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Fluctuation limit for interacting diffusions
with partial annihilations through membranes
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Abstract
We study fluctuations of the empirical processes of an interacting particle system recently intro-
duced in [§] and establish its functional central limit theorem. This fluctuation limit is a distribution-
valued Gaussian Markov process which can be represented as a mild solution of a stochastic partial
differential equation. The key is to show that the Boltzman-Gibbs principle holds for our non-
equilibrium system.
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1 Introduction

A new class of interacting particle systems of two species is recently introduced in [7] and [8]. The primary
goal is to understand the connection between the microscopic transports of positive and negative charges
in solar cells and the electric current generated. However, these models are flexible and general enough
to provide insight to a variety of natural phenomena, such as the population dynamics of two segregated
species under competition.

Here is an informal description of the model introduced in [§]. A solar cell is modeled by a domain in
R? that is divided into two adjacent sub-domains D, and D_ by an interface I, a (d — 1)-dimensional
Lipschitz hypersurface. Domains D, and D_ represent the hybrid medium that confine the positive
and the negative charges, respectively. An example to keep in mind is when D, = (0,1)¢ and D_ =
(0,1)?71 x (0, —1) are two adjacent unit cubes. The interface is then I = (0,1)?~! x {0}. The particle
system is indexed by N, the initial number of positive and negative charges in each of Dy and D_.
At microscopic level, the motion of positive and negative charges are modeled by independent reflected
diffusions (such as reflected Brownian motions) in Dy and D_, respectively. Besides, there is a harvest
region Ay C 9Dy \ I that absorbs (harvests) + charges, respectively, whenever it is being visited.
Furthermore, when two particles of different types are within a small distance dy, they disappear at a
certain rateﬂ rn. This annihilation models the trapping, recombination and separation phenomena of
the charges. We shall refer to the system just described as the annihilating diffusion model. See Figure
[ for an illustration.

A+

A-

Figure 1: Annihilating diffusion model, where I is the interface and A4 are harvest sites

Even though the boundary is fixed and there is no creation of particles, the interactions do affect the
correlations among the particles: Whether or not a positive particle disappears at a given time affects
the empirical distribution of the negative particles, which in term affects that of the positive particles.
This challenge is reflected by the non-linearity of the macroscopic limit.

In [R], we established a functional law of large numbers for the time trajectory of the particle densities.
This is a first step in connecting the microscopic mechanism of the system with the macroscopic behaviors
that emerge. More precisely, let (%iv i %iv ") be the pair of empirical measure of positive and negative
charges at time t. We showed that, under a suitable scaling and appropriate conditions on the initial
configurations, the random pairs of measures (%iv a %iv '7) converge in distribution, as N — oo, to a
pair of deterministic measures which are absolutely continuous with respect to the Lebesgue measure.
Furthermore, the densities (with respect to Lebesque measure) satisfy a system of partial differential

equations (PDEs) that has coupled nonlinear boundary conditions on the interface. It is this nonlinear

1We say an event happens at rate r if the time of occurrence is an exponential random variable of parameter r. In
particular, the probability of occurrence in a short amount of time ¢ is rt 4+ o(t), where o(t)/t — 0 as t — 0.



coupling effect near the interface that distinguishes this model from previously studied ones. The suitable
scaling is of order (IV 6;1\,“)*1 and is rigorously formulated via the annihilation potential function in
Assumption [3:4]

In the current work, we look at a finer scale of the annihilating diffusion model and establish the func-
tional central limit theorem in Theorem To focus on the fluctuation effect caused by the interaction
on the interface I, we assume the harvest sites are empty in this paper. The fluctuations of the empirical
measures from their mean (the coupled PDEs) is quantified by

NE(Ge) = VN (XVF, ox) — EXTF, 61)), (1.1)

where (XM* ¢.) is the integral of an observable (or test function) ¢+ € L2(Dy) with respect to the
measure %iv’i. Intuitively, if ¢, = 1k is an indicator function of a subset K C D, then (%,{V’+, 1) 1s
the mass of particles in K (which is the number of particles in K divided by N). In this case, " (¢..)
is the fluctuation of the mass of particles in K at time ¢. Our main result in this paper, Theorem [5.1]
asserts that the fluctuation limit (as N — 00) is a continuous Gaussian Markov process whose covariance
structure is explicitly characterized. Roughly speaking, the limit solves a stochastic partial differential
equation (SPDE) which is a nonlinear version of the Langevin equation.

As a preliminary step to understand the fluctuation for the annihilating diffusion model, we consider in
[9) a simpler single species model. In that paper, the particles move as i.i.d. reflected Brownian motions
in a bounded domain D C R and are killed by a singular time-dependent potential which concentrates
on the boundary dD. This is motivated by observation that we can view the positive charges as reflected
diffusions in D, subject to killings by a time-dependent random potential. The techniques developed
in [9] provides us with a functional analytic setting for our fluctuation processes YV'* and allow us to
overcome some (but not all) challenges for the study of the fluctuation of the annihilating diffusion model.
For the latter, we need two new ingredients, namely the asymptotic expansion of the correlation functions
and the Boltzman-Gibbs principle. More precisely, by generalizing the approach of P. Dittrich [I1], we
show that the correlation functions have the decomposition

n m N,(n,m) /> —
N, (nm) (= = B (#,9)  o(N)
YO @) = T () TLu- (o) + 2B 4 25
1=1 Jj=1
where (uy, u_) is the hydrodynamic limit of the interacting diffusion system, BtN (1m) s an explicit

function and o(N) is a term when multiplied by N converging to zero as N tends to infinity. See Theorem
for the precise statement. This result implies propagation of chaos and allows explicit calculations
of the covariance of the fluctuation process. The proof of Theorem [6.15]is based on a comparison of the
BBGKY E| hierarchy satisfied by the correlation functions with two other approximating hierarchies. On
the other hand, the Boltzman-Gibbs principle, first formulated mathematically and proven for some zero
range processes in equilibrium in [5], says that the fluctuation fields of non-conserved quantities change on
a time scale much faster than the conserved ones, hence in a time integral only the component along those
fields of conserved quantities survives. Although this principle is proved to hold for few non-equilibrium
situations (see [4] and the references therein), it is not known whether it holds in general. The validity of
the principle for our annihilating diffusion model is far from obvious, since there is no conserved quantity.
An intuitive explanation for the validity here is as follow: Assumption guarantees that the interaction
near I changes the occupation number of the particles at a slower rate with respect to diffusion (which
conserves the particle number). In other words, the particle number is approximately conserved on the
time scale that is relevant for the principle. Hence we are not far away from equilibrium fluctuation.

One of the earliest rigorous results on fluctuation limit was proven by It6 [16, [I7], who considered
a system of independent and identically distributed (i.i.d.) Brownian motions in R¢ and showed that
the limit is a &’-valued Gaussian process solving a Langevin equation, where &’ is the Schwartz space
of tempered distributions. Fluctuations for interacting diffusions in R¢ are studied by various authors

2BBGKY stands for N. N. Bogoliubov, Max Born, H. S. Green, J. G. Kirkwood, and J. Yvon, who derived this type of
hierarchy of equations in the 1930s and 1940s in a series of papers.



(see, for example, [24] for Gaussian fluctuations and [20] for non-Gaussian fluctuations). Sznitman [25]
studied the fluctuations of a conservative system of diffusions with normal reflected boundary conditions
on smooth domains. Fluctuations of the reaction-diffusion systems on the cube [0,1]% with linear or
quadratic reaction terms were studied in [4, [IT], 18, M9]. These fluctuation results are valid only for
dimension d < 3. Our fluctuation results hold for all dimensions d > 1 and the covariance structures
of our fluctuation limits have boundary integral terms that capture the boundary interactions at the

fluctuation level.

2 Notations

For the convenience of the reader, we list our notations used in this paper.

