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Abstract

Suppose that d > 1 and 0 < 8 < o < 2. We establish the existence and uniqueness of
the fundamental solution ¢°(¢, z,y) to a class of (possibly nonsymmetric) non-local operators
L0 = A2 4 8 where

b b(.I, Z)
S'f(x) = Ald,=B) | (flz+2) = fl2) = VI(2) 2L{z<1}) Tar5 92
R4 2]
and b(z, z) is a bounded measurable function on R? x R? with b(z, z) = b(x, —z) for 2,z € R9.
Here A(d, —f3) is a normalizing constant so that S® = A%/2 when b(x, ) = 1. We show that

if b(x,z) > —jgfll’:ﬁg |z|#=, then ¢"(t,z,vy) is a strictly positive continuous function and

it uniquely determines a conservative Feller process X, which has strong Feller property.
The Feller process X° is the unique solution to the martingale problem of (£’ S(R%)),
where S(R?) denotes the space of tempered functions on R?. Furthermore, sharp two-sided
estimates on ¢°(t, z,y) are derived. In stark contrast with the gradient perturbations, these
estimates exhibit different behaviors for different types of b(x, z). The model considered in
this paper contains the following as a special case. Let Y and Z be (rotationally) symmetric
a-stable process and symmetric -stable processes on R?, respectively, that are independent
to each other. Solution to stochastic differential equations dX; = dY; 4+ ¢(X;—)dZ; has
infinitesimal generator £ with b(z, z) = |c(z)|?.
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1 Introduction

Let d > 1 be an integer and 0 < 8 < o < 2. For integer k > 1, denote by CF(R?) (resp. C*(R%))
the space of continuous functions on R% that have bounded continuous partial derivatives up
to order k (resp. the space of continuous functions on R? with compact support that have
continuous partial derivatives up to order k). Recall that a stochastic process Y = (Y, P,z €
R%) on R? is called a (rotationally) symmetric a-stable process on R if it is a Lévy process
having

E, [eig'(yt_yo)} = ¢ Hel" for every z, ¢ € R%.

*Research partially supported by NSF Grant DMS-1206276, and NNSFC Grant 11128101.
TCorresponding author. Research partially supported by NNSFC Grant 11171024.


http://arxiv.org/abs/1312.7594v1

Let f(£) = Jga €% f(z)dz denote the Fourier transform of a function f on R?. The fractional
Laplacian A%2 on R is defined as

d. —
AP = [ (Flat2) = fa) = VHG) - L) T e (1)
for f € C}(RY). Here A(d,—a) is the normalizing constant so that A/Q/Tf(ﬁ) = —|£|O‘f(£).

Hence A®/? is the infinitesimal generator for the symmetric a-stable process on R
Throughout this paper, b(z, z) is a real-valued bounded function on R? x R satisfying

b(x,z) = b(x,—2) for every x, z € R%. (1.2)

This paper is concerned with the existence, uniqueness and sharp estimates on the “fundamental
solution” of the following non-local operator on R,

LOf(x) = A2 f(x) + Sf(z), fe€CHRY,

where
b(x, 2)

Sbf(x) = A(d,—p) /Rd (f(:E +2z2)— f(x) =V f(x)- z]l{‘z‘gl}) |Z|T+ﬁdz' (1.3)

We point out that since b(z, z) satisfies condition (L2, the truncation |z| < 1 in (L3]) can be
replaced by |z| < A for any A > 0; that is, for every A > 0,

b(x, z)

S'5(@) = A=5) [ (Flo+2) = F@) = (VF@). ) gaen) imgds: (1)

In fact, under condition (L2I),

@) = Ad-p) v [ (fe+2) - @) (s
= Adp ] (e - S@) Ti‘r;fﬁ) dz. (15)

Operator £’ is typically non-symmetric.

Condition (L2)) allows us to reduce general bounded measurable function b on R? x R? to
the situation where ||b||o is sufficient small through a scaling argument (see (BI8]) and Lemma
B3). The operator £° is in general non-symmetric. Clearly, £ = A®/2 when b = 0 and
LV = A% 4 AP/? when b= 1.

We are led to the study of this non-local operator £ by the consideration of the following
stochastic differential equation (SDE) on R%:

dXt = dYZ + C(Xt_)dZt, (16)

where Y is a symmetric a-stable process on R? and Z is an independent symmetric S-stable
process with 0 < 8 < «. Such SDE arises naturally in applications when there are more than
one sources of random noises. When ¢ is a bounded Lipschitz function on R?, it is easy to show
using Picard’s iteration method that for every x € R?, SDE (L0) has a unique strong solution
with Xy = . We denote the law of such a solution by P,. The collection of the solutions
(X}, P,z € R?) forms a strong Markov process X on R?. Using Ito’s formula, one concludes



that the infinitesimal generator of X is £® with b(z, 2) = |e(2)|? and so in this case X solves the
martingale problem for (£°, CZ(R?)). The following questions arise naturally: does the Markov
process X have a transition density function? If so, what is its sharp two-sided estimates?
Is there a solution to the martingale problem for A%/2 + |¢(x)|?AP/? when c is not Lipschitz
continuous? We will address these questions for the more general operator £ in this paper.

For a > 0, denote by pg(t,x,y) the fundamental function of A2 4 gAP/2 (or equivalently,
the transition density function of the Lévy process Y; +a'/#Z;). Clearly, p4(t,z,y) is a function
of t and = — y, so sometimes we also write it as p,(t,z —y). It is known (see (2.3]) of Section 2
for details) that on (0,00) x R? x R,

t

—d
po(t,z,y) =< ¢ /O‘Am,

(1.7)

= (pdle ~d/p ! at
palt,z,y) = <t A (at) )A<|x—y|d+a+|gp—y|d+5>' (1.8)

Here for two non-negative functions f and g, the notation f =< g means that there is a constant
¢ >1sothat ¢c™'f < g < ¢f on their common domain of definitions. For real numbers a, ¢ € R,
we use a V ¢ and a A ¢ to denote max{a,c} and min{a,c}, respectively. We point out that
the comparison constants in (L8] is independent of a > 0; see (23] in Section 2. Using the

observation that a A b =< aa—&, one concludes from (7)) that

t
tl/a + |l‘ _ y|)d+a

po(t,x,y) < ( on (0,00) x R% x R%. (1.9)

Note that (at)~%# >t~ whenever 0 < t < a~*/(®=#). Thus for every k > 0,

—d/a t at —a/(a—
palt,z,y) <t /\<|x—y|d+a+|gp—y|d+5> on (0, ka=®@= A x R? x RY,  (1.10)

with the comparison constants depending only on d, «, 8 and k.

Since £V = A%/2 + 8% is a lower order perturbation of A%? by Sb, heuristically the funda-
mental solution (or kernel) ¢°(t,z,%) of £° should satisfy the following Duhamel’s formula:

t
¢t z,y) =po(t,x,y)+/ / ¢"(t — s,2,2)8po (s, 2, y)dzds (1.11)
0 R4

for t > 0 and z,5 € R% Here the notation S%po(s,z,y) means the non-local operator S° is
applied to the function z — po(s, z,y). Similar notation will also be used for other operators, for

example, A?/ 2, Applying (LII)) recursively, it is reasonable to conjecture that »_ > @t z,y),
if convergent, is a solution to (LIII), where ¢}(t,x,y) := po(t, =, y) and

t
At z,y) = / / Qb (t —s,2,2)8"po(s, z,y)dzds for n > 1. (1.12)
0 JRd

For each bounded function b(z, z) on R? x R? and A > 0, define
mp = essinfy, cpa | 52\b(z,2) and M, \ = esssup, ,cpa |2)>2|0(z, 2)]- (1.13)

The followings are the main results of this paper.



Theorem 1.1. For every bounded function b on R? x R satisfying condition (L2), there is a
unique continuous function ¢°(t,z,y) on (0,00) x R x RY that satisfies (L) on (0,e] x R% x RY
with ¢ (t, z,y)| < epr(t,z,y) on (0,€] x R x R? for some e,¢ > 0, and that

/ @z, y)(s,y, 2)dy = Q*(t + 5,2, 2)  for every t,s >0 and z,z € R% (1.14)
R4

Moreover, the following holds.

(i) There is a constant Ay = Ag(d,a, B) > 0 so that ¢°(t,z,y) = > oo o ¢4 (t, 2, y) on
(0, (Ag/[|b]|0o )2/ @B x R x R?, where ¢P.(t,x,vy) is defined by ([12).

(ii) ¢°(t,z,y) satisfies the Duhamel’s formula (LIL) for all t > 0 and z,y € R%. Moreover,
Sbab(t,x,y) exists pointwise in the sense of (D) and

t
qb(t7x7y) = pO(t7$7y) + / / pO(t —S5,, Z)qub(s, z,y)dzds (115)
0 JRd

fort >0 and z,y € R%.
(iii) For each t > 0 and x € RY, fRd @t z,y)dy = 1.
(iv) For every f € CZ(RY),
1)~ S@) = [ T

0
where TP f(z) = [pa ¢°(t, z,y) f(y)dy.

(v) Let A >0 and X\ > 0. There is a positive constant C' = C(d, a, 5, A, \) > 1 so that for any
b satisfying (L2]) with ||b||c < A,

¢°(t,2,y)| < Ce'pag, , (t,z,y)  on (0,00) x RY x RY. (1.16)

We remark that estimate (II6]) allows one to get sharper bound on |¢°(t, x,y)| by selecting
optimal A > 0. When Z; is the deterministic process ¢t and ¢ is an R%valued bounded Lipschitz
function on R?, the solution of (IZ6) is a symmetric a-stable process with drift. Its infinitesimal
generator is A%/? 4+ ¢(x)V. Existence of integral kernel to A%/? 4 ¢(2)V and its estimates have
been studied recently in [6] (in fact, ¢ there can be an R%-valued function in certain Kato class).

Unlike the gradient perturbation for A%/2 in general the kernel qb(t, x,y) in Theorem [Tl can
take negative values. For example, this is the case when b = —1, that is, when £0 = A®/2—AP/2
according to the next theorem. Observe that

() = / (F@+2) — f(2) — (VI (@), ) Lipajeny) 32 2)dz,
Rd

where

x,z) = % (1 + % b(z, 2) ]2\0‘_6> : (1.17)

The next result gives a necessary and sufficient condition for the kernel ¢°(¢,z,y) in Theorem
[ to be non-negative when b(x, z) is continuous in z for a.e. z.



Theorem 1.2. Let b be a bounded function on R? x R? that satisfies (L2) and that
x> b(x, 2) is continuous for a.e. z € RY. (1.18)
Then ¢°(t,x,y) > 0 on (0,00) x R x R if and only if for each x € RY, j%(z,2) > 0 for a.e.
z € RY; that is, if and only if
_-A(d7 _a)
A(d7 _B)

In particular, if b(z,z) = b(x) is a function of x only, then ¢°(t,x,y) >0 on (0,00) x R% x R4
if and only if b(x) >0 on R,

b(x,z) > 1215~ for a.e. z € R% (1.19)

Next theorem drops the assumption (LI8]), gives lower bound estimates and refines upper
bound estimates on ¢°(t,z,y) for b(z,z) satisfying condition ([I9) and makes connections to
the martingale problem for £°. To state it, we need first to recall some definitions.

Let D([0, 00),R%) be the space of right continuous R?valued functions having left limits on
[0,00), equipped with Skorokhod topology. Denote by X; the projection coordinate map on
D([0,00), R?). Let C be a subspace of C’E(Rd). A probability measure () on the Skorokhod space
D([0, 00), R?) is said to to be a solution to the martingale problem for (£’ C) with initial value
r € R?if Q(Xy =) =1 and for every f € C,

t
M= 00) - 1)~ [ £ (X)ds
0
is a Q-martingale. The martingale problem (£ C) with initial value 2 € R? is said to be
well-posed if it has a unique solution.
Let Ox(R?) be the space of continuous functions on RY that vanish at infinity, equipped
with supremum norm. Set

C2% (R = { f € Cao(RY) : the first and second derivatives of f are all in C (Rd)} .

A Markov process on R? is called a Feller process if its transition semigroup is a strongly
continuous semigroup in Coo(Rd). Feller processes is a class of nice strong Markov processes,
called Hunt processes (see [15]). Let py(t,z,y) be the fundamental solution of the truncated
operator

A f(a) =/<1 (f(@+2) = f@) = VI(z) - 21qz121) %d%

or, equivalently, py(t, z,y) is the transition density function for the finite range a-stable (Lévy)
process with Lév measure A(d, —a)]z\_(dJro‘)]l{‘z‘Sl}. It is established in [8] that Dpy(¢, z,y) is
jointly continuous and enjoys the following two sided estimates:

t

— Sy
Po(t, @,y) < t7%A [z g

(1.20)

for t € (0,1] and |z — y| < 1, and there are constants ¢ = cx(d,a) > 0, k =1,2,3,4 so that
" calz—yl " calz—yl
c1 <m> <Po(t,z,y) < c3 <|3: — y|> (1.21)
for t € (0,1] and |x — y| > 1.
Define b™ (z, z) = max{b(x, 2),0}.




Theorem 1.3. For every A > 0 and X\ > 0, there are positive constants Cy, = Ci(d,«, 3, A),
k=1,2, and C3 = Cs(d, o, 3, A, \) such that for any bounded b satisfying (L2) and (LI9) with
[bllec < A,

Clpo(ty CQ%, CQy) < qb(ty z, y) < C3pr+ A(ta z, y) fOT’ te (07 1] and RIS Rd' (122)

Moreover, for every e > 0, there is a positive constant Cy = Cy(d, , 5, A, \,€) such that for any
b on RY x R? satisfying (L) with ||b]|e < A so that

Pz, 2) > elz| Y for ae. x,z € R (1.23)
we have
C4pmb+’k(taxay) < qb(t7x7y) < C3pr+’A(t7xay) fOT’ te (07 1] and T,y € Rd' (124)

The kernel ¢°(t,xz,y) uniquely determines a Feller process X = (X2, t > 0,P,, 2 € R?) on the
canonical Skorokhod space D([0, 00),RY) such that

B, [1x0)] = [ sy

for every bounded continuous function f on R:. The Feller process X° is conservative and has
a Lévy system (J°(x,y)dy,t), where J*(x,y) = j°(z,y — x).

