unless the metric is geodesic.) Our proof below fixes the issue
(see step (ii) in the proof) and proves NDL(¢) in the framework of general metric spaces.

Proposition 3.2. Assume VD, (1) and PHI(¢) hold. Then NDL(¢) holds. Conse-
quently, X = {X,} is conservative.

Proof. Note that by VD and Proposition 2.4, NDL(¢) implies the conservativeness of
the process X. We only need to verify that NDL(¢) holds. Below we will prove NDL(¢)
with ¢(er) and e¢p~1(¢) replaced by £¢(r) and ¢~1(et) in the definition.

(i) For any open ball B := B(xg,r) with g € My and r > 0, it follows from (3.2]) and
VD that for any ¢ > 0

PPfllo € —— 22— |If|l.

H t f|| = V(I0,¢_l(t))||f“1

Then, by [BBCK| Theorem 3.1], the Dirichlet semigroup {PP} has the heat kernel
pP(t, z,y) defined on (0,00) x (B \ N;) x (B\ N}) such that

&1

V(wo, o7 1(t))’

where A} C B is a properly exceptional set of the killing process {XF} such that A} D
NN B; moreover, there is an £8-nest {F}.} consisting of an increasing sequence of compact
sets of B so that N} = B\ U, F; and that for every t > 0, y € B\ N and k > 1,
x — pP(t, x,y) is continuous on each Fy (i.e. for every t > 0 and y € B\ N, the function
x — pB(t, x,y) is quasi-continuous on B).

pB(t,ZIZ',y)S zayeB\Nl>
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(ii) Choose an Ty € B(xg,Csr) \ N1, where C5 € (0,1) is the constant in PHI(¢).
Define R
B={y<c B\N :p®(t,zo,y) > 0 for some ¢t > 0}.

We will show that for every z,y € LA?, there is some t > 0 so that pZ(¢,z,y) > 0, and that
pP(t,z,y) =0 on (0,00) x B x (B\ (BUMN))). (3.3)

To prove these, first noting that since P*(lim;;o X7 = XZ = z) = 1 implies P*(15 > 0) =
1, we must have p”(t, Ty, Zo) = [5p"(t/2,%0,y)? u(dy) > 0 for some ¢ > 0. Thus T, € B.
By PHI(¢) applied to the caloric function (s,y) — p®(s,y, 7o) = p(s, To,y), we see that

~

if x € B, then there are constants r, > 0 and s, > 0 so that
pP(s,%0,2) >0 for every z € B(x,r,) \ N} and s > s,. (3.4)

Hence, there is an open subset U of B containing Z, so that B=U \ NVi. Similarly, for
every x,y € B, by PHI(¢), there are constants ro > 0 and sy > 0 so that

pP(s,2,2) >0 and pP(s,y,2) >0 forevery z € B(Zy,ro) \ N1 and s > 5.

In particular, it follows that for every s,t > sq,

ﬁ@+a%wz/’ PP (s, )P (1, 2 y) pldz) > 0. (3.5)
B(ﬁs‘\o,ro)

For z € B , define
B, ={y € B\ N : p?(t,z,y) > 0 for some t > 0}.

Then B C B,. We claim B = B,. Were B ¢ B,, take y € B, \ B. By PHI(¢) applied
to the caloric function (s,2) — p®(s,z,y) = p®(s,y, 2), there are constants r, > 0 and
5. > 0 so that pB(s,y,z) > 0 for every z € B(x,7,) \ N} and s > s,, and ([3.4) holds.
Hence, for every t,s > s,, we have

ﬁ@+aamnz/’ PPt B, 20" (5, 2 y) p(dz) > 0,
B(z,rz)

which implies that y € B. This contradiction shows that B, = B for every x € B. We
have thus established that for every z,y € B, there is some t > 0 so that p®(t,z,y) > 0,
and that (3:3) holds. Consequently, for every ¢t > 0 and z,y € B =U \ N,

pU(thay) :pB(thay) - E:c [pB(t - TU>X7§]ay);t < TU} :pB(t,Zlf,y) (36)

Observe that by the symmetry of pZ(t, x,y), B3)) implies that

/ aﬁw@u@wz/ PP (t, 2, y) p(de) p(dy) = O
B\U Ux(B\U)
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in other words, for every t > 0,
PP1y; =0 jp-ae. on B\ U. (3.7)

Let Ag > 0 be the bottom of the generator LY associated with {PV} and ¢» > 0 the
corresponding eigenfunction with |[¢|| L2, = 1. Note that » = 0 on B\ U. In view of
B6) and B7), we have for every ¢t > 0 and z € B\ N,

PP(x) = PP(z) = e (a).

Since
ot = |B? < u(B Bt
el ey = 157Ul ey < p(B)[llesyy  sup p”(t, 2, y),
x,y€B\N1
we have )
B —Xot
sup  po(t,x,y) > ——ve 0 (3.8)

x,y€ B\N1 M(B)
We claim that ¢» > 0 on B. Noticing that

v(t,z) == PPy(z) = e () (3.9)

is a caloric function on (0,00) x B and ¢ > 0 has unit L?*(B; u)-norm, by PHI(¢), there
are some o € B and o > 0 so that B(yo,70) \N1 C B, and ¥ > 0 on B(yo, 7). On the
other hand, for every z € B, by ([B.1) (and so p®(s, z,y) > 0 for some s > 0) and PHI(¢)

again, there are constants sy > 0 and 7, € (0, 7] so that pP(¢,z,2) > 0 for every t > s
and z € B(yg,71) \ Ni. It follows then

b(a) = P PEY(x) > M / PB(t, 2, 2)p(z) p(dz) > 0.

B(yo,r1)

The claim that ) > 0 on Bis proved. In particular, ¢ (Zy) > 0.
(iii) Let C; (: = 1,...,6) be the constants in the definition of PHI(¢). Applying
PHI(¢) to the function v(¢, ) = e~ (z) in the cylinder Q(0, zo, C4¢(r),7), we get that

U(t—7 /ZI}'\(]) < CG'U(tJ,-, ZU\O)a
where t_ = ©4€%¢(r) and ¢, = ©E9%¢(r). It follows from (BJ) that
6_)\0t7¢(/.§(7\0) S C6€_>\0t+¢(/.§lf\0).

Since 1(Zy) > 0, we arrive at

IOg CG < 1
- t+ —t_ QS(K/T’),

A

Ao

where xk > 0 is chosen so that

(C5+ Cy) — (C1 + Cy)
2

o(r/2) > ¢(kr)log Cy
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for all » > 0. This along with ([B.8) further yields that for all £ > 0,

—__t
e osr)

B
t >
€ss sup x,yeBp ( 7x7y) = ,M(B)

Following the arguments between (4.52) and (4.60) in [BGK| 1130-1131] line by line
with small modifications, we obtain that there is a constant ¢ > 0 such that for all z,
Yy € B(wo, C5r) \ N1 and t € (to + C30(r), to + Cap(r)) with to = (C3 — C1)o(r),

/

V(SL’(], 7’) )

PPtz y) > (3.10)

Note that, in order to get ([BI0) we should change [BGK] (4.57)] into
€55 sup xEB’pB(Sv x, Z) S CﬁpB(tv Y, Z)7 Y,z € B/ = B(SL’(], C5T) \Nl

Furthermore, using (3I0) instead of [BGK| (4.60)], one can verify that NDL(¢) holds for
this case by the almost same argument between (4.60) and (4.63) in [BGK], 1131-1132].
U

We next prove that PHI(¢) implies UJS.
Proposition 3.3. Under VD and (1), PHI(¢) implies UJS.

Proof. (i) Since (€, F) is a regular Dirichlet form on L?(M;pu), for any relatively
compact open sets U and V with U C V| there is a function ¢ € F N C.(M) such that
¥ =1on U and ¢ =0 on V. Consequently,

/ J(de, dy) = / ((x) — 0(y))* T (dr, dy) < E(, ) < oo, (3.11)
UxVe

UxVe

Since U and V' are arbitrarily, we get that for almost all x € M and each r > 0,
J(x, B(x,r)°) < oo. (3.12)

(ii) Let D be an open set of M, and f(t,z) be a bounded and non-negative function
on (0,00) x D Then

ul(t 2) = E?[f(t —71p, X:p);Tp <t], t>0,z¢€ M,,
0, t>0,zeN
is non-negative on (0, 00) x M and caloric in (0, 00) x D. In the proof below, the constants
C; (1=1,...,6) are taken from the definition of PHI(¢). For any z,y € My and 0 < r <
sd(z,y). Forany 0 <e <rand 0 < h < (Cy + C2)¢(r)/2, define

Iu(t, 2) = L1 4Ca)o(r) /2—hy(Cr+C)o0r)/2) (D) 1Be) (2),  t>0,2€ M.
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For t > (Cy + Cy)¢(r)/2, define

uh(t> Z) =E* [fh(t — TB(z,r)> XTB(Q“.)); TB(z,r) < t]
=P* (XTB(z,r) € B(y, 6), t— (Cl -+ Cg)¢(r)/2 < TB(z,r) <t-— (Cl + Cg)(b(’/’)/Q + h)

if z € My, and up(t,z) =01if z € N.
According to Lemma 2TT], for any z € B(z,7) N My and t > (Cy + Ca) (1) /2,

TB(z,r)
un(t, z) = B { /0 dv /B ( )1(t—(cl+02>¢(r>/z,t—(cl+02>¢(r>/2+h>(U) J (Xv,dU)]
Y,€

t—(C1+C2)9(r)/2+h
-

E? [1(0773(%7,))(1))/ J(Xv,du)} dv
—(C14C2)¢(r)/2 B(y.e)

/t—(C'1+Cz)¢(T’) /2+h
t

—(C1+C2)¢(r)/2

where H(z) := fB(y o J(z,du).
Applying PHI(¢) to uy in Q(0,x, Cyo(r),r), we obtain that for any zo € B(x,e1) \
(Nuh UN) with €1 S C57’,

un((C1+ C2)é(r) /2, 20) < Coun((C3 + Ca)o(r) /2, x).
Now, by the definition of u; and Proposition 3.1,

pB(x,T’) ((C3 + 04) ; (Cl + C2)¢(’f’), z, Z)
(z,r)

