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Abstract

In this paper, we derive explicit sharp two-sided estimates for the Dirichlet heat kernels,
in CL! open sets D in R%, of a large class of subordinate Brownian motions with Gaussian
components. When D is bounded, our sharp two-sided Dirichlet heat kernel estimates hold
for all t > 0. Integrating the heat kernel estimates with respect to the time variable ¢, we
obtain sharp two-sided estimates for the Green functions, in bounded C' open sets, of such
subordinate Brownian motions with Gaussian components.
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1 Introduction

It is well-known that, for a second order elliptic differential operator £ on R? satisfying some
natural conditions, there is a diffusion process X on R? with £ as its infinitesimal generator. The
fundamental solution p(¢, x,y) of Oyu = Lu (also called the heat kernel of £) is the transition density
of X. Such relationship is also true for a large class of Markov processes with discontinuous sample
paths, which constitute an important family of stochastic processes in probability theory that have
been widely used in various applications. Thus obtaining sharp two-sided estimates for p(t, z,y) is
a fundamental problem in both analysis and probability theory.

Two-sided heat kernel estimates for diffusions on R? have a long history and many beautiful
results have been established. See [20] 22] and the references therein. But, due to the complication
near the boundary, two-sided estimates for the transition density (equivalently, the Dirichlet heat
kernels) of killed Brownian motion in a connected open set D have been established only recently.
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See 21122, 23] for upper bound estimates and [31] for the lower bound estimates of the Dirichlet heat
kernels in bounded C'! connected open sets. For discontinuous processes (or, non-local operators),
the study of their global heat kernel estimates started quite recently. See [5l [6], [14], 15, [16] and
the references therein. See also [3] for a recent survey on this topic. The study of sharp two-sided
Dirichlet heat kernel estimates for discontinuous processes is even more recent. In [7], we obtained
sharp two-sided estimates for the Dirichlet heat kernel of the fractional Laplacian A%/? in any C'+!
open set D with zero exterior condition on D¢ (or equivalently, the transition density function of
the killed a-stable process in D).

In the last few years, the approach developed in [7] has served as a road map for establishing
sharp two-sided Dirichlet heat kernel estimates for other purely discontinuous processes in open
subsets of R, In [8, [, [11], the ideas of [7] were adapted and further developed to establish sharp
two-sided Dirichlet heat kernel estimates of censored stable-like processes, mixed stable processes
and relativistic stable processes in C! open subsets of R%. In [2], a Varopoulos type factorization
estimate in terms of surviving probabilities was obtained for the transition densities of symmetric
stable processes in k-fat open sets. Very recently, we obtained, in [I2], a Varopoulos type factor-
ization estimate for the Dirichlet heat kernels in non-smooth open sets for a large class of purely
discontinuous subordinate Brownian motions. We have also obtained in [12] explicit sharp two-
sided Dirichlet heat kernel estimates for a large class of subordinate Brownian motions in C*! open
sets.

Things become more complicated when one deals with Lévy processes having both Gaussian
and jump components. In [10], sharped two-sided heat kernel estimates in C''! open sets are
established for Lévy processes that can be written as the independent sum of a Brownian motion
and a symmetric a-stable process. A key ingredient is the boundary Harnack principle for A+ A®/2
in C1! open sets with explicit boundary decay rates, obtained in [13].

The purpose of this paper is to establish sharp two-sided Dirichlet heat kernel estimates, in
CU1! open sets, for a large class of subordinate Brownian motions with Gaussian components.
Throughout this paper, we will always assume that S = (S; : ¢ > 0) is a complete subordinator
with a positive drift and, without loss of generality, we shall assume that the drift of S is equal to
1. That is, the Laplace exponent of S is a complete Bernstein function which can be written as

d(N) == A+ () with  (\) ;:/(0 )(1—6_)‘t)u(dt), (1.1)

where 4 is a measure on (0,00) satisfying [;(1 A t)u(dt) < co. p is called the Lévy measure of
the subordinator S (or of ¢). We will exclude the trivial case of S; = t, that is, the case of ¥ = 0.
By the definition of complete Bernstein functions, the Lévy measure p has a complete monotone
density. By a slight abuse of notation we will denote the density by u(¢). For basic facts on complete
Bernstein functions, we refer the reader to [30]. In this paper, we will assume the following growth
condition on pu(t) near zero: For any K > 0, there exists ¢ = ¢(K) > 1 such that

wu(r) <cu(2r), re(0,K). (1.2)

Suppose that B = (B : t > 0) is a Brownian motion in R? with infinitesimal generator A and
independent of S. Then the process X = (X; : t > 0) defined by X; = Bg, is called a subordinate
Brownian motion. X can be written as the independent sum of a Brownian motion and a purely



discontinuous subordinate Brownian motion. The infinitesimal generator of X is
£X = —g(-8) = A= y(-A),

and ¥ (—A) is a non-local operator. The Lévy density J of X is given by

I = () = [ tamty ey (13

The function J(z) determines a Lévy system for X, which describes the jumps of the process X:
for any non-negative measurable function f on Ry x R? x R? with f(s,y,y) = 0 for all y € R, any
stopping time T' (with respect to the filtration of X) and any = € R,

e | S st X X0 =B [ [ ([ s 06— ) ] (1.4

s<T

(see, for example, [14, Proof of Lemma 4.7] and [15, Appendix A]).

The function j is obviously a decreasing function on (0,00). Using this and the fact that J is
a Lévy density (and so [pa(1 A [#]?)j(|z|)dz < 00), we can easily get that, for any K > 0, there
exists ¢ = ¢(K) > 0 such that

j(r) < er—d-2 for r € (0, KJ. (1.5)
In fact, we have for s € (0, K],

1 s s K
—j(s)sd+2 = / Td+1j(8)d7’ < / Td+1j(7’)d7’ < / rde(r)dr =:¢(K) < o0,
0 0

d+2 0
from which (LH) follows immediately.
The subordinate Brownian motion X has a transition density p(t,z,y) with respect to the
Lebesgue measure. Observe that p(t,x,y) is given by p(t,z,y) = p(t, |x — y|) where

o 7“2
p(t,r) = / (4ms)" 2" TP(S, € ds) Vit > 0,7 > 0. (1.6)
0

Clearly r — p(t,r) is monotonically deceasing. For any open set D C R?, we will use X to denote
the part process of X killed upon leaving D. The process X has a transition density pp (t,z,y)
with respect to the Lebesgue measure on D. The density pp(t,z,y) is the fundamental solution of
£X in D with zero exterior condition, which is also called the Dirichlet heat kernel of £X in D.

The goal of this paper is to establish explicit sharp two-sided estimates for pp(t,z,y) in C1!
open sets D under the above assumptions. Throughout the remainder of this paper, we assume
that d > 1. The Euclidean distance between z and y will be denoted as |z —y|. We will use B(z,r)
to denote the open ball centered at z € R? with radius r > 0. For a,b € R, a A b := min{a, b}
and a V b := max{a,b}. We also define J(z,y) = J(y — z). For any Borel set A C R? we will
use diam(A) to denote its diameter and |A| to denote its Lebesgue measure. For any two positive
functions f and ¢, f =< ¢ means that there is a positive constant ¢ > 1 so that ¢ 1¢g < f < cg on
their common domain of definition.