B(E)

By(E)
B*(E)
C(E)

Cy(E)
C*(E)
Ce(E)
W1’2(E)
D([0,0), E)

ZN = yN,Jr @D yN,f

Ft(n,m) _ FtN,(n,m)

F(?M),(p,tﬁ — pN(m).(p.q)

87

Flnm).(00)

Borel measurable functions on E
bounded Borel measurable functions on F
non-negative Borel measurable functions on F
continuous functions on F
bounded continuous functions on £
non-negative continuous functions on £
continuous functions on F with compact support
{f € L3(E;dx) : [Vf| € L?>(E;dz)} Sobolev space of order (1,2)
space of cadlag paths from [0, 00) to E
equipped with the Skorokhod metric (see [2] or [12])
uniform norm (unless otherwise stated)
m-dimensional Hausdorff measure
space of finite non-negative Borel measures on E with the weak topology
augmented filtration induced by the process (X;);>o, i.e. FiX = o(Xs, s <t)
indicator function at x or the Dirac measure at x,

convergence in law of random variables (or processes)

equal in law

is defined as

max{z, y}

min{z, y}

{(z,y) € Dy x D_: |x — 2|?> + |y — 2|?> < 6% for some z € I},

volume of the unit ball in R?

annihilating potential function in Assumption?;#

ﬁzz Zj p(@i,y;), when p = ( >ilas, % jlyj)

fluctuation process defined in

the Hilbert space {ut @ p~ : u* € HE,} defined in

complete orthonormal system of A* := i V- (p+raLV)
in L?(D+, p+) consisting of Neumann eigenfunctions

the eigenvalue corresponding to qﬁf such that Ai(bf = —)\f

fDi ¢(x)(x) p+(z)dz, the inner product of L?(D+, p(x)dx)
(n, m)-correlation function at time ¢ in Definition

generalized correlation function in Definition
FmI00 g0 F0 qeined i (5.7

A constant C that depends only on D and T will sometimes be written as C'(D,T). The exact value
of the constant may vary from line to line. We also use the following abbreviations:



a.s. almost surely
cadlag (or rcll)  right continuous with left limits

LDCT Lebesque dominated convergence theorem
LHS left hand side

PDE partial differential equation

RBM reflected Brownian motion

RHS right hand side

SPDE stochastic partial differential equation
WLOG without loss of generality

w.r.t. with respect to

Definition 2.1. A Borel subset E of R? is called H™-rectifiable if E is a countable union of Lipschitz
images of bounded subsets of R™ with H™(F) < oo (As usual, we ignore sets of H™ measure 0). Here
H™ denotes the m-dimensional Hausdorff measure.

Definition 2.2. A bounded Lipschitz domain D C R is a bounded connected open set such that for
any € € OD, there exits r¢ > 0 such that B(&,7¢) N D is represented by B(&,r¢) N{(y',y?) € R : ¢e(y') <
y?} for some coordinate system centered at & and a Lipschitz function ¢¢ with Lipschitz constant Mp,
where Mp > 0 does not depend on .

3 Model description and assumptions

In this section, we recall the basic assumptions and the definition of the annihilating diffusion model
introduced in [8]. To focus on the fluctuation effect caused by the interaction on the interface I, we
assume the harvest sites are empty in this paper.

We first recall the basic notion and properties of reflected diffusions in a domain. Let D C R% be a
bounded Lipschitz domain, and W2?(D) = {f € L*(D;dx) : Vf € L?*(D;dx)}. Consider the bilinear
form on W12(D) defined by

g) = %/DVf(x)- aVg(z) p( / Z 8x2 )gi_ (z) p(x) de,

3,j=1

where p € W12(D) is a positive function on D which is bounded away from zero and infinity, a = (a™)
is a symmetric bounded uniformly elliptic d x d matrix-valued function such that a” € W12(D) for each
i, j. Since D is Lipschitz boundary, (£, W12(D)) is a regular symmetric Dirichlet form on L?(D; p(z)dx)
and hence has a unique (in law) associated p-symmetric strong Markov process X (cf. [6]). Denote by 7
the unit inward normal vector of D on 0D. The Skorokhod representation of X (cf. [6]) tells us that X
behaves like a diffusion process associated to the elliptic operator

A

in the interior of D, and is instantaneously reflected at the boundary in the inward conormal direction
U= an.

1 R
A::Q—pv (paV) 7272

Definition 3.1. Let (a, p) and X be as in the preceding paragraph. We call X an (a, p)-reflected
diffusion or an (A, p)-reflected diffusion. A special but important case is when a is the identity
matriz, in which X is called a reflected Brownian motion with drift % V(log p). If in addition p = 1, then
X is called a reflected Brownian motion (RBM).

Assumptions [3.2] to [3:5] below are in force throughout this paper.



Assumption 3.2. (Geometric setting) D+ are given adjacent bounded Lipschitz domains in R? such
that I := D N D_ = 0D, NOD_ is a finite union of disjoint connected HA L orectifiable sets. py €
WL2(Dy) N C(D4) are given strictly positive functions, ax = (af) are symmetric, bounded, uniformly
elliptic d x d matriz-valued functions such that a}l € WY2(D4) for each i, j.

We let X+ be an (at, p+)-reflected diffusion in Dy. Under Assumption X¥ is a continuous

strong Markov process with symmetrizing measure p4 and has infinitesimal generator A* := i V.

(p+a+V). An example to keep in mind is when D, = (0,1)¢ and D_ = (0,1)?! x (0, 1) are two
adjacent unit cubes, the functions p+ = 1 are constants and aL are the identity matrices. The interface
is then I = (0,1)?"! x {0}, and we have A* = 1A,

Assumption 3.3. (Parameter of annihilation) Suppose A € C1(I) is a given non-negative continuous
function on I. Let A € C(Dy x D_) be an arbitrary extension of X in the sense that \(z,2) = \(z) for

~

all z € I. Note that such A always ezists.

Assumption 3.4. (The annihilation potential) We choose {{s: 6 >0} C C..(Dy x D_) in such a way
that Ls(x,y) < Ml[& (z,y) on Dy X D_ and

= Capq 04T

A 1 ’
e — 15
Capq 641

=0, (3.1)

1i He _ -
vl L2(DyxD_)

6—0

where I° == {(x,y) € Dy x D_: |z — 2> + |y — 2|2 < 6% for some z € I} (see Figure@ and cq41 18 the
volume of the unit ball in R4+,

The motivation for the definition of ¢5 is the fact (see [13, Theorem 3.2.39]) that

2d( 5
fim %)

d—1
550 Cqp 09F1 =H"(I). (3.2)

In the proof of the main theorem, we will need a strengthened version of which is stated in Lemma
Intuitively, if N is the initial number of particles, then § = ¢y is the annihilation distance and I°
controls the frequency of interactions. As remarked in the Introduction of [§], we need to assume that
the annihilation distance dx does not shrink too fast. This is formulated in Assumptions [3.5 and [£.2]

Figure 2: A pair of points (x,y) € I°¥

Assumption 3.5. (Annihilation distance for functional LLN) {dn} C (0,00) converges to 0 as N — o0
and liminf y_y oo N§§l\, € (0, o0].

Let (X™*, XN:7) be the normalized empirical measures for the annihilating diffusion system described
in the Introduction and rigorously constructed in [8]. The main result of [9] implies the following.



Theorem 3.6. (Hydrodynamic Limit) Suppose Assumptions m 3.9 to |3.5 m in the above hold. If

(0, 2D7) Lo (uf (), (2)d, ug ()p—(9)dy) in M, (Dy) x Mo(D_) as N — oo, where ut
C(Dy), then

(XN, XN 7) 5 (uy (8, 2)py (2)de, w(t,y)p-(y)dy) in D([0,T], My (Dy) x My(D_))

for any T > 0, where (uy, u_) is the probabilistic solution (see Remark of the following coupled heat
equations

%Lt“‘ =Atuy on (0,00) x D

0 (3.3)
u+*iuu1 on (0,00) x OD

81/1 - Ph +U— {1} ) +

and 5

% =Au_ on (0,00) x D_

Ou_ A (3.4)

= o upu_ lip on (0,00) x OD_,

with initial value (uar,ua), where Vi 1= a47i4 18 the inward conormal vector field of 0D+ .

Remark 3.7. The notion of probabilistic solution in Theorem [3.6] follows that in [7, [§]. Precisely,
(u4, u_) is the unique element in C([0,00) x D) x C([0,00) x D_) satisfying

uy(t,z) = Ef[ug(Xj) exp ( — /Ot()\u_)(t —s5,XH) dLj)}
(3.5)

u-(ty) = B ug (X7) exp(/otuun(ts,xs)dLs)},

where LT is the boundary local time of the reflected diffusion X* on the interface I. The validity of
the previous assertion can be verified by the same argument for Proposition 2.19 in [7]. In this chapter,
(u4, u_) always denote the probabilistic solution of the coupled PDEs (also known as hydrodynamic
limit) in Theorem O

4 Fluctuation process

Our object of study in this paper is the fluctuation process defined by
N :yN7+EByN7_ :( t]V7+ @yt]\hf)tzo’ (4.1)

where VT @Y (04, 0-) = YV (h0)+ YT (¢-) and YN-E is the fluctuation field in D as defined

in .

Functional analytic framework: As in [9], it is nontrivial to describe the state space of Z in which
we have weak convergence For this, we adopt the functional analytic setting developed in [9] to each of
D, and D_. Let {¢{f} be a complete orthonormal system (CONS) of A* in Hg := L? (Di7 i) con51st1ng
of Neumann elgenfunctlonb and /\i the eigenvalue corresponding to ¢k (i.e. Ai¢k = —/\i ¢k ), with
0< )\i < )\i < )\i . Moreover, for v € R, let ’Hi be the separable Hilbert space with inner product

{, ﬁ constructed as in [9], which has CONS {h,(:)’i = (1+ X572 ¢k > 1}. Now for a > 0 and
(ut, u") e Ht, x H_,, we define u* @ pu~ by

+ @:U’ (¢+7¢) ) = <M+7d)+>+ + <N’7a¢*>_a
where (, ), is the dual paring extending (, >3[ Equip

H ,:={ptou : pFeHE} (4.2)



with the inner product (ut @ p~, vt @ v=)__ = (uT, vt 4+ (u=,v7)",. Then H_, is a separable

Hilbert space which has CONS {(h,(;a)’Jr, 0)} U {(0, hf;a)’f)} and hence has norm given by

e, =) ((1<u+7 S+

1 +>\+)a ! a<:u_7¢k>2) . (43)
k k

(1+X)

Remark 4.1. (i) We do not lose any information (in terms of finite dimensional distributions) by
considering YN+ @ YN~ rather than (yN*, ny). This is because the distribution of

((ytjy7+(fl)7 ytjy,_(gl))? Ty (yt]ZH‘(fk)’ yytJZ7_(gk)>) € (RQ)ka

is determined by that of
(ZtIYv thzv T Zt]:j) € (H*a)k7

where k € N, {f;} C H} and {g;} C H, are arbitrary.