% un((C) + Co)é(r) /2, 2) uldz)
SVEELWﬂMQ+QW®ﬂ@MW)

uM@+@wmmm=/

B

Combining both inequalities above and integrating by m / Blae) " wu(dzg), we have

1
‘/(xjgl)‘/gtaaﬂ/uh<<ca + Co)6(r) /2, o) pld)

(3.13)

C2

< Gy o w(C G022 i),

According to BI1)), H € L*(B(z,r); u). Then, as h — 0,

’/B(x . <%Uh((01 + Co)o(r)/2,z) — H(z)) 11(dz)

1 h
<il )
h 0 B(z,e1)

1 h
<3 [ IR H ~ ) do = 0,
0

PE@NH(2) — H(z)) p(dz) dv
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thanks to the continuity of the semigroup {P*"™"} in L'(B(z,r); p). Similarly, we have

i /B B (Gn((Cr + C2)6()/2,2) — H (=) ) u(d)

h—0

Thus dividing both sides of (BI3]) by h and taking h — 0, we have

/ / J(z,du) p(dz) / / J(z,du) p(dz).
l’ <C:1 B(x,e1) Y B(ye) ZL’ T (z.r) J B(y,e)

Letting ¢; — 0, by (B11), (B12) and the Lebesgue differentiation theorem (e.g. see
[H, Theorem 1.8]), we find that for p-a.e x € M,

J(z,du) p(dz) / / J(z,du) p(dz).
B(y.e) l”l“ B(y,e) J B(z,r)

The above inequality implies that J(z,dy) is absolutely continuous with respect to the
measure ((dy). So there is a non-negative function J(z, y) so that J(z, dy) = J(z,y) pu(dy).
Since J(dz,dy) is a symmetric measure, we may modify the values of J(z,y) so that it is
symmetric in (x,y) for u-a.e. x,y € M. Dividing the above by V(y,¢) and then sending
e — 0, we have by the Lebesgue differentiation theorem again that for p-a.e. z,y € M
and 0 < r < 1d(z,y), we have

Ja,y) < JCe!
) S gy [ I
proving UJS. U

J(z, B(y,¢)

B(z,r)

Corollary 3.4. If VD, ([L7), UJS and NDL(¢) are satisfied, then Js < holds. In partic-
ular, J4 < holds under the conditions of VD, (L) and PHI(¢).

Proof. For any z € M, and r,t > 0, by Lemma 2.TT],

1 > PYX B ¢ B(x,7), Tpzr) < t and Ty is a jumping time)

_ // ) (s, 2, y)J (y, Bz, v)°) pu(dy) ds.

By using NDL(¢) and taking ¢t = ¢(er) (where € € (0, 1) is the constant in the definition
of NDL(¢)), we obtain that for any = € My and r > 0,

t
| > / / PPE0 (s, 2, y)J (y, Bla,r)°) u(dy) ds
/2 zep~1(t/2))

t : z,r c
Z §eSS inf sG[t/2,t},y€B(m,e¢>*1(t/2))pB( ’ )(87 X, y) / J(y> B(ZIZ’, ’f’) ) ,[L(dy)
Be.co1(1/2))
Clt

2—@ = ())/W ) J(y, B(z,7)°) p(dy).
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Thus, by VD and (IL7), there are constants co, c3 > 1 such that
c3Vix,r)

J(y, B(x, cor)) u(dy) < 3.14
[ B ey uiay) < (3.14)
For fixed x,y € M, set r = dl(_f’c? <
o) <o [ I uae)
’ V(I T) B(z,r)
C4 / / J(z,u) p(du) p(dz)
I ’l" y> B(z,r) J B(y,r)
C4 / / J(z,u) p(du) p(dz
I ’l" y> B(z,r) J B(z,car)c ( ) ( )
Ce
< J(z, B(x, cor dz —_
TV a5 B0 005) <
which completes the proof, thanks to VD and (IL7)) again. O

We note that by Proposition B.I], Corollary [3.4] Proposition [3.5in the next subsection
and Theorem [[L.10, we have PHI(¢) = UHK(¢).

3.2 Consequences of NDL(¢)

In this subsection, we present some consequences of NDL(¢). Since PHI(¢) implies
NDL(¢) by Proposition B2l this subsection can be regarded as a continuation of Sub-
section 311

Proposition 3.5. Assume that VD, (7)), and NDL(¢) hold. Then

(i) PI(¢) holds. If furthermore RVD is satisfied, then FK(¢) also holds.

(ii) Ep> holds. If in addition RVD is satisfied, then we have E, < and so Ey.
In particular, if VD, RVD, (7)) and PHI(¢) hold, then so do (i) and (ii).

Proof. (i) For any zp € M and r > 0, let B = B(xg,r). Define a bilinear form (&, F)
on L*(B; 1) by
€(u,v) :/B B(U(%) — u(y))(v(z) —v(y)J (2, y) p(dz) p(dy),
F={ueLl*B;p):E(u,u) <oc}.

One can easily check by using Fatou’s lemma that (£, F) is closable and is a Dirichlet
form on L?(B;p). Let {P} be the L*-semigroup associated with (€, F). Let Fp be
the closure of F N C.(B). Then (£, Fg) is a regular Dirichlet form on L*(B;u), whose
associated semigroup will be denoted as {PP}. By Theorem 5.2.17], (€, Fp) is the
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resurrected Dirichlet form of (€, Fp). In other words, if we denote by X® = {XZ} the
Hunt process associated with the regular Dirichlet form (£, Fg) on L*(B;u), then X7 is
the resurrection of X? = {XP} in B, and so X? can be obtained from X? by creation
through a Feynman-Kac transform. Consequently, X has a transition density function
pP(t, z,y) with respect to p and p2(¢, z,y) > pP(t, x,y) for every t > 0 and x,y € BN M,.
This together with NDL(¢) implies that there exist € € (0,1) and ¢; > 0 such that for all
rg € M and z, y € B(xg,&%r) N My,
€1

PPOLer).2,) 2 PP (0ler). 20) 2 s

On the other hand, we know from [CE] Section 6.2], (€, F) is the active reflected Dirichlet
space for (£, Fp). Although (€, F) may not be regular as a Dirichlet form on L2(B ), by
Silverstein [Si, Theorem 20.1], there is a locally compact separable metric space B (called
regularizing space) so that (&, f ) is regular on L2(B ft) and B is intrisincally open in B.
Here /i is an extension of u to B by setting 7i(B\ B) = 0. Let X = {X;} denote the Hunt
process on B associated with the regular Dirichlet form (£, F) on L%(B; ). Then the
part process X5 = {XtB } of X killed upon leaving B has the same distribution as X 2.
Now for f € F, by the basic property of Dirichlet form (see, for example, [CE], (1.1.4)]),

&2 5 [ @ = Pao Do) el
Eﬁ |:(f(55¢(ar)) - f(jéO))z]
EF [(f()~(¢(€r)) — f()?o))z;qb(ar) < TB]

¢(er)

= 260er)

A%

20(er)
1

ks / XBﬁ%(er),x,y)(f(x) — F(9) ulde) uldy)

2 a3 oo o (00 = 50 ) )
> / (xo’azr)(f(x) ~ Fotenetm)? u(da).

Recall that fp := ﬁ | p f dp for any open set D of M. In the last two inequalities above
we have used VD, (L7) and the fact that
= 2 .
[ @) = Fatan) lde) =int [ (f) = @) (o)
B(zo,e2r) B(xo,e2r)

aeR

This establishes PI(¢).

That PI(¢) implies FK(¢) under additional assumption RVD is given in Proposition
2.9 (Note that, under additional assumption RVD, FK(¢) is also a direct consequence of
PHI(¢), thanks to Propositions B.I] and 2.91)

(ii) By VD, (L) and NDL(¢), for some ¢ € (0,1),

P (rpan > 9(er)) = / PG, )
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> / PPE ((er), 2, ) p(dy) > co.
B(z,e2r)

and thus E*7p 4, ) > ce¢(r). This proves Eg >.

Next, we assume that RVD is satisfied. Let B = B(xg,r) with g € My and r > 0, and
B' = B(xg,r/(2l,)), where [, > 1 is the constant in (L6)). Then, VD, (7)) and NDL(¢)
give us that for t = ¢(r/e) with some € € (0, 1),

p(t,z,y) > z,y € B\N.

1
V(ZL’Q, 7’)’

Fix yo € M with (1+20,)r/(20,(141,)) < d(xo,y0) < (1+21,)r/(2(1+1,)) (such a point
yo indeed exists due to RVD), then for any z € B'\N,

PU(X, ¢ B') 2P*(X, € Blyo,r/(2(1 +1,)))) = / oy Pt )
LAVl r/RO+0)
- V (o, 1) -

where VD is used in the last inequality. So, we have P*(rp > t) < P*(X; € B') <
1 — ¢ for all € B'\N. Hence, by the Markov property, P*(rz > kt) < (1 — c3)F,
and thus E*7p < ¢4t Since E*7p(ygr/2,)) = E™7p, replacing r/(21,) by r gives us
that E*7p(u, . < c50(r), where (L) is used in the inequality above. Therefore, E,
holds. (Note that, by Lemma [Z8 under VD and (7), FK(¢) implies E, <. Then, E; <
can be also deduced from PHI(¢) directly under additional assumption RVD, thanks to
Propositions B.1] and 2.91) O

Combining all the conclusions of this and previous subsections, we can obtain the
following main result in this section.

Theorem 3.6. Assume that p and ¢ satisfy VD, RVD and (1) respectively. Then the
following hold

PHI(¢) = UHKD(¢) + NDL(¢) + UJS + Ey + Jy <
<= UHKD(¢) + NDL(¢) + UJS
<= UHK(¢) + NDL(¢) + UJS.