We will show in this paper (see Remark 2.7 below) that under the above assumptions, for every
T > 0, there exists a constant ¢y = ¢o(7,d, 1)) > 0 so that

plt,r) = co (£ 424 702 A (1))

for all (¢,r) € (0,7] x [0,00). To get an explicit Dirichlet heat kernel upper bound estimates, we
will need to assume the following upper bound condition on p(¢,r) for r <diam(D): For any T > 0,
there exist C; > 1, j = 1,2, 3, such that for all (¢,7) € (0,7] x [0, diam(D)],

p(t,r) < Cy (£92e7/C0 44702 6 (1(r/C) ) (1.7)

In [16], a DeGiorgi-Nash-Moser-Aronson type theory has been established for a large class of
symmetric Markov processes on R? with infinitesimal generators of the form

_y 0 a;j(z u(z) im u(y) — u(z (z,y)
Lu(z) = oz < ij (%) oz, >+1€w /{yeRd:w_m'x}( (y) — u( ))|m_y|d¢(|$_y|)dy, (1.8)

i,j=1

where (a;;(7))1<;i j<a is a measurable d x d matrix-valued measurable function on R? that is uni-
formly elliptic and bounded, ¢(x,y) is a measurable symmetric kernel that is bounded between two
positive constants, and ®(r) is a positive increasing function in r € (0,00). If ® satisfies suitable
growth conditions near zero and infinity, sharp two-sided estimates on the transition density of this
class of Markov processes have been obtained in [16]. In this case, the transition density p(t,z,y)
of such a process admits the following estimates: for any 7" > 0, there exist ¢; > 1 such that for all
(t,x,y) € (0,T] x R? x R4,

pltay) = o (72 I L2 (gl — )

pltny) < e (Rl A (1l — g ) )

with j(r) = r~¢(®(r))~!. These estimates can be regarded as the counterpart of Aronson’s esti-
mates for non-local operators. When (a;;) is a constant matrix and ¢(z, y) = c(|z —y|) is a function

of |x —y|, the Markov process X with generator £ of (L)) is a rotationally symmetric Lévy process
c(lz])

on R with Lévy measure j(|z|)dz = dz. In this case, the Lévy exponent of X is

EREIED
- c(]2)
J— .. . . — . _— d
V() = i;:law&@ + /Rd (1 —cos(¢-2)) EIEED dz, €eR% (1.9)

For the subordinate Brownian motion X considered in this paper, its Lévy exponent is ¢(|¢|?),
where ¢ is defined in (L.I]), which admits an expression of the form

o(l€l*) = 1€ + /Rd (1= cos(€ - 2)) J(2)dz = [€* + w(l€), (1.10)

where J is defined in (L3]). When the complete Bernstein function 1) satisfies the following condition
near infinity: there exist constants 0 € (0,1), ar > 0, k = 1,2, and R; > 0 such that

ar X1 (r) < () < ag\2eh(r) for A\>1and r > Ry, (1.11)



then (see |28, Lemma 3.2])
1

BRI

with a positive increasing function ® satisfying the growth conditions in [16] for » < 1. Then one

J(x) for |z] <1,

can use the heat kernel estimates in [16] and an argument similar to the proof of [5, Theorem 2.4]
to show that the estimate (7)) holds for X for any bounded open set D with C5 = 1.

If, in addition to (LIII), ¢ also satisfies the following condition near zero: there exist constants
ok € (0,1), ar, > 0, k = 3,4, and Ry > 0 such that

asAB3(r) < P(r) < ag\(r) for A <1 and r < Ry, (1.12)
then (see [28, Theorem 3.4])
1
J(z) X ——— for x # 0
= el (]

with a positive increasing function ® satisfying the conditions in [16] for all » > 0. So it follows
from the heat kernel estimates in [I6] that the estimate (7)) holds for X with D = R? and C3 = 1.

To state the main result of this paper, we first recall that an open set D in R? (when d > 2)
is said to be a (uniform) C1! open set if there exist a localization radius Ry > 0 and a constant
Ag > 0 such that for every z € 9D, there exist a Ch!-function ¢ = ¢, : R~ — R satisfying
©(0) = 0, Vp(0) = (0,...,0), [|[Vello < Ao, |Ve(z) — Vo(z)| < Aglz — 2|, and an orthonormal
coordinate system C'S, with its origin at z such that

B(Z7R0) nD= {y = (377 yd) in CSZ : |y| < R()vyd > (10(37)}

The pair (R, Ag) is called the characteristics of the C1'! open set D. Note that a C! open set
D with characteristics (Rg,Ag) can be unbounded and disconnected; the distance between two
distinct components of D is at least Ry. Let dgp(z) be the Euclidean distance between z and dD.
It is well-known that any C1! open set D satisfies both the uniform interior ball condition and the
uniform exterior ball condition: there exists ro = ro(Rp, Ag) € (0, Ro] such that for any x € D with
Sop(z) < 1o and y € R4\ D with Syp(y) < ro, there are 2., 2, € D so that |z — 2,| = dap (),
ly — 24| = dap(y) and that B(xo,70) C D and B(yo,r0) C R\ D for zg = 2, + ro(x — 22) /|7 — 24|
and yo = 2y + 10(y — 2,)/|y — 24|. By a Cb! open set in R we mean an open set which can be
written as the union of disjoint intervals so that the minimum of the lengths of all these intervals
is positive and the minimum of the distances between these intervals is positive.

For an open set D C R? and z € D, we will use ép(z) to denote the Euclidean distance between
x and D°. For an open set D C R% and A\ € [1,00), we say the path distance in each connected
component of D is comparable to the Euclidean distance with characteristic g if for every z,y in
the same component of D there is a rectifiable curve [ in D connecting x to y such that the length
of [ is no larger than A\g|z — y|. Clearly, such a property holds for all bounded C*+! open sets, C'*!
open sets with compact complements and connected open sets above graphs of C! functions.

For any open set D C R% and positive constants ¢; and ca, we define

hD.e1,eo(t, T, y) o= (1 A 513/(;” )> <1 A 5D—\/(§)> (t—d/%—cﬂx—yP/t + 72N (tJ(62x,02y))) . (1.13)

The following is the main result of this paper.



Theorem 1.1 Suppose that X is a subordinate Brownian motion with Lévy exponent ¢(|¢|?) with
¢ being a complete Bernstein function satisfying (LI) and (L2). Suppose that D is a C*' open
subset of R with characteristics (Ro, Ag).

(i) If the path distance in each connected component of D is comparable to the Euclidean distance
with characteristic Ao, then for every T > 0, there exist ¢; = ¢1(Ro, Ao, Mo, T, 1,d) > 0 and
co = c2(Ro, Ao, Mo, d) > 0 such that for all (t,z,y) € (0,T] x D x D,

pD(t7 x, y) 2 Cc1 hD,cz,l(t7 x, y)

(ii) If D satisfies (7)), then for every T > 0, there exists cs = c3(Ro, Ao, T,d,,Cy,Cs,d) > 1
such that for all (t,z,y) € (0,T] x D x D,

pD(t7 €, y) < Cc3 hD,C4,C5 (t7 x, y)v
where Cy = (16C3)~! and Cs5 = (8 vV 4C3)7 L.

(iii) If D is bounded, then for every T > 0, there exists ¢y = c4(diam(D), Ry, Ao, T, 1), d) > 0 such
that for all (t,x,y) € [T, 00) x D x D,

po(t,2,y) > cae”Mop(x)dp(y),
where —\; < 0 is the largest eigenvalue of the generator of XP.

(iv) If D is bounded and satisfies (7)), then for every T > 0, there exists c5 = cs(diam(D),
Ry, Ao, T,1,d,Cq,Co, C3) > 0 such that for all (t,x,y) € [T,00) x D x D,

pD(t,x,y) < C5 e_)\lt 5D($)5D(y)

When D = B(zg,7), it follows as a special case of [I7, Theorem 4.5(ii)] that ¢(A\P)/2 < \; <
#(A\P), where AP is the smallest eigenvalue of —A in D. It follows from the scaling property
of Brownian motion (or Laplacian) that )\f(xo’r) = cr~2, where ¢ = ¢(d) is a positive constant
that depends only on the dimension d. When D is a bounded C™! open set in R¢ with Cb!-
characteristics (Ry, Ag), D contains a ball of radius r¢ and is contained in a ball of radius diam(D),
where 79 = ro(Ryp, Ag) is such that D satisfies the uniform interior ball condition with radius r¢. By
the domain monotonicity of the first eigenvalue Aq, one concludes from above that A; is bounded
between two positive constants that depend only on Ry, Ag, v, diam(D) and d.