)

(i))As a matter of fact, H_, is equal to the set of continuous linear functionals on HF x H_, where

HE x H,, is equipped with the natural linear structure inherited from H(f.
O

For a general bounded Lipschitz domain D C R?, the Weyl’s asymptotic law for the Neumann eigen-
values holds (see [23]). That is, the number of eigenvalues (counting their multiplicities) less than or
equal to z, denoted by §{k : A\ < z}, satisfies

lim g{k: A\ <z} _

T— 00 xd/z

C  for some constant C = C(d, D) > 0. (4.4)

Moreover, we have the following bounds for the eigenfunctions proved in [9, Lemma 2.2]:
léxl < O X" and 9% do < C (i +1) (4.5)
aD

for some C = C(d, D) > 0.

For our fluctuation result (Theorem [5.1) to hold, we need the following assumption on {6y} which is
stronger than Assumption Roughly speaking, we require d to decrease at a slower rate so that the
fluctuations in D, propagate through D_. This is a high density assumption for the particles.

Assumption 4.2. (Annihilation distance for functional CLT) {dnx} C (0,00) converges to 0 as N — o0
and liminf y_, o N §3¢ € (0, 00].

The following lemma tells us the space in which the fluctuation processes ZV live.

Lemma 4.3. Suppose that Assumptz'on holds and that the initial position of particles in each of Dy
are 1.5.d with distribution ug(a:)dz, where u(jf € C(D4). Then for any o > d, t >0 and N > 1 we have
zZNeH_,.

Proof Fix any integer N > 1 and t > 0. We have, by definition,
2
B[N (0)?] =N (E [0, 2%)] - (B [(0,21%)] ) ) < Nlo|%.

Using the definition of the norm | - |, is defined in (4.3)), we have E[|Z}V|%,] < co provided that

o 112 ¢y 117 >
Z((HA:)“(HA;)O‘ =

k>1




which is true if @ > d, using the Weyl’s law (4.4) and the bound (4.5). O

Suppose the initial position of particles in each of Dy are i.i.d with distribution uoi € C(Dy). Ttis
easy to check that if o > d/2, then Z)¥ € H_,,; furthermore,

ZN 5z =Y @), inH_,, (4.6)
where Vi is the centered Gaussian random variable in %=, with covariance
E [y&(@ya:(w] = (0, ug),, — (bug),, (Wug),,

Here (¢, ¢),_ fD:l: p+(z)dz is the inner product of L?(D4, p+(x)dx). The main goal of this

paper is to show that the sequence of processes { ZV} converges as N — 0o, and to characterize the limit.

5 Main results and key ideas

5.1 Main results

Before stating the fluctuation result, we first define an evolution operator (see [10]) {Qs.:}s<: as fol-
lows: Fix any ¢+ € C(D4) and t > 0. Consider the following system of backward heat equations for
(vt (s,x), v~ (s,y)) for s € (0,t) with terminal data v* (t) = ¢+ and with nonlinear and coupled boundary
conditions:

_ W = ATvt (s, 2) on (0,t) x Dy
vt (s, 2
867%’) = A(2) (v*(s,z) +v*(s,z)) u_(s,2) p—(2) 1ipy on (0,t) x 0Dy
- (5.1)
_ w = A v (s,9) on (0,t) x D_
% = A(2) <v+(s, z)+ v (s, z)) uy (s, 2) po(2) L4y on (0,t) x dD_,

where (uq, u_) is the hydrodynamic limit in Theorem [3.6] 7+ is the inward unit normal of Dy and
is the indicator function on the interface I. Let Qs’t(¢+, ¢_) = (vFT(s),v7(s)) be the solutlorﬂ for
and define

(U (@+:6-) = 1 Qa9 9-))
for >0, p € H_,, and (¢, ¢—) whenever Qs +(d4,d-) € HT x H,.

We are now in the position to state our main result in this chapter.

Theorem 5.1. (Fluctuation limit) Suppose that Assumptions m to m hold, and that Assumption
2 holds. Suppose the initial position of particles in Dy are i.i.d with distribution uo( )dx, where
“0 € C(D4). Then for any T > 0, there exists a constant C = C(Dy,D_,T) > 0 such that

ZN £,z in D([0, To], H_y)

for a>d+2, where Ty := T A (|lud || V |lug |)"2C and Z is the generalized Ornstein-Uhlenbeck process
given by

t
L .
Zt:U(t’O)Zoﬁ—/ U0 dM, in D([0, To), H_,). (5.2)
0

3See Proposition for the existence and uniqueness of solution for (5.1) in C([0,t] x Dy) x C([0,t] x D_).



In , M is a (unique in distribution) continuous, square integrable, H_,—valued Gaussian martingale
with independent increments and covariance functional characterized by

0 0n0-), = [ ({0560 Vo w(o),, + (@ To o, u (o),

+ [ A+ 0P wi(su o) - da) ds, (5.3)

where (M (¢, ¢_)), is the predictable quadratic variation of the real martingale M (¢4, ¢—), the pair
(uy(s), u_(s)) is the hydrodynamic limit given by Theorem |3.60, and Zy := Vi @© Vi is the centered
Gaussian random wvariable in defined on the same probability space (Q, F, Fi, I@’) as M, with
{M, y0+7 Yy } being independent.

Remark 5.2. Observe that the representation of Z tells us that Z is the sum of two independent
Gaussian processes, hence is Gaussian. The covariance structure of Z is completely characterized; hence
the distribution of Z in D([0, Tp|, H_,) is uniquely determined. Moreover, the coupled PDE (5.1))
describes the ‘transportation’ for the fluctuation limit Z, and M defined above describes the ‘driving

noise’. Formally, (5.1) is obtained from (6.13]), and (5.3]) is obtained from ([5.5)), both by letting N —
00. O

As mentioned in Remark the limiting process Z is a Gaussian. Moreover, we obtain the following
properties for the limiting process.

Theorem 5.3. (Properties of Z) The fluctuation limit Z in Theorem is a continuous Gaussian
Markov process which is uniquely determined in distribution, and Z has a version in C7([0,Tp], H_,)
(i.e. Holder continuous with exponent ) for any v € (0,1/2).

We omit the proof of Theorem [5.3] since it follows from that of Theorem 4.11 in [9] and the covariance
structure of Z given by Theorem Roughly speaking, the Makov property follows from the evolution
property of U ;) and the independent increments of the differentials. In particular, the exponent of the
Hélder continuity for Z follows from Lemma [6.26] and Theorem [6.28

Remark 5.4. (i) Observe that the limiting process Z = Yt @ Y~ for some processes yE taking values
in Hj_[a when « is large enough, since it has state space H_,. Theorem implies that {V;" (¢4 )+
Vi(p-): t>0,¢4 € HI,¢p— € H;} is a Gaussian system. Since we can choose ¢+ to be
identically 0, we can strengthen the previous statement to be:

(VI (o), VEB), Vi (01),+ . Vi, (87))

is a centered Gaussian vector in R+ for any k,£ € N, {s;}f_, € [0,T], {t;}5_, € [0,T], {¢; }}_, C
Hy and {6} }i_, C H,.

(ii) Moreover, M can be decomposed as
MEM*T &M~ inC(0,Ty], H_,),

where M+ = (M;F);>0 is a continuous H*_-valued Gaussian martingale with independent increment
and with covariance functionals

O @), = [ @50 Vo w),, + [ A u ) oy - dor
@), = [ @0 Ve w@), + [ a0 oo dodr and

(r)u_(r) py p— do dr.

=
5
S
=
=
Il
ﬁ
e
~
>
©-
<
IS
+
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5.2 Idea of proof

Our starting point for the study of fluctuation is the following result proved in [§]. Let us recall it here
for the convenience of the readers.