Proof. Note that by Corollary B.4 NDL(¢) + UJS = J,; <; and that by Proposition
B0, NDL(¢) implies E;. According to Theorem [[LT0L UHK(¢) + conservativeness <=
UHKD(¢) + Js < + E4. Then the required assertion now follows from all the previous
propositions. (Here we note that both PHI(¢) and NDL(¢) imply the conservativeness of
the process {X;}, see Proposition [24] and Proposition 3.2]) O
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3.3 Holder regularity

Another consequence of NDL(¢) is that, it along with E, < and J, < implies the joint
Hoélder regularity of bounded caloric functions. In other words, NDL(¢) + E, < + Jy <
imply PHR(¢) and EHR. For our purpose, in the following lemma we use the definition
of NDL(¢) with e¢(r) and ¢~'(et) replaced by ¢(er) and e¢~(t), respectively.

Lemma 3.7. Suppose that VD, (7)) and NDL(¢) hold. For every 0 < § < e (where
€ is the constant in the definition of NDL(¢)), there exists a constant Cy > 0 such that
for every r > 0, x € My, t > 0¢(r) and any compact set A C [t — do(r),t — dp(r)/2] x
B(x, ¢~ (e0¢(r)/2)),

m @ pu(A)
V(z,r)o(r)’

where m & v 1s a product of the Lebesque measure on Ry and p on M.

P (04 < Ti_sp(r).axBer)) > Ch (3.15)

Proof.  The proof is almost the same as that for [CKK2, Lemma 4.9(i)]. Let 7. =
Tit—so(r).t]x B,y and Ay = {y € M : (s,y) € A}. For any ¢,r > 0 and = € M,

(1) Tr
oo <7z [ B0 ( [ a5, x5 > 0) du
0 0

dp(r) Tr
2/, PM@</i1Mt—&Xst>u)du
0 0
:Emﬂ/ u@—&xgw}
0

Note that, for any t > d¢(r),

Tr 6¢(T)
Emﬂ/ u@—&xg@]:/ P ((t— s, XP@)) € A) ds
0 66(r) /2
5op(r)
:/ P* (X2 e Ay) ds
66(r)/2

5(r)
=/ w/’pWW@awmwy
so(r)/2  JA .
By VD, (I) and NDL(g), for any s € [56(r)/2,50(r)] and y € Bz, 6~ (206(r)/2)) \ N,
&1

B(x,r) > )
p (s,x,y) el V(l’,’l")

Thus,

Tr 5(1)(7‘)
® pu(A)
E®®) [/ 140t —s, X, ds} > a / ds/ u(dy) = ame pa)
0 ( ) Viz,7) 5p(r)/2 A s () Viz,7)

Combining all the conclusions above, we obtain the desired assertion. O

25



Proposition 3.8. Assume that VD, (LT), NDL(¢), Es < and Js < hold. For every 6 €
(0,1), there exist positive constants C' > 0 and v € (0, 1], where 7 is independent of 6, so
that for any bounded caloric function u in Q(to, xo, ¢(r),r),

¢~ (Is — tf) + d(x, y)

r

.
) €58 SUD (14 to+e(r)) x M |ul

s, 2) — ult, )] < c(

for dt x p-almost all (s, x) and (t,y) € Q(tg, o, ¢(r),0r). In other words, under VD and
(L7), NDL(¢) + Ey < + Js < imply PHR(¢) and EHR.

Proof. With estimate (8.I3]), the result can be proved in exactly the same way as that
for [CK1), Theorem 4.14]. We omit the details here. O

The following two consequences of Holder regularities will be used in Subsection [£.2]

Proposition 3.9. Suppose (1) holds. Then PHR(¢) implies Eg4 >.

Proof. Let B = B(x,r) for 29 € My and r > 0. Define u(t,z) = P*(rp > t), which
is a bounded parabolic function in (0,00) x B. Since lim;_,qu(t,x9) = 1, there is some
to > 0 so that u(to, zo) > 3/4. By (LI4) of PHR(¢) and (L), there is a constant dy > 0

independent of xy and r > 0 so that |u(s, x¢) — u(ty,zo)| < 1/4 for s € [to, to+ dop(r)]. It
follows then

oo to+d09(r)
E™ [T8(z0.] :/0 u(s, o) ds > / u(s, xg) ds > dop(1) /2.

to

That is, Eg > holds. O

Lemma 3.10. Suppose EHR holds. Let D C M be an open set with ess sup ¢ pep, EY7p <
0o. Fiz a function f € By(D) and set u = GPf. Then for any B(xg,r) C D and
O0<r <r,

0SByt <2 sup | f(y)] sup  EYTpi. +c(r/r)’ sup Ju(z)],
y€B(zo,r)NMo yeB(zo,r)NMo zeDNMpy

where ¢ > 0 and 0 € (0,1] only depend on the constants in EHR.

Proof. Note that for any = € D N M,,

6"Ifia) =2 | [ Il < sw 1B,

yeDNMg
Consequently, for any r; € (0,7),

08CBr i, GPET <2 sup GPEOT|f|(y)
yE€B(zo,r1)NMo

26



<2 sup |f(y)l  sup  ETp).
yE€B(zo,r)NMo yEB(zo,r1)NMo

Since G f(y)—GB@om) f(y) = Ey[GDf(XTB(xO,T))] =Eu(Xo,,, )]

and u = 0 outside D, we have by EHR and Remark [[L.T3|(ii) that

is harmonic in B(xq, ),

OSCB(%,Tl)ﬂM()u
< OSCB(SUO,T‘l)ﬁMoGB(xOMf + 0SCB(z,r1 )NMo (GDf - GB(xom)f)

<2 swp |f()|  sup  E'pege +c(r/r)’ sup [EV[u(Xo,, )]
y€B(z,r)NMo yE€B(zo,r1)NMo yeDN My

<2 sup |fW)|  swp  E'Tge+c(r/r) sup fu(z)].
y€B(z,r)NMo y€B(z,r)NMo z€DNMy

This proves the lemma. U

4 Equivalences of PHI(¢)

We have already given some part of the proof of Theorem [[T7in Section[3l In this section,
we will complete the proof. In Subsection Bl we prove (1) <= (2) <= (3) <= (4).
(1) <= (5) <= (6) will be proved in Subsection .2 and (1) <= (7) in Subsection .3

4.1 PHI(¢) < PHI"(¢) +—= UHK(¢)+NDL(¢)+ UJS <= NDL(¢) +
ulJs
In this subsection, we will establish (1) <= (2) <= (3) <= (4) in Theorem [[.T7l Since

(1) = (3) is already proved in Subsection Bl and (1) = (2) and (3) = (4) hold
trivially, it remains to show that prove (4) = (3) = (2).

Lemma 4.1. Assume that VD, (7)), UHK(¢), NDL(¢) and UJS. Let 6 < e (where
e € (0,1) is the constant in the definition of NDL(¢)), and 0 > 1/2. Let 0 < §y < § and
0< (51 < 52 < (53 < (54 such that (53 — 52)¢(T> > ¢(50T) and 54¢(T) < ¢(5T> fOT all r > 0.
Set

Q1 = (to, o + 04¢(r)) X B(wo,657), Qa2 = (to, to + 040(r)) x B(xo,7)

forxzg € M, ty > 0 and r > 0. Define
Qs = [to + 010(r), to + 620(r)] X B(wo, 65r/2) \ N

and
Qa4 = [to + 030(r), to + 640(r)] x B(zo, 65r/2) \ N

Let f: (tg,00) x M — R, be bounded and supported in (to, 00) X B(xg, (1 + 0)r)c. Then
there is a constant Cy > 0 such that the following holds:

E(tl’yl)f(ZTQl) < CQE(tQ’yz)f(ZT%) for every (t1,1y1) € Q3 and (t2,y2) € Qy4.
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Proof. The proof is the same as that of [CKKIl Lemma 5.3]. We present the proof here
for the sake of completeness.

Without loss of generality, we may and do assume that tg = 0. For o € M and s > 0,
set By = B(xg,s). By Lemma 2.T1], for any (t,y2) € Qu4,

E(tz,yz)f(ZTQ2) = E(t%yz)f(tg — (1B, N t2), X‘[‘B,r/\tz)

to
_ Elt22) / 1{tSTBT}dt/ f(ta —t,v)J (X, v) p(dv)
0

B(c1+0)7“

/ dt / fta — t,0)EE2) (1 T (X, 0)] p(dv)
(1+0)r

/ ds / (5, E® [L e 1T (Xips, 0)] pi(do)
Blitoyr

/ ds / (o) / PPt — 5,1, 2) T (2 0) pl(dz) (A1)
Blitoyr "

/ ds/ dv)/ PP (ty — 5,92, 2)J (2,0) u(dz).
(1+e) Bsgr

Since for s € [0,t1], ¢(dor) < ta—t; <ty —s < @(dr), by VD, (1) and NDL(¢), we know
that the right hand side of the inequality above is greater than or equal to

/ ds/ p(dv) / J(z,v) p(dz).
xo’ Bl 4oy Bégr
So the proof is complete, once we can obtain that for every (¢1,41) € Qs,
E(tl’yl)f(ZTQ < / ds/ w(dv) / J(z,v) p(dz). (4.2)
1 xO) Byga
B o)r 83
Similar to the argument for (4.]), we have by using Lemma [2Z.17]

Rt Zra,) / ds/ dv)/ pBa(%r-(tl — s,y1, 2)J(z,0) p(dz)
Bgo

B o) 52r

/ s / ot sl [ S0z ).

(1+0)r
Notice that
[P s ) [ fs0) ) udo)
Bgo

Sgr B‘(:1+0)r'

_ / PP (41 — 51, 2) p(d2) / £(5,0) (2 0) il dv)
52 \B3627“/4

B(c1+0)7“
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o),

= ]1 + ]2.