Note that the explicit upper bound estimates in Theorem [[.I] are established under the assump-
tion that the upper bound (7)) for p(¢, z,y) holds. If, instead of (7)), we assume that there exist
constants § € (0,1) and Cg > 0 such that the function ¢ in (1)) has the property

Y(Ar) < CAop(r)  for A>1and r> 1, (1.14)

we can establish the following upper bound on the Dirichlet heat kernel in terms of p(¢, z,y) and
the boundary decay terms.

Theorem 1.2 Suppose that X is a subordinate Brownian motion with Lévy exponent ¢(|¢|?) with
¢ being a complete Bernstein function satisfying (L)), (T2) and (LI4). Suppose that D is a C1?
open subset of R with characteristics (Ro, Ag).



(i) For every T > 0, there exists ¢ = c1(Ro, Ao, T, 1, d) > 0 such that for all t € (0,T] and all
r,y €D,
5D(33)> < 5D(?J)>
t,x,y) <ci | 1A 1N —== t,x/4,y/4).
po(t,2,y) 1< i i) Pt/ u/d)

(ii) If D is bounded, then for every T > 0, there exists co = co(diam(D), Ry, Ao, d, T,) > 1 such
that for all (t,z,y) € [T,o00) x D x D,

' e M Sp(x)dp(y) < polt,a,y) < cae ' ép(2)dn(y), (1.15)
where —\; < 0 is the largest eigenvalue of the generator of XP.

By integrating the two-sided heat kernel estimates in Theorem [T with respect to ¢, we can
easily obtain sharp two-sided estimates on the Green function Gp(x,y) := fooo pp(t,z,y)dt. For
this, let

‘x_yl‘d,z <1 A 5D|§”ZZE|’2(Z’)) when d > 3,
gp(z,y) = log (1 + Slelopl) ) when d = 2, (1.16)
(5D(:E)5D(y))1/2 A % when d = 1.

Corollary 1.3 Suppose that X is a subordinate Brownian motion with Lévy exponent ¢(|£|?) with
¢ being a complete Bernstein function satisfying (LI)) and (L2). Suppose that D is a bounded C1*
open subset of R with characteristics (R, Ag).

(i) There exists c; = c1(diam(D), Ry, Ag, ¥, d) > 0 such that
Gp(z,y) > crgp(z,y), z,y € D.

(ii) If D satisfies (L), then there exists co = co(diam(D), Ry, Ag, ¥, C1,Co,Cs,d) > 0 such that
Gp(z,y) < cagp(z,y), r,y € D.

We remark that even though D may be disconnected, in contrast with the Brownian motion case,
the process X is always irreducible because X can jump from one component of D to another.
Denote by G%(z,y) the Green function of Brownian motion in D. It is known (see [19]) that
G%(z,y) < gp(z,y) when x and y are in the same component of D, and G% (z,y) = 0 otherwise.
Thus when D is a bounded C'! connected open subset of R, the estimates in Corollary [3] are
exactly the same as those for Brownian motion, while our heat kernel estimates (Theorem [LIIi)—
(ii)) detect a short-time and short-distance region, precisely ¢ < |z—y|?> < 1 and ép(x)Adp(y) > V1,
where the jump part is the dominant term. When ¢(\) = A + A%/2, Theorem [Tl and Corollary 3]
in particular recover the main results of [10].

Throughout this paper the constants rg, Rg, Ao, Ag, and C;, i = 1,...,6, will be fixed. We use
c1,co,- -+ to denote generic constants, whose exact values are not important and can change from
one appearance to another. The labeling of the constants ¢y, co,--- starts anew in the statement
of each result. We use ¢(«, 3, ...) to indicate a positive constant that depends on the parameters a,
B, ... Dependence on dimension d will not be explicitly mentioned. We will use dz to denote the
Lebesgue measure in R%.



2 Lower bound estimate

In this section we derive the lower bound estimate on pp(t,x,y) when D is a C! open set such that
the path distance in each connected component of D is comparable to the Euclidean distance. As
a consequence, we also get the lower bound estimate on p(t, z,y) in R?. We will use some relation
between killed subordinate Brownian motions and subordinate killed Brownian motions. In this
paper we always assume that X is a subordinate Brownian motion with Lévy exponent ¢(|£|?) with
¢ being a complete Bernstein function satisfying (LI]) and (L.2]).

Let S; be a subordinator whose Laplace exponent 1 is given by (LIJ). Then ¢ + S, is a sub-
ordinator which has the same law as S;. Assume that S; is independent of the Brownian motion
B in R?. Suppose that U is an open subset of R%. We denote by BY the part process of B killed
upon leaving U. The process {Z : t > 0} defined by Z = Bt[ig is called a subordinate killed

t
Brownian motion in U. Let q(,z,y) be the transition density of ZV. Denote by (%Y the lifetime

of ZV. Clearly, ZV = Bt+§t for every t € [0,¢(%V). Therefore we have

pu(t,z,w) > qu(t,z,w) for (¢,z,w) € (0,00) x U x U. (2.1)
By [I, Proposition IIL.8], for every b > 0, there exist constants Ty > 0 and ¢ > 0 so that
P(S; < bt) >c fort < Tp.

Using the Markov property of gt, we can easily deduce that for every b > 0 and T > 0, there exists
¢ =c(b,T,7) > 0 such that
P(S; <bt) >c fort<T. (2.2)

These facts (with b = 1) will be used in the proof of the following lemma.

Lemma 2.1 Suppose that D is a CY' open set in R? with characteristics (Ro,Ag) such that the
path distance in each connected component of D is comparable to the Fuclidean distance with char-
acteristic N\g. For every constant T' > 0, there exist positive constants ¢y = c¢1(Ro, Ao, Ao, M T, 1))
and ca = c2(Ro, Ao, o) such that for all X € (0,M], t € (0,T] and z,y in the same connected
component of VAD,

5 5
pysp M2, y) > e (M) <1 A %@) <1 A %@) o—cala—gl?/(At) (2.3)

Proof. Suppose that A~1/2z and A~'/2y are in the same component, say U, of D. Let pu(t, z,w) be

the transition density of BY. By [I8, Theorem 3.3] (see also [31, Theorem 1.2]), there exist positive

constants ¢; = ¢1(Ro, Ao, Mo, T') and co = c2(Ry, Ag, A\g) such that for any (s, z,w) € (0,2T]xU x U,
du (2) du (w)

ﬁU(S, z,w) > C1 <1 VAN 7) <1 A 7) S_d/2€_c2‘z_w‘2/s. (24)

(Although not explicitly mentioned in [I§], a careful examination of the proofs in [I§] reveals
that the constants ¢; and co in the above lower bound estimate can be chosen to depend only on
(Ro, Ao, Mo, T) and (Ro, Ao, Mo), respectively.) By using the scaling property of Brownian motion,
we get that, for every A > 0, ¢t € (0,7T] and z,y in VAU,

Py (M, y) = NV Py (8, A2, AT 2y),

8



Thus by 2.4,

~1/2 ~1/2
Py a,y) > cr(ae) 2 (1 p ") x)> (1 A OATY) y)> e—c2lz=yl2/(3)

vt Vit
= () (1 A 75%:5)) <1 A 75%‘”)) eczloyP/ ), (2.5)

Now we assume A € (0,M]. Recall that S, is independent of B and that qﬁU(t,a:,y) is the
transition density of Zt\ﬁU = B&U. Note that for every 0 < t < T and z,y in VAU,
t

a5 (At 2, y) = /)\ pyu (s @, y)P(AE + Sy € ds).
t

So by 1), 22) and 5], for every 0 <t <T, X € (0, M] and z,y in VAU,

p\/XD()‘t7x7y) > p\/XU()‘taxay) > q\/XU()‘thyy)

2\t B
> /M Dy (8,7, 9)P(AE + Sy € ds)

At "
= /0 'pv\/XU()\t + s,2,y)P(Sx € ds)

1) x 5 -
2 C3 (1 A ﬁ%p) <1 A )\\/E(y > d/2€—62‘$—y‘2/()\t)]P>(5)\t S )\t)
> ¢y (1 A 5\5\%@)) <1 A 5ﬁUt(y ) d/2e—cz\w—y\2/(xt>
= ¢ (1 A Lf}@) (1 A 6‘5\7 > d/2€—02\x—y\2/(>\t)'
t t

Remark 2.2 Note that the Brownian motion B in R? with infinitesimal generator A has transition
density

|z —yl|?

p(t,z,y) = (47Tt)_d/2€_ w -, zyeRY t>0.