Lemma 5.5. For any ¢+ € Dom(A¥), we have
<¢+7x7;7\77+> + <¢_,xi\77—> - <¢+7x(])\[7+> - <¢—?xé\[7_>

t
—1/ (At gy, TN (A d, XY — (s (fs + 6), XN © XV ) ds
0

. xENFxN ) . . ) . _
is an F; -martingale with predictable quadratic variation

1 t
N/ <a+v¢+ ’ V¢+a xé\[7+> + (a,V¢, ’ VQS,, %i\[’_> + <€5N (¢+ + ¢7)2a }:57+ ®xé\/,—> ds.
0

Here (p(z,y), p*(dx) @ p~(dy)) == §z 22 25 (i, y5) when p= (5 305 Lais 3 205 Ly,)-

Recall that ZN := " @ Y"'~. Hence Lemma reads as

zgv—zéV:/t(Az;V—K;V)derMgV, (5.4)
0
where

AM(¢+7¢—) = /J’(A+¢+a Aid)—)7

KN@4,0-) = VNl (64 +6-), XF @ XN7) ~ Ellay (04 +6-), XN+ 0 XN7)]).

N . (&NAF, x N7 . . . . ..
and M;" (¢4, o) is a real valued F, -martingale with predictable quadratic variation

t
M (64, 6.)), ::‘A (a Vb - Vor, XNF) + (a_Vé_ - Vo_, xV)
+(lsy (D4 +0-)2, XN T @ 27 ds. (5.5)

The key idea is to rewrite (5.4) as
t t
ng—ngz/(A—Bgv)z;Vder/(BQZ;V—KS{V)derMtN, (5.6)
0 0

in which
Bivﬂ(¢+a¢—) = <€6N(¢+ +QZ/)—)7 f§7+>p+ ):u’( <£6N (¢+ +¢—)a ;V,+>p7’ <£(§N(¢+ +QZS—)7 fsN’7>p+) (57)

is inserted to, roughly speaking, project KN onto the image of Zév.i Here (f*,f7) == (fVF, V) is
defined to be the unique element in C([0,00) x Dy) x C([0,00) x D_) satisfying the coupled integral
equations

ﬁ@=ﬁ%@—£ﬁﬂﬁ@éﬁmwﬁmew -

frw) =P @) = [ PL(570) [ @) @) )

Dy

where {Pti}tzo is the transition semi-group for X* and Pti_f, acts on the dot variable. The existence

and uniqueness of (f*, f7) can be checked by the same fixed point argument as that for (uy,u_) in

11



Proposition 2.19 in [7]. We will show in Lemmal6.2]that (fN'F, f'~) converges to (uy, u_) as N — .
Intuitively, both (f™VF, f~7) and (u,,u_) are approximations to (X™—, XN7), but (fN+, f¥7) is the
better one.

The hardest part is to show that, in an appropriate sense,
t
/ BYzZYN — KN)ds — 0 when N — oo;
0

that is, we can replace [ KN ds by fBéVZ;V ds in (5.4). This is basically step 6 in the ‘Outline of proof’
below.

We discovered the formula of BY, roughly speaking, by projecting KV onto the image of Z}.
This inspiration comes from the Well known Boltzman-Gibbs principle in mathematical physics. The
principle says that the fluctuation fields of non-conserved quantities change on a time scale much faster
than the conserved ones, hence in a time integral only the component along those fields of conserved

quantities survive. This idea leads us to reasonably hope that fOt(BiVZéV — KN)ds — 0, which is

confirmed in Theorem Analytlcally, the proof of fo (BYZN — KN)ds — 0 stems from a ‘magical
cancelation’ (see (6 and in the proof of Theoremm 6.29) for the first two terms of the asymptotic

expansion of the correlatlon functlons

For our annihilating diffusion model, the transportation component of Z in Theorem described by
, can be view as a ‘linearization’ of the hydrodynamic equation in Theorem This is consistent
in spirit with the results of [4] [IT], I8 [19], in which the transportation component of the fluctuations of
certain stochastic particle systems around the chemical reaction equatlon =1 5Au + R(u) were shown
to be 6’; = 1Au+R'(u), where R(u) is a polynomial in u and R'(u) is its derlvatlve A bit more precisely,
the fluctuation limit ) solves the stochastic partial differential equation (called a Langevin equation):

1
Ay = <§Ayt + R’(u(t)))&) dt + dM;

in the distributional (or weak) sense, where u(t, z) solves the chemical reaction equation, R'(u) is viewed
as a multiplicative operator, M is a Gaussian martingale with independent increment and covariance
structure E[(M;(¢))?] = fot (IVo[2, u(s)) + (¢2, |R(u(s))]) ds. Here (-, -) is the L? inner product in the
spatial variable and |R(u)| is the polynomial obtained by putting an absolute sign to each coefficient in
R(u).

The rest part of the paper is devoted to the proof of Theorem Here is the

Outline of proof: We prove Theorem through the following six steps.

Step 1 ZN satisfies the following stochastic integral equation:
U 02" / U, dMY + / Ul (BYzZN —KM)ds as.,

: N.
where UYN ) is the evolution system generated by A — B.'; see Theorem

(t,s

Step 2 ZV is tight in D([0, o], H_,); see Theorem

Step 3 MY L5 M in D([0,Tp], H_,,); see Theorem

Step 4 UN o 2 5+ U ;020 in D([0,Ty), H_,,); see Lemma6.26

Step 5 fo UN dM¥N N fot U5) dM, in D([0,Ty], H_,); see Theorem [6.28

(t,s)

Step 6 fo 0oBYZY — KY)ds — 0in D([0,Tp], H_o); see Theorem

12



This rough outline is the same as that for the single species model in [9]. In fact, with all the preliminary
estimates in Section 2, and with the asymptotic expansion of the correlation functions (Theorem
proved in Section 3, all the steps except Step 2 and Step 6 can be treated using the method in [9].
Some of the main efforts are directed toward Step 2 and Step 6 which require asymptotic analysis of the
correlation functions (section 6.2) and the generalized correlation functions (section 6.3) respectively.

6 Proofs

Convention: To avoid unnecessary complications, we assume, from now on, that A = X =1 and that
the underlying motion of the particles are reflected Brownian motions (i.e. p+ = 1 and a4 are identity
matrices). However, our arguments work for general symmetric reflected diffusions as in [9] and for any
continuous functions A(z) € C(I) as in [8]. When there is no danger of confusion, for each fixed N, we
write £(z,y) in place of £s, (x,y) for simplicity. The constant Cy is always equal to Co := [lug|| V |lug |-
The minimal augmented filtration F, (X, 2N generated by the annihilating diffusion process will be
abbreviated as F}¥. Assumptions to are in force throughout the rest of the paper, and we will

indicate explicitly whenever Assumption [4.2]is invoked.

6.1 Preliminaries
6.1.1 Transition densities of reflected diffusions

It is well known (cf. [I [I5]) that the (A, p)-reflected diffusion X in Definition has a transition
density p(t,r,y) with respect to the symmetrizing measure p(z)dz (i.e., P.(X; € dy) = p(t,z,y) p(y)dy

) satisfying p(¢,z,y) = p(t,y,z), that p is locally Hélder continuous and hence p € C((0,00) x D x D),
and that we have two-sided Gaussian bounds: for any 7" > 0, there are constants c1, ca > 1 such that

1 Cz|y—33|2 C1 |y—x\2
R - < < — =z
T exp( ; p(t,x,y) 1z exp ol (6.1)

for every (t,z,y) € (0,7] x D x D. Using (6.1) and the Lipschitz assumption of D, we can check that

1
sup sup f/ p(t,x,y)dy < c for t € (0,7] and (6.2)
zeD 0<6<6, 0 Jps Vi
C
sup/ p(t,z,y)o(dy) < — forte (0,7T], (6.3)
xeD JOD \/z

where C, §y > 0 are constants that depend only on d, T, the Lipschitz characteristics of D, the ellipticity
of a and the lower and upper bound of p. Here D° := {z € D : dist(x,0D) < 6}. Therefore, under
Assumption the transition density p*(¢,z,y) of X* (with respect to p.) satisfies , and
. Observe that

1
/ / Uz, y)pt(s,x,2)dydz < T—s-l/ / pT(s,z,2)dzdy,
zeDy JyeD_ 0 DS JB(2,6)ND4

where B(z,¢) is the ball of radius ¢ centered at z. Hence by (6.2)), we have

sup / / Uz, y)pt(s,2,2)dydz < M for s € (0,71, (6.4)
zeDy JyeD_ Vs

£E€5+

whenever N > Ny(d, Dy). A similar inequality holds for p—.
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6.1.2 Minkowski content

We will make extensive use of the following result about Minkowski content of the interface I. It is
established in [§] and restated here for the convenience of the reader.

Lemma 6.1. Suppose Assumptionsm . and 4| hold. Suppose k € N and F C C((D+ x D_) ) 18

an equi-continuous and uniformly bounded family offunctwns on (Dy x D_)*. Then as § — 0, we have

k
/ / f(xlayla"'7xkayk)H£5(l‘i7yi) d(xhyla"'axkvyk:)
(z1,y1)€ED4yxXD_ (xg,yx)€ED4 XD _ =1
k

— f(z1,21, - ,zk,zk))HA(zi)da(zl)---da(zk)

z1€1 zr€l i=1

uniformly for f € F.