On the one hand, when z € (Bg,\Bss2,/4) N My, we have §5r/4 < d(y1, 2) < 303r/2, and
so by UHK(¢), VD and (I7),

PP (1 — 5,1, 2) p(d2) / £(5,0)7 (2, 0) uldv)

36%r/4 B(CH@)T-

Bzt — g i o) < csty c_ G
Pl = sy 2) S G e ) = Vi)

for some constants c3, ¢y > 0. Hence, fot Y I ds is less than or equal to the right hand side
of (2). On the other hand, for z € By, /4, by UJS and VD,

/ T s ) S / oy 0 a) /  Js) ()

B(1+0)r' B(1+0)7“

Cs

S /B RECETCE /B  fs) ).

(1+0)r
Note that the right hand side of the above inequality does not depend on z. Multiplying
both sides by pB‘%T(tl — 5,41, 2) and integrating over z € Bysz, /4 and then over s € [0,#4],

we obtain that fot ' Iy ds is also less than or equal to the right hand side of ([£2). This
proves the lemma. (]

Once again, in the following lemma we use the definition of NDL(¢) with e¢(r) and
¢ 1(et) replaced by ¢(er) and e¢p1(t), respectively.
Lemma 4.2. Suppose that VD, (1) and NDL(¢) hold. Let 0 < 6 < €/4 such that
400(2r) < e¢(r) for allr > 0, where € € (0,1) is the constant in the deﬁnition of NDL(¢).
Then there exists a constant C3 > 0 such that for every R >0, r € (0,97 (e0¢(R)/2)/2],
rg € M, 6¢(R)/2 < t —s < 40¢(2R), z € B(xg, ¢ ' (cdp(R )/2)/2) \N, and z €
B(zo, ¢~ (e60(R)/2)) \ N

Viz,r)

*V(a,R)’

]P)(t’z)(O'U(s,x,r) < T[S7t]><B(mO’R)) =

Proof. The left hand side of the desired estimate is equal to

P (X250 € B, r) = / o PR sz ) ), (4.3)
By VD, (I]:ZI) NDL(¢), and the facts that d¢(R)/2 < t — s < 46¢(2R) and B(x,r) C
B(zo, 0" (edp(R)/2)), [E3J) is greater than or equal to

V(x,r) - Vx,r)
V(z,R) = *V(z,R)’

This proves the desired assertion. O

&1
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Having these two lemmas as well as Lemma [3.7 at hand, one can obtain the following
form of PHI" ().

Theorem 4.3. Suppose that VD and ([LT) hold. Under UHK(¢), NDL(¢) and UJS, the
following PHIY (¢) holds: there exist constants & > 0, C > 1 and K > 1 such that for
every rg € M\ N, to > 0, R > 0 and every non-negative function u on [0,00) x M that
is parabolic on @Q = (ty,ty +400(CR)) x B(xg, CR), we have

ess Sup (4, yyeq Wt y1) < Koessinf 1, y,)eq, ultz, y2), (4.4)

where Q_ = [to + dO(CR),ty + 200(CR)] x B(xg, R) and Q4 = [ty + 300(CR),ty +
46¢(CR)) x B(xo, R).

Proof. Let e € (0,1) be the constant in NDL(¢). Take and fix some § € (0,e/4] so that
d0p(2r) < ¢(er)/4 for all r > 0 and take dy € (0,) so that ¢(dor) < do(r) for all » > 0.
The existence of such § and 4y is guaranteed by the assumption (7). We choose ¢ and
dp in such a way so that Lemma ] holds by taking d; to be jé for j = 1,2,3,4 there.
Condition (7)) ensures that there is a constant ¢y € (0,1/2) so that ¢~ (de¢p(r)/2) > cor
for every r > 0. Take

C=(2/cy)+2 and Cy=C—2=2/c. (4.5)

The reason of defining such Cj is that the conclusion of Lemma holds for any x, z €
B(zo, R/ Co).

Let u be a non-negative function on [0,00) x M that is parabolic on Q = (tg,to +

46¢(CR)) x B(xg, CR). We will show (4.4]) holds.

The proof below is mainly based on that of [CKKIl Theorem 5.2] with some non-trivial
modifications; see also the proof of [CKI, Proposition 4.3] or of [CK2, Theorem 4.12].
Truncating u by n outside () and then passing n — oo if needed, without loss of generality,
we may and do assume that ¢ty = 0, and that the function w is bounded on @), see Step 3 in
the proof of [CKKI], Theorem 5.2] (e.g. page 1085 in [CKKI]). Furthermore, by looking at
au + b for suitable constants a and b, we may and do assume that inf(; ,)cq, u(t,y) = 1/2.
Let (t.,y.) € Q+ be such that u(t.,y.) < 1. It is enough to show that u(¢,z) is bounded
from above in ()_ by a constant that is independent of the function w.

For any t > §¢(r), set Q¥(t,8,x,7) = [t — d¢(r),t] x B(z,r). Note that

m /J/(Qi(tv 0, T, T)) = 5¢(T>V(I7 T)‘

By Lemma B7 there exists a constant ¢; € (0,1/2) so that for any » < R/2 and any
compact set D satisfying that

D |t—oo(r),t— %&ﬁ(r) X Blx, cor) C QY(1,5,,7)

and
da

m @ u(D)/m @ p(Q¥(t, 5, 2,7)) > 409 ,
I
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we have
P(t7m) (O-D < TQ‘L(t757{E77‘)) Z 617

where 5u and dy are the constants in (B.1). Let C5 be the constant C in Lemma [£.]] with
d; = jo and 0 = 1/2. Define

C1

_ !

We claim that there is a universal constant K > 2 to be determined later, which is
independent of R and the function u, such that u < K on ()_. We are going to prove this
by contradiction.

Suppose this is not true. Then there is some point (1, x1) € Q_ such that u(ty,z;) >
K. We will show that there are a constant > 0 and a sequence of points {(tx,zx)} in
[to + d0(CR)/2,to + 200(CR)) x B(zo,2R) C Q so that u(ty, zx) > (1 + ) 1K, which
contradicts to the assumption that u is bounded on Q).

Recall that f;, 52, c3 and ¢4 are the constants in (7). Then, by Il and (7)), we
have for all x € M and all 0 < ry < ry A rg < o0o:

peneln) > L (2)"(2)". o

Let C3 be the constant in Lemma 2] and set r := R 1/ (d2482)) \We take K > 2 large
enough so that K > (2C,/(C3£60%))?(2C,)% and that, in view of (1),

1
r<R/8 and ¢(r) < g¢(R)  forall R>0and r = RE Y/ (2(da+52)).

With such r, we have by (4.0)

m @ u(QHt, 8, x,1)) _ do(r)Vix,r) - ) (4.7)
QS(R)V(ZEa COR) ¢(R)V(I, COR) N C45M032ﬁ ‘

Take £ = t, + (5/2)0¢(r) and define U = {t} x B(zy,63r/2). Observe that ¢, — t>
16¢(CR) since t, — t; > §¢(CR). If the parabolic function u > £K on U, we would have
by (A3 and Lemma [£.2] that

CgV(LUl, (587"/2)

1> u(ty,y,) = E&v)y(Z,

) > EKPEY) (05 < 7q,) > €K

T\ TQx

2d2
> C%K(dgr/(QOOR))@ > M > 2,

C, (2Cy)=C, —
where Q. = [t — do(r), t.] x B(xo, CyR). This contradiction yields that
there is some y; € B(x1,651/2) so that u(t,y;) < (K.

We next show that
E¢) [w(Z,,) : X,, ¢ B(xy,3r/2)] < nkK, (4.8)
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where 7, 1= T(, _54(r),t14356(r))x Bar,52r)- 1 it is not true, then we would have by Lemma
A1 with 0, = j6 (j = 1,2,3,4) and 6 = 1/2 that

n ty1 .
EK > ult,yn) B (w(Zay, iy ssoincntenn) Xt —somsassionesi n & B(@1,37/2)
>Cy "B [u(Zy,) « Xr, ¢ B2y, 3r/2))]
>Cy'nK > ¢K,

which is a contradiction. This establishes (A.8]).
Let A be any compact subset of

A {(s,y) & [t~ s0r). 12 - %5(;5(7“)] X Blzr, cor) - uls, y) > gK} ,

and define U; = {t;} x B(zy,03r). By Lemmas B and and the strong Markov
property,

1> u(t*, y*) > E(t*’y*)[u(ZUA) coa < TQ*]

> BV u(Zy,) 1 0vy < TQus 04 < Tity—50(r),t]x Bl 20)]

> P oy, < 7q,) st /Q)E(“’Z) [u(Zo4) 2 oA < Thty—66(r) t]x B(zr)]
V(wr, 62r) o meu(4) (4.9)
V(x1,CoR) z€B(a1,r/2) V(z,m) (1)

L GG (5_8)d2 m @ p(A)

- al, 2 V(z1,CoR)p(R)’

> (3 -§KCy

where in the third inequality we used the fact that 7, _s¢(r),t.1xB(z1,2r) < T, Since A is
an arbitrary compact subset of A, we have by (£.9) that

m® u(A) - 04@0 (2)d2

V(zy, CoR)p(R) — CLC36K \ 82
Thus by (@.7), N N
m @ pu(A) _ AC2Cy (3)‘[2
m @ p(Q(t,6,21,1)) T §C1C3EVE \&% )

d
which is no larger than % by taking K sufficiently large. Let
I

D= [t — 6(r), 11 — %5(;5(7“)] % Blz1, cor) \ A

and M = Sup g yeot (116,00 ,3r/2) U(S, ¥). Note that

m @ u(D) _ 0 (r)V (1, cor) m ® u(A) < ci2
m @ p(QHtr, 6, 21,7))  200(r)V(zr,7)  m@ (@t 0, 71,7)) T 4C,
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We have by (48],

K < ulty,@1) = B [u(Zyyn, )
=B u(Zopnr,) 1 op < 7] + B u(Zopr,) s 0p 2 7, Xr, & B, 30/2)]
+EC ) w(Zypnr) 0 > Ty Xr, € B(w1,37/2)]
< EKPU ) (op < 77) + 0K + MPO) (0 > 7).