Using this instead of (24]) and an argument similar to (but easier than) the proof of Lemma 2]
with A = 1 we can get that, for any 7" > 0, there exists a positive constant ¢ = ¢(T, 1) such that
for all t € (0,7] and z,y in R?,

_ == y\

p(t,x,y) > cit™ /2~

Lemma 2.3 For any positive constants R and a, there exists ¢ = ¢(R,a,v) > 0 such that for all
z€R% and r € (0, R],

inf Py, (7 Zr>a7‘2 > c
yEB(z,r) (B( 2r) )



Proof. By Lemma 2.1] we have

inf Py (7p(z2r) > ar?) = Po (g0, > ar’®) = / P (ar®, 0,y)dy
yEB(z,r) B(0,r)

Y

/ P (ar®,0,y)dy
B(0,r/2)

) (0) 53(0 )(y) 27002
o1 (ar?) 42 (1 p 200 0) ) <1 5 B0 >| Jor) g
/]3(077“/2) 1(ar) Var? Var? Y

) (0) ) (2) >
B —d)2 B(0,1) > < B(0,1) ) —eal2|?/a
= ¢ a 1IN —" IN——22"" e dz
2 /B(0,1/2) < Va Va
= c3(R,a,v) > 0.

v

a

Recall that we assume that (L2]) holds. On the other hand, since ¢ is a complete Bernstein
function, it follows from [26] Lemma 2.1] that there exists ¢; > 1 such that u(t) < cju(t + 1) for
every t > 1. Thus by [25] Proposition 13.3.5] and its proof, we have that for any K > 0, there
exists co = co(K) > 1 such that

j(r) < e j(2r),  Vre(0,K], (2.6)
and, there exists c3 > 1 such that
j(r) <esj(r+1),  Vr>1. (2.7)

Lemma 2.4 Suppose that R > 0 and b > 1 are constants. Then there exists ¢ = c¢(R,b,¢) > 0
such that for all r € (0, R], t € [r%/b,br?] and u,v € RY,

PB(u,r)UB(v,r) (tv u, U) 2> c (t_d/2 N (t'](u7 U)))

Proof. Let r € (0,R], t € [r?/b,br?] and E = B(u,r) U B(v,7). If [u — v| < r/2, by Lemma 21]
(with T =b, VA =r and D = B(0,1)) and (L3,
pe(t,u,v) > inf 2pB(07T) (t,0,2) = inf 2pB(07T) (r2(t/r%),0, 2)

 lal<r/ |2l <r/

T T 2
> eyt <1 N (TA == ) e/t > et 2 > ey (T (u,0) AEH2).
Vi 2Vt

If ju —v| > r/2, we have by the strong Markov property and the Lévy system of X in (L4 that

pe(t,u,v) > E, [pE(t - TB(uJ,/g),XTB(u’T/s),U) CTB(uyr/8) < b Xrpurs € B(’L),T‘/S):|

t
-/ ( [ pnams) ( / J(w,z>pE<t—s,z,v>dz> dw) ds
0 B(u,r/8) B(v,r/8)
t
> inf J(w, z /]P’u TB(ur/8) > S / pE(t—s,z,v)dz | ds
<w€B(u,r/8),z€B(v,r/8) ( )> 0 (B( 7/8) )< B(v,r/8) E( ) >

10



t
> ]Pu u,r >1 inf J ) v,T t— (g dzd
B (TB( /8) ) <w€B(u,r/81)I}z€B(v,r/8) (w Z)> /0 /B(v,r/S) DB(v, /8)( 8,2 U) zas
t

= Po(TB(0,r/8) > 1) (weB(u T/giﬂfzeB(v T/g)j(|w - Z|)> /0 Po(7B(0,r/8) > 8)ds

at o=z

wEB(u,T’/é)7 z€B(v,r/8)

st (ot e

weB(u,r/8),z€B(v,r/8)

2 t (PO(TB(O,T/S) > b?"2))2 (

In the last inequality we have used Lemma 23] Note that, if w € B(u,r/8) and z € B(v,r/8), then
jw—z| < fJu—wl+fu—v[+v-2z[< |u—v|+£§ (2|U—U|)A(|u—v|+§)-
Thus using both (2.6) and ([2.7) we have
pe(t,u,v) > coti(|u —v|) > co(t (u,v) At=Y?).
The proof is now complete. O

The next lemma in particular implies that if £ and y are in different components of D, the
jumping kernel component of the heat kernel dominates the Gaussian component.

Lemma 2.5 For any given positive constants ci,co, R and T, there is a positive constant c3 =
63(R7T7 017627¢) so that

/2= (ert) < es(t™Y2 A (th(car))) for every r > R and t € (0,T). (2.8)

Proof. Observe that (27) implies that there exist ¢4 > 0 and ¢5 > 0 such that
jcar) > cye™ " for every r > 1/ca. (2.9)
For r > (1/¢2) V (2¢1¢5T) and t € (0, T, we have r2/(2c1t) > c5r and

t—d/2—1e—((l/CQ)\/(2clC5T))2/(201t)

t—d/2—le—r2/(2clt) <
< sup s 4/2=1—((1/c2)V(2c1e5T))? /(2c15) _. 6 < 00.
© 0<s<T
So by 29), when r > (1/c2) V (2¢1¢5T) and t € (0,7, we have
2= (el) < cope? /R0 < popemoT < (cg/ca)tj(car). (2.10)
When R <7 < (1/ca)V (2¢1¢5T) and t € (0,7, clearly
= 42emr (et) < ¢ (Sup S_d/2_1e_R2/(cls)) < crtj(car). (2.11)
s<T
The desired inequality (2.8]) now follows from (ZI0) and (ZIT]). 0

Recall that the function hp ¢, ¢, (¢, z,y) is defined in (LI3]).
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Theorem 2.6 Suppose that D is a Cb' open set in R with characteristics (Ro, Ao) such that the
path distance in each connected component of D is comparable to the Euclidean distance with char-
acteristic Ag. For every T > 0, there exist ¢y = ¢1(Rg, Ao, Mo, T, %) > 0 and ca = ca(Ro, Ao, Ao) > 0
such that for all (t,x,y) € (0,T] x D x D,

pD(ta‘Tay) 2 ClhD7cz,1(t7‘T7y)‘ (212)

Proof. First note that the distance between two distinct connected components of D is at
least Ry. Hence in view of Lemmas 2.1] and 2.5l we only need to show that there exists ¢ =
¢(Ro, Ao, Mo, T, 1) > 0 such that for all (¢,2z,y) € (0,T] x D x D,

pp(t,z,y) > c <5[i/(%) A 1) <5D—\/($) A 1) (¢ (z,y)) A2, (2.13)

Since D is a C1! open set, as mentioned earlier, it satisfies the uniform interior and uniform
exterior ball conditions with radius 79 = ro(Ro, Ag) € (0, Rg]. Set Ty = (r9/4)%. Consequently, there
exists L = L(rg) > 1 such that, for all ¢ € (0,Tp] and z,y € D, we can choose ¢ € D N B(x, L\/t)
and ¢, € DN B(y, L+/t) so that B(&L,2v/t) and B(&, 24/t) are subsets of the connected components
of D that contains x and y, respectively.