. Ada_ Ad7_ b Y T
Pay) = My = a) = ) ACAICA =), (1.25)

Moreover, for each x € R?, (X, P,) is the unique solution to the martingale problem (L£°, S(R%))
with initial value x. Here S(RY) denotes the space of tempered functions on R

Here we say (J°(z,y)dy,t) is a Lévy system for X° if for any non-negative measurable
function f on R, x R? x RY with f(s,y,y) = 0 for all y € R?, any stopping time T (with respect
to the filtration of X?) and any z € RY,

= | > fls, XE =E, [/OT < g f(s,Xg,y)Jb(Xg,y)dy> ds} . (1.26)

s<T

A Lévy system for X describes the jumps of the process X°. A Markov process on R? is said to
have strong Feller property if its transition semigroup maps bounded measurable functions on
R? into bounded continuous functions on R%. Since ¢°(t,z,v) is a continuous function, one has
by Theorem [T and the dominated convergence theorem that the Feller process X° of Theorem
[[3 has strong Feller property.

Condition (L23)) is always satisfied if b(z, z) is nonnegative. We emphasize the my+ , and
My+ 5 terms appeared in the estimates in Theorem [[.3l Under condition (L.23]) and the assump-
tion that ||b]ls < A, the value of b(z,2) on RY x {z € R?: |z| < A} is irrelevant in the estimates
of ¢°(t,x,y) in (L24). By selecting suitable A > 0 in ([L24]), one can get optimal two-sided esti-
mates on ¢°(t,z,y). The following follows immediately from Theorem by taking a suitable
A>0.



Corollary 1.4. Let A > 0 and € > 0. There is a positive constant C = C(d,«, 3, A,e) > 1 so
that for any bounded b satisfying (L2]) with ||bllcc < A and

1 1
-b d
J($7z)25<|z|d+a+|z|d+ﬁ> for a.e. x,z € R?,

we have

C_lpl(t7x7y) < qb(t7x7y) < Cpl(t7x7y) fO’f’ le (07 1] and T,y € Rd'

Theorem [[L3] in particular implies that if b(z,-) is a bounded function satisfying (L2]) and
(CIY) so that b(x,2) = 0 for every x € R% and |z| > R for some R > 0; or, equivalently if £ =
A2 4 8 is a lower order perturbation of A®2 by finite range non-local operator S?, then the
upper bound of the kernel ¢°(t, x, y) is dominated by po(, z,y) for each (¢, z,y) € (0,1] x R% xR<,
In fact, we have the following more general result.

Theorem 1.5. For every A > 0 and M > 1, there is a constant Cs = Cs(d, o, 8, A, M) > 1
such that for any bounded b satisfying (L2) with ||b||c < A and

M7 z|7lH) < b ) < M |2|79F) for ace. x, 2 € RY, (1.27)
or equivalently,
VAl —a) 4 Ald, —a) | 4
—(A =M H L < b(x,2) < (M —1)——2|2/°~%  for a.e.x,z € R, (1.28
(1= M) ZGE T <) < O - DG P f (1.28)
we have
Cglpo(t,x,y) < qb(t,x,y) < Cspo(t,x,y) forte (0,1] and z,y € R, (1.29)

Remark 1.6. (i) In general, we can not expect ¢® to have comparable lower and upper bound
estimates. The estimates in (T22]) and (T24)) are sharp in the sense that ¢°(t,z,y) = po(t, z, %)
when b =0, ¢(t,2,9) = p1(t,x,y) when b = 1, and ¢*(t, x,y) = Dy (t,x,y) when b(x, z) = 0 for
|z| <1andb(zx,z) = —ﬁg”:gg |z~ for |z| > 1. Clearly, by (L70)-@X), po(t, z,y) and p(t, z,7)
are not comparable on (0, 1] x R x R?. We point out that it follows from (L8] and (L24) that
every A > 1, there is a constant C=C (d, o, 3, A) > 1 so that for any non-negative b on R? x R?

satisfying (L2) with 1/A < b(z,z) < A a.e.

(1/C)pi(t,z.y) < "(t.z,y) < Cpit,w,y) fort € (0,1] and z,y € R?. (1.30)

(ii) Heat kernel estimates for discontinuous Markov processes have been under intense study
recently. Most results obtained so far are mainly for symmetric Markov processes. See [7] for
a recent survey. Results of this paper can also be viewed as an attempt in establishing heat
kernel estimates for non-symmetric discontinuous Markov processes. For example, Theorem [[.5]
and Corollary [[.4] can be viewed as the non-symmetric analogy, though in a restricted setting,
of the two-sided heat kernel estimates for symmetric stable-like processes and mixed stable-like
processes established in [11] and [12], respectively.

(iii) Heat kernel estimates for fractional Laplacian A®/? under gradient perturbation and
(possibly non-local) Feynman-Kac perturbation have recently been studied in [0 [9] 10} 28]. In



both of these cases, under a Kato class condition on the coefficients, the fundamental solution of
the perturbed operator is always strictly positive and is comparable to the fundamental solution
po(t,z,y) of the fractional Laplacian A%2 on (0,1] x R x R%. Our Theorems and [[3] reveal
that the fractional Laplacian A%2 under non-local perturbation S is in stark contrast with A®/2
under either gradient (local) perturbations or (possibly non-local) Feynman-Kac perturbations.
However, Theorem in particular indicates that the heat kernel estimate for A®/2 is stable
under finite range lower order perturbation.

(iv) Martingale problem for non-local operators (with or without elliptic differential operator
component) has been studied by many authors. See, e.g., [4 B 18 19 21|, 22|, 25| 27] and the
references therein. In particular, Komatsu [19] and Mikulevicious-Pragarauskas [2I] considered
martingale problem for a class of non-local operators that is directly related to £°. In fact, the
uniqueness of the martingale problem for (£ S(R%)) stated in Theorem above is a direct
consequence of [19) Theorem 3], while it follows from [2I, Theorem 5| that for any bounded b
satisfying (L2) and (LI9), there is a unique solution to the martingale problem (£’ C°(R%)).
We also refer the reader to [17, 23] for more information on the connection between pseudo-
differential operators and discontinuous Markov processes. The main contribution of Theorem
is on the two-sided transition density function estimates for the martingale problem solution
XP. We also mention that the well-posedness of martingale problem for (A%/24b(x)-V, C2°(R%))
with b(z) an Re-valued Kato class function has recently been established in [I3]. O

We can restate some of results from Theorems [[.1], [.2] and as follows.

Theorem 1.7. Let b(x, z) be a bounded function on R? x RY satisfying (L) and (LI9). For
each x € RY, the martingale problem for (L%, S(RY)) with initial value x is well-posed. These
martingale problem solutions {P,,x € R} form a strong Markov process X°, which has infinite
lifetime and possesses a jointly continuous transition density function ¢°(t,x,y) with respect to
the Lebesque measure on R%. Moreover, the following holds.

(i) The transition density function ¢°(t,z,y) can be explicitly constructed as follows. Define
q5(t, z,y) := po(t, z,y) and

t
(]2(75,33,2/) = / / qg—l(t -5, Z)Sgp0(87 Z7y)dst fO’f’ n =1
0 JRd

There is € > 0 so that > >, @t (t,2,y) converges absolutely on (0,¢] x R? x R and
¢t m,y) = 0 bt x,y) on (0,e] x RY x RY.

t
(i) o"(t.2,) = poltez.) + [ [ @ 5.0, 2)S0(s, 5 )dzds on (0,00) x B x R,
0 JR

(iii) For every A >0 and A > 0, there are positive constants ¢ = cx(d, o, 5, A), k =1,2,3 and
cx = cp(d, o, B, A N), k=4,---,9, such that for any bounded function b(x,z) on R? x R?
satisfying [L2) and [LI9) with ||b]|s < A,

Cle_cztpO(tv 3T, C3y) < qb(t7 Z, y) < 64605t pr+7)\ (t7 Z, y) on (07 OO) X Rd X Rd
and for any non-negative function b(z, z) on R? x R? satisfying (L2) with ||b]le < A,

€ Py, (t,2,1) < @t 2,y) < cse® puy, , (tz,y) o (0,00) x R x R,



(iv) For every A > 0 and M > 1, there are positive constants ¢ = cx(d, o, 8, A, M), k =
10,---,13, such that for any bounded function b(x,z) on R? x R satisfying (LZ) and

@2D) with [[blloc < A,

clOe_cntPO(ta xz, y) < qb(t7 xz, y) < ClQeCBt p()(t, xz, y) on (07 OO) X Rd X Rd'

The rest of the paper is organized as follows. In Section 2] we derive some estimates on

Zi/ 2p0(t,x,y) and Ag/ 2p0(t,x,y) that will be used in later. The existence and uniqueness of
the fundamental solution ¢°(t,x,y) of £ are given in Section Bl This is done through a series
of lemmas and theorems, which provide more detailed information on ¢®(¢,z,y) and ¢%(t,z,y).
Theorem [T then follows from these results. We show in Section @lthat the semigroup {77;¢ > 0}
associated with qb(t, x,y) is a strongly continuous semigroup in C, (]Rd). We then apply Hille-
Yosida-Ray theorem and Courrége’s first theorem to establish Theorem When b satisfies
([C2), (CIN) and (CII), ¢°(t,,y) determines a conservative Feller process X°. We first derive a
Lévy system of X? and also prove (X?,P,) is the unique solution to the martingale problem for
(£b, S(RY)) in SectionBl We next establish, for any given A > 0, the equi-continuity of ¢®(t, z, y)
on each [1/M, M] x R? x R? for any b that satisfies (LZ) with ||b]|co < A. Using this, we can
drop the condition (II8]) and establish the Feller process X° with transition density ¢(t, z,%)
for general bounded b that satisfies (2] and (ILI9) by approximating it with a sequence of
{kn(z,2),n > 1} that satisfy (L2), (LI8) and ([L.IJ). The upper bound estimate for @ (t,z,y)
inA(EI:ZZI) and (24)) can be obtained from that of ¢®* (¢, z,y) due to the Meyer’s construction of
X5 from X, where E,\(x, z) = b(x, 2)1q21<xy (2) +07 (2, 2)1{)2;>23 (2). The lower bound estimates
in (L22) and ([24) are established by the Lévy system of X® and some probability estimates.
Finally, we use the estimates in (IL24)) for b with support in {(x, z) € R x R? : |z| < 1} and the
non-local Feynman-Kac perturbation results from [10] to obtain Theorem

Throughout this paper, we use the capital letters Cy,Cs,--- to denote constants in the
statement of the results, and their labeling will be fixed. The lowercase constants cq,co, - -
will denote generic constants used in the proofs, whose exact values are not important and
can change from one appearance to another. We will use “:=” to denote a definition. For a
differentiable function f on R¢, we use 0;f and 8% f to denote the partial derivatives g—i and

o2 ¢
8901-893]» :

2 Preliminaries

Suppose that Y is a symmetric a-stable process, and Z is a symmetric 3-stable process on R¢
that is independent of Z. For any a > 0, we define Y* by Y,* := Y; + a'’87,. We will call
the process Y% the independent sum of the symmetric a-stable process Y and the symmetric
S-stable process Z with weight a'/?. The infinitesimal generator of Y is A2 4+ aAP/2. Let
pa(t,z,y) denote the transition density of Y (or equivalently the heat kernel of A%/2 4 aAP/2)
with respect to the Lebesgue measure on R%. Recently it is proven in [12] that

—d/a x a— t t
pl(t,x,y)x<t AN d/ﬁ)/\<|$_y|d+a+|x_y|d+6> on (0,00) x RT x R4, (2.1)

Unlike the case of the symmetric a-stable process Y := Y?, Y does not have the stable
scaling for a > 0. Instead, the following approximate scaling property holds : for every A > 0,



{A\71Y%,,t > 0} has the same distribution as {5/;“’\(&7[3),15 > 0}. Consequently, for any A\ > 0,
we have
Pore-p) (t,2,y) = )\dpa()\o‘t, Az, Ay) for t >0 and z,y € R%. (2.2)

In particular, letting a = 1, A = 4/(@=8) we get
py(t,z,y) = 7O py (42 @B M @=B) g 1/ @B)yy  for £ > 0 and z,y € RY.

So we deduce from (Z1)) that there exists a constant C' > 1 depending only on d, o and (3 such
that for every a > 0 and (¢,z,y) € (0,00) x R? x R4

C 1 ha(t,2,y) < palt,z,y) < Chy(t,z,y), (2.3)

where

L —d/a —d/ﬁ t at
ha(t, =, y) = <t A (at) ) A <|x — y|d+ﬁ> .

In fact, (23] also holds when a = 0. Observe (see (ILI0)) that for every A > 0, there is a
constant ¢ = ¢(d, o, 3, A) > 1 so that for every (t,z,y) € (0,1] x R? x R? and 0 < a < A,

t at t at
—1,—d/a —d/a
creh <|x—y|d+a * |x—y|d+ﬂ> S halt,zy) < 875N <|x et |:v—y|d+ﬂ>
(2.4)

Recall that po(t,z,y) = po(t,x — y) is the transition density function of the symmetric
a-stable process Y.