Therefore,

1—n—PU(op<m) 1-n—€a _ 1-(20)/3

M/K >
/K= Pte) (gp > 71,) ~— 1l—-c¢ — 1-q

=:1+4 20,

where 8 = ¢;/(6(1—c;)). Consequently, there exists a point (to, x9) € Q¥(t1,d,21,2r) C Q
such that u(te,z2) > (14 5)K =: Ks.

[terating the procedure above, we can find a sequence of points {(tx, zx) 522, in [to +
0O(CR)/2,t9+200(CR)) x B(xg,2R) in the following way. Following the above argument
with (t9, x2) and Ks in place of (¢1,21) and K respectively, we obtain that there exists a
point (t3,z3) € Q¥(t, 8, w2, 2r9) such that

_ RK2_1/(d2+62) =(1+8)" 1/(d2+B2) R ¢ —1/(d2+52)

and

u(ts, z3) > (14 B)K, = (1+ 8)°K =: K.
We continue this procedure to obtain a sequence of points {(tx, zx)} such that (tx.1, zr41) €
Q*(tx, 0, xx, 2ry,) with

I~ :RKk—l/(dz-i-Bz) =(1+48)" (k=1)/(d2+B2) p ¢ —1/( d2+52)

and
(tk+1>$k+1) (1+ﬁ)kK D K.

As 0 <ty — tgye1 < 0P(2ry) and d(xy, xy1) < 21y, we can take K large enough (indepen-
dent of R and u) so that (ty,zx) € [to + 0p(CR)/2,to + 200(CR)) x B(xy,2R) for all k.
This is a contradiction because u(ty, z;) > (1 + 8)* 1K goes to infinity as k — oo, while
u is bounded on ). We conclude that u is bounded by K in (). The proof is complete.
0

Finally, we prove that under NDL(¢), J4 < is equivalent to UHK(¢), which immediately
yields that NDL(¢) + UJS <= PHI"(¢).

Proposition 4.4. Assume that VD, (L1) and RVD hold. Then,
NDL(¢) + Jy< <= NDL(¢) + UHK(¢) (4.10)

and so
NDL(¢) + UJS <= PHI" (¢) < PHI(9). (4.11)
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Proof. First, note that the process { X;} is conservative due to NDL(¢) (see Proposition
24). On the one hand, by Theorem [[LT0, UHK(¢) implies J; <. On the other hand,
according to Proposition B.5], under VD, (1) and RVD, NDL(¢) implies FK(¢) and E,.
In particular, the process { X;} possesses a heat kernel. Thus we have by [CKWI| Theorem
4.25] that NDL(¢)+J4 < imply UHKD(¢). Furthermore, by Theorem [[.T0], NDL(¢)+J <

imply UHK(¢). This proves (LI0).
By Corollary B4, NDL(¢) + UJS = J,, <, which along with (LI0) gives us

NDL(¢) + UJS <= UHK(¢) + NDL(¢) + UJS.
It now follows from Propositions B2l and 3.3 and Theorem (3] that
PHI(¢) = NDL(¢) + UJS = PHI*(¢).

This establishes assertion (I1]) as PHI"(¢) = PHI(¢). O

4.2 PHI(¢) <= PHR(¢) + E4 < + UJS < EHR + E; + UJS

The main contribution of this subsection is the following relations among PHI(¢), PHR(¢)
and EHR, which establish the equivalences among (1), (5) and (6) of Theorem [[.I7

Theorem 4.5. Assume that p and ¢ satisfy VD, RVD and (IT) respectively. Then
PHI(¢) <= PHR(¢) + E; < + UJS <= EHR + E; + UJS.

We start with the following key lemma.
Lemma 4.6. Under VD and (1), EHR and E, < imply FK(¢).

Proof. According to Remark [LT3(ii), throughout this subsection we may and do assume
that the constant € = 1/2 in the definition of EHR.

For any open subset D of M, let GP be the associated Green operator. Recall that
for any open set D, it holds that

M(D)P< sup E*rp = sup GP1(x). (4.12)
zeDNMy xeDNMy
For any ball B = B(z, R) C M with x € M and R > 0, and any open set D C B, we will
verify that

S B < co(R) (%)V’ (4.13)

where ¢ > 0 and v € (0,1) are two constants independent of D and B. Once this is
proved, FK(¢) immediately follows from (AI2]) and (£I13)).

Fix an arbitrary xop € DNM,. Let Ry = 26FR for k > 0, where § € (0,1/2] is a constant
to be determined later. Set By = B(xg, Ry) for k > 0. Clearly D C By = B(x¢,2R).
Since (GP* — GPr+1)1p is a bounded non-negative function that is harmonic in By,
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we have by EHR and the p-symmetry of the Green operator G+ that for any positive
integers n > k > 0,

sup (G = GPH)1p(y)

yE€Bn+1NMo
< inf (G —GPo)1p(y) + ¢ 60 sup |(GPF — GBE) 1, (y)
YEBp+1NMo yEBn+1NMo
).
< — (GPr =GP 1p(y) pldy) + 1 6779 sup  |GP1p(y)]
((Bri1) Bni1 yeBLNMo (4.14)
1
< / 1,00 (y)G 15, (y) p(dy) + ¢ 677 sup  |GP+1(y)|
/’L(BTH-l) yeBRNMg
1
< — (DG + 1 6F su GPr1(y)|,
V(xo,RnH)u( il | 1 yeBkrgMo| (y)]

where ¢; = 2%¢ > 0, and ¢ and 6§ € (0, 1] are the constants in EHR. On the other hand,
we have by E, < that

sup |GPF1(y)| < sup EY7pgor,) < c2d(2Ry). (4.15)
y€BrNMo y€eBNMo
Taking k = 0 and n = 1 in ({14 and k = 1 in (£15), we find by (LI) from VD and (L7
that

Eorp < sup  GPp(y)
yeBaNMo

< sup (G —=G"M)1p(y)+ sup Gy
yeBaNMy yeBaNMo

S C3 (% + 50) ¢(2R0) + CQ¢(2R1)

n(D) ) 1
< (Wd % 4+ 59) o(R) + C4¢(R)5B

o )

, which is

0 D D
Define v = 2d2-/l-\g/1\51' It \//?Ec,z)%) < (1/2)*B+000 e take & = ( uD)

no larger than 1/2, in ([£10) to deduce

) 1/(2d2+60Np1)

E*7p < 2c56(R) < D) )

V(x, R)

If Vu((fo)z) > (1/2)2d210051 e get from By < that

E™7p < cop(R) <%)V'

Since g € D N M, is arbitrary, this establishes ({13 and hence completes the proof. [
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By VD, (1) and [CKW], Proposition 7.3], FK(¢) implies the existence of the Dirichlet
heat kernel p”(t,-,-) for any bounded open subset D C M, and that there is a constant
C, > 0 such that for every zo € D and t > 0

C, )\
€ss Supm,yEDpD(tvxay) S V(SL’O 7’) <¢( )) ) (417>

where r = diam(D), the diameter of D.

Lemma 4.7. Assume that (LT), EHR and E4 < are satisfied. Let D be a bounded open
subset of M. Lett >0, z € D\ N and 0 < r; < ¢~ (t) such that 0 < ry < r/2 and

B(xz,r) C D, where r = (‘b_l(t)mr?)l/(ﬁﬁe), Py is the constant in (L) and 6 is the
Holder exponent in EHR. Then,

1 "
€SS 0SC yEB(x,m)pD(ta z, y) S C (F(t)) €SS sup yeD pD(t/Qu Y, y)7

where k = $10/(B1 + 0), and C is a constant depending on the constants in (L) and
Eg <.

Proof. The proof uses some ideas from but is more direct than that of Lemma
5.10]. For fixed x € D\ N and s > 0, set u(s,y) = p”(s,z,y). According to Lemma F.0]

and (£17),
/DU(s,y)Qu(dy) = p”(2s,2,2) < 0.

Since, by the symmetry of p?(t/2, z,2) = pP(t/2, z, 2),

lton) = [ pP/20, 2P 012 2,) lde) = Pult/2)),
we have u(t,-) € Dom(L”) C FP for every ¢ > 0. Thus for p-a.e. y € D,
Opult,y) = L7 Pu(t/2,)(y) = PRL u(t/2,)(y)
= /Dp (t/2,y, 2)LPult/2,)(2) p(dz) = =€V (t/2,y, ), u(t/2,)).
Hence, by the Cauchy-Swarchz inequality and the spectral representation,

Drult, )| < VEWPE2, 5, ) pPE2,9,)) VEWE2, ) ult/2, )
= \/5 /4p (t/4,y,-), P, t/4p (t/4,y,-) \/5 /4“ (t/4,-) t/4u(t/4 )
<¢2ﬁm7W4%wau¢@mwwm»mnm

2
= ;\/pD(t/Zy,y)pD(t/?,x,x) < Zess sup 7 (42, 9,y).
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In particular, by (A1), f(¢,y) := du(t,y) is a bounded function on D for every ¢ > 0.
Note that lim, . p?(s,z,y) = 0 for every y € D \ N, also thanks to ([EIT). Then we
have

/ spP (s, z,y)d / opP (t + 7, x,y) dr
/ / (. 2)0" (8,2, 2) p(dz) dr = ~GP (2, )(y).

Hence, by EHR, Lemma .10l and Ey4 <, for any 0 < ry <1r/2,

N
ess 0SC gz rU(t, 1) <2 sup  |f(t,y)| sup EY7pe. +a (—1> sup |u(t,y)|
yeB(z,r)\N yeB(z,r)\N r yED\N

<cy [aﬁ(r)é + (%)GA} ,

where A = sup,cp\ v pP(t/2, 2, 2). In the last inequality above, we also used the facts that

sup, e p\w P (1Y, 2) = sup,cp\ PP (t, 2, 2) and t = sup,cp\ 7 (t, 2, 2) is a decreasing
function, see e.g., the proof of Lemma [CKW| Lemma 7.9].