We first consider the case t € (0,7y]. Note that for u € B(&L, v/t), we have

op(u) >Vt and |z —ul < |v = &[+1& —ul < LVE+ Vi = (L+1)Vi.

Thus by [2.3) (with A = 1), for ¢t € (0, Tp],

dp(x) dp(u) —d)2 —calo—ul?/t
th3,a:,udu201< /\1>/ ( A1)t 2emcalz=ul/t gy,
/B@;A/a &/ ) Vi Betvh \ Vi

op () ) /2 —ca(L+1)? <5D($) )
> ! e2( B(&, V)| > Al . 2.14
>a (22 P 1BV = e (2 (214)
Similarly, for ¢ € (0, Tp],
/ pp(t/3,y,u)du > c3 <5D(y) A 1> . (2.15)
GRO %
By the semigroup property, for ¢t € (0, 7],
p(t,x,y) / / p(t/3,x,u)pp(t/3,u,v)pp(t/3,v,y)dudv. (2.16)
g:c’ B(Syy

We consider the cases |z — y| > v/t/8 and |z — y| < \/t/8 separately.

Case 1: Suppose |z —y| > +/t/8 and t € (0,Tp]. Note that by (ZI6]), Lemma 24, symmetry and
&I14)-213),

D t,l’,y

p( )
> pp(t/3,x,u)pg, v t/3,u,v)pp(t/3,v,y)dudv
/@5%)/(&;,\0 D(t/3, 2, WP, viy2uB(evif) (13, 4 v)PD(E/3,0,9)
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264/ / pD(t/3,x,u)(t_d/2 A (tJ (u,v)))pp(t/3,v,y)dudv
B(¢gt,Vt) I B(EL V)

>eq inf (=2 A (1] (u, 0))) / / po(t/3, 2, W) (t/3, 0, ) dudy
()€ B(EL 1) B(E ) B, JBie v

o2 o —d/2 v dp(z) op(y)
= 3<<u7v>eB<s;,ﬂf>xB<§;,\/z>(t A, ))))( Vit M>< Vit M)' (217)

Since |z — y| > v/#/8, we have that for (u,v) € B(¢L, Vt) x B(¢L, V1),

lu—v] < fu— &l +1& —z+lz—yl+]y — &l + & — vl
<21+ L)VE+ |z —y| < (16(1+ L)|z — y|) A (2(1 + L)/To + |z — yl),

thus using (2.6]) and (2.7]) we have

inf =2 A (T (u,0)) > s (Y2 A T (x,y))). (2.18)
(uv)€B(EL VD) x B(E} V)

Thus combining with ZI7) and [ZI8), we conclude that, for |z — y| > V/1/8,

pp(t,z,y) > c6 (513/(;) A 1> <5lz/(§’) A 1) (tJ(z,y)) At=Y2), (2.19)

Case 2: Suppose | —y| < Vt/8 and t € (0, Tp]. Then for (u,v) € B(&L, V) x B(EL, V1),
lu—v| <2(1+ L)Wt + |z —y| < (2(1+ L) +8 1)Vt

Thus by ([2.3), we have for every (u,v) € B(&L, V) x B(&, V1),

pp(t/3,u,v) > cr <6[i/(;) A 1> <5[z/(;) A 1> /2= cslu—v?/t > o y=d/2,

Therefore by (2.14)-(2.16)), for ¢ < Tp,

coc? (511/(;) A 1> <5lz/($) A 1) ((tJ(z,y)) At=Y2). (2.20)

Combining ([2.19) and ([2:20)) we get (2.13) for t € (0,Tp]. When T' > Tj and ¢ € (Ty, T, observe
that Tp/3 <t—2Ty/3 <T —2Ty/3 < (T/To —2/3)Tp, that is, t — 2T /3 is comparable to Tp/3 with
some universal constants that depend only on 7" and Tj. Using the inequality

v

pp(t,z,y)

v

po(t,z,y) > / po(To /32, Wpp (t — 2T0/3,u,)pp (To/3, v, y)dudv  (2.21)

B(£X0 V/Th) /J9<£§°,¢T—o>

instead of (2Z.I0)) and by considering the cases |x — y| > \/1y/8 and |z — y| < v/Ty/8 separately, we
deduce by the same argument as above that (2.13]) holds for t € [Ty, 7] and hence for ¢t € (0,7]. O
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Remark 2.7 By Lemmal[2.4] we have that for every 7' > 0 there is a positive constant ¢; = ¢; (¢, T)
such that for all (¢,2,y) € (0,T] x R% x RY,

p(t7 T, y) > pB(w,\/Z)UB(y,\/z) (t7 T, y) > c1 <t_d/2 N (tJ(‘Ta y))) : (222)

Together with Remark 2.2 ([2.22]) yields the following global lower bound on p(t, z,y): For every
T > 0, there is a positive constant ¢y = cp(1), T') such that for all (t,z,y) € (0,T] x R? x R,

p(t,z,y) > c2 (t_d/Qe_‘x_y‘Q/(‘lt) + 72 A (tJ(x,y))) . (2.23)

3 Upper bound estimate

In this section, we derive the upper bound estimate on pp(t,z,y) for C1'! open sets satisfying the
assumption (7). We first record a lemma, Lemma .1l which serves as the starting point for the
upper bound estimate. Applying it and using (I.7)) for pp(¢, x,y) on the right hand side of ([3.2), we
can get an intermediate upper bound estimate for pp (¢, x,y) that has one boundary decay factor.
This is done in Proposition Applying Lemma B.I] again but now using the intermediate upper
bound estimate for pp(¢,x,y) obtained in Proposition on the right hand side of (B1]), we can
get the desired short time sharp upper bound estimate for pp(¢,z,y). This is carried out in the
proof of Theorem [[I(ii). Recall that X is a subordinate Brownian motion with Lévy exponent
#(|€|?) with ¢ being a complete Bernstein function satisfying (ILI) and (L2)).

Lemma 3.1 Suppose that Uy, Us, E are open subsets of R® with Uy,Us C E and dist(U1,Us) > 0.
Let Uy := E\ (Uy UUs). If x € Uy and y € Us, then for everyt > 0,

pE(t,x,y) S]P)x <XTU1 S U2> < sup pE(S7Z7y)>

s<t,z€Usz

+ /t Py (1, > s)Py(TE >t — s)ds ( sup  J(u, z)) (3.1)
0

ueUy, z€Us

<P, <XTU1 € U2> < sup p(s,z,y)) + (t ANEg [T1,]) < sup  J(u, z)) . (3.2)

s<t,z€Usz uelUy, zeUs

Proof. The proof is similar to that of [0, Lemma 3.4]. For the reader’s convenience, we spell out
the details here. Using the strong Markov property of X, we have

pE(t7$7y) = E; |:pE(t - TU17XTU17y) FTy; < t]
= E, {pE(t - TU17X7'U17y) cTy <Xy, € UQ]
+E; [pE(t—TUl,XTUl,y) 2T, <t Xy, € U3:| = I+ 1II.