Lemma 2.1. There exists a constant Cg = Cg(d, a) > 0 such that for everyt >0, x € R? and

iji=1,....d,
P 1/a d+14+«o
tz)| < Cet~ @/ 1A —
axi ( 71') = CG ’x‘ )
82 1/ d+2+a

Proof. By [6l Lemma 5], there is a positive constant ¢; so that for all ¢ > 0 and z,y € R4

t t
(d+2)/ v —(d+1)/ v
|Vapo(t, z)| < 1z ( A |x|d+2+a> sc (75 A |$|d+1+a> '

That is, the first inequality holds. Let 7;(r) be the density function of the «/2-stable subordina-
tor at time ¢ and g(t,z) = (47rt)_d/26_|m|2/4t be the Gaussian kernel on R?. There is a constant
¢ so that n,(r) < ctr='=%/2 for all r,t > 0, see [6, Lemma 5]. Noting that

o2
8$Zax] 9(87 ‘T)

z[? 2
< (% + §> g(s, ) = (4m)*[a[>g" 4 (s, 1) + 8rg' T (s, 22),

where z; € R4 and x5 € R¥2 with |z1| = |22| = |2/, g d+2)(s z3) and g(d+4)(s x1) are the
Gaussian kernels on R%? and R%+4, respectively. Since po(t,z) fo (s,z)n(s)ds, we have

10



by the dominated convergence theorem that there is a positive constant ¢y so that for all t > 0
82

and x € Rd
< d
/0 ] jg(s,x) T]t(S) S

< (4m)a S (8, 21) + 8rpi) (8, @)

t
—(d+2))a Y
<S¢ <t A |$|d+2+o¢> )
(d+2

where p; )(t,xg) and p( e )(t,xl) are the transition density functions of the symmetric a-
stable processes in R*2 and R4+, respectively. This establishes the second inequality in Lemma

Z1 O

82
axiaxj p()(t, x)

Define for ¢t > 0 and z,y € R?, the function

1
- A(d7 _B)<ﬁz|§t1/a ‘pO(tax + Zay) _pO(ta‘Tay) - %pO(t7x7y) ) Z‘ |Z|T+ﬁdz

dz
+f|z|>t1/a ’po(t,.’,l’ + Zyy) _pO(t7x7y)‘|z|T+B> for ]a; — y’a < t,

1

1A po(t, ,y) )
= A(d7 _5)<f|z|g‘x_y‘/2 |p0(t,33 + z,y) _pO(t7$7y) - %p(](t7$7y) : Z|‘Z’T+ﬁdz

dz
L +f|z|>\w—y\/2 |p0(t,x—|—z,y) _pO(t7x7y)||Z|T+g) for |$_y|a >t.
Let s
—(d+B) N tl/e
folt,z,y) :== (tl/o‘ Vi)z — y|> = ¢~ (d+8)/ <1 A P y!) ) (2.5)

Lemma 2.2. There ezists a constant C7 = C7(d, o, ) > 0 such that
’A5/2’p0(taxay) < C7f0(t7xay) on (07 OO) X Rd X Rd' (26)

Proof. We only need to prove |AY/%|pg(t, 2) < Cx fo(t, 2,0) for all £ > 0 and z € R
(i) We first consider the case |z|* < ¢. In this case,

B dz
|AB/2|po(t, z) = A(d, —B) /Z<t1/a Ipo(t, x + 2z) — po(t, z) — apo(t,x) : Z’|Z|T+B

dz
po(t, z + 2) — po(t, $>|‘Z’T+ﬁ

+A(d,—B) /

2201/

=1+1I.

Note that by Lemma 2.1],

82
¢ <C t—(d+2)/o¢
sup miaujpo( su)| < Ce ;
and so by Taylor’s formula,
I < A(d,—5) sup 02 L / |2|? dr < eyt~ @D/ 2=B)fa < o 4—(d+B)/a.
B ’ ucRd 8“@8“) | |<t1/a |Z|d+ﬁ

11



On the other hand, by (L1

1
IT < A(d, —B)/ (po(t,x + 2) + po(t, x)) o[ < C2t_d/a/|| . |z|d+ﬁd2 < gt (@+h)/a
>l/a

|2| >t/
(ii) Next, we consider the case |z|* > ¢. In this case,

o dz
B/2 = — - - RN AN)
|AP2|po(t, z) = A(d, 6)/||<I/2 Ipo(t, x + 2) — po(t, ) axlvo(t,a:) 2\|Z|d+5

dz
po(t, x + ) — po(t, $>|‘Z’T+ﬁ

+ A(d, —B) /

|z|> [ /2
= T+1I.

Note that |z + z| > |z|/2 for |z] < |z|/2. So by Lemma 2T],

82

sup

po(t,x + z)‘ < Cp sup tla + z| 7@ < 9ldH2He) G g~ (dH24a)
j2|<lal /2 | 00

|2[<|z|/2
Hence, by Taylor’s formula
) ( s
I < A(d,—B) sup ‘ potx—l—z‘/ dz
j2|<lal/2 | 020 EEC \Z’ [
< C4t‘$’_(d+2+a)’£‘2 B _ C4t‘x’ d—l—a—l—ﬁ).

(2.7)

Noting that |z|® > t, thus I < ¢4|lz|~(@*#). On the other hand, note that symmetric a-stable
process is a subordinate Brownian motion, so po(t,z+2) < po(t,z) if |+ z| > |z| and po(t, z) <
po(t,z + z) if | + z| < |z|. Hence, by (7)) and the condition that |z|* > ¢, we obtain

dz dz
1< A, —5) | 2polts )y A(d,—B) / 2polt, @ + 2)
|2l 2+ 2] |2[4+7 |2/l 2+ /<] 247
dz
< 2.A(d, —B)po(t, z) / O 2 A(d, —B)a] () / poltyz +2) dz
21>l /2 1217 2€Rd
< est|a| 7@ || 7B 4 2B (4, - B) || 74P < cgla|T@HA).
(2.8)
This establishes the lemma. O

In order to get the upper bound estimates in (ILIG) in terms of weight M) ) rather than
16]|oc, we define, for t > 0,A > 0 and z,y € R?, the function

1
= A(d, _ﬁ)(ﬁz‘g)\/\tl/a Ipo(t, =+ 2,y) — polt, z,y) — Lpo(t,z,y) - 2| \z[TﬁdZ

dz
Sy oo o [P0 @ 2,) = po(t, 2 9)] ) for |z —y|* <t,
NG 27
. s Ly 1
’ 0
- A(d7 _ﬁ) ( f\z\g)\/\|m—y|/2 |p0(t7$ + z,y) _pO(t7$7y) - %p(](t,ﬂf,y) : Z| |Z|d+ﬁ dz

dz
+ Sas 2> Onje—yly2) [P0t 7+ 2,9) — Po(t%@\w) for |z —y[* > t.

Observe that ,
|A§,/x | pO(tv €, y)| < |A£/2|p0(7§, €z, y)

12



Set

—(d+B) /o when |z — y| < 1/,
o=y~ DL yog + o — YT, ysny when [z —y| > /e

fO,)\(t7$7y) = {

Observe that when A\ = 0o, fj is just the function f defined in ([2.1).

Lemma 2.3. For each A > 0 and T > 0, there exists a constant Cg = Cs(d, o, 5, A\, T") > 0 such
that ,
A2 po(t,2,y) < Csforlt,z,y)  on (0,T] x R x R% (2.9)

Proof. (i) We first consider the case |z — y|* < t. Note that
AL po(t, 2, ) < [AD2|po(t, 2,y).
Hence, by the first part (i) in the proof of Lemma[Z2] there exists a positive constant ¢; so that
AL 2| po(t. ) < ext (@A

(ii) Next, we consider the case |z — y|* > t. In this case

2 6 dz
A o(t9) S A@=5) [ (bt 2 = it = oot 2|
|z[<|z—yl]/2
dz
+ A(d, —B) po(t, = + 2,9) — po(t, 2, 9)l g
A |21 (Ma—yl/2) |2[4+7
= T+1I.
By (2.7), there is a positive constant co so that
I < eotlw — y|~ (0T < g (\x - y\_(dw)]l{\x yl<aay + T — y| ¢ ]]-{|:c y|>2,\}>

Here the last inequality holds since t|x — y|~(¢+ot8) < T(2X) 78|z — y|~ (@) when |z — y| > 2\
and t|z — y|~ (@t < |z — 4|~ (@P) due to |z — y|* > t.

It is clear that I1 = 0 if |z — y| > 2. On the other hand, if |z —y| < 2\, then there exists a
positive constant ¢4 so that IT < ¢4z — y|~(@F) by (ZF). Finally, noting that |z — y|~ (@8 =<
|z — y\_(‘”a) for A < |z —y| < 2\. This establishes the lemma. O

For each A > 0 and a > 0, we extend the definition of fy (t,z,y) to define

t_(‘“'ﬁ)/a when |z — y| < '/,

far(tz,y) == Qo —y[" D0,y + (o =y 79 +ale — ym@D) 1y
when |z — y| > 1/
(2.10)
Note that f, (t,z,y) = fo(t,z,y).

Lemma 2.4. For each A\ > 0, there is a constant Cy = Cq(d,t, 3,\) > 0 such that for every
a € 0,1],

t
/ / far(s, z,y)dzds < Cy (=8> 1 ¢), t e (0,00), y € R (2.11)
0 Jrd
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Proof. By the definition of f, j,

t
/ / fa,)\(sazay) dz ds
0 JRd

t t
1
/ / s~ (d+B)/a dzds—i—/ / 7d+6d2 ds
0 J]y—z|<st/ 0 JA>|y—z|>sl/a |y - Z|

¢
—I-/ / (ly — 2|74 4|y — 2|~ 8y gz ds
0 Jly—z[=A

IN

t
< cl/ (s7P/% 4 1) ds < cp(t' 7P/ +¢).
0

O

For every a > 0, define

/e when |z — y| < 1/,
tx,y) = = 2.12
9al 2 {Ix—;l‘”“ + \x—;\td‘FB when |z — y| > t'/°. (2.12)
Observe that

/ ga(t,x,y)dy < 1+ at' =B/ on (0,00) x R%. (2.13)

R4

Recall that py(t,z,y) is the heat kernel of the operator A%2 + aAP/2. Moreover, in view of

(L1,

9a(t,x,y) <X pa(t,x,y) on (0,1] x RY x R%, (2.14)

Lemma 2.5. For each A >0 and T > 0, there exists C1g = Cio(d, v, B, \,T) > 0 such that for
every a € [0,1] and all t € (0,T],z,y € RY,

t
/ / ga(t—s,x,z)f&)\(s,z,y) dz ds é Ologa(t7$7y)‘
0 JRd

Proof. Denote by I = fg Ja 9a(t — s, 2, 2) far(s, z,y) dz ds.
(i) Suppose that |z —y| < £/, Then

t
I = / / ga(t—S,x,Z)fa’A(S,Z,y)dZdS
0 J]jz—z|<2tt/

t
+/ / ga(t—s,x,z)f&)\(s,z,y) dz ds
0 J|z—z|>2t1/
=11 + Is.

We write I; as

t/2
L = / / ga(t = 5,2,2) fax(s,2,y) dz ds
0 |z —z|<2t1/ @

t
+/ / ga(t—S,$,Z)fa’)\(8,2,y)dZdS
t/2 J|z—z|<2t1/«
= I+ L.
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If s € (0,£/2), then t — s € (t/2,t). In this case, go(t — 5,2, 2) < et~ when |z — 2| < 2t1/@
by (2I2)). Hence, by Lemma [2.4]

t
I < clt_d/a/ / Jar(s,z,y)dzds < CQ(Tl_B/a +7) /e,
0 JRd

When s € [t/2,1], since |z —y| < t/* and |z — z| < 2tV |y — 2| < 3t1/* < 3(25)Y/*. Thus
faxr(s,2,y) < cgs™ @A/ < old+B)/acy=(d+6)/a Hence,

t
Iy < 2(d+6)/0‘03t_(d+5)/a/ / ga(t — s,2,2)dzds < C4T1_B/O‘(1 + Tl_ﬁ/o‘) gdle
0 JRd

Next we consider I. Noting that |z — z| > 2t/ so we have by (ZI2) and Lemma 4]

I, < /t/ < L= + b=s )f (s,z,y)dzds
2 X G5 ALS, <
0 J]jz—z|>2t1/e |z — Z|d+a |z — z|d+ﬁ ¢

t

cet (1 + tl_ﬁ/a) / / fax(s,z,y)dzds
0 Jrd

< (14 TRy Bl oy e

IN

We thus conclude from the above that there is a cg = ¢g(d, o, 8, A\, T") > 0 such that I < cg /e
for every t € (0,T] whenever |z —y| < t'/°.
(ii) Next assume that |z — y| > t'/®. Then

t
I = // Ga(t — 8,2, 2) far(s, z,y)dzds
0 J|z—z|<|z—y|/2

t
+// 9ot — 8,2,2) far(s,z,y)dzds
0 Jlz—z|>[e—y|/2

= L+ D.