6.1.3 Three sets of coupled equations

Recall that (fF,f7) = (fV'F, fV'7) is the deterministic pair solving . In this subsection, we will
construct two more coupled integral equations that is the core in the study of fluctuations of the annihi-
lating diffusion system. For each N € N, the solutions of them will be denoted by (GV, GN'*, GV:~) and
(gN'F, g™o7) respectively. We will suppress the notation N and write (g%, ¢g~) in place of (¢™'F, g™V'7),
etc.

We first prove that (fT, f~) is a good approximation to (uy, u_).

£ Moreover, For eacht > 0, we have ftN’iconverges

Lemma 6.2. |f
uniformly on Dy to uy(t), as N — oo.

Proof  Clearly, sup(, ,)supy |fNAE(t, x)| < ||luf|. This can be seen, for example, by the probabilistic
representations of (f;" (z), f; (y)) given by

7 @) = B [ () e // UXE ) f(y) dy ds) |
(6.5)
f[(y)ZEy[ua(X{)exp(—/o/D f(ast_)ftts(a?)dasds)}.

We now show that {(f""", f"7)}n>1 is an equi-continuous sequence in C(Dy) x C(D_). This can be
achieved by using ((6.4) and the Holder continuity of p* (cf. [I5, Chapter 3]) as follows.

Fix € > 0. By (6.4), there exists ¢, € (0,t) and Ny(d, D4 )such that

ta
2 [Jug || Hu6||/ ( sup / / Uz, y)pt(t —r,2,2) dydz) dr < % for N > Ny.
0 zeDy JyeD

I€E+
From (5.8)), we have, for any z1, zo € D,
|ft (21 ft (z2)]

- ‘/ /D =) —p - . 2) (ff(x) D_E(z,y)f;(y)dy) dz dr

W) [ [ [ e e -t )|y
zeDy JyeD_

< sl [ [ [ et -t
zeDy JyeD_
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€ iy HPAI) [T | — |

< 5 + ||'LL0 ” ||“0 H Cd1 §d+1 . (t . T)ﬂ dr for some a(da D+7T)a ﬁ(dv D+aT) >0
€ TR |21 — o]

< g+ Il @) +1) [ S for N 2 Nu(d, Dy), by @)

We have used the Holder continuity of p* (cf. [I5, Chapter 3]) in the second to the last inequality. It is
now clear that {f;""} N>1 C C(Dy) is equi-continuous for any ¢ > 0. A similar calculation applies to

fi - Hence {( tN +, ftN ")} n>1 is equi-continuous for any ¢ > 0. Finally, by comparing the probabilistic

representations of (u (t,x), u_(t,y)) in (3.5) and that of (f;"(x), f; (y)) in (6.5), we can check that any
subsequential limit of £ is equal to w4 (t) by using Lemma

Next we define (G, GT, G7) = (GV, G+, GN:7) to be the unique solution in C([0,00) x D4 x D_) x

C([0,00) x Dy x D1) x C([0,00) x D_ x D_) to the coupled integral equations.

Gi(wy) = — /OtPt(i’:){GT(f,g) ( |ttt [ +€(z,17)ff(2)d2>

+ [ GH@E =9 f (w)dz + | G (g, 0)l(F,w) f, (Z) dw
Dy D_

@ ()0 9) }<x, y)dr,

GHor,a2) = - /OtPt‘EP{Gr(fm) [t + sy (w)du

. *

FH(E) U7, w) G (T, w) + £, (32) (7, w) G (51, w) dw }(as,y) dr

and

Gy () = — / PEO?{G;whya) /D [0(z, 1) + Lz, )V (2)dz

I GG ) + f () )G ) }<x7 y)dr.

where the semigroup Pt(i’j ) acts on the variables with a ‘tilde’.

Remark 6.3. It is clear from the definition that G is symmetric; that is, G*(z1,z2) = G¥(z2,21) and
G~ (y1,92) = G~ (y2,y1). The term f,F(Z)f,~ (9)¢(Z,y) in the equation for G guarantees that (G, GT, G™)
cannot be constantly zero, even though they are zero when ¢ = 0. This non-negative term contributes to

the creation of fluctuation near the I.

Finally, (g%, g7) = (g™, ¢™"7) is defined to be the unique solution in C([0, 00)x Dy )xC([0,00)x D _)

to the following coupled integral equations:
s = - [ P;_r{ / af,w)[gﬂﬁ:)fr<w>+gr<w>fr<:z>+Gr<f,w>1dw}<x>dr
i = - P;_T{ / z(z,gngﬁ(z)fr<z7>+gr(y)ﬁ(z)+Gr<z,g>}dz}<y>dr,

where the semigroups Pt'tr and P,_, act on Z and g respectively.
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Remark 6.4. The functions (G, GV'*, GV~) and (¢, ¢/V'~) appear in the second order term in
the asymptotic expansion of the correlation functions in Theorem [6.15] Their definitions are motivated
and justified by the hierarchy . It turns out that, as in Corollary the covariance structure of
ZN involves (GV, GNF, GN7) but not (¢ +F, g™ ). O

Although for fixed N, the supremum norms for G and G* are finite, unlike the cases in [T} 18] [19],
these norms become unbounded as N — ooEl Fortunately, we still have the following bounds.

Lemma 6.5. For any T > 0, there exist C = C(Dy,D_,T) > 0 and an integer Ng = No(D4, D_) such
that

[tavicie e+ [Cepicldeiy < (©O0PVE (6.6)
[t @i < (GOP 6.7)

[ a6 mamldonim < @O (6.8)

[IGanldey < (P (6.9)

/ G (21, 0)| dr,23) < (CoC)* 92 (6.10)

[ Gl < @ope 6

for allt € [0, T A (CoC)~2] and N > Ny.

Proof Since each of G, G and G~ is the probabilistic solution of a heat equation, they have the following
probabilistic representations (see Proposition 2.19 of [7]):
t
Gile) = [ | (X000 Y0) — [ Gy (X218 Y Vi
0

=0 D+

-/ G;9<Y9,w>e<xe,w>fr9<xe>dw)
D_

- exp ( — /9 U X, w) fi_ (w)dw + Uz, Ys) fit J(2)dz ds)} ds,
s=0JD_

Dy
Gioa) = = [ s (50 [ oG5
) [ 060X 0w
(- [ _ [t + ox2 wlfi wyduds)| a0
Grlyn ) = - /et_owyﬂ[(ftmw / G, )i

0 e<z,n2>Gte<z,Y;>dz)
Dy

4In fact, we can check, using the probabilistic representation of G (cf. the proof of the lemma below) and a simple exit
time estimate, that G — oo as N — oo on the set {(z,z) : z € I'}, provided inf u(:)t > 0.
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esp (- / i /| Y+ (2 ds)} 6,

where {X, X!, X2} are independent RBMs on D, and {Y, Y!, Y2} are independent RBMs on D_ that
are also independent of {X, X', X2}, Here E(*¥ denotes the expectation w.r.t. the law of (X,Y)
starting at (z,y), etc.

Since f* > 0 and ||f%|| < |lu|| < Co, the three formulae above give rise to the following point-wise
bounds:

t
Gl < G [ W’y)[coaxe,mw G (X0, )z, Vo) ]
0=0 Dy
+\/ Gt_e(Yg,w)f(Xg,w)dw”7
D_
t
G (@1 20)] < co/ E(wl’“)“/ Gt,g(Xg,w)E(X§7w)dw‘+’/ Gtg(Xel,wM(Xg,w)dw”,
0=0 D_ D_
t
Grtmml < o[ 80| [ Gy ] +| [ oty v |
0=0 Dy Dy

Plug in the bound for |G*| and |G| into that of |G|, we have

t t t—6
Gi(z,y)] < CGE™Y / U(Xo,Yy) + CZEEY) / / / / { (6.12)
0=0 0=0Ja=0 JzeD4 JweD_

0z, Yy) EXo?) <‘Gt_9_a(X2, W) |UX R w) + [ Groa (X5, ) |U(X2, w)>
l(z, Yf)) }

o(t) = M (1) = / U, 9)|Ci(2,9)| d(z, 7, 9) + / U, )G, y) (G, ),

which serves as an approximation to

Lem /y€I|Gt($»y>|d$d0(y)+/rel/y€D_ Gy (=, y)| do () dy.

Simplifying the RHS of (6.12) using Chapman Kolmogorov equation and then applying (6.2), we
obtain, for N > Ny(Dy4),

+0( Xy, w) EYew) (‘Gtga(z, Y2)

Uz Y0) + | Grooma(z V)

Define

(1)

IN

(CoC)? <ﬁ+/9t:0/a:: (01@+\/(9iia)a)¢(t—9—a)>

¢
(Co C)? < Vi+ (4 2) / ot — ) ) by Fubinni’s Theorem.
a=0

By Gronwall’s inequality,
$(t) < (Co C)* Vt exp ((Co C)* 1)

for all t € [0,7] and N > Ny. Hence the first inequality in Lemma are established. The remaining
inequalities in the lemma then follow by the same argument, using point-wise upper bound for |G| and
|G*| we obtained. O
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Remark 6.6. It can be shown that (GV, GNF GN>7) converges uniformly on compact subsets of

[0,00) X (D4 x D_\7), [0,00) x (D4 x D1\ I x I) and [0,00) x (D_ x D_\ I x I) respectively, where
J:={(z,2) € Dy x D_: z € I}. Furthermore, the limit (G, G, G 7) is the unique continuous
solution to the following couple integral equations.