Clearly

s<t,z€Ua s<t,z€Ua

1<P, (X, €U,) ( sup pE<s,z,y)> <P, (Xr, €Us) ( sup p(s,z,y>>-

14



On the other hand, by (4] and the symmetry,

II = /Ot (/Ul P (8,7, u) </US J(u, 2)pp(t — s,z,y)dz) du> ds

t
< sup  J(u,z) / P, (1, > s) </ pE(t — s,z,y)dz> ds
u€eUy, z€U3 0 Us

< ( sup  J(u, z)> /Ot Py (tv, > s)Py(tp >t — s)ds.

uelUy, z€Us
Finally
¢ ¢
/ Py (11, > s)Py (1 >t — s)ds < / P, (1y, > s)ds <t NEg[1y,].
0 0
This completes the proof of the lemma. O

Recall that C1, Cy and C3 are the constants in (7).

Proposition 3.2 Suppose that D is a C*' open set in R? with characteristics (Ro, Ag). Assume
that (LT)) holds. For every T > 0, there exists ¢ = ¢(Cy,Cs, Ry, Ao, T ) > 0 such that for all
t € (0,7] and all x,y € D,

op(x)

poltszg) < ¢ (10 20 ) (1a2erle 0000 4 (02 ptla — g0 v 26))).

Proof. There exists 7o = 79(Ro,Ag) € (0, Rg] such that D satisfies the uniform interior and
uniform exterior ball conditions with radius rg. Fix 7> 0 and ¢ € (0,7]. Let z,y € D. In view
of (7)), we only need to show the theorem for 6p(z) < r9v/t/(16v/T) < 70/(16), which we will
assume throughout the remainder of this proof. Choose x¢ € 0D such that dp(z) = |x — x¢|. Let

U, := B(zo,70Vt/(8VT)) N D. (3.3)
Let n(xg) be the unit inward normal of D at the boundary point zy. Put
roV't
1 = x9 + ——n(xg). 3.4
1=t (o) (3.4)
Note that ép(x1) = fg\‘/[% Applying the boundary Harnack principle in [27] we get
5[)(%) 16\/Tép(x)
P, (X D < 1Py, (X5 D S
( Uq € \Ul) Cl 1( Uq S \Ul)(SD(Z'l) Cl 7"0\/5
Hence 5p(2)
p(x
Pm(XTUl eD \ Ul) < co <1 VAN \/E > . (3.5)
By [27, Lemma 4.3],
Ex[TUl] < Cg\/i (5D($) (36)
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Thus we have by (8.5]) and (3.6,

P, (rp > t/2) < Py (ry, >1t/2)+P, <XTU1 €D\ U1>

((%Em [TU1]> A 1) P, <XTU1 c D\Ul) < <1 A 513/(;)

Now we deal with two cases separately.

Case I: |z —y| < <\/2ng \Y (To/\/T)> Vt. By the semigroup property, symmetry and (7)),

pp(t,z,y) = /DpD(t/Q,x,z)pD(t/2,z,y)dz

z,weD

< (sup p(t/Q,z,w))/pD(t/Z:E,Z)dz
D
< H202P (1p > t/2)

_ op(x)
< 2202 (1 A2 > :
s 4 1 \/i

where in the last line (3.7)) is used. Since
| —yI?/(4Cat) < (d/2) V (r§/(4C2T)) < (d/2) V (15/(4T)),
we have

po(t, 2, y) < g2 T2 W2V IF/UT)) p=d/2—le—y?/(4C21) <1 A M) .
- t

Case 2: |x —y| > <\/2ng \Y (To/\/T)> Vt. Let

Us:={z€D:|z—z|>|r—y|/2} and Us:=D)\ (UUUs).

Since
— t
]2—x!>|x y|2r0\/_ for z € Us,
2 2T
dist(U1,Us) > 0 and, for u € U and z € Us,
rov/t
u—z| 2 |lz—zx|—|r—209| —|T0g —U| = |2 — x| — >\z—x|/2 > |z —yl/4.
fu=sl 2 =2~ o a0l o —ul 2 2 =al = 22 > |2 —al/2 > o=
Thus,
sup  J(u,2) <c sup J(lu—2]) < esj(lz —yl/4).
u€li, 2€U3 (w,2):lu—z|>3|z—y|
If z € Us,
3 [z —y|
gle—ylzle—yl+lz -zl 2z —yl 2o -yl — |z — 2| 2 ——.

We remark here that up to this point, we have not used assumption (LT) yet in this proof.
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Observe that, for any 8 > 0, the function f(s) := s~42¢=B/5 is increasing on the interval
(0,26/d]. By (1), (312) and the observation that t < |z — y|?/(2dCy),

sup  p(s,z,y) < Cp sup (s7H2emlFmul/Ces 72\ 5 (2 /Cs,y/C3))
s<t,z€Usz s<t,z€Usz

< sup (s_d/ze_‘z_y‘z/czs + sJ(2/C3,y/C3))
s<t, [z—y|=|z—yl/2

< Crsups~2elomvlP /UG o Oyl — y|/(2C3))
s<t

< Oyt el AON e (472 A (e - y]/(2C5))), (3.13)

where in the last line (LA is used. In fact, since |z — y| > (ro/vVT)VE, by (L3),

y 14d/2
= ol/20) < il vl Am)/eC) <o (i) 0

< oo(T/rg) P2, (3.14)
where cg > 0 depends only on Cj.

By the same argument as that used to get (B.3]), we can apply the boundary Harnack principle
in [27] to get

Op(x) dp(x)
P, (X Us) < 7P, (X U < . 3.15
( v, € 2) < 7Py ( v, € 2)5D(331) C8 NG ( )
Applying B2, €5, EII), B3 and @I, we obtain
pD(taxay)
<Cg <t—d/26_|50—y|2/(402t) + t_d/2 A tj (’x _ y’/(2C3))) 5D—(‘T) + C1o tj(]x _ y‘/4) 6D(.Z')
- Vi Vi
—d/2 —|o— _ . op(z)
ey (t W2y AC) | 4=d/2 \ pi(12 — y| /(205 v 4))) 22
<en (1% iz = l/(20s v ) 22
where in the last line (LH]) is used (see ([BI4))). This combined with (L7) completes the proof of
this proposition. O

Proposition 3.3 Suppose that D is a C*' open set in R? with characteristics (Ro, Ag). Assume
that (LT) holds. For every T > 0, there exists ¢ = ¢(Cy,C3, Ry, Ao, T %) > 0 such that for all
te€ (0,7 and all x € D

5D(:17)>

Vit

P.(tp >t)<c <1/\

Proof. Fix T > 0. By Proposition and (2.23)) we have that for every 0 < ¢ < T and x,z in D,

oty 2) ser (10 2208 ) (smderlemsIntn =02 1 1o = 2 (4 v 200)

(10229 s,
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where cp := (v/Cq V4V (2C3))~t. Thus

po(t,z, 2)dz < cs <1 A 513}?) /Dp(t,CQx,CQZ)dz <es <1 A 5D(w)> :

P.(tp >1t) = /

D

Proof of Theorem [I.1k (i). This has already been established in Theorem

(ii). Fix T' > 0. There exists rg = ro(Ro, Ao) € (0, Ro] such that D satisfies the uniform interior
and uniform exterior ball conditions with radius r¢. Let ¢ € (0,7] and z,y € D. By Proposition
B2 (C7) and symmetry, we only need to prove (ii) for 6p(z) V dp(y) < rovt/(16VT) < 70/(16),
which we will assume throughout the remainder of the proof of (ii).

The proof of (ii) is along the line of the proof of Proposition but using the estimate from
Proposition for the upper bound estimate of pp(t,z,y) on the right hand side of (3] rather
than using (7). Define Uj, z¢p and x; in the same way as in the proof of Proposition (see
B3)—-(B4)), and consider the following two cases separately.