If [z — 2| < |z —y|/2, then |y — 2| > [z —y|/2 > t'/*/2. Hence, there is a constant cg so that
far(s,2,y) < cg <|;1; — y|—(d+a) +alz — y|—(d+ﬁ))

for s € (0,t). Therefore,
t
L < ez — y|_(d+°‘) +alx — y|_(d+ﬁ)) . / / 9ot — s,2,2)dzds
0 Jrd

t at
1+ 1Bl .
ol + TN Gyt =y

IN

If |z — z| > |z —y|/2, then |z — z| > t'/®/2. Hence g4(t — 5,2, 2) < ¢11 (‘x_;‘dﬂ + Ix—zlltd”)
by (2I2). Thus by Lemma 2.4 we obtain

t at ¢
I, < 011< + )/ / Jar(s,2,y) dz ds
oy ey 7) Jy Jpu A5
t at
< T8l 4 :
< +T) |z — yldta + z — y|d+B
This completes the proof of the Lemma. O
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3 Fundamental solution

Throughout the rest of this paper, b(z, z) is a bounded function on R? x R? satisfying condition
(T2). Recall the definition of the non-local operator S® from ([I3). Let |¢®|o(t, z,y) = po(t, x,y),
and define for each n > 1,

t
ta) = [ [ 1ot - sz 2 St(s, 50 deds.
0

For each A > 0, define
ba(z,2) = b(z, 2)1{21521 (2)-
In view of (7)), there exists a constant C1; = Ci1(d,a, ) > 0 such that po(t,z,y) <

Ci1ga(t,z,y) for all t > 0,a € [0,1] and 2,y € R?, where g, is the function defined by (ZI2).
On the other hand, note that

S f(x)] = 'A(d, —B) /R (fl@+2) = f(@) = (VF(2),2)L{21<n) %W‘

- T Z) — xTr) — X,z M z
At =6) [ (12 = ) = (9502 [

#A-g) [ 1) - )

< [Bllos - 1AY21 £ (@) + I0alloo - 1AZ/2] £ (2)

Then by Lemma and Lemma 23] for every A > 0,A > 0 and T > 0 and every bounded
function b with [|b||oc < A,

<

S0 (t, 2,y)] < [Ib]loo - |Aff|po(t,z,y) + 16allos - [AZ2|po(t, 2, y)
< CgA fo(t, z,y) + CrMyy folt, 2, ) (3.1)
< (C7 + 08)Abe,>\/A,)\(t7 Zay)7 te (07T]

Here recall that My \ = esssup, .cpd |+|>a0(%, 2)|; fan s the function defined in ([2I0). The
above estimate is a refinement of Lemma The latter corresponds to the case where A = oo.

Lemma 3.1. For each A > 0,A > 0 and T > 0 and every bounded function b on R? x R¢
satisfying condition ([L2)) with ||b]|ec < A,

’qb’n(thyy) < C'11 (A(C7 + CS)ClO)ngMby)\/A(t7x7y) <oo, te (07T]7 T,y € Rd' (32)

Proof. We prove this lemma by induction. Since py(t,z,y) < C’ngMM/A(t, x,y) and My y /A <
1, in view of Lemma and (1)), B2) clearly holds for n = 1. Suppose that (3.2 holds for
n =7 > 1. Then by Lemma 25 and (3.1,

1¢°)j41(t, 2, )

ot
< Cn (A(Cr7 + C8)Chp)’ / /d I, /A = s, 2)|Spo (s, 2,y)| dz ds
0o JR
) t
< O (A(Cr 4 Cy)Cho)’ (Cr +C)A / /d Iy /At — 8,2, 2) o, yan(s, 2, y) dz ds
0o Jr
< O (A(Cr + Cg)Cho) ! I, /AL T, Y)
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for t € (0,T] and x,y € R% This proves that 3.2 holds for n = j + 1 and thus for every
n > 1. O

Now we define ¢® : (0,00) x R? x R? — R as follows. For t > 0 and z,y € R? let
@4(t,,y) = po(t,z,y), and for each n > 1, define

t
&t x,y) = / / 1t — 5,2, 2)Spo (s, 2, y) dz ds. (3.3)
0 R4

Clearly by Lemma B, each ¢%(¢,z,v) is well defined.
Lemma 3.2. For every n >0, ¢4 (t,x,y) is jointly continuous on (0,00) x R? x RY,

Proof. We prove it by induction. Clearly g}(¢,z,y) is continuous on (0, 00) x R? x R%. Suppose
that ¢%(¢,z,y) is continuous on (0,00) x R? x R%. For every M > 2 , it follows from (B.1)) ,
Lemma [3.1] and the dominated convergence theorem that for e < 1/(2M),

t—e
(t,2,9) / / it — 5,2, 2)8"po (s, 2, y)dzds
5 R4

is jointly continuous on [1/M, M] x R? x R%. On the other hand, it follows from BI]) and (ZI3)
that

t
sup Sup/ / IM; (t -5, Z)|Sgp0(8, 2y y)| dz ds
te[l/M,M] zy Jt—e JRA

t
ClA ( Sup [(t — E)_(d+6)/a + (t _ E)_(d"ra)/a]) Sup / /d gMb,A(t — S,x, Z) dZ dS
t—e JR

IN

te[1/M,M] zeR?

IN

€

e A(2M)(dFe)/e / (14 =8/ dr
0

< gARM)T e,

which goes to zero as € — 0; while by (3. and (211,

€
sup sup [ [ gug (0=, 2) 1805, 2.0) =
te[l/M,M] =y JO JR4

€
< C4< sup (t—e)_d/a> Sup/ S2po(s, 2, y)| dz ds
te[1/M, M) yeRd JO JR4
< es(2M)Y bl e/ = 0 (3.4)

as € — 0. We conclude from Lemma [3.I] and the above argument that

t
a1 (t,2,y) =/ /qu(t—s,x,z)Si’po(s,z,y) dz ds
0 R

is jointly continuous in (¢,z,y) € [I/M,M] x R? x R? and so in (¢,z,y) € (0,00) x R? x RY,
This completes the proof of the lemma. O

Recall fy(t,z,y) is the function defined in ([Z35) and
’A5/2’p0(taxay) < C7f0(t,x,y) on (07 OO) X Rd X Rd'
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Lemma 3.3. There is a constant C1o = Cia(d,«, ) > 0 so that for every A > 0 and every
bounded function b on R? x R? with ||b|lcc < A and for every integer n >0 and € > 0,

A(d, —B8)b(x, =
/{zeRd:|z|>a} (@t 2+ 2) - dhit,o.)) ( ,Z‘dlﬁ( i

< (012A)n+1f0(t,.’1',y) (35)

for (t,z,2) € (0,1] x R x R?, and SPqb (t,x,y) exists pointwise for (t,x,z) € (0,1] x R x R? in
the sense of (LI with

t
Shab iy (tm,y) :/0 /Rd Shab(t — s,2,2)80po(s, 2, y)d=ds (3.6)

and
S2¢8 (¢, x,y)| < (CraA)" ™ fo(t,x,y)  on (0,1] x RY x R% (3.7)

Moreover,

t
@ (t,2,y) =/ / po(t — s,2,2)80¢5 (s, 2, y)dzds ~ for (t,z,y) € (0,1] x R* x R (3.8)
0 Rd

Proof. Let ¢(t,x,y) denote the transition density function of the symmetric S-stable process
on R%. Then by (1) but with 3 in place of a, we have

s\
q(t,z,y) < t~8 (1 A m) on (0,00) x R% x R%. (3.9)
Observe that (Z5]) and B3] yield
folt,z,y) < t78/2q(tP/* 2, y) on (0,00) x R% x R4, (3.10)

Hence on (0,00) x R? x R,
t
/ fo(t—s,ﬂj‘,Z)fo(S,Z,y)deZ
0 JRd
t
= [asy e ([ a9 a6 i) ds
]Rd

0

t
= [ty s gt - ) P )i
0
t
= at*a) [ (s s s
0

1

= q(tﬁ/a,x,y)tl_(%/o‘)/ (1 —u)~P/ou=Ploqy
0

= 7 fo(t,2,y).

In the second = above, we used the fact that

(t/2)8/% < (t — 5)P/@ 4 §Ble < 9Bl for every s € (0,1)

18



and the estimate ([3.9), while in the last equality, we used a change of variable s = tu. So there
is a constant ¢; = ¢1(d, a, ) > 0 so that

t
/ fot —s,x, 2) fo(s, z,y)dsdz < c1 fo(t,z,y) for every t € (0,1] and z,y € R%. (3.11)
0 JRrd

By increasing the value of ¢; if necessary, we may and do assume that ¢ is larger than 1.
We now proceed by induction. Let Cqs := ¢1C7. Note that

|Slx7p0(t7 z, y)| < A|A£/2|p0(t7 z, y) < C7Af0(t7 z, y) (312)

When n = 0, (3.8) holds by definition. By Lemma 22] [8.5]) and B.7) hold for n = 0. Suppose
that (B8] and ([B.7) hold for n = j. Then for every € > 0, by the definition of q? 41, Lemma 3.T]
(BII) and Fubini’s theorem,

A(d, —8)b(x,w
/ - }(qj+1(t<v+w y) — q?+1(t,x,y)> (‘w‘%é ) (3.13)
we w|>¢e

/ /Rd </“’€Rd w|>s}< gt = s, +w,2) = q?(t— s,x,z)) A(d’|;|ﬁd)fé$’w)dw>

X Szp0(57 Zs y) dzds

and so

A(d, —B)b(z, w)
b b ) )
/{weRd;w|>5} (Qj-i-l(t? T+ w, y) - qj—l—l(t? z, y)) |w|d+5 dw

t
/ /d(012A)]+1f0(t - S5,, Z) |Sgp0(5, Z,y)|d25d8
0 JR

IN

IN

/t/ (012A)j+1f0(t —s,x,2) C7Afo(s, z,y)dzds
0 JRrd
(CraA)Y T2 fo(t, 2, ).

IN

By [BI3) and Lebesgue dominated convergence theorem, we conclude that

S22 (t, 2, )

| A(d, —B)b(z, w)
= 1 bt — i (t : —d
20 fuemafufe) <q]+1( ) = g tey) e

t A(d, —p)b(x,w)
li b _ _ b _ ) )
/0 /Rd (511)% /{weRd:|w>e} <q](t BT+ w2) q](t 3,3372)> [w|4+5 dw

po(s z,y) dzds

/ / 37337’2)‘92290(87'273/) dzds
Rd
exists and (B.6]) as well as (3.1) holds for n = j + 1. (The same proof verifies (3.6]) when n = 0.)
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On the other hand, in view of (B.7) and (B8] for n = j, we have by the Fubini theorem,

@i (t, 7, y)
- // qysxz Shpo(t — s, 2,y)dzds
Rd
— / / </ / pol(r,z, w)Sha (s — T‘,w,z)drdw> Shpo(t — s, 2,y)dzds
0 JRd 0 JR4
t t
— / / po(r, x, w) </ / Sf’qu_l(s —rw, 2)Spo(t — s,z,y)dsdz) dwdr
0 JR4 r JRd

t
— // po(r,x,w)Squg(t—r,w,y)dwdr.
0 JRrd

This verifies that ([B.8]) also holds for n = j+ 1. The lemma is now established by induction. O

Recall that M),y = esssup,, .crd |2|>20(z, 2)| = [[bA(2, 2) || o-

Lemma 3.4. For each A > 0, there are positive constants Ay = Ap(d,a, 3,\) and Ci3 =
Ci3(d, o, B, ) so that if ||b]|lec < Ao, then for every integer n > 0,

]qzﬂ(t,x,y)] < (327" pr)A(t,x,y) fort e (0,1] and x,y € ]Rd, (3.14)

B3) holds and so S0 (t,x,y) exists pointwise in the sense of (L)) with

\Smbqg(t,a;,y)] < 27" fo(t,z,y) fort e (0,1] and x,y € R, (3.15)
and
> 1
Zqﬁ(t,m,y) > ipo(t,a;,y) for t € (0,1] and |z —y| < 34/ (3.16)
n=0

Proof. We take a positive constant Ag so that Ag < 1A [2(C7 + Cg)C1o + 2C12] L. We have by
Lemma Bl and Lemma B3] that for every b with ||b]|o0 < Ao,

|4y 1 (B2, 9)] < C1i2 " gag, 4y (b 2,y) < CriAG ' 2 gy, (Bm,y)  and  [SUgh(tz,y)| < 27" folt, ,y)

for every t € (0,1] and x,y € R This together with (ZI4]) establishes [3.14]) and B.I5)).

On the other hand, by (212]), there exists ¢ = ¢(d, a, ) > 1 so that g,(t,z,y) < cpo(t, z,y)
for a € [0,1] and |:17 —y| < 3tY* and t € (0,1]. Take Ao small enough so that Ag < 1A [2(C7 +
Cs)Cio +2C12] 71 and 3°0°  (Ao(C7 + Cs)Chp)™ < 200 . Then for every b with ||blec < A, we

have by Lemma Bl for |z — y| < 3t/ and t € (0,1] that

[e.9] o0 1
D 1t 2,y) < cCii Y (Ao(Cr + Cs)Cio)"polt, z,y) < FPo(t z,y).

Consequently, for |z —y| < 3tY/* and t € (0, 1],

o0 (o]

1
D ant:z,y) = poltw,y) = Y lan(t2,9)| > Spo(t, 2, v).
n=0 n=1
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O

We now extend the results in Lemma[3.4] to any bounded b that satisfies condition (L2]). For
A > 0, define
b (x, z) = A/amtp( Aoy A~1/ay), (3.17)

For a function f on R?, set
PO @) = F ),
By a change of variable, one has from (L)) and (3] that
AR [N (@) = AN A2 (AT )

and

SV N (@) = ATHS (A w). (3.18)

We remark here that condition (L2]) used in establishing (8:18]). Note that the transition density
function po(t, x,y) of the symmetric a-stable process has the following scaling property:

Po (t7 Z, y) = )‘_d/ap()()‘_ltv )‘_1/OC$7 A_l/ay) (319)
Recall ¢ (t,r,y) is the function defined inductively by B3] with ¢3(t,z,v) = po(t, z,y).