For any 0 < r < ¢~1(¢), by (L7,

Pealm)

whence it follows that for any 0 < 7 <r/2 and 0 < r < ¢~ 1(¢),

B1 0
r 1
=€ [(m) (%)

By choosing r = (gb‘l(t)ﬁlrf)l/ B0 i the inequality above, we proved the desired asser-
tion. U

A.

Lemma 4.8. Suppose that VD, (1), EHR and Eg < hold. Then for any x € My, t > 0
and 0 < r < 2=BH0/B1=1 (1) the following estimate holds

B(e,¢' (1) _ Bae 1) r\" C
» (t,2,2) ~ p (t,x,y)|§( ¢_1(t)) POy V€ B,

where By is the constant in (L), 0 is the Holder exponent in EHR, and k is the constant
in Lemma 7,

Proof. Fix ¥ € My and t,7; > 0 with 0 < r; < 2=A+0/B14=1(¢). We choose r =
((b‘l(t)ﬁlr(f)l/(glw) as in Lemma [l Then, 0 < r; < r/2. By applying Lemma [L.7] with
= B(x,¢7'(t)), we get
2.6 1 A " T
ess 0SC yep(z.r)P- "¢ D (L, z,y) < C (F(t)) €SS SUD ye B(z.6-1 ()P pPEOT O (/2 y ).
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This along with (417) yields the desired assertion. O

Having all the lemmas at hand, we can obtain the following result.

Proposition 4.9. Let VD, (L7), EHR and E,; be satisfied. Then for any open subset
D C M, the semigroup { PP} possesses the heat kernel pP(t,x,y), and moreover NDL(¢)
holds true.

Proof. The existence of heat kernel p” (¢, x, 1) associated with the semigroup { PP} for
any open subset D C M has been stated in the remark below Lemma [4.6] and so we only
need to verify NDL(¢).

According to E4 and [CKW| Lemma 4.17], there are constants ¢ € (0,1) and ¢ €
(0,1/2) such that for all z € My and for any ¢,7 > 0 with ¢ < 6¢(r), P* (7, < t) < e.
In the following, let B = B(z,r) and 0 < t < §¢(r). Then for any x € B\N, since the
process {X;} has no killings inside M,

/BPB(t,x,y)u(dy) =P(rg >t) >1—c¢.

Therefore,

P (2t x, ) = / pP(t,x,y)° u(dy) > ﬁ (/}_ﬁ;pB(t,:v,y)u(dy))2 >+

B (ZL’ ) T) .
In particular, taking r = ¢~'(¢/d) > 0 in the inequality above, we arrive at
Co

Vi, ¢7'(t)

Furthermore, according to Lemma [£.8 VD and (7)), there exists a constant c3 > 0 such
that for any 0 < r < 2=A+0/B14=1(1/(24)), we have

pB@oT W) (¢ g 2y >

— — T " C3
[pPEo T W) (¢ g ) —pBEoT WD) (¢ 2 4| < ( ) ’
¢=H(t)) Vi, o71(1))
where f; is the constant in (L), € is the Holder exponent in EHR, and & is the constant
in Lemma 7]
Combining with both inequalities above and choosing n € (0,1) small enough such
that n"c; < 2cy and no~'(t) < 27 +0/P1g=1(¢/(25)) for all t > 0, one can get that for
any ¥ € My and y € B(z,n¢~1(t))\N,

y € B(z,r)\N,

P CIEDN PR

> pB(:v,dfl(t/(%)))(t’x, ) — |pB(r7¢*1(t/(25)))(t7 T, ) — pB(:v,dfl(t/(%)))(t’x, nl

C2

= 2w )

38



That is, thanks to VD and (7)) again, there are constants ¢; > 0 (i = 4,5,6) such that
0 < 2¢4 < ¢5 and for any x € My and y € B(z, 2c407(t))\N,

Bla,cs¢~1(t)
p (t,z,y) > :
Vi(z,¢=1(t))

Now, for any xg € M and r, ¢ > 0 such that (cs+c5)9 1 (t) < r, we have B(z, 507 (t)) C
B(xg,r) for all x € B(xg, c4¢™*(t)), and so

pB(:co,T’) (ta €z, y) Z pB(x705¢71(t)) (ta €, y) Z €,y € B(x0> C4¢_1(t))\N'

Vi, ¢7'(t)’

This proves that NDL(¢) holds true with € = ¢4 A — O

catces”

Note that by Propositiond.9land Proposition2.4] EHR+E, imply the conservativeness
of the process {X;} (see Proposition 27]).

Next, we present the proof of Theorem E35l

Proof of Theorem That PHI(¢) = NDL(¢) + E, + UJS + J, < has been
established in Subsection B.I] where RVD is used. Since NDL + E4 < + J, < = PHR(¢)
by Proposition 3.8 we have PHI(¢) implies PHR(¢) + E4 + UJS.

On the other hand, by Proposition @9 and (4I1]) (where RVD is used too), we have

EHR + E, + UJS = NDL(g) + UJS <= PHI(¢),

which together with Proposition completes the proof of the theorem. O

4.3 Pl(¢)+ Js <+ CSJ(¢) + UJS <= PHI(¢)

In this subsection, we will prove the above mentioned equivalence in Theorem [[.17} Note
that, under VD, (L7) and RVD, PHI(¢) = PI(¢) + Js < + CSJ(¢) + UJS has already
been proved by combining the results in Subsection Bl Propositions and Theorem
So all we need is to prove the following theorem.

Theorem 4.10. Assume that 1 and ¢ satisfy VD, RVD and (LT respectively. Then
PI(¢) + Jy < + CSI(¢) + UJS = PHI(¢).

First of all, note that PI(¢) + J,s < +CSJ(¢) imply the conservativeness of the process.
Indeed, PI(¢) 4+ RVD imply FK(¢) by Proposition 229, and FK(¢) + J4 < + CSJ(¢) imply
E4 by Proposition 7l Furthermore, Jy < + E4 imply the conservativeness of the process
(see [CKW|, Lemma 4.21]).

To prove the theorem, we begin with the following logarithmic lemma, which plays
the key role in the proof of Hélder continuity of harmonic functions. The proof below is
motivated by that of [CKPI, Lemma 1.3].
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Proposition 4.11. Let B, = B(xg,r) for some xqg € M andr > 0. Assume that u € fg’;

is a bounded and superharmonic function in a ball Br such that uw > 0 on Bg. If VD,
(T3, CSJ(¢) and Js < hold, then for any 1 >0 and 0 < 2r < R,

R O e

where Tail (u_; zo, R) is the nonlocal tail of u_ in B(xg, R) defined by [2.2)), and ¢ is a
constant independent of u, xo, v, R and .

Proof.  According to CSJ(¢), Js< and [CKW|, Proposition 2.3(5)], we can choose
¢ € Fg,, , related to Cap(B,, Bs,/2) such that

v )
E(p,p) < 2Cap(B,, Byys) < %'

Since u is a bounded and superharmonic function in a ball Br and f—jl € Fa,,,, for any
[ > 0, we have by Theorem 2.2 that

(4.18)

0 <&(u, u(p+ l)
G ) ()~ Y

w2 o)~ ulw) L (e dy

+
:/B y (p(x)gp(y)(w(y) N 30(:63 el (uly) +1) w(y)(U(x;:[;)) J(dx. dy)

(@) oly)  eW(ul@)+1)  o@)(uly) +1)
vz (o) =) S e
=L+ I,
Applying the inequality
% + S 2= (a—b)(b  —al) > (loga —logh)?, a,b>0

with a = “foy(gl and b = Y2 e find that

(z
o(x)
plo)(uly) +1)  eW)ul@) +1) ¢y o)

py)(u(z) +1)  el@)(uly) +1)  »l@)  oy)
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and so

I < —/B N p(z)p(y) (10g u((g()y;rl — log u(j(); l) J(dzx,dy)

n /  (pl) = (o)) I dy).

On the other hand, due to the fact that u > 0 on Bg, for all z € By, and y € Bg\ By,

u(z) — u(y)

<1
wlx)+1 — 7

while for all € By, and y € Bj,

u(x) —u(y) _ (u(z) —u(y))s _ ulz) +u(y)
u(z) +1 = u(z) +1 = u(z) +1

<141 u_(y).

Therefore,
I < 2/ ¢*(x) J(dx, dy) + 21_1/ u—(y)¢*(x) J(dw, dy).
Barx BS, BorxBS,

Combining all the estimates above and the fact that ¢ = 1 on B,., we obtain

[ Lo ()] (e, dy)

u(y)+l_0 u(z) +1\° .
S/Bm.wwSp(gj)(p(y) (log o) % @) ) Hde, &)

< /B (o) = ) T dy) + 2 / () J(dr, dy)

Barx BS,

Lot /B ) Jlde.dy)
27 X Ic?

CQV(ZL’O, 7’)
o(R)l

where the last inequality follows from Jg4 < and the fact that for any x € Bs,/, and y € Bj
with R > 2r,

S g(gp,gp) + Tail (u—;$0aR)>

V(ZEOad(ZEan))QS(d(any)) / d(ZL’Q,:L') Pata / 37“/2 pata C//
Vie,dz,y)o(d(n,y) (” d(x,y>) = (” R—Br/2> =

thanks to VD and (7). Hence, the desired assertion follows from the inequality and

EID). O

41



For the diffusion case, Proposition .11l was originally due to Moser. In that case, one
can use the Leibniz rule, but for the jump case some more care is required. See [KZ,
Corollary 7.7] for a related inequality. In the following we give another proof that is more
robust.

Proof. (Another proof of Proposition [4.11]) For a function v on M and for fixed
x,y € M, write
0(t) = Uyy(t) == tv(x) + (1 = t)v(y), t e [0,1].