Case 1. |z —y| < < 8(d+1)Cy Vv (ro/\/T)) Vt. By the semigroup property, symmetry and
Proposition B.2]

pp(t,z,y) = /DpD(t/2,x,z)pD(t/2,z,y)dz

< <suppD(t/2,y,z)> /DpD(t/2,x,z)dz

zeD
< et <1 A 5D—\/(§)> P,(tp > t/2)
< et™? (1 A 5[’—\/(%)) (1 A 5[i/(;)
t t

where in the third inequality, Proposition 3.3]is used.
Case 2: |x —y| > ( 8(d+1)Cy Vv (To/\/T)) Vt. Define Uy and Us as in (3.9). Note that (3.1
holds. Moreover, for z € Us, as in (3.12]),

3l —yl/2 = |z —y| = & —y[/2. (3.17)

Observe that, for any § > 0, the function f(s) := s~ (@1)/2¢=8/s is increasing on the interval
(0,28/(d + 1)]. By Proposition (instead of (L)), (BI7) and the observation that ¢ < |z —
y[?/(8(d +1)C),

S ppls,zy) < e sup (s IO |2 n gyl /ay 90y))) 2
s<t,z€Usz s<t,z€Usz \/g
< ebply) s (B ERICS) L iyl 2Gy)
s<t, [z—y|=|z—yl/2
< e36p(y)(sup s (d+1)/2g—la—y|*/(16C2s) 4 Vtj(lz —y|/(8 Vv 4C3)))

s<t
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C45D—\/(%y) (t= 42 lo=ylP/(A6C20) | (1=d/2 & (|2 — y| /(8 V 4C3))), (3.18)

where in the last line we used an argument similar to that in ([BI4). On the other hand, by
Proposition [3.3] we have

t t t
/ Py(1, > 8)Py(tp >t — 5)ds < / Py(tp > 8)Py(1p >t — s)ds < 65/ op(@) p(y) ds
0 0 0 \/5 t—s
1
1
= c50 1) —————dr = cgd ) . 3.19
58 @i (0) || st = cuhple)int) (3.19)
Combining B3.1), (3.I1I), B.I5), (B18) and (B19) all together, we conclude that
pD(t,x,y)
< o <t—d/2e—|m—y|2/(1602t) 2 Atz — yl/(8 v403)))) 5D(w)t5D(y)
. 0 )
v ti(Jz — yl /)220 W)
—df2 —|o—y|2/(16Cot) | (1—d2 x 4s dp(z)dp(y)
< o (17 + (2 At = yl/(8 v 4Cy))) ) D
— ¢ (t—d/%—‘w—y‘z/ﬁﬁcﬁ) + (YAt (|lz =yl /(8 V 4(13)))) <1 A —513/(;)> <1 A —513/%’)> :

where in the second inequality (L3]) is used (see (8.14])). This combined with ([B.16]) and Proposition
completes the proof of (ii).

(iii) and (iv). We first note that the path distance condition is satisfied in any bounded C:! open
set D with \¢ depending only on Ry, Ag and diam(D). Thus by (i) and (ii), it suffices to prove (iii)
and (iv) for T'= 3.

In view of (7)), the transition semigroup {PP,t > 0} of XP consists of Hilbert-Schmidt
operators, and hence compact operators, in L?(D;dz). So PP has discrete spectrum {e=**; k > 1}
arranged in decreasing order and repeated according to their multiplicity. Let {¢g,k > 1} be the
corresponding eigenfunctions with unit L?-norm, which forms an orthonormal basis for L?(D;dz).

Clearly,

[ @ Asp(@) n(@)e < D111 1200 < DI (3.20)

By using the eigenfunction expansion of pp(t,z,y) =Y poy e M (x)dr(y), we get
00 2
/ (LA p(x)pp(t,z,y) (1A dp(y)) dedy = Z e~ Ak </ (LAOp(x)) qﬁk(az)da;) . (3.21)
DxD = D
Noting that g is increasing and || f|13 = Y52 ([}, f(2)¢r(2)dz)?, we have for all ¢ > 0,

[ @nop) poltay) (s dedy <™ [ @nop@)?de<e™ D] (32)

DxD D

On the other hand, by Theorem [[I[ii) and (B.20]), there exists ¢; > 0 so that for every x € D,
on@) = @ [ ppam)omy
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< e (INdp@) [ (A8 )iy < e D2 (1 Adp(a).  (323)
It now follows from (B2I) that for every ¢ > 0,
| A ap(a) polt.a) (1 A5 (w) dody
:
o ([ @nonen o)

2
> e—t)\l (/ (616)\1|D|1/2)_1¢1(l‘)2dl‘> :Cl_2|D|_1 e—(t+2))\1‘ (3‘24)
D

Y

For ¢t > 3 and x,y € D, we have that
pD(t,x,y) = / pD(ng)Z)pD(t - 2,z,w)pD(1,w,y)dzdw. (325)
DxD

By Theorem [[1J(ii) and ([3:22]), there exist ¢; > 0, i = 2,3, so that for every ¢t > 3 and z,y € D,

po(t,z,y)
< (1 Adp(z)) (1AD(Y)) /D B (LAp(2)pp(t —2,z,w) (1 Adp(w)) dzdw
< e DIe™M 2 (1 AGp () (LA Sp(y)) < ese™™ (1 Adp(x)) (LA SH(Y)). (3.26)

By ([B3:28), Theorem [2.0] the boundedness of D and (B8.24]) we have that there exist ¢; > 0, i = 4,5,
so that for every ¢t > 3 and z,y € D,

pp(t,z,y)
> ¢4 (1A j(diam(D)))* (1 Adp(z)) (1 ASp(y)) / (LAp(2))pp(t —2,2z,w) (1 A dp(w)) dzdw

DxD
> ¢5 (1A j(diam(D)))? | D7 (1A 6p(x) (LA Sp(y)) e ™™ = ¢ (1 A p(x)) (1A Sp(y)) e,

The theorem is now proved. O

Let (£, F) be the Dirichlet form of X on L?(R%; dx). Tt is known that (£, F) is a regular Dirichlet
form on L?(R%; dx) with core C}(R?); see [4]. Moreover, for u € C(R),

E(u,u) := /]Rd Vu(z) - Vou(z)dx 4—/]R (u(z) —u(y))?J (x, y)dzdy (3.27)

dwRd

and F := Ccl(}Rd)(91 c W2(RY) = {f € L} (R%dz) : E(f,f) < co}. So we have the following
Nash’s inequality:

5" < e [ Fu@Pde 117" < a8 PIAT o reF @)

It follows then
p(t,x,y) < est™? for t >0 and z,y € R (3.29)

20



Proof of Theorem (i) There exists 19 = 19(Ro, Ao) € (0, Rp] so that D satisfies the uniform
interior and uniform exterior ball conditions with radius ro. Fix T > 0. We claim that there is a
constant ¢y > 0 so that

dp(z)
Vi
In view of (L6), pp(t,z,y) < p(t, |z —y|) < p(t,|x — y|/4). So it suffices to prove ([B30) when
5p(z) < rov/t/(16V/T) < ro/16. Define Uy, xg and z; in the same way as in the proof of Proposition
(see B3)-(B4)). Hence BH)-B1) and BI5) hold. We now prove ([3.30) by considering the

following two cases.
Case 1: |z —y| < (ro/vT)V/t. By the semigroup property, symmetry and (3.29),

pp(t,z,y) < cop(t, |z — y|/4) ( A 1> for every (t,x,y) € (0,7] x D x D. (3.30)

pp(t,z,y) = /DpD(t/2,a:,z)pD(t/Q,z,y)dz

< (sup p(t/2,z,w)> /DpD(t/2,x,z)dz

z,weD
—d/2 —d/2 op(z)
< et P.(tp > t/2) < cot 1IN =%,

Vit
where in the last line (3.7)) is used. Since |z — y|?/(64t) < r2/(64T), we have by Remark 2.7

Po(t,2.,y) < caed/ OD-/2g-lrvl2/64) <1 A 5D—\/(E)> < eqp(t, |z — y1/4) (1 " 5D¢(ix)> |

Case 2: |z —y| > (ro/V/T)Vt. Define Uy and Us as in (39). Note that (BII) and (FIZ) hold.
Observe that by (L.0)

sup  p(s,z,y) < sup p(s,z,y) < supp(s, |z —y[/2). (3.31)
s<t, z€Uq s<t, [2—y|>la—y|/2 s<t

By [28, Lemma 3.1], (I.I4]) implies
§(r) < ear~Mp(r=?) < ereap(1)r~2  for all r € (0,1].