G2 (ry) = / / / (t =1, (2,9), (2 9) (GZ (2, ) (2) + G (5, 2) £ (2)) dij do(2)
4 / /D p(t = 7, (2,9), (3, 2)) (GZ(F, 2) f (2) + G2 (3, ) £ (2)) d dor(2)
- / p(t — 7 (2,9), (2, 2)) £ (2) £ (2) dor(z) dr,

I
G (21, 22) = ///D (t = 7, (21, 22), (2, 8)) (G (2, 8) £ (2) + G (7, 2) [ (2))

+p(t =, (21, 22), (2,2)) (G2 (&, 2) f, (2) + GX(,2) f;7 () dit do (2) b,

G (yg) = - / / / Pt — 7, (2 92), (2.)) (G (2 ) () + G2 (2. 9) [ (2)

+p(t— 7 (1,2, (5, 2)) (G (5, 2) 1 (2) + G2 (2,9) 7 (=) d dor(2) dr.
6.1.4 Evolution operators Qét and U(t 5)

We fix N € N and consider the followmg coupled backward PDE for (v, vy), with Neumann boundary
conditions and terminal data v (t) = ¢4 € L*(Dy):

= —Avf = (v +oy), ) on (0,t) x Dy
368* i (6.13)
- % = SAvy — (Uf +vR), £y on (0,¢) x D_,
where (f+, f7) = (fNF, f¥7) is defined in 1.D and (¢, 1 fDi PY.

Note that each of the two equations in 1} is of the form _885” = %Av — kv — h where k(s,z) >0 is
a killing potential and h(s,z) (not necessarily non-negative) is an external perturbation. This is because
we can rewrite

T +v7), f)_ as kToT+hT = f)_ vt + v, f7)_ and (6.14)
(Pt +v7), M), as Kk oT +hT =0 fY) v+ (0", f), (6.15)

By the same proof as that of Proposition 2.19 in [7], we have the following.

Proposition 6.7. For N € N large enough, t > 0 and ¢1 € C(D4). There is a unique element
(vt v7) = (VT 0N 7) in C([0,¢] x Dy) x C([0,¢] x D_) which satisfies the following coupled integral
equations:

oH(s,x) = Prbs(r)— %/0 B (Kt (s 4 0)0" (s + 6) + B (s + 6)) () dO
v (s,y) = P o_(y)— %/0 B Py (k= (s+0)v (s+0)+h (s+6)) (y)db,
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where k™ and h* (which are functions indexzed by N ) are defined in and . Moreover, (v, v7)

has the following probabilistic representations:

t—s
U+(S,CC) - F |:¢+(Xt+—s)6 S5 kT (s, X )dr / h+(5 + G,X‘;—)ef JE KT (s, X ] )dr do ‘ Xt = 1:]
0

t—s
o (s,y) - E |:¢_(Xt_s)6_ o Tk (s+r X )dr _ / h™ (5 T 97X9—)e— f09 k™ (s+r, X, )dr do ‘ XO_ — y:| )
0

We call this (vT,v™) = (v, v™'7) the probabilistic solution of the coupled PDE with Neu-
mann boundary conditions and terminal data ¢ .

Definition 6.8. For 0 < s <t and ¢+ € C(D<), we define
Qui(94:6-) = (™" (5), v (s))

to be the probabilistic solution given by Proposition , Clearly, QY, : C(D4) x C(D_) — C(Dy) x
C(D-) and QY 0 QY, = QY for 0 < s <u < t. Now we define

(U g (01,02)) == (1, QYy(d4,6-)) (6.16)

fora >0, pe H_y and (¢4, ¢_) whenever QY (¢4, ¢_) € HI x H.

6.1.5 Evolution operators ();; and U )

Formally, if we let N — oo in (6.13)), we obtain

vt 1 _

—8—:7Av+—(v++v )u,da{l on (0,t) x Dy
K s ? (6.17)
v _ _

_gziAv — (vt +w )u+da|I on (0,t) x D_,

where (uy, u_) is the hydrodynamic limit of the interacting diffusion systems. Observe that this equation
is equivalent to 1) with A = 1 and A* = %A. Note the difference between this coupled PDEs and that
for the hydrodynamic limit.

Recall that k%, h*, f*, and v* are functions indexed by N. Heuristically, as N — oo, we have
Pf (kT (s+0)vt(s+0)+ht(s+0)) (2)
_ / pH0.2,2) ({6 ) (5 + 0, 2)0 (s 4+ 0,2) + (o=, f)_(5+6,2)) dz
Dy

— /p+(97 z,2) [vt(s+0,2) +v (s +0,2)| u_(s + 6, 2) do(2)
I

= gg([zﬁ(s 10+ (s+0)]u_(s+ 9))(@.
The abbreviation in the last term is based on the notation GF¢(z) := [;pE(0,2,2) ¢(2) do(z). The
following result is analogous to Proposition [6.7] and can be proved as in the same way.

Proposition 6.9. Fizt >0 and ¢+ € C(D+). There is a unique element (vt,v™) in C([0,t] x D) x
C([0,¢] x D_) which satisfies the following coupled integral equations:

vHsa) = Plon@) g [ G5 (et 0o s+ Ous+6) ) (2)df
) = Pro-w -z [ G (e 0+ s 0us s+ 0) ) ) b

19



where G p(x = [;p%(0,,2) ¢(2) do(z). Moreover, (vF,v™) has the following probabilistic representa-
tions:

VHaa) = E[oy (X Je i it

t—s
—/ (v"u_)(s+6,X,)e” J§ u=(srX)dLE dLy ‘ X = x]
0

— J ug (s X )AL

v (s,9)

I
=
e
is
I |
=

t—s
_/0 (’U+ )(S+9X ) ,fo uy (s+r, X, )dL;. dL ‘XO _y}

where L is the boundary local time of the RBM X+ on I. We call this (vt,v™) the probabilistic
solution of the coupled PDE with terminal data ¢ .

We stress that the right hand side of the above formula is well-defined; for instance, fo (s +
r, X,;F)dL;} is well-defined since the value of u_ at (s +r, X,F) is picked up only when X hits 7 (Wthh
is a subset of D_).

Definition 6.10. For 0 < s <t and ¢+ € C(D<+), we define

Qs t(¢+,0-) = (v'(s), v (s))

to be the probabilistic solution given by Proposition , Clearly, Qs : C(Dy) x C(D_) = C(D4) x
C(D-) and Qs © Quyt = Qs for 0 < s < u < t. To stress the dependence in t, we sometimes write
Qs.it(p+,0-) as (v} (s), vy (8)) for (¢4, d—) fived. Now we define, for o >0 and p € HE, ® H_,,

< t s /1'7 (¢+7¢ )> = </1’7 Qs,t(¢+7¢*)>' (618)

6.1.6 Key estimates for evolution operators

On the space C(D4) x C(D-), we let (¢y,9-) = (¢4,6-) = (Y4 — ¢4, Y- — ¢_) and denote by
(W4, )| == ||| + |l—| the sum of the sup-norm of its components. The following uniform bound

and uniform convergence are useful in many places in this paper.

Lemma 6.11. For all ¢4 € C(ﬁi) and 0 < s <t <T, we have

sup (sup 1N, (61, >||v||@s,t<¢+,¢>||)<6||<¢+,¢>|| (6.19)

0<s<t<T \N>N,

for some positive integer Ng = No(Dy,D_) and ¢ =¢(d, Dy, D_,T) > 0. Moreover,
Jim [N, (64, 0-) = Qualé,6-)| = 0. (6.20)

Proof Recalling the probabilistic representations of Q" and @ in Proposition and Proposition
respectively, we see that follows from the non-negativity of f¥'* and u4. To prove , we fix
t < T and let (v™""(s), v™7) := QY (¢4, ¢-) and (v+(s), v7) = Qst(¢y,¢—) for s € [0,t]. We look
at the RHSs of the integral equations satisfied by v™'* (s ) and v*(s), in Proposition E 6.7 and Proposition
[6.9] respectively. The proof is the same as that of Lemma with the uniform bound for f¥'* replaced

by the bound - O

Lemma 6.12. There exists a constant ¢ > 0 such that for any 0 < s <t < T and k € N, we have

Z‘l[tp | HQ(r,t) (djgv 0) - Q(T,S) (¢;€|" 0) H
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< @Vl (A (=) + et +e) (Il v Ilug 1) (= )2

and

sup HQ r,t) ¢];) - Q(r,s)(OaQS]:)H

relo,s]

< @velepl (Ar (= s+ +e) (g v g ) (¢ —5)12).