Take ¢ € Fp, , as in [LIF) in the previous proof. For any x,y € M and [ > 0, it holds
that

- [ G o vva= [ o] [qee o] o
d

1 d 1 d 2
p— 2 D I D I 1 U - D — 1 .
[ 2]eergee] |Fiosae +0] as— [ oto? [ foutae 0] as
Multiplying J(z, y) and integrating over By, X By, w.r.t. px p in both sides of the equality
above, we have

/BzprQT/ {_ log(a(s )H)r ds J(dx, dy)

+E(u, 0/ (u+1)) — 2/13 Be (u(z) — U(y))u((px)(gi l

_Q/BWB%/ [ di } L?tbg( (s )+l)} 45 J(ds, dy)
[/Bzprzr/ —10g (s >+l)>2ds J(dx,dy)} 1/2
) |~/B2r><B2T / _@(8) " ds J(dx’dy)} 2

J(dz, dy)

(4.19)

) 1/2
<o[[ [ et (Gestu) +0) ds dandn)] G0
BZTXB2T
In the following, we set
2
K = / / log u(s )—I—l)) ds J(dz, dy).
B27“><B27
Now, as in the previous proof,

2 ¢(R)I

Tall (u_, Zo, R)

/Bzprzr(U(x) - U(y))u(x) 7 J(dm,dy)' = || < E(p, ) +
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Further, noting that u + [ is bounded and superharmonic on 2B, we have by Theorem
that &€(u, ¢*/(u+1)) > 0. Plugging these and ([I8) into (ZI9), we have

i)

V(SL’(], 7’) _ CQV(I(), 7")
o(r) P(R)I
We thus obtain

K4

Tail (u_; xo, R) < 2K'/? (

3V (xo, ) ¢(r) Tail (u_; o, R)
R {1 SR ]

On the other hand, since ¢ = 1 on B,, using the Cauchy-Schwarz inequality we have

= R Ae) / 1 {% log(a(s) + wr ds J(dz, dy)

> [ ap | [ g ostat) 1 ds| sy
> / . Dog(u(y) +1) = log(u(z) + DI° J(da. dy)

We therefore prove the desired inequality, by combining all the inequalities above. ([l

As a consequence of Proposition [4.11] we have the following statement.

Corollary 4.12. Let B, = B(xo,r) for some xyo € M and r > 0. Assume that u € fg’;
s a bounded and superharmonic function in a ball B such that w > 0 on Bgi. For any

a,l >0 and b > 1, define
v = [log (Zj:é)]Jr/\logb.

If VD, (1), CSJ(¢), Js < and PI(¢) hold, then for any 1 >0 and 0 < 2kr < R,

V(gglo,r) /B (v—Tp)2du < ¢ (1 i j((;)) Tail (u_l; o, R))’

where k > 1 is the constant in P1(¢), Up, = ﬁ fBT- vdu and cy is a constant independent
of u, o, r, R and .

Proof. By PI(¢) and (7)), we have

/ (v — T5,)2dpt < ca6(r) / | (ola) = 000 (o ).

Observing that v is a truncation of the sum of a constant and log(u + 1),

Hence, it suffices to apply Proposition E.11] to conclude the assertion. O]
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Proposition 4.13. Let B, = B(xg,r) for some xqg € M andr > 0. Assume that u € fg’;
is a bounded and harmonic function in a ball Bg. If VD, RVD, (1), CSJ(¢), Js< and
PI(¢) hold, there are constants v € (0, 1) and ¢ > 0 such that

1 / ) )1/2 .
—_ u”dp + Tail (u; xo,7) |, 4.20
<V(I0a QT) B(xo,2r) ( ’ ) ( )

where 0 < v’ < r < R/2. In particular, suppose that VD, RVD and (7)) hold, then we
have

/

'\
ess osc g ,u < c(—)
" r

PI(¢) + Jy< + CSJ(¢) = EHR.

Proof. (i) First, by Js < and Lemma [2.3] it is easy to see that
Tail (u; zg, ) < |||, 7> 0.

Thus, assuming (£20), there is a constant ¢ > 0 such that for all 0 < r < R/2,
ess 0sc g, u < c"<r>ﬁ/||u||
B4 >~ R 00

From this, we can easily see that, once (£20) is proved, EHR is yielded.

(ii) In the following, we mainly prove ([£20). We begin with the argument of [CKPT],
Theorem 1.2]. Before starting, let us fix some notations. For any 7 > 0 and 0 < 2r < R,
let 7; = ro? and B; = B,,, where o € (0,1/(4x)] and & > 1 is the constant in PI(¢). Let
us define

w(ryg) = w(r) =2C

1 1/2
—_ u? d,u) + Tail (u; xg, 7
(V(Io, 2T) L(zo,2r) ( ’ )

with the constant Cj given in ([2:3)) of Proposition 28] and
i\
w(ry) = () wiro)

0

for some v € (0, 51). In order to prove the required assertion, it will suffice to verify that
ess osc g;u < w(r;), j>0. (4.21)

Indeed, for any 0 < 7’ < r, we can choose j > 0 such that r;;; <7’ <r;. Then, by (€21,
we have

L\ v
ess osc g, u < ess osc g;u < w(r;) < o (E) w(r) < a”(r—) w(r).
r r

Thus, the required assertion holds with ¢ = 2Cyo”.

(iii) We will prove (ZI]) by induction. For this, note that PI(¢) + RVD imply FK(¢)
by Proposition Then, according to the definition of w(rg) and Proposition 2.6 (£21))
holds for 7 = 0, since both the functions u, and u_ bounded subharmonic in Bpg.
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Now, we make an induction assumption and assume that (£.21]) is valid for all 0 <7 < j
for some 7 > 0, and then we prove it holds also for j + 1. We have that either

(2B 41 N {u > ess inf g u +w(r;)/2}) > 1’ (4.22)
1(2Bj 1) 2
or
(2B 41 N{u < essinf pu +w(r;)/2}) > 1 (4.23)
(1(2B;41) 2

must hold. If [22) holds, we set u; := u — essinf pu, and if @23) holds, we set
u; :=w(r;) — (u —ess inf p;u). In both cases we have u; > 0 on B; and

p2Bjn N{u; > wiry)/2)) 1
1(2Bj41) 2

(4.24)

holds. Clearly, u; is bounded and harmonic in By satisfying that
ess sup g, [u;| <w(r;) + ess sup g, |u — ess inf p;ul
<w(r;) + ess sup p |u — ess inf gu| + |ess inf pu — ess inf p ul (4.25)
<2w(r;) + ess sup g u — ess inf g;u '
<Bw(r;), 0<i<j.
We now claim that under the induction assumption we have

Tail (u;; zo,r5) < coo Tw(r;), (4.26)

where ¢q > 0 is independent of u, xy, 7 and o. Indeed, we have

il (u;; 20, 7;) = (r; () ‘
Tall(u]7 0, ]) J ;/Bz B 55’07 xo, ))(b(d(ib’o,x)) ,u(d )

(2]
/ oo ool M4

<ol Zes”“pB 1'“9'/ o s e Lt
|uj(z)|
+ (ry) / Vo d(ro.2))o(d(me z)) 1)

Z

-1 Z

Tzl

where in the last inequality we have used (£25), Lemma 23]

luj| < w(rg) + ess sup g ul + [ul, j>0
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and

()
/ o dleo. ) ol )

(ess sup g, [u| + w(ro)) +/ [u(z)l

o V(an d(IOa l’))¢(d(l’0, ZL’))

p(dx)

|/\
8@

Note that, in the second inequality above we used the fact that
ess sup g, |u| < ess sup g ut + ess sup g u” < w(rg)

deduced from Proposition 2.6l Estimating further, we have

> St =t ()3 S ()

J

z'

<enw ()30 (2)"(2)

=1

= (o) )Vi(“ IO

=1

w(ry) < cgo0Tw(ry),

coo
~1—oh—

where we used (7)) in the first inequality, and used o € (0,1/(4x)] and 5y > v in the
second inequality. Hence, ([{20]) is proved with ¢y independent of o.
Next, consider the function v defined as follows

vi= [mg (%)Lm k1> 0.

Using the fact o € (0,1/(4k)] again and applying Corollary 12 we get

1 . '
w(2B; 1) /23 (v = Tap;,,)* dp < 4 (1 + l_l(bg(nﬁ;)Tall (uj; xo, rj)) .
J 41 j

This, along with ([£26) and (7)), yields that

1 / — 2 1 /i
_— v—Tsp.,, ) du<cs(1+1 P w(rs) .
N(QBj—l—l) 2BJ+1( 2BJ+ ) 5( ( J))

Hence, choosing | = ew(r;) with e = 0”77, we get that

1
m /B (U — E2Bj+1)2 d,u S Cg. (427)
J j+1
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To continue, denote in short B = 2B,,;. We obtain from [{@24) that

k= — ! / kdu
(B 0 {u; > w(r;)/2}) JBofu;>wir) 2

1
- _ kd
(BN {u; > w(r;)/2}) /{} 8

2 7~
< B /B(k: —v)dp =2k —71p).