Lemma 3.5. Suppose that b is a bounded function on R x R? satisfying (L2). For every A >0
and for every integer n > 0,
&bt 2, y) = AV AT e AT Vey) ay e RY, (3.20)

or, equivalently,
QL tx,y) =Y qg(k)()\t, A AVay), z,y € RY (3.21)

Proof. We prove it by induction. Clearly in view of ([319]), (3:20) holds when n = 0. Suppose
that ([3.20) holds for n = j > 0. Then by the definition [B3), (B18) and B19),

Q?(Jri t,x,y) / / o (t—s,x z)S po(s z,1y) dzds
- / / Ao (¢ — 5), AT, AT ) A/ (sgpo(xls, -,A‘l/o‘y)) (A"19%) dzds
0 Jrd
At
= )\_d/a/ / qg()\_lt —r A Yoz w) (Sfupo(r, -,)\_l/ay)) (w) dwdr
0 R

= Aegh (AT AT e ATy,

This proves that ([320) holds for n = j + 1 and so, by induction, it holds for every n > 0. O

Recall that Ay is the positive constant in Lemma 341

Theorem 3.6. For every A > 0 and A > 0, there is a positive constant C14 = C14(d, v, B, A, X) >
0 so that for every bounded function b with ||bl|s < A, that satisfies condition (L2 and n >0,

t Myt
b —-n —d/a b,A
lgh (¢, 7,9)| < C1a2 <t A <|$ — e y|d+5>> (3.22)
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for every 0 <t < 1A (Ao/||blloc)® @ P) and z,y € RY, and

G 1
qu;(t,x,y) > §p0(t,x,y) Jor 0 <t < 1A (Ag/|b]loo)® @) and |z — y| < 3tY*.  (3.23)

n=0

Moreover, for every n >0, B.35) holds and so Sbqb(t,x,vy) exists pointwise in the sense of (LH)
with

[S2an (t, 2, y)] < 27" folt,z,y) (3.24)
for every 0 <t < 1A (Ag/||blloo)®/ @ #) and z,y € R?. Moreover, B8) and BI) hold.
Proof. In view of Lemma [B4] it suffices to prove the theorem for Ay < [|b|loc < A. Set
7= (||blloc /A0)*/ =5, The function b") defined by (BIT) has the property [|b) || = Ag. Thus

by Lemma B4}, there is a constant C4 = Ci4(d, a, 5, A, \) := Ci3(d, o, B,7/*X) > 0 so that for
every integer n > 0,

(r) —
|Q1I?L (t,ﬂ?,y)| < 014 2 anb(") Tl/a)\(t7x7y) for ¢ € (07 1] and T,y € Rda (325)

holds and so qub(r) t,x,y) exists pointwise in the sense of with
xin

]Sl;qz(r) (t,z,y)| < 27" fo(t,z,y) forte (0,1 and x,y € ]Rd, (3.26)
and
2 1
> (ta,y) = Spoltie,y) for € (0,1] and fo —y| < 3V (3.27)
n=0

Noting rl_B/O‘Mb(T)’Tl/QA = My, we have by [B.2I), B:25) and (23] that for every 0 < ¢ <
1/r = (Ao/[Ib]|oc)*/*=" and @,y € RY,

(r)
()| = 1Y) (et o, oy

—n,.d 1 1
S C’142 nr /apr(T)’rl/a)\(’f't,T‘ /ax’r /ay)

1=B/apr t
_ _ t r b(r) pl/o)

< 200 27" [t A ’

- B ( (rx—yrd+a+ o = y[ P ))

t M\t
—n [ —d/a bA
= 2002 <t A(rx—yrdﬂ*\x—y\dw))’

which establishes (8:22]). Similarly, (8:23]) follows from (BI9]), and ([B.27]), while the conclusion

of [B:24) is a direct consequence of (BI8]), B2I)) and (B26). That (B8] and (B.8)) hold follows
directly from Lemma [3.3] and Lemma O

Recall that ¢®(t,z,y) := Yoo ¢®(t,,y), whenever it is convergent. The following theorem
follows immediately from Lemmas B2l B4 and Theorem3.61

Theorem 3.7. For every A > 0 and A > 0, let C1y = Ca(d, v, B, A, \) be the constant in
Theorem [3.0. Then for every bounded function b with ||b||lcc < A that satisfies condition (L2),
Q(t,z,y) is well defined and is jointly continuous in (0, 1A (Ag/|b]lee)® @ P x R x R, More-

over,
t Myt
b —d/a b,
)] <20 (9 (e )
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and SbqP(t,x,y) exists pointwise in the sense of (L) with

|Slxyqb(t7x7y)| < 2f0(t,x,y)
for every 0 <t < 1A (Ag/||bllso)?’ @ P) and z,y € R, and

1
¢(t,z,y) > Fpo(t.z,y)  for 0 <t < 1A (Ao/[1blloc)*” ") and @ — y| < 3t"/*. (3.28)
Moreover, for every 0 <t < 1A (Ag/||blloc)®/“#) and z,y € R,

t
ltzy) = poltia,y) + / / St — 5,2, 2)Spo (s, 2, y)dzds (3.20)
0 R4

t
= ot + [ [ olt = w28 s,z ) deds. (3:30)
0 JRd
Theorem 3.8. Suppose that b is a bounded function on R? x R? satisfying (L2)). Let Ag be the
constant in Lemma[34. Then for everyt,s > 0 witht+s < 1A (Ag/||b]l0o)®@?) and z,y € R?,

/ (b2, 2)¢ (5, 2, y)dz = Pt + 5,2,p). (3.31)
Rd

Proof. In view of Theorem B.6] we have

0o J

/qu(ta;z) szydz—ZZ/dqnta:zq] n(8,2,y)dz.
j=0n=0
So it suffices to show that for every j > 0,
J
Z/ qnt:E zq] W(8, 2 y)dz—q](t+s x,y) (3.32)

Clearly, (B:32]) holds for j = 0. Suppose that (332]) holds for j = [ > 1. Then we have by
Fubini’s theorem and the estimates in (B.I]) and Theorem [3.6],

1+1
3 / Lt 7, 2)¢l 1 (5,2, y)dz
n=0 R4

l
= /[Rd qg)—i-l(tv x, z)p0(57 2, y)dZ + Z /Rd QEL(tv z, z)Q?—kl—n(s’ 2, y)dZ
n=0

t
= / </ / qf(t—r,x,w)Sipdr,w,z)dwdr) po(s,z,y)dz
rd \Jo JRd
l s
—1—2/ Q(t,z, 2) (/ / qlb_n(s—T,z,w)Spro(r,w,y)dwdr> dz
i ):C 0 Jrd

t
- / / q;’(t—r,x,w)Sz,po(rJrs,w,y)dwdr
0 JRre

S
+/ / qlb(t +s—ruz, w)Spro(r, w, y)dwdr
0o JRrd

= q?—i—l(t + 87$7y)‘
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This proves that (3:32]) holds for j =+ 1. So by induction, we conclude that ([3:32]) holds for
every j > 0. O

For notational simplicity, denote 1 A (Ag/||bllsc)®(*~#) by &y. In view of Theorem B8 we
can uniquely extend the definition of ¢°(t,z,y) to t > &y by using the Chapman-Kolmogorov
equation recursively as follows.

Suppose that ¢°(t,2,y) has been defined and satisfies the Chapman-Kolmogorov equation
B31) on (0, kdg] x R? x R%. Then for t € (kdg, (k + 1)d], define

Pty = [ oty de oy R (3.33)
Rd
for any s,7 € (0,kd] so that s +r = ¢. Such ¢°(¢,z,y) is well defined on (0,00) x R? x R?

and satisfies (B3] for every s,t > 0. Moreover, since Chapman-Kolmogorov equation holds for

¢°(t,z,y) for all t,s > 0, we have by Theorem B.7] and ([Z3)-(24) that for every A > Ay, there
are constants ¢; = ¢;(d, o, 8, A), i = 1,2, so that for every b(z, z) satisfying (.2]) with ||b]|e < A,

It z,y)| < eCQtpMM(t,x,y) for every ¢t > 0 and z,y € R%. (3.34)

Theorem 3.9. ¢°(t,z,y) satisfies B29) and B30) for every t >0 and x,y € R%.

Proof. Let &y := 1 A (Ag/||bl|eo)®/@=P). Tt suffices to prove that for every n > 1, (329) and
B30) hold for all t € (0,ndp] and z,y € R%.

Clearly, (8:29) holds for ¢ € (0,ndp] with n = 1. Suppose that ([29]) holds for ¢t € (0,nd]
with n = k. For t € (kdg, (k+1)dp], take [, s € (0, kdo] so that [+ s = t. Then we have by Fubini’s
theorem, Chapman-Kolmogorov equation of ¢°, Lemma 5 31 and (334,

U+ s,2,y) = / ¢, 2,2)¢" (s, 2,y) dz
Rd
- / qb(l7x7z) <p0(372’7y) +/ / qb(s - T7Z7w)83p0(747w7y) dOJ dT) dZ
R4 0 R4
= / po(l,:n,z)po(s,z,y) dz
]Rd
l
+/ </ / a"(1 — u,z,m)Spo(u, n, 2) dndu> po(s, 2,y) dz
Rd 0 JRd
4 / / U+ 5 — 1,3,0)Stpo(r,w, ) du dr
0 R4
l
= poll+s,29)+ / / & — w2, m)Shpou + 5,17,y) dy du
0 R4
+/ / qb(l +s— r,x,w)Sf,po(r,w,y) dw dr
0 R4
l+s
— poll+ s, y) + / / P+ 5 — 1,3, 2)Stpo(r, 2, y) dz dr.
0 Rd

By the similar procedure as above, we can also prove that (330) holds for every ¢t > 0 and
d
z,y € R [l
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Theorem 3.10. Suppose that b is a bounded function on R x R satisfying (L2). ¢°(t,x,vy) is
the unique continuous kernel that satisfies the Chapman-Kolmogorov equation [B31]) on (0, 00) X
R? x R? and that for some € > 0,

l¢°(t, 2, y)| < epilt,z,y) (3.35)
and B29) hold for (t,z,y) € (0,e] x R? x R, Moreover, [8.34) holds for ¢°(t,z,y).

Proof. Suppose that g is any continuous kernel that satisfies, for some € > 0, ([3.29) and (B.35))
hold for (t,z,y) € (0,e] x R x R, Without loss of generality, we may and do assume that
e < 1A (Ag/|Ib]loo)® @), Using [B29) recursively, one gets

q(t,z,y) qu t,z,y) / /Rd —s,z,2)(S po)?"(s,z,y)dsdz. (3.36)

(s 2,7) denotes the nth convolution operation of the function S’po(s, z,y); that

Here (prol)z
(s,2z,y) = Zpo s,z,y) and

is, (S’po)*
(Sbpo) 2" (s, 2, ) / / bpo(r, 2, w) (SPpo)" (s — ryw, y)dwdr  for n > 2. (3.37)
It follows from Lemma [22] (B12) and (BII) that for every A > 0 so that ||b]lec < A,

’(pro):,n(87 Z, y)‘ < (Cl?A)nfO(tr T, y),

where C1o is the constant in Lemma B3l Noting that the constant Ay defined in Lemma [B.4]
satisfies that Ag < 1/2C13. So for every bounded function b with [|b||lc < Ay, we have

(8°p0)s" (s, 2,9)] < 27" fols,2,y), s € (0,1). (3.38)
Then by the scale change formulas (B.I8]) and ([319), when [|b]|o0 > Ao,
(S°p0)2"™ (5, 2,9)] < 27" fols,2,), s € (0, (Ao/[[bloc) 7).
By the condition ([B.35]), there is a constant ¢; > 0 so that for every n > 1,

t
q(t — s,m,z)(pro):’"(s, z,y)dsdz| < 612_"/ / p1(t —s,x, 2) fo(s, z,y)dsdz.
d

R4
Noting that pi(t,z,y) < g1(t,z,y) on (0,1] x R? x R? and

t
Jo(s,z,y)dzds < // _(d+5/adzds+// dz ds
/0 Rd ( ) ly—z|<st/e ly—z|>st/e ’y_Z’CH_B
= cpt' P (3.39)

Then by the similar proof in Lemma 23] we can get

t
/ /dpl(t_87$7z)f0(87z7y)d3dz §C3p1(t,33,y)-
0 JR
It follows that

(0. 0]
at,z,y) =Y ant,z,y) = ¢"(t,z,y)
n=0
for every t € (0,¢] and z,y € R?. Since both G and ¢” satisfy the Chapman-Kolmogorov equation
B31), 7= ¢® on (0,00) x RY x R, O
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Remark 3.11. It follows from the definition of ¢% (¢, z,y) and LemmaB3lthat (Spy)* "1 (s, z,) =
8245 (s, 2,y)- O

In view of Lemma and Chapman-Kolmogorov equation, we have

Theorem 3.12. Suppose that b is a bounded function on R? x R? satisfying (L2). ¢°(t,z,y) =
)\d/aqb(k)()\t, Aeag Xayy on (0,00) x RE x R, where bW (z, z) := N/a—1p(\=V/ag A—1/ay).

For a bounded function f on R%, ¢t > 0 and = € R%, we define
14@) = [ @an)f)dy ad Pf@) = [ (o).
The following lemma follows immediately from (B.31) and (3.33)).
Lemma 3.13. Suppose that b is a bounded function on R? x R? satisfying (L2). For all s,t > 0,
we have TP, , = TPT?.
Theorem 3.14. Let b be a bounded function on R? x R? satisfying (LZ). Then for every
feCRY),
t
TP f(x) — f(x) = / TP LV f(x)ds for every t > 0, z € RY

0
Proof. Note that by Theorem B9 for f € CZ(R?),

TP f(x) = Pof(z) + / tcab_ssbps f(z)ds = Pf(z) + / tTfsth_s f(x)ds. (3.40)
0 0
Hence
T f(x) — f(x)
t t
— @)~ f@)+ [ TS f@)ds+ [ TS (Pt - Pads
0 0

t t t
= / P,AY2f(z)ds + / TSt f(z)ds + / TPSY(P_of — f)(x)ds
0 0 0
t t S
_ / TEAY2 f (1) ds — / < / TbePs_r(Aa/zf)(x)dr> ds
0 0

0

t t
+ /0 TS f(x)ds + /0 TPSY(P_f — f)(x)ds
t t t
_ b o2 b o b b o2
[ 1 (a2 &) sianas - [ < [ 1ispa f)(:v)d8> dr

. T
+ [ 18U Pg - F)(wis
0
t t t
= [epas - [ TSPt - pladr+ [ TIPS - F)(@ds
0 0 0

= /t TPLY f(2)ds.