Thus under assumption (LI4]), according to [16, Theorem 1.3], the parabolic Harnack inequality
holds for the subordinate Brownian motion X. Extend the definition of p(t,r) by setting p(t,r7) = 0
for t < 0 and r > 0. For each fixed z,y € R? and ¢t > 0 with |z — y| > (ro/vT)V/%, one can easily
check that (s,w) — p(s,|w — y|/2) is a parabolic function in (—oo,T] x B(z, (ro/VT)vt/4). So
by the parabolic Harnack inequality from [16, Theorem 1.3], there is a constant c¢3 = c3(v)) > 1 so
that for every ¢ € (0,77,

sg)p(s, |z —yl/2) < esp(t, |z —yl/2).
s<
Hence we have

sup p(87 z, y) < 03p(t, ‘.’1’ - y’/z) (332)
s<t,z€Us

Applying 3.2), 3.6), B.11), B.I5), B.32), we obtain

poltay) < Bo(Xe, cU)( swp pls,nn) +Ealrl [ swp Ju,2)
! s<t, 2€Us ucls, 2€U3
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< eanltlo— /D22 4 aa il — /)220 (3.33)
Since |z — y| > rov/t/V/T, by (L),
1+d/2
il =alfd) < e =l am)/ <o (o)
< ey(T)rd)Hd/24=d/2, (3.34)

Thus by the monotonicity of the transition density and (8:33]) and (B:34) we obtain

pp(t,x,y) < esp(t,|x —yl|/4) 6?/(;) 6 (t_d/2 ANtj(lz — y|/4)> 5[\)/(;)
< emlt, ]z~ yr/4>5$(§’)
< epltle—ol/) (22 1),

where in second inequality (2.22]) is used.

Combining these two cases establishes the claim (3.30). Thus by the semigroup property and
the symmetry of pp(t,z,y) in « and y, we conclude from (B30) that for every ¢ € (0,7] and
z,y €D,

pp(t,x,y) = / pp(t/2,2,2)pp(t/2, z,y)dz
D
< <1 A 513;?) <1 A ) p(t/2, |z — 2| /)p(t)2, |z — y|/4)dz
< & <1 A 512;?) <1 A ) p(t)2, 3 — 2 /A)p(t/2, |2 — y|/4)dz

< oon )

(ii) The lower bound in (LI5) is Theorem [[I[(iii). The proof of the upper bound in (LIH) is
the same as that of Theorem [[T[(iv), the only difference is that we use part (i) of this theorem and
[B:29), instead of Theorem [[II(ii), so that pp(1,2,2) < c1(1 Adp(z))(1 Adp(2)) and pp(1l,w,y) <
61(1/\5D(w))(1/\(5p(y)) . a

2O0) pit o a1/

4 Green function estimates

In this section we give the proof of Corollary .3

Proof of Corollary 3t Put 7 := diam(D)2. Recall that gp(z,y) is defined in (LI6). By an
argument similar to that for [7, Corollary 1.2], one gets that (see the proofs of [29, Theorem 5.0.8]
(for d =1,2) and [24], Theorem 6.2] (for d > 3) for details)

/OT <1 A 5Ii/(§3)> <1 A 5D—\/(%y)> p=d/2g—crle—y*/t gy | /Too MG ()0 (y)dE = gp (@, 1),
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Thus, since D is bounded, by Theorem [l (i) and (iii), we have Gp(z,y) > cagp(z,y), which

proves Corollary [L3|(i).

When the bounded C'! open set D satisfies (I.7), by (L5) and Theorem [ (ii) and (iv), we

have

Gp(z,y) <c3 <gD(x,y) + /OT <1 A 5D—\/(§)> <1 A 5132”) (t‘d/2 A m> dt) .

Therefore to prove Corollary [L3(ii) it suffices to show that

/OT <1 . 5D\/(;)> <1 . 6?/(51)> <t‘d/2 A m> dt < cagp(z,y).

By the change of variable u = M, we have

[ () (0 22) (0 e

- /: o (ud/2_2 A u—3) (1 A M) <1 A M) du.

|z — y|d—2 |z —y| lz — g

Since for every z,y € D and r > 0,

(107802 (1 78000) Pttt

|z — 1y lz — | |z — y|?

Y

we have

1 /°° <ud/2_2 A u—3) <1 A M) <1 A M) du
1

|z — y|d—2 |z —y| lz — g

1 o
_ d_2/ w2 <u—1/2 A 5D(117)> <u—1/2 A op(y) > du
[z —y|"2 )y |z —y| |z —yl

et A <1 : \ch—(xy)O (1 " riD—(yy)r) d“
L (a2

|z — y|d—2 2 —y|?

(1) When d > 3, by (£3), we have

|z — %2 Jjayi2yr |z -y [z — y

e () (0 2) /olud/2_2d“
: . <1/\5D($)5D(y)>'

<
T d—2z—yld? |z —y|?

Combining (4.2)), (£4) and (L5), we arrive at (£.1]) for d > 3.

For the other cases, we define

IN

- dp(x)dp(y)
A

23

1 /1 (ud/2—2 A u—s) <1 A M) <1 A M) du
|

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)



Clearly 1/ug > |x — y|?/diam(D)? = |z — y|*/T.
(2) Suppose d = 2. By (4.3) we have
|z =yl

|z — y|i—2 |z —y|

1
/ - <1/\ U5D($)5D2(y)> du
le—y|2/T |z —y

1 1
= u_ll{u>1/u }du—l—/ u01{u<1/u }du
/x—yQ/T = le—y|2/T ’

IN

= log(uovl)—i-uo(uio/\l—%).
Thus by (@32), @A) and @1,
C iA@Y (1 WY (g,
O
) (11 52 oo (o n1 - B )

1 |z —yl
N [ e
uQ T

IN

= 1 Awug+log(up V1) + ug

= 1 Awug+log(up V1) = log(1 + ug) = log <1 n M) _

jz —y?
This proves (4.1]) for d = 2.
(iii) Lastly we consider the case d = 1. By (&3] and (&.6l),

|z — y|d=2 |z —y| |z — |
1
< |z —y u=3? <1 A LODAE)ODYY) 5D($>5D2(y)> du
le—y|2/T |z -y

1 1
= |z -y </ w2y gy du +/ uou_l/zl{u<1/uo}du)
lz—y|?/T lz—y|?/T

= |z —y| <2 ((uo\/1)1/2_1) + 2ug <(u0\/1)_1/2_ <%>1/2>>‘

Thus by ([@2), (£4]) and the last display, we have

[0+ 0 2) (o)

IA

= |z —yl (“(IJ/2 A Uo) = (6p(@)dp(y))"/* A %.

This proves (41]) for d = 1.

24

1 /l:_ » <ud/z—2 A u—3> (1 A M) <1 A M) du

1 /l:_ » <ud/2—2 /\u_3> (1 A \/55D(1’)> <1 A \/775[)(?/)) du

_ 12\ /2
[z =yl (L Auo) + |z —yl (((UOV )2 - 1) + g <(u0 V1)V (L Ty| ) >>
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