By integrating the preceding inequality over the set B N {v = k}, we further obtain

pBN{v=k}), _ 2 o >
#(B) SM(B) /Bﬂ{vzk}( ) MS,M(B)/EJ aldu < ez,

where (£27) and the Cauchy-Schwarz inequality are used in the last inequality. Let us

e (r5)/ (r)) ;
w(r;)/2 + ew(r; 5 +te¢ 1
— =1 ~ 1 —
k= log ( 3ew(r;) ) °8 ( 3e ) ©8 (5)’

p(B N {u; < 2ew(ry)}) _er G
u(B) kT
(iv) We are now in a position to start a suitable iteration to deduce the desired
oscillation reduction. From here we make essential changes of the argument in the proof
of [CKP1l, Theorem 1.2]. Note that, in the setting of the proof is heavily based on
the fractional Poincaré inequalities (see [CKPI, (5.11)]), which however are not available
in the present situation. To deal with this difficulty, we apply Lemma instead. In the
following, we fix j > 0. First, for any + > 0, we define

and so we have

. 4.28
—log o ( )

0i=(1+2"r;y1, B =B,
and set

' B! < ks
ki= (142 9ew(ry), w=(ki—uj)y, A= (BP0 {uy < ki})

n(B)
Then, we have by VD and Lemma 2.5 that
Aia(kipr = kigo)® = #/ (kiyr — kig2)?* dp
(B™2) Jpitanu; <kiis)

1 2
)

.o ( 1 / wMﬂ)””(L)BQ
T (ki = ki) \ (B Jpinn " Oit1 — Oit2

1 Q'+2 d2+62_51
1+ : ) Tail (w;; xo, 0;
ki — ki1 <Qi+1 — Oi+2 ( 0 +1)

X
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B2
Co 2 14+v 1
=127 =27 Dew(r) [(ew(r;))*Ai] <2—z _ 2—1—1)
1 1 da+B2—P1 )
x |1+ (2_2 — 2_i_1)6w(T’j) (2_2 — 2_2._1) Tail (’UJZ7 X, Tj+1)

S 010[811)(T’j)]2A7;1+V2(1+2y+d2+262_61)i <1 + Tail (’UJZ7 Zo, T’j+1)) s

ew(r;)

where v is the constant in FK(¢), and in the third inequality we have used the facts that
u; > 0 on B C Bj and

[t < BB 0 w2 0) < o) Pa(B' 0 s < ).
Bi+1

Hence,

Ai+2 S 011A2-1+V2(3+2V+d2+262_Bl)i 1+ Tail (w“ Zo, Tj+1) .
ew(r;)

Note that, by the facts that u; > 0, w; < 2cw(r;) on B; and |w;| < |u;| + 2ew(r;) on M,

Tail (wi; zo, rj41) = <Z5(7”j+1)/ lwi() p(dz)

Bj\Bj 1 V (o, d(zo, 2))p(d(z0, 7))
¢(rj+1)
o(r;)

<o <2€w(7’j)¢(7’j+1) /B

+

Tail (w;; zo, 1)
p(dx)

V(IOa d(I0> l’))gb(d(l’o, I))
p(dz)

c
J+1

—|—25w(7‘j)¢(7"j+1)/B V (zo, d(xo, x))p(d(z0, )
¢(rj1)

o(r) Tail (u;; xo, rj))

< 19 (ew(ry) + o' Tail (uy; To,7;))

¢
J

_l_

oPr=

< 13 (1 + ) cw(r;) < 2cizew(ry),

where the second and the third inequalities follow from Lemma[Z3land ([£24]), respectively,
and the last inequality is due to e = ¢?~7. Combining with all the conclusions above, we

arrive at
Ai+2 < 014A21+V2(3+2u+d2+262—B1)z.

Let ¢* = ¢y, /"2~ B+2v+dat26:-8)/v* a1 choose the constant o € (O, : /\exp_(z_%) ) Then,
by @.28),

A() < &= 01_41/V2_(3+2V+d2+252_Bl)/VQ'

According to Lemma 210, we can deduce that lim; ., A; = 0. Therefore, u; > cw(r;) on
Bj.1, and then we can find that

ess osc g, u =esssup g u; —essinf g, u; < (1 —e)w(r;) = (1 —e)oTw(rj+1),
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where the inequality above follows from the fact that ess sup By U < w(r;), since under

E22)
ess sup p,, u; = ess sup g u —ess inf p,u < esssup gy u —ess inf gu < w(ry),
or under ({23)
esssup g, u; = w(r;) —essinf g, (u—ess inf p;u) < w(ry).
Taking finally v € (0, 5;) small enough such that ¢” > 1 - =1— ¢, we obtain that
ess osC g, U < w(rjq1)
holds, proving the induction step and finishing the proof of (4.21]). O

We are now in a position to present the proof of the main theorem in this subsection.

Proof of Theorem [A.10. By Theorem L5, it suffices to prove that
PI(¢) + Jy< + CSJ(¢) + UJS = EHR + E,, + UJS.
As mentioned in the remark below Theorem .10, under VD, RVD and (L 7)),
PI(¢) + Jy< + CSJ(¢) = E,.
On the other hand, according to Proposition (where RVD is used again),
PI(¢) + Js< + CSJ(¢) = EHR.
The proof is complete. O
Remark 4.14. By the proof above and Propositions and [3.5] under VD, RVD and
(L), we have the following relations without using UJS:

PI($) 4+ Jy< + CSJ(¢) = EHR + E; = NDL(¢) => PI(¢) + E,.

Proof of Corollary [I.18. Assume PHI(¢) and J, > are satisfied. Then by Theorem
[LI7(4), J4 and CSJ(¢) hold. So by Theorem [[.9(4), HK(¢) also holds.

Conversely, assume HK(¢) holds. By Theorem [[L9] J4 and CSJ(¢) are satisfied. Note
that UJS holds trivially because of J,. Thus by Theorem [[L17 again, PHI(¢) holds. [
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5 Applications and Examples

The stability results in Theorem [[.17] allow us to obtain PHI for a large class of symmet-
ric jump processes using “transferring method”; that is, by first establishing PHI for a
particular symmetric jump process with jumping kernel J(z,y), we can use Theorem [[.17]
to obtain PHI for other symmetric jump processes whose jumping kernels are comparable
to J(z,y). Examples are given in [CKW| Section 6.1] on fractals that support anoma-
lous diffusions with two-sided heat kernel estimates. The subordination of these diffusion
processes enjoy HK(¢) and hence PHI(¢) by Corollary [LI8] and so can be served as the
base examples.

In the remainder of this section, we show that some conditions in the equivalence
statements of Theorem [[L.T7] are necessary through some counterexamples.

Example 5.1. (PHI(¢) does not imply HK(¢)) Let M = R? and 0 < a < 2. For
0<6<1andveR?with |v| =1, define A = {h € R?: |(h/|h|,v)| > 6} and

J(z,y) = 1a(z —y)|z —y|77

Clearly J, < and UJS hold. According to [DK| Example 3], it is easy to see that this
example satisfies PI(¢) with ¢(s) = s*. By Remark [LT SCSJ(¢) holds. So by Theorem
[L.I7] PHI(¢) holds. However, since J, > does not hold, HK(¢) does not hold either.

Example 5.2. (EHR and E; do not imply EHI nor PHI(¢).) Let M = R® and
0 < a < 2. Consider a symmetric process X; = (Zt(l), Zt(z), Zt(?’)), where Zt(i), i=1,2,3, are
independent 1-dimensional symmetric a-stable processes. In [BC], it is proved that {X;}
satisfies EHR and E, with ¢(r) = r*, but it does not satisfy EHI and so also not satisfy
PHI(¢). Indeed, in this case one can easily see that UJS does not hold. (We note that in
[BC], the authors discussed more general processes on R? that are expressed by a system of
stochastic differential equations dX; = A(X;_) dZ;, where Zt(i), 1 <i < d, are independent
1-dimensional symmetric a-stable processes and A is a matrix-valued function which is

bounded, continuous and non-degenerate.) We also note that for this example, PI(¢) and
SCSJ(¢) are satisfied by Example 4] and Remark respectively.

Example 5.3. (EHI and E; do not imply PHI(¢)) Let M = R? and 1 < a < 2.
Consider a symmetric Lévy process X = {X;} on R? with the Lévy measure of the form

v(dz) = h(z) do = |z~ f (x/|]) d,

where f : 8' — R, is bounded and symmetric. Then, it is proved in [BS], Corollary 13|
that EHI holds for non-negative harmonic functions. In fact, [BS, Theorem 1] gives more
general fact in R? setting with d > 1 that EHI holds for non-negative harmonic functions
on B(0,1) if and only if there is a constant C' > 0 such that the following holds

/ ly — v|*h(v) dv < C/ h(v)dv, |y| > 1.
B(y,1/2)

B(y,1/2)
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Let us take a particular choice of f given as follows. For i € N, let §; = (37/8)4~" and
0, = (37/8)27". Note that Y .° (; + 0;) = w/2. Define

H = {69\/__1, 6_9\/__1, —69\/__1, e VT g e A},

where
o

A=1[0,0,)U ( U [i(ei +e;),§nj(ei L0+ en+1)).

n=1i=1 i=1
Set f(z) = 1y (z). Then, writing &, = > (6; +0.) + 0,41/2 and J(z,y) = h(z —y), we
see that

J(eEVT0) = 1.

Setting H,, = {60\/?1 20 € [&n — Ont1/2,60 + 0ri1/2) }, we have for large n,

V(efn\/j’ 2—n—1)—1 /
(

J(2,0)dz < c(2”+1)2/ 1y, (2/|2|) dz
B(efnvV=12-n-1)

B(ebnv—12-n-1)
S Cl4n2—n—14—n—1 S 002—n7

so UJS does not hold. Therefore, by Theorem [[L.T7] PHI(¢) can not hold in this case.
We will briefly explain why E, holds with ¢(r) = r*. Note that the corresponding
generator can be written as follows

Lu(x) = /R2 (u(z + 2) — u(x) — Vu(z) - 21q.1<1y) v(dz).

For ¢ € CZ(R?*) with 0 < g < 1, let g.(y) = g(y/r) for r > 0. Then, by similar
computations as in [KSV], Lemma 13.4.1], we have |Lg,| < ¢;r™, and so P°(15(,) < 1) <
cot/re for all ¢, > 0. This implies

EO[TB(O,T)] > Q—P (TBO;) = 1T/(2¢2)) > 10,

so that (since the process is the Lévy process) E4 > holds. Next we have by the Lévy
system formula,

P (7B, < r*) > P°(X hits B(0,6r) \ B(0,3r) by time r®)
> P(X, € B(0,6r)\ B(0,3r))

FNTB(0,r)

r*ATB(0,r)
[ U V((B(0,6r)\ B(0,3r)) — X,) ds
0
> U(B(0,5r) \ B(0,4r) E™ A 70,]
C:
Z T—iEO[’/’a A TB((] r)]

Cg re
ro 2c

A%

P (TB(O r) Z 7,01/(202)) > = = Cy.

It follows that PO(TB((M) > r%) < 1 — ¢4. lterating this as in the proof of Proposition
3.01(ii), we obtain E, <.
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