0
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Here in the third inequality, we used ([3.40)); while in the fifth inequality we used Lemma [2.2] and
334), which allow the interchange of the integral sign frt with T°S?, and the fact that

[ B (A2 (2)ds = / t (%ps_r f(x)) ds = P f(x) — f(x).

O

Theorem 3.15. Let b be a bounded function on R x RY satisfying (L2). Then ¢b(t,z,y) is
jointly continuous in (0,00) x R x R? and Jga ¢ (t,z,y)dy =1 for every x € R and t > 0.

Proof. By Lemma B.I3] we have

Pt +s,x,y) = / @z, 2)¢b (s, z,y)dz, z,y € RY st > 0. (3.41)
Rd

Continuity of ¢°(¢,z,y) in (t,z,y) € (0,00) x R? x R? follows from Theorem B.7, (3.41]) and the
dominated convergence theorem. For n > 1 and ¢ € (0,77, it follows from (B.I), Lemma 23]
Theorem B8] and Fubini’s Theorem that for every t € (0,1 A (Ag/||b]|o0 )/ @],

t
/qﬁ(t,x,y)dyz/ / /qfi_l(t—s,w,Z)Si’po(s,z,y)dsdzdy
Rd R2 JRE JO

t
[ bsttmsanrst ([ meonn ) dsas =0
R4 JO Rd

Hence we have by Lemma [3.4],

/ ¢*(t,x,y) dy =/ po(t,z,y) dy =1

R4 R

for t € (0,1 A (Ag/||b]|oc)®/(@=F)]. This conservativeness property extends to all t > 0 by

B410). O
Theorem [Tl now follows from (Z3)-(24]), Theorems B.7], B.9] B.10, B.14] and

4 (C-Semigroups and Positivity
Recall that Ag is the positive constant in Lemma [3.41

Lemma 4.1. Suppose that b is a bounded function on R? x R satisfying condition (L2)). Then
{T?,t > 0} is a strongly continuous semigroup in Cs(RY).

Proof. The following proof is a minor modification of that for [9, Proposition 2.3|. For reader’s
convenience, we spell out the details. Since ¢®(¢,z,y) is continuous by Theorem [B.I5] it follows
that Ttb maps bounded continuous functions to continuous function for every ¢ > 0. Moreover,
by ([B34) and the semigroup of ¢°(t, x,y), there are constants ¢; and ¢y so that

I (t,z,y)] < 0160215101\417’A (t,z,y) for every ¢t > 0 and z,y € R%. (4.1)
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Thus, for every f € Coo(RY) and t > 0,
tim (1212 < Jim ere™ [ pa, ()l )] dy =0
T—00 T—00 Rd

and so TP f € Coo(R?). On the other hand, given f € Cx(R9), for every £ > 0, there is § > 0 so
that |f(z) — f(y)| < e whenever |x —y| < 4. Since

lim sup sup / \°(t, z,y)| dy < lim e sup sup / P, o (6 x,y) dy =0,
t=01<ty gerd J |y—z|>5 to—0 t<to peRd Jjy—a|>5

we have

lim sup [TPf(z) — f(z)|

t—0 rERd

= lim sup
t—0 "EGRd

lim sup / ¢t 2, 9)| £ () — £(@)] dy + 21| ]]oo lim sup / ()| dy
ly—a|<§ =0 ly—a|>3

t=0 R zERL

[ e - sy

IN

< elim sup / c1epy (t, z,y)dy = cie.
t—)oxeRd Rd

Thus limg_, sup,ega [T f(x) — f(z)| = 0. This proves that T} is a strongly continuous semigroup
in Cu(RY). O

Lemma 4.2. Let b be a bounded function on R? x R? satisfying (LIR). For each f € C2 (RY),
LPf(x) exists pointwise and is in Ca(RY).
Proof. Suppose that v € (0,2) and f € C2% (RY). Denote ZZj:l |8Z2]f(:17)| by |D?f(z)|. Let
R > 1 to be chosen later. Then for each z € R%, we have by Taylor expansion,
1
B@) = [ 1f@+2) = 1) = V@) Lgaen] e

1
< [ s =) - VI ey | s

1 1
- o)~ F) e+ /WR o +2) = Fo)]
2 2—d—vy o 1
- i P |21<1 . e /1<|Z|SR Sl = ) Izld“dz

2flle [
|z|>R
1
= R swp D+ [ ) = f@)] gde R
lyl<1 1<|z|<R 2|44

For any given £ > 0, we can take R large so that cR™7||f]|cc < £/2 to conclude that

lim |f@+2) = f(@) = Vf(x) 2Lm<] M%“/dz = 0. (4.2)

|z|—o0 JRrd
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By the same reason, applying the above argument to function = — f(z +y) — f(z) in place of
f yields that for every e > 0 and z € R%, there is § > 0 so that

D p(qy)—f(x0) < for every [y| <. (4.3)

It follows from the last two displays, the definition of £° and (T4 that £°f(x) exists for every
r € R and LVf € Coo(RY). O

Proof of Theorem .2} Since b satisfies condition (ILI8)), it is easy to verify that £L°f € Cu (R%)
for every f € C2(R%). Let LY denote the infinitesimal generator of the strongly continuous
semigroup {T7;t > 0} in O (R%), which is a closed linear operator. It follows from Theorem
B14, Lemmas @1 and @2 that for every f € C2 (R?), (TP f(x) — f(z))/t converges uniformly to
Llf(z) ast — 0. So

C2RY c DL and LVf=rlf for fe C(RY). (4.4)

In view of Theorem B.7 there are constants ci,co > 0 so that (4.1)) holds. This implies that

sup / eMNTEF(2)dt < exllflloer | € Coo(RY),
zeR JO

for every A > co. Observe that e~ °?'TP is a strongly continuous semigroup in Cs(R?) whose
infinitesimal generator is Lo — ca. The above display implies that (0,00) is contained in the
residual set p(L? — ¢5) of L° — ¢y. Therefore by Theorem and the Hille-Yosida-Ray theorem
[16, p165], {e~“2!TP;t > 0} is a positive preserving semigroup on Co(R?) if and only if £° — ¢y
satisfies the positive maximum principle. On the other hand, Courrége’s first theorem (see [I1
p158]) tells us that LV — ¢, satisfies the positive maximum principle if and only if for each = € R?,

A(d,—a)  A(d,—p)b(z, 2)

d
2@+ PEE >0 fora.e. zeR%

Since e~“2!T} has a continuous integral kernel e~“?'¢®(t, x,y), it follows that ¢®(¢,z,y) > 0 on
(0,00) x R? x R? if and only if for each = € RY, (LIJ) holds. If b(z,z) = b(x) is a function of x
only, then by taking |z| — oo, one concludes that (ILI9) holds if and only if b(z) > 0 on R%. O

5 Feller process and heat kernel estimates

Throughout this section, b is a bounded function satisfying condition (L2) and (TI9). We
will show that ¢%(¢,z,y) > 0 and so it generates a Feller process X° that has strong Feller
property. We further derive the upper and lower bound estimates on qb(t,m,y). We will first
establish the Feller process X° and its connection to the martingale problem for (£’ S(R?))
under an additional assumption (LIS). We will then remove this additional assumption using
an approximation method and the uniqueness result on ¢®(t, x,y) from Theorem B0l

Suppose that b is a bounded function satisfying conditions ([L2]), (II8) and (LI9]). Then it
follows from Theorem [L2, Theorem 315, Lemma Il and Theorem B8], T? is a Feller semigroup.
So it uniquely determines a conservative Feller process X = {X?,t > 0,P,,2 € R?} having
¢"(t, z,y) as its transition density function. Since, by Theorem B0, ¢°(¢, z, y) is continuous and
Ot z,y) < Clecztpr’A (t,x,%) for some positive constants ¢; and ¢y, X enjoys the strong Feller
property.
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Proposition 5.1. Suppose that b is a bounded function satisfying conditions (L2)), (LI8) and
(CI9). For each xz € R and f € CE(RY),

t
M = D) = 1) — [ £hp(xtyas
is a martingale under P,. So in particular, the Feller process (Xb,]P’x,a; € }Rd) solves the mar-

tingale problem for (L°, C2 (RY)).

Proof. This follows immediately from Theorem [B.14] and the Markov property of X°. O
We next determine the Lévy system of X°. Recall that

A(dv —Oé) A(dv _6) b(ﬂj‘, Yy — $)
|z — yldte |z —ylith

Jo(x,y) = (5.1)

Proposition 5.2. Suppose that b is a bounded function satisfying conditions (L2), (ILI8) and
(CI9). Assume that A and B are disjoint compact sets in R%. Then

Z]l{xgeA,XgeB}—/ La(X?) /Jb b y)dy ds
s<t
is a Py-martingale for each x € R?,

Proof. The proof is similar to that for [9 Theorem 2.6]. For reader’s convenience, we give the
details here. Let f € C>°(RY) with f = 0 in an open neighborhood of A and f = 1 in an open
neighborhood of B. Define

¢
M = X0 - 1K) = [ 20X ds
Then M is a martingale under P, by Proposition 5.1 and so is N/ := fo )

Proposition 1] in particular implies that X? = (Xf 1o ,Xf ’d) is a seml—martlngale. So by
Ito’s formula, we have that,

FOXD) — F(XD) = / (X" de“ans )+ A, (5.2)
where d
ns(f) = FX2) = F(X2) =D 0 f (X ) (X — X0 (5.3)
=1
and
Z / 0,0, F(XP_)d((XP)e, (XPI)eY,. (5.4)
i,0=1

Since f vanishes in an open neighborhood of A, we have by (5.2)-(5.4]), (LI]) and (L3) that

N = S — [ 1) (£ s

s<t

= S — [ [ s

s<t
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By taking a sequence of functions f, € C°(R?) with f, =0 on A, f, =1 on B and f, | 15,
we get that, for any = € RY,

S a2 () ~ [ 1axY) [ L )dyds

s<t

is a P,-martingale for every z € R [l
Proposition implies that

B | S te0) | =2 [ [ [ 1400100 s

s<t

Using this and a routine measure theoretic argument, we get

> fs, X0 XD | =E, [ /t f(s,Xs,yw"(Xs,y)dyds]
0 JRd

s<t

for any non-negative measurable function f on (0, 00) x R? x R? vanishing on {(z,y) € R? x R?:
x = y}. Finally, following the same arguments as in [I1, Lemma 4.7] and [12] Appendix A], we
get

Proposition 5.3. Suppose that b is a bounded function satisfying conditions (L2]), (LI8) and
(CI9). Let f be a nonnegative function on Ry x R? x R? vanishing on the diagonal. Then for
stopping time T with respect to the minimal admissible filtration generated by X,

T
Zf s, X%, =E, {/ f(s, X8 u)J% (X8, u) duds| .
0 Jrd

s<T

To remove the assumption (I.I8]) on b, we approximate a general measurable function b(zx, z)
by continuous k,(x,z). To show that ¢"»(t,x,y) converges to ¢’(t,z,y), we establish equi-
continuity of ¢°(t,z,y) and apply the uniqueness result, Theorem 310

Proposition 5.4. For each 0 < tg < T < oo and A > 0, the function ¢°(t,x,y) is uniform
continuous in (t,x) € (to,T) x R? for every b with ||bllec < A that satisfies (L2) and for all
y € RY

Proof. In view of Theorem B.12 it suffices to prove the theorem for A = Ajy, where Ay is
the constant in Lemma [34] (or in Theorem [[I]). Using the Chapman-Kolmogorov equation for
¢"(t,x,y) (see LemmaB.I3]) and (B:34)), it suffices to prove the Proposition for 7' = 1.

Noting that ¢° can also be rewritten in the following form:

t
dtes)= [ [ polt =S )" ) de
0 JR
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Here (S°pg)2" (r, z,y) is defined in [B37). Hence, for T >t > s > tg, 1,29 € R? and y € R,
we have
lan (s, 21,) = dn(t, 22,))|

/ / Po(s — ry 1, 2) — polt — v 2, 2)[[(S°p0) (s 2,3)| d= dr

[ [ polt = NS )2 2]
s JR
=I+1I.

It is known (see [I1]) that there are positive constants ¢; and 6 so that for any ¢, s € [tg,T] and
z; € R with i = 1,2,

— o a 0
Ipos,21.9) = polt,w2,9)| < extg O (jt = s/ 4 o1 —zal) . ye R,
we have by (23]), (338) and [3:39), for p € (0,s/2),
s—p
=7 ool = rar,) = polt = g, 202" 1,29 d
R
o ote ) e S )2 0] e
R
0 [s—p
<2~ (1) = (d+6)/a (]t — sV 4|y — xz!) / / fo(r, z,y) dzdr (5.5)
0 Jrd
+ 27 / / (po(s — @1, 2) + po(t — 7,32, 2)) fo(r, z,y) dz dr
s—p JRE
0
< g2~ (1) p=(d+0)/a (]t — sV g |z — x2’> s17B/a 4 cao= (=D (5 _ p)=(@+B)/a,
Moreover, by (Z.5]) and (B3.38]),
t
17 <2-(=1) / / po(t — 7,2, 2) fo(r,z,y) dz dr < 2_("_1)3_(‘”5)/0‘# — s|. (5.6)
s JRd

Therefore, noting that

(o.0]
¢ (s,21,9) — ¢ (£, 22,)| < |po(s,21,9) — polt, w2, 9)| + Y _ lah(s,21,9) — ab(t, 22, 9)],

n=1

then first taking |t — s| and |z1 — 22| small, and then making p small in (B.3]) and (G0) yields
the conclusion of this Proposition. O

Proposition 5.5. For each 0 < tg < T < oo and A > 0, the function ¢°(t,x,y) is uniform
continuous in y for every b with ||b||ee < A that satisfies (L2) and for all (t,z) € (to, T) x R%.