Here ci = C(d,D4,T) is the constant in applied to Dy and ¢ = ¢(d, D4, D_,T) is the constant
mn . Furthermore, there exists No = No(D4, D,) such that for N > Ny, the above two inequalities
remain valzd with {QY } in replace of {Qs+} and ¢ = C(d, Dy, T) being the constant in .

Proof We fix (gZ)k, 0) and only prove the first inequality, since the second inequality follows from the
same argument. Recall the definition of Q. (¢} ,0) € C(D;) x C(D4) in Definition Suppose

Qra(é7,0) = (v (), v, (r)). Then

t—r
orna) = PLoi@) - / G (1o (r +0) + 07 (r + )] u_(r +6) ) () do,
1 t—r
) = 05 [ Gy (00 o+ Ousr+6) ) () o,
where Qg o(z fl (0,z,2) p(2) do(z). Hence for any 0 < r < s < ¢, we have

o (r, @) — v (r, )]

< |(67/\ Ft=r) _ o= AL (s r)) ¢$($)|
2’/ F(r+0) + o (r+0)]u (7“+9)>(:c)d0’

+2’/05 rgg [(U?*v:)(TwLH)Jr(vt_fv;)(r+9)]u_(r+0))(x)d0’,

A similar inequality holds for |v; (r,y) — v; (r,y)|, which has 2 terms instead of 3 terms on the RHS.
View 0 < s <t as fixed and define, for r € [0, s],

1) = (| Quay (01 0) = Qersy(0,0)|| = [I(v — v D)) + (g —v3)()]-
Then the above estimates, together with (6.3) and (6.19), implies that
Fir) < A+ B/ 00 4o tor v e (0,5, (6.21)
0 Vo

where B = (Juf | V llug [} (¢* + ™) and
A= N E N (8 —s)+ (e +e) (lug IV g 1) Ik 1 (¢ — 5)'72.
Iterating (6.21)), we have

S 1 S S 1
r A+ A —— + AB?
fr) < * B/ \/1111—7"Jr B /wl T/wZ —wy \/(wl—’l“)(WQ—UJ1)

1
+ABS/ / / 4+
wi=r Jws=w; Jwz=ws wl_r)<w2_w1)(w3_w2)
k)2

I'((k+2)/2)

= AZBkak s—r)k/z, where aj, =
k=0
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— [ee]
< g ; (s—r) k/2 for some absolute constant ¢ > 0
< ¢4 if |Bvs—r|<1/2.

Hence,

sup f(r) < cA. (6.22)
re[0vVs—1/(4B2), s]

(The case B = 0 is trivial.) We can then extend (6.22)) to take care of the case 0 < r < s — 1/(4B?).
Namely, by the evolution property and (6.19]), we have

||Q(r,t) (¢z70) Q(r s) ¢]€7 ||

Qe s—1/aB2)) (Qs—1/(1B2), ) (81, 0) — Qs—1/(aB2), (0}, 0)) ||
¢||Qs=1/(aB2), 0 (91, 0) — Qs—1/aB2), 5) (05, 0)|| < éTA.

IN

The proof is complete. O

Due to the annihilation between two kinds of particles, unlike the case considered in [9], we need to
analyze the correlation functions more deeply. This will be developed in the next two sections.

6.2 Asymptotic expansion for correlation functions Fj N, (nm)

Definition 6.13. Fiz N € N and consider the annihilating diffusion system. For n,m € N and t > 0,

we define the (n,m)-correlation function at time t, F(" ™ tN’(n’m), by

/ o(Z, ) F™ (&, ) (&, §) = E [ ) ()]
DrxD™

for all ® € C(ﬁi x D™, where

t

D (,m) (t) 1= n)N<m> > Z BX o X[ YY), (6.23)

i1, n J1,7 m
distinct distinct

#; is the number of particles alive at time t € [0,00) in each of D+ and N := N(N —1)--- (N —n+1)
is the number of permutations of n objects chosen from N objects with N(© := 1.

Example 6.14. For example, we have

E[(¢, X)) = A o) o0 (x)  and B[, XN T 0 X)) = /D N Ua,y) OV (2, y).

Intuitively, if we randomly pick n and m indistinguishable living particles in Dy and D_ respectively
at time ¢, then F(" "™)(Z,7) is the probability joint density function for their positions. Note that F(n ™)
is defined for almost all (Z,7) € D x D™, and that it depends on both N and the initial conﬁguratlons
(Xév o+ %O ) We will see, via the BBGKY hierarchy which will be proved below, that Ft(n’m) €
C(D x D) for t > 0. We can also replace N(™) by N (cf. Dittrich [II] and Lang and Xanh [21]).
This is because we are interested in the behavior of F™™ as N — oo, and for each fixed n,

N 1 2 n—

1
(11— N )/ 1las N — oco.

= (- - )

It is natural, base on the annihilating random walk model in [7], to expect that we have propagation
of chaos, which says that when the number of particles tends to infinity, the particles will appear to be
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independent from each other. More precisely, we expect to have
lim F™™ (2, 7) = (t, (t, 6.24
Jim 7 g) HU+ ;) H u(t,y;)- (6.24)

This will be implied by a more exact asymptotic behavior of the F(™™) namely Theorem which is
a key ingredient for the study of fluctuation. Our method is motivated by the approach of [I1].

Theorem 6.15. Suppose that F(" m)( 7, 9) = [Ty ug (z:) H;n 1 Ug (y;) (this implies that the N particles

are initially independently distributed) and that Co = |lug || V |lug ||. Then for all T > 0, there exists
C = C(Dy,D_,T) > 0 and an integer Ng = No(D,D_) such that for 0 < t < T A (CoC)~2 and
N > Ny, the correlation function has decomposition

F = AP ¢ S B ot (6.25)
with m g N
(n,m) (n,m) (CO C)n At (n,m) (Co C)n m
HAt - F ||(n,m) < W and ||Ct ||(n,m) < W, (6-26)
where
AP @) = TLA @) [T @),
i=1 j=1
n + . m n m G T
B (g ) = — A (3, z7>< %20 | + _Grlany)
t t > e o ) T s et )

. G ( mzazp S Gt(yﬂ’yq)>
+§ z) fi () o oWt (ya) )

Proof The key point of our method is to compare three hierarchies (6.27,) (6.29) and (6.30) in Step 1
below:

Step 1: BBGKY hierarchy for the correlation functions.
Apply Dynkin’s formula to (see [8, Corollary 7.8]) the functional

1 s s . ) ‘ )
N,+ N,— (2 S in Ji ... Jm
(87 (%s 7}:5 )) = N@®) N(m) Z Z Pt*S(I)(Xs ) 7Xs ) Y; ) 7Ys ) y 8 € [07t]
distinct distinct
i1yt =1 J1, gm=1
yields
t
Ft(n,m) _ Pt(n,m)Fén,m) _/ Pt(lz,sm) (V+F§7l’m+1) + V—Fs(n+1,m) + ]%Fs(nnn)> dS, (6.27)
0

where V* = 3" V. V™ = E;nzl V_, are operators, Vi, Fmmtl) y_ ptlm) and QF™™) are
functions on ﬁi x D™ defined by

Vi FOOmtED(E, ) o= U(wiyy) FUD(E, (i,y)) dy
D_
Vo FOHLm ()= / U, y;) FOHV (7, 2), ) do
. 0.
QF™™(Z.g) = | YD iy, | FO™(E,9).
=1 j=1



Note that @ is a multiplication operator, so it is natural to denote Q™) to be the function Q™™ (Z, 7) =
S 2]21 {(x;,y;). Note also that the above is a finite sum since F(™™ = 0 when nV m > N. The

system of equation (6.27)) is usually called BBGKY hierarchy. E|

On the other hand, it can be easily verified that AE”””) solves
t
A}gn,m) _ Pt(n,m)Aén,m) _/ Pt(il;m) (V+Agn’m+1) + V_Agn+1’m)) dS, (629)
0
B(n7m)
and that we have chosen Bt(n’ ™ in such a way that a(" ™ A(n ™ 4+ 2t Solves
! Q
a™mm = pim pimm) / P <v+agnﬁm“> + Va4 NAg"vm>> ds. (6.30)
0

Step 2: Duhamel expansion for N(A{"™ — F{™™) in terms of a tree.
Since Fén’m) = A((J"’m) by assumption, by repeatedly iterating 1| and lb we have

N(A(" ,m) F(” m))
t
_ / P Qi)
to=0

t
n m n m+1 n m+1 n+1 m n+lm
+/t O/t ) ZV+’Pt(2 i3 F( +ZV Pt2 t3 F(z :
o=

t ts
l1(0 l2(0 l (0 z 6)
[ e[S e R v v ), QRO
to=0Jt trr41=0 7 T(” )
M—-1
+ ey
where Tg&ﬂ) and (11(6), 12(F),--- , In(8)) are the tree and the labels defined in Subsection 3.5 in [7].

Replacing F - 1(0) by the constant function 1 in the M —th iterated integral above, we define the

Eart —n —m
following function on Dy x D_

n,m) n,m l 6 l2(6 l 0
95\4 / / / Pt( tz ) ‘/01 tl(ft)g V PtQEt)4 V93 t]l\tj %1(\/[3,1 Q 1' (6'31)
ta=0 Jt3=0 tr+1=0 _.

< )
e Ty’

Step 3: Bounding ||®(n’m)(t)||(n7m).

We now bound HG) o m)( )|l (n,m) by employing our method developed in Subsection 3.5 in [7]. For the
convenience of the reader, we summarize the key steps.

Note that 65\7[’7”) (t)isasum of (n+m)(n+m+1)---(n+m+ M — 2) terms of multiple integrals.
Following Subsection 3.5, we simplify (or telescope) each integrand by Chapman-Kolmogorov equation,
and then apply (6.3) to obtain

105 ™ Oy < fch (n+m+M—1)

5We can also view (6.27) as the ‘variation of constant’ and F(™™) as the probabilistic solution (cf. [7, Proposition 2.19])
for the following heat equation on D7} x D™ with Neumann boundary condition:

aF("’m) 1
SN AR _ (V+Ft(n,m+1> 4y gL %Fén,m) . (6.28)
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[l :
t2=0 ty1=0 _ S(n m) V(te, — to, —t3)+ (tua, — ta41)

forall0 <t < T and N > No(D4,D_), where C = C(Dy,D_,T) > 0 and Sg{}’m) is a relabeled tree of
T{™ defined in Subsection 3.5 of [7]. Lemma 3.9 and Lemma 3.10 in [7] give

t tav 1
/t2—0 /tM+1—0 ﬁegz(n:,,m) \/(tm - t2) (tvz - t3) T (tvM - tM-H)

(n +m)tntm )(ntm) M/ /
(n+m tary1=0

S cn+m+M tM/Q,

(% 7=)

=2

where ¢ is an absolute constant. Therefore we have

||@§\Z’m)(t)”(n,m) < 5d Cn+m+JW tM/2 (6.32)

forall 0 <t <T and N > Ny(D4,D_), where C = C(D4+,D_,T) > 0.
Step 4: Upper bound for N HAE"’m) - Ft("’m)||(n7m).
Since [|[F®D]|(, ) < CP*4. and since the sum of the two components in Inr—1(8) is n+m+ M —1 for
(n,m)

any e Ty, Step 2 and Step 3 yields

oo

NA™ = Ny < > CEF™ M =1100™ (8) [ )
M=1
1 Cn+m C"+m+1\/f
S I O
5d 1—CyCVt
< 5d (Co O™/t (6.33)

forall t € [0, T A (CoC)~2) and N > Ny.
n.m s n, Bt(n’m)
Step 5: Upper bound for C("™) .= N <Ft(" m) _ Ag m _ N>.

Iterating C’t( ™= N <Ft( ™ _ Ag ™) _ tN) as in Step 2, we have

t
= [ R - F)
to=
n,m n,m+1 n,m+1 n,m+1
[ R (v B Q) - Ee )
to=0 Jt3=0 i=1
S U )

> /t /t2 /tM
to= t3=0 tM+1—0

M=1"12=0
SRV P e P e P, Qa1 — Rl

2] tM tm41 tMm41 tam+1

deT(m ™
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Hence

Cn+m+M 1Cm+m+M\/‘
I oy < 3 Nl 1€5:™ ()l nmy by (6:33
M=1
Cm+m+M lcn+m+M\/‘ 1 Cn+m+M M/2 by (6.39
- Z N §¢ 5d t y (-
M=1 N
C() C)n'+mt
S TN
for all t € [0, (CoC)~2?] and N > No(D<). O

It follows from Theorem [6.15] that we have

Corollary 6.16. (i) (Propagation of chaos) Suppose Assumption holds. Then for any T > 0
and any (n,m), we have
lim [|(A45"" = E™) |,y = 0

N—o0

uniformly for t € [0, T).

(ii) Suppose, furthermore, that Assumptz’on holds. Then for any T > 0 and any (n,m), we have
li (n,m) —
Ngnoo HCt ||(n,m) 0

uniformly for t € [0, T A (Co C)~2].

Proof Suppose liminfy_,, N §% € (0,00]. We have shown that the following upper bound of the series
expansion of ||(4™™ — Ft("’m))H(n’m) (in Step 2 of the proof of Theorem ) converges uniformly in
N.

”A(mM) F(%m) I

\/tQON‘
t

o
to=0 Jtz= ON

Pt(ntzn F(" m) H

R D M

We can check that the integrand (w.r.t. dts dts - --) for each term converges to zero by Lemma Hence
each term converges to zero as N — oco. Therefore, the whole series converges to zero and we obtained

part (i).
The proof for part (ii) is the same, using the series expansion of C’t( in Step 4 of the proof of
Theorem [6.15 O

Remark 6.17. From Corollary i), we have

n,m)

Fm — gmm) L ptum) | o(N)

where o(NN) is a term which tends to zero uniformly for ¢ € [0, T'A (Co C)~2].

The following corollary of Theorem gives us a pointwise bound for the difference between F(+r.m+a)
and F(n’m) . F(p)Q) .
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Corollary 6.18. For any T > 0 and any non-negative integers n, m, p, q, we have

N|Frm O (g 2 g ow) — (& g) - PO (Z, )

< optmirtes? ’ Z Gi(zi,wy) + Z Gi(zk, y5) Z (@i, zk) Zl: Gy (yj, wl)’
9,

i1l k,j ik
(CO C)n+m+p+q t
N §52d

whenever 0 <t <T A (CoC)~2 and N > No(D4,D_).

+

Proof By Theorem and the shorthand F("™) = Ft(n’m)(f, J), we have

N [F(n+p77n+q) _ plnm) F(p,q)}

B+C (n+p,m+q) B+C (n,m) B+C (p,q)
(A+ N) —(A+ N) ~(A+ N)

= (B(n-%p)m-W) — Atmm) g(pa) _ A(p,q)B(n,m)>

n (C(n+p,m+q> _ A o) _ ) gy _ (BFC) (B4 CW"”) .

N

It is remarkable that all terms involving ¢ and g~ cancel out in B(+r-m+a) _ A(n.m) B(p.a) _ A(p.a) g(n,m)
and we have control over all the remaining terms via the bounds (6.26]) in Theorem In fact,

B(n+p,m+q)(gg7 7, §,0) — A(nﬁn)(f7 g’)B(P»Q)(" W) — A(p,q)(-' -’)B(nvm)(-* -')

G x“wl Zkyy
Z f+( wl ZZ f—'r J )

= - A(n+p,m+q) (fv 27 g7 7.17) (
11=1 k=1j=1

n

2

- 2 G+( y]awl
+ + . (6.35)
>3 Fm a3y >>

Jj=11=1

The result now follows from the fact that || f*|| < |luZ| < Cy and (6.26). O

Remark 6.19. (Generalizing to the case HFén’m) - Aén’m) | (n,m) 7 0) In Theorem we have assumed

G =

the initial error e —Aén’m) | (n,m) to be zero for all n,m and N. In fact we can weaken this

condition by requiring e(n ™) 5 0 fast enough as N — oo. This can be quantified by taking into account

the contributions of the terms Fon’m) — A((Jn’m) in the difference between 1) and 1} in Step 2. O

6.3 Generalized correlation functions FN A(mm),(p.0)

The proof for Step 2 (Tightness) and Step 6 (Boltzman-Gibbs Principle) for Theoremrequire analysis
not only for the correlation function at a fixed time ¢, but also for the joint probability distributions of
the particles at two different times s < t.

Definition 6.20. For n m ,0,q € N and 0 < s <t, we define the generalized correlation functions
Fm)y(pg) _ N, (n,m),(p,q) by

s,t s,t
/ (7, §) W (Z,0) Fy ™)@, g, 2,0) d(F, §,2,0) = E [D ) () Vg (1)) (6.36)

for all ® € C(D X Dm) and ¥ € C(Eﬁ_ X Eq_). Here ®,, 1) is defined in and U, ) is defined
in the same way.
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Example 6.21. For example, we have

E[(¢, XNF) (1, £} 1)) = ¢<x>w<z>Fﬁi’°>“’°><x,z>d<x,z> and

E[(6, 2 ox) (@ X o X)) /f 2,y)0(z,w) FDOD (2, y, 2,w) d(, y, 2, w)

To compare anuTT) 2D and FM™ Féi’g), we also define

B0z, 2,45) = Foyt ) PO(E, g, 2,0) — FS(E,g) - FD (2, 0) (6.37)

w,u+1r

6.3.1 A technical lemma towards tightness

The following lemma is the key and hardest part towards the proof of the tightness result (Theorem [6.24)
for ZN.

Lemma 6.22. Suppose Assumption holds. For any T > 0, there exists C = C(D4,D_,T) >0 and
No = No(D4, D_) so that we have

2
b
E (W/ (Lor, XV @