Proof. In view of Theorem B12] it suffices to prove the theorem for A = Ajy, where Ay is
the constant in Lemma [34] (or in Theorem [[I]). Using the Chapman-Kolmogorov equation for
¢*(t,z,y) (see Lemma B.I3) and (B.34), it suffices to prove the Proposition for 7' = 1.
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Define P(s,z,y) = po(s,z) — po(s,y). For s > 0, we have
18"po(s,y1) — S"po(s, )]

dh
<¢ /Rd |P(s,y1 4+ h,y2 + h) — P(s,y1,92) — (V(y, o) P (5,41, 42), h]]-|h\§1>"h‘T+B

<c / |h|* sup | s po(s,y1 + 0h) i po(s,y2 + 0h)| ah
>C1 - o0 (5, Y1 — 5 9o/M0\°5, Y2 ITNPAN:)
i<t 6e(01) OYT Y3 |h|d+h

dh
+c1 /Ih ) [po(s, y1 + h) — po(s, y2 + h) — po(s, y1) +p0(87y2)\’h‘7+5
>

<easup |2 po(s, )yt [ dh +csu| (5,9)]l |/ dh
02 yp 8y3p0 Y Y)Y — Y2 TG 2 Sup po YY1 — Y2 yh‘d+ﬁ
§03|y1 o y2|[s—(d+3)/a + S—(d—l—l)/a]’

where in the fourth inequality, ]%po(s, y)| < e35~(@+3)/@ can be proved similarly by the argu-

ment in Lemma 2l Take p € (0,t9/2). Then for each n > 1, we have by (L8], (339), Lemma
24, Lemma B4 and (57), that for (¢,2,y) € (tg,1) x R? x RY,

5t 2, 1) — db(t, @, )]
[ [ st s 1St zm) — Staos,m) | = s

IN

/ / qn (t—s,x Z)|Szp0(8 2,Y1) — Sgpo(s,z,y2)|dzds

IN

2~ (D) / /dpl (t = s,2,2)|S2po(s, 2,51) — Spo(s, 2, ya)| dz ds
R
—|—C42 (n— )/ / pl(t_saxaz)
p JR4
p
52 (n=1)y=dle / / (152po (s, 2 y1)] +152po(s, 2 )| ) dzds
0 R4

¢
+C52_("_1)p_(d+3)/a\y1 — Yo / / p1(t —s,x,z)dzds
p JRE

Sgpo(s, zZ—y1) — Sgpo(s, z— yg)‘ dz ds

IN

Therefore we have
‘qb(tu xZ, yl) - qb(t7 x, y2)’
o0 d [e.9]
<Ipo(t,z,31) — polt, ,y2)| + Y 62"Vt /o pl=pla 4 D a2 DTy, .

n=1 n=1

By first taking |y; — y2| small and then making p small yields the desired uniform continuity of

b
¢“(t,2,y). O

Theorem 5.6. Suppose b is a bounded function on R x R? satisfying (L2) and (LI9). The
kernel ¢°(t,x,y) uniquely determines a Feller process XU = (X2, t > 0,P,,x € R?) on the
canonical Skorokhod space D([0,00), R?) such that

B 1] = [ sy
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for every bounded continuous function f on R:. The Feller process X° is conservative and has
a Lévy system (J(x,y)dy,t), where

Ald, —a)  A(d,—B)b(z,y — z)

Jb — ) ) ) )

O = g Y g

Moreover, for each xz € RY, (X°,P,) is the unique solution to the martingale problem (L, S(R%))
with initial value x. Here S(RY) denotes the space of tempered functions on R,

Proof. When b is a bounded function satisfying (L.2)), (I.I8]) and (II9]), the theorem has already
been established via Propositions We now remove the assumption (LI8]). Suppose
that b(x,z) is a bounded function that satisfies ([2) and (LI9). Let ¢ be a non-negative
smooth function with compact support in R% so that fRd o(z)dz = 1. For each n > 1, define
on(x) = np(nx) and

bauw2) = [ oo = )bl 2)ds

Then k, is a function that satisfies (L2]), (LI8) and (TI9) with ||, |lcc < ||bl|eo. By Theorem
1l Proposition [5.4] and Proposition 5.5}, ¢** (¢, 2,) is uniformly bounded and equi-continuous
on [1/M,M] x R? x R? for each M > 1, then there is a subsequence {n;} of {n} so that
qk"j (t,x,y) converges boundedly and uniformly on compacts of (0,00) x R? x R? to some
continuous function g(t, x,y), which again satisfies (ILIG). Obviously, G(¢, z,y) also satisfies the

Chapman-Kolmogorov equation and [, q(t,z,y) dy = 1. By (829) and Theorem 3.7,

t
kn .
¢ (t,z,y) =po(t,x,y)+/ / ¢ (t— 5,2, 2)S. " po(s, 2, y)dzds
0 R4

and
Fon.
q"i(tz,y) < cgm,, (tz,y)

for every 0 < t < 1A(Ag/||b]|loc)® (@8 and z,y € R where cis a positive constant that depends
only on d, o, 8 and ||b]|s. Letting j — oo, we have by (B.I), Lemma and the dominated
convergence theorem that

t
q(t,z,y) = po(t,z,y) +/ /dﬁ(t— s, 1, 2)SEpo(s, 2, y)dyds
0 R

and q(t,z,y) < cgm,, (t,z,y) for every 0 <t < 1A (Ao/|1blloc)® @A) and z,y € R%. Hence
we conclude from Theorem that g(t,z,y) = ¢°(t,x,y). This in particular implies that
¢®(t,z,y) > 0. So there is a Feller process X? having ¢°(t, z,7) as its transition density function.
The proof of Propositions B.IH5.3] only uses the condition ([LI8]) through its implication that
¢®(t,z,y) > 0. So in view of what we just established, Propositions [.IH5.3] continue to hold for
X" under the current setting without the additional assumption (LI8). The non-local operator
LY satisfies the assumptions [A;] and [As] of [I9]. So by [19, Theorem 3], solution to the
martingale problem (£’ S(R?)) is unique. Since S(R%) C C2% (R9), the proof of the theorem is
now complete. [l

For each \ > 0, define

ba(, 2) = b(z, 2) 12 eny (2) + b7 (2, 2) 1250 (2). (5.8)
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In the following, we use a method of Meyer [20] to construct from X, by adding suitable jumps,

a strong Markov process Y corresponding to the jumping kernel J b defined by (25 but with
by in place of b. Define

7@ = [ P @9) = Py

Then there exists a positive constant ¢; so that 0 < J(x) < ¢; for all z € R% Let

I (w,y) = .y)

q(z,y) = 7(0)

Let S; be an exponential random variable of parameter 1 independent of X?. Set
t
C, = / J(XP)ds, Uy —inf{t>0:C, > Sy). (5.9)
0

We let Y; = X} for 0 <t < Uy and define Yy, with law ¢(Yy,_,-) = q(lehJ -), and then repeat
using an independent exponential random variable S5 to define Us, etc. So the construction
proceeds now in the same way from the new starting point (Uy,Yy,). Since J(z) is bounded,
only finitely many new jumps are introduced in any bounded time interval. In [20], it is proved
that the resulting process Y is a strong Markov process. By slightly abusing the notation, we
still use P, and E, to denote the above constructed probability law and expectation induced on
such enlarged probability space under which Yy = x.

Lemma 5.7. For each z € R? and f € C(RY),

t
B, 100t < U] = ) + B, [ (£ = T00) SO0 canyas]
0
Proof. By the definition of U; and Ito’s formula, for each function f € CZ(R?),
E[f(¥)it <Ol = Eo [f(XD)1u,>n] = Ex (XD ]
t
= f)+Ex | [ (- T S i
0

= f(a)+E, { /0 t (e~ T0) fm)n{swl}ds] .

Proposition 5.8. For each x € R? and f € C’g(Rd),

M= 1) = 100) = [ 2Py ds

is a martingale under P,. So in particular, the strongly Markov process (Y,P,,x € Rd) solves
the martingale problem for (L%, C% (R%)).
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Proof. Note that Mtf is an additive function of Y. So by the Markov property of Y, it suffices
to show that E, [Mtf] = 0 for every z € R% and ¢ > 0.

Recall that U; is defined in (5.9]), and denote by {U,,n > 2} the subsequent jump adding
times inductively defined according to the construction of Meyer [20]. For every a > 0, set

uq(z) = E, [fOUl e_o‘tf(Y})dt]. Since by Lemma [5.7]

t
L ()it < 0] = )+ Ex | [ (€= T00) AV scanys].
we have by Fubini theorem that

woiw) =184 2p, [ f o TNV

a

Observe that in view of [24] p.286] (see, for example, the proof of [14], Proposition 2.2]), for any
non-negative function ¢ on R% and 2 € RY,

B (v, )] =, | B TV

Set Uy = 0 and let 0; to denote the time shift operator for the Markov process Y. Then we have
from above and the strong Markov property of Y that

([T emsmaa] - 3o / e ] = SR )
=0
I I A TN ZE / e (L) — T (V) F(Ya)ds
j=1
- %%iza {U /R v, ,y>dy}+ E, [ | e J(&fs))f(mds}
= %—Féilﬁ:x [e—“Uzl /Rd (y) (e q(Yu,—,y)) o Oy, 1dy}

%Em [ /0 Tt - J(Ys))f(Ys)dS]
— % + éEz /Rd f(y) (/OOO e‘QSJ(Ys)Q(Ys,y)dS> dy}

w1m | [T e - g
= O e [T (0 + [ g0t - 10 )
_ @ 4 éE _ /0 h e—a%@f(n)ds] :
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By the uniqueness of the Laplace transform, we conclude from above that E, [Mtf } = 0 for all
t >0 and z € R% O

Note that by defined by (IBEI) is a bounded function on R? x R? satisfying (I]II) and (L.I9).
By Theorem [£.6], the kernel qu (t,z,y) uniquely determines a Feller process X by — (Xf At >
0,P,,x € R%) on the canonical Skorokhod space D([0,00),R%), and (XbA P,) is the unique
solution to the martingale problem for (EBA,S (R9)) with initial value . This, together with
Proposition [5.8] implies that the process Y coincides with X in the sense of distribution.

Theorem 5.9. For every A > 0 and A > 0, there is a positive constant C15 = Ci5(d, «, 5, A, \)
such that for any bounded b satisfying (L2) and [LI9) with [|b]|e < A,

Q) < Cispm,,  (tx,y)  fort €(0,1] and z,y € R4,

Proof. Noting that by is a bounded function on R? x R? with |[bx]les < [|b]les satisfying (T2

and (L.I9), then by Theorem [IT] there is a positive constant C' = C'(d, o, 3, A, A) so that
qgA (t,z,y) < Cpm,, ,(t,z,y) forte (0,1] and x,y € RY. (5.10)

Let {M;}+>0 be the filtration generated by X b Note that XgA has the same distribution as Y.
Then by Lemma 3.6 in [2], for any A € My,

PP(XP € A) = PP(Y, € A) > P*({Y, = X'for all0 < s < ¢} N A) > eI l=pr(x? € A).
Hence, by (&.10)
¢(t,x,y) < 6”“7”""(]3A (t,z,y) < C’e”j”prbﬁA(t,x,y) for t € (0,1] and z,y € RY.
O
For a Borel set B C RY, we define 74 = inf{t > 0: X} ¢ B} and 0% := inf{t > 0: X} € B}.
Proposition 5.10. For each A > 0 and Rg > 0, there exists a positive constant
= k(d,a, B, A, Ry) < 2% (1 —(1/3)%)

so that for every b satisfying (L) and (CI9) with ||ble < A, 7 € (0, Rg] and x € R,

1
P, (T%(gw,) < m‘a) < 3

Proof. Let f be a C? function taking values in [0, 1] such that f(0) = 0 and f(u) = 1 if |u| > 1.
Set fur(y) = f(£=2). Note that f,, is a C? function taking values in [0,1] such that f,,(z) =0
and f5,(y) =11if y ¢ B(x,r). Moreover,

O for(y)
0y;0y;

*f(y)
8%6%

<r % sup
y€ER4

sup
yeRd
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Denote Zgjzl ](“?fjf(x)\ by |D?f(z)|. By Taylor’s formula, it follows that

1 1
|£bfm,r(u)| < / |fm,r(u + h) - fm,r(u) - <vfx,r(u)a h>]]-{\h|§r}‘ <|h|d+a + |h|d+ﬁ> dh

1 1

= T,r — Jz,r - z,r ,h dh

e [ e 1) = o) = (9 ), s + s )

1 1
—I-C/ fx,ru+h _fx,ru < + )dh
1 {|h‘>7‘}‘ ( ) ( )‘ |h|d+a |h|d+6
1 1

< c2|| D* oo —{/) h|? dh
> CQH f” r \h|§r’ ‘ |h|d+a + |h|d+6

1 1
+ ol f oo/ < + ) dh
Wl - \ T T TRy

<es(r+rP) <es(1+ RSPy,

(5.11)

where ¢; = ¢;(d, o, 8, A),i = 1,2,3 are positive constants. Therefore, for each ¢ > 0,

Px(Tg(xm) < t) <E, [fx,r(ngbg( /\t):| - fm,r(x)

x,r)

s, b a—py 1t
/ Lofor(X)ds| <es(1+Ry™"7)—.
0

TOC

-E,

Set r = (2°[1 — (1/3)°]) A (2¢3(1 + RS"))~1, then

N

]P)w(T%(x,r) < /{’ra) S

O
Recall that my, \ = essinf, ,cpa . 520(2, 2).

Proposition 5.11. For every A > 0,A > 0,0 < ¢ < 1 and Ry > 0, there exists a constant
Ci6 = Ci6(d, o, B, A, N\, e, Ry) > 0 so that for every b satisfying (L2) and (L23]) with ||bllec < A,
r € (0,Ro] and z,y € R? with |x —y| > 3r,

1 Mp+
b d+ bt A
Pw(f’B(ym) < “TQ) > Cigr™™ <|x —y[dta + |z — y|d+ﬂ> :

Proof. By Proposition (.101,
1
E, [m"o‘ A T%(IJ,)] > kro P, (T%(IJ,) > m"o‘) > im"o‘.

Since J¥(z,y) > my+ x A(d, —B)|x — y| " PLyjp—y >y, @CZ3) implies that

1 e B
I (z,y) > 5 <€|$ — |7 pomyy  A(d, —B)|z — | (d+5)]l{\x—y\>)\}>
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Thus by Proposition [0.3] there are positive constants ¢; = ¢1(d, o, ) and
ey = co(d,a, B, A, N\, Ry) so that

]P)w(O'bB( < K% > Pu(XP, € B(y,r))

Kre /\TB(ac ”

KT /\7-3(z " b b
= E, J°(XJ,u)duds
0 B(y,r)

b 15 Mp+ X\
z el [ A ) /B@ " <|x e P y|d+ﬁ]l”‘y>”> o

1 my+
d+ bt,A
= skt <|x—y|d+a M —y|d+ﬁ>‘

y,r)

Here in the last inequality, we used the fact that |z — y|~(“®) > (1 4 A= A) |z — y| 4+ 4
mp - |z —y|7@A)] for |z —y| < A O

Proposition 5.12. For every A > 0, there exists a constant Ci7 = C17(d, o, B, A) > 0 so that
for every bounded b that satisfies (L2) and (LI9) with [|b|lcc < A, and 3r < |z —y| < R, =

<2Ajgfil gg)l/(ﬁ—a)

M
T‘d+a

b
Py (UB(y,r) <rr?) = Ciy |z — yldta

Proof. Note that when |z — u| < 3R,, 3 Ald—a) |z — u[’~® > A and so

A(d,—p)
d,— d,—pB)b —
IO, u) = ’fimdil + Al 7’xﬁ_) u(‘a:d::; 2
5.12
Aldy—a) , Ad,=B) _ 1 Ad—a) (512
= |z — uldte |z — wldtB = 2|z — u|dte’
By Propositions and .10, we have
b o b
P, <UB(y,r) < KT ) > Py <Xm"a/\7'3(x " S B(y,r))
KrOATE @7
:Ex/ B / JO(XC ) duds
0 B(y,r)
1
> E, [m"a ATY } / ———du
Blar) B(y,r) |l‘ - y|d+a
1
= R Ty
where the second inequality holds due to |X? — u| < 3|z — y| < 3R, and (G.12). O

Theorem 5.13. For every A > 0, € (0,1) and A > 0, there are positive constants Cig =
Cis(d,a, B, A, \,e) and Cg = Ci9(d, o, B, A, \) such that for any b with ||bl|sc < A that satisfies
) and (T23),

ClSpmb+7>\(t7x7y) S qb(tuxuy) S ClgprJrYA(taxuy% te (07 1]7 €,y S Rd' (513)
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Proof. Noting that the condition (L23)) in particular implies (I.I9]), so the upper bound estimate
follows immediately from Theorem We only need to prove the lower bound. Let §y :=
1A (Ag/A)*/(@=P) B2R) together with (7)) also yields that for any [|b]|. < A,

Ptz y) > cot™ Y fort € (0,00] and |z — y| < 3t/ (5.14)

Here ¢y = ¢o(d, e, B) is a positive constant. For every t € (0,dp], by Proposition .10 and
Proposition [[.11] with Ry = 1, r = ¢'/%/2 and the strong Markov property of the process X?,
we get for |z — y| > 31/,

Po(Xg-ap € Bly:t"))
Py
P

Vv

b hitsB(y, t"/%/2) before 2%kt and stays there for at least 2%kt units of time>

inf P (Tb o >2_amt>
>Z€B(y,t1/a/2) # B(yytl/ ) =

. b > 9«
) ZGB(;I;f/a/z) ]P)Z (TB(Z,tl/a/2) - 2 /{t)

1 Mp+ \
> ¢ tldta)/a : . 5.15
- o= yltte o yldrs (5.15)

2—Oé

v

(X
@ (J%(y,tl/a/m <
( B y<27°

v

Po {0,702

Here ¢; = ¢(d, o, B, A, )\, €) is a positive constant. Hence, by (5.14) and (G.15), for |z—y| > 3tY/«
and t € (0, dp],

&t 2,y) > / @kt z, 2) (1 — 2R)t, 2,y) d
B(y,tl/«)

> inf (1 — 27"kt 2, y)Pu(XS ., € By, t'®))

2EB(y,t1/«)

1 M+
—d/a (d+a)/a bt A
=et (rx —yie T y\d+ﬂ>

> e t i tmb+,)\

~ eyl Tyt
where ¢; = cp(d, o, 3, A, \,e) > 0, the third inequality holds due to |z —y| < t/* < 3((1 —
27k)t)Y/* when & < 2%(1 — 37%) and (514)-(G15). Finally, (514), (5I6) together with (IEHII)

and the Chapman-Kolmogorov equation yields the desired lower bound estimate.

(5.16)

Theorem 5.14. For every A > 0 and A > 0, there are positive constants Cy, = Cr(d, o, 5, A), k =
20,21 and Ca = Caa(d, a, B, A, \) such that for any bounded b satisfying (L2) and (LI9) with
1bllo0 < A4,

Co0Py(t, Conx, Co1y) < ¢°(t, 2, y) < Cz2pr+A(t7$7y) fort € (0,1] and z,y € RL.  (5.17)

Proof. By Theorem [5.9, it suffices to prove the lower bound of ¢°. Let dg := 1 A (Ag/A)*/(@=F),
By Chapman-Kolmogorov equation, we only need to consider (G.I7) for ¢ € (0,do]. By (L20),
(C21) and B2]), it suffices to prove (T.17) when |z —y| > 3t/ and t € (0,y]. Let R, be the
constant defined in Proposition

(i) First, we consider the case R, > |z —y| > 3t'/®. For every t € (0, do], by Proposition 510
and Proposition with r = ¢'/%/2 and the strong Markov property of the process X°, we
get, by the similar procedure in (5I35), for R, > |z — y| > 3t'/®,

1

— 1
|z — yldte (518)

P, <X§,%t € B(y,t”")) > ¢ tldta)/a
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Here ¢; = ¢1(d,a, 3, A) is a positive constant. Hence, for R, > |z — y| > 3t'/*, by (5I4) and

(EI8), we have
¢t z,y) > / "2 %kt 2, 2)g" (1 — 27°R)t, 2,y) dz
B(y,tt/)

> inf (1= 270 2 y)Pe (XD € Bly 1)
2€B(y,tt/*)

(5.19)
1
—d/a (d+a)/a
2 cot ¢ |z — yldte
> 7t
= Qg —y[dre

where ¢ = ca(d, o, 3, A) > 0.

(ii) Next, we consider the case |z — y| > R, > 3tY/®. Take C, = R;'. Then |z —y| > R, =
C:t > t/C, for t € (0,6]. The following proof is similar to [§, Theorem 3.6]. For the reader’s
convenience, we spell out the details here.

Let R := |r—y|and ¢, = R;'V1. Let | > 2 be a positive integer such that ¢, R <1 < ¢, R+1
and let © = xg, 1, -+, = y be such that |x; — z;—1| < R/l < 1/cy for i =1,--- ,1 — 1. Since
t/l < C R/l < Cy/eyr <1and R/l <1/cy < Ry, we have by (5.14]) and (£.19),

()1, 35, mi41) > ((t/l) d/ac (R/’fl/)lm) > ¢ <(t/l)_d/°‘ A (t/l)) > estl. (5.20)

Let B; = B(z;, Ry), by (£20),
b(t,x,y) / / b/l xr) - P ()1, i, y) day - - dap_q
By Bj—1

> (eqt/D! > (est/R)HETL > ¢q(t/R)TE (5.21)

< " >C7|~’U Yl
ZCo | T .
|z =y

By (I9), (B2I) and together with the estimates of p, in (L20)-(L2I]), we get the desired
conclusion. O

Proof of Theorem Theorem now follows from Theorems [5.6] and [0.14] O

To prove theorem [[L5] we use the main result in [10] of the heat kernel estimates for non-local
operators under the non-local Feynman-Kac perturbation. For each Borel function ¢(z) on R?
and Borel function F(x,y) on R? x R? that vanishes along the diagonal, we define a non-local
Feynman-Kac transform for the process X° as follows:

TF f(z) = Eq | exp /th(Xf)derZF(Xg_,Xf) x| (5.22)
s<t

Proposition 5.15. Suppose b is a bounded function on R? x R? satisfying (L2) and (LIT), q
is a bounded function on R? and |F(x,y)| < c(|z — y|> A1) for some constant c. Then for each
fin CEHRY),

1 0) = 1)+ [ T LOE () ds
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where
£0F fla) = £oF(x) + / (F D) — 1) f(5) I, y) dy + a(2) ().

R4

Proof. First note that since X? is a semimartingale and |F(z,y)| < c(|z — y|?> A 1),

SIFXE XD <> X0 - X P =c[XP X"], < 0.

s<t s<t

Let F} = e — 1 and define

t
Kt:/ q(Xf)ds+§ F(X XY,
0

s<t
Then by [24] A4.17], the Stieljes exponential
¢
Ay :=Exp(K)y = e J] 1+ K, — K,_) = exp (/ (X4 ds + ZF(XS,XS)) (5.23)
0<s<t 0 s<t

is the unique solution to

t
A =1 +/ A,_dK,. (5.24)
0

For each function f in CZ(R?), by Ito’s formula, Proposition 51 and (524]), we have

AF(X) = F(XD)+ /0 (X2 )Aw dK, + /0 A df (X0 + 3 (As - A XY — FXE))

s<t

= (X + /0 t Af(XDg(XD)ds + Y F(XE)A,_F(XE, XD) (5.25)

s<t

+ / ALY F(XY)ds + / A dm] + D A F(X XO(F(XD) = F(X2).
0 0

s<t

By taking expectation on both sides and using the Lévy system formula in Proposition (53] we
get

TP f@) = Bo[Auf(XD)]
= f(X3)+E. [ /0 t Af(XD)q(X2) ds + /0 t AL f(XD) ds}
v [ 4 (100 + (1) £60) £ X)) dy s
= f(X))+E, { /0 t A LHF f(Xg)ds]
= flx)+ /0 t THE LY f(2)ds.

That completes the proof. [l
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Proof of Theorem [L.5L Let bo(z, 2) = b(x, 2)1|,/<1(2), which is a bounded function on R? x R
satisfying (L2)) and (LI9). By Theorem [[3] ¢ (¢, z,vy) is continuous on (0,00) x R? x R? and

Capo(t, ,y) < ¢ (t,2,y) < Capo(t, ,y) (5.26)
for all (¢,z,y) € (0,1] x R% xR%, In addition, by Proposition 53 and (L25]), for each non-negative
function f on R? x R¢ that vanishes along the diagonal,

T
[ X soct ] = | [ [ soe st duds] (5.27)
= 0o Jrd

and there exist two positive constants ¢; and ¢y so that

crlz —y|7l4F) < Jbo(z,y) < cola — y| 7T, (5.28)
b . .
Set F(x,y) = ln% and q(z) = [gal (JY (z,y) — J(z,y)) dy. Tt is easy to see that ¢ is

a bounded function on R? and Jb(a;,y) = J%(z,y) for |z —y| < 1. Moreover, by the (27

b
and (B5.28)), there exist two positive constants cs and ¢4 so that c3 < % < ¢4 for all
|z —y| > 1 and any bounded b with ||b|sc < A. Hence, there is a positive constant c5 so that
|F(z,y)| < es(|z —y|2 A 1). Let T7°F be the semigroup T defined by (522) but with by in
place of b. By (5.20)-(528]) above and [10, Theorem 1.3], the non-local Feynman-Kac semigroup
(TtbO’F,t > 0) has a continuous density ¢(¢,z,y) and there is a positive constant cg so that for
all (t,z,y) € (0,1] x R? x R,

C6_1p0(t7x7y) < a(t7$7y) < CﬁpO(t7$7y)' (529)

On the other hand, for each f in C’g(Rd),

L0 flw) = £ f () + /R [ =D f )T (y) dy + a(2) f ()

=@+ [ () = I ew) F) — ) dy

=LVf(x).
By taking f =1 in Proposition BI5] we get T, bo.F
conservative Feller process Y with {Tbo’ ;t > 0} as its transition semigroup. Proposition [
implies that the distribution of ¥ on the canonlcal Skorokhod space D(]0, 00), R%) is a solution
to the martingale problem (£% CZ(R%)) and in particular to the martingale problem (£, S(R?)).
However by Theorem [[3} martingale solution to the operator (£°, S(R?)) is unique. This yields
that ¢ = ¢® and so we get the desired conclusion from ([5.29). O

1 = 1. Hence ¢(t, z,y) uniquely determines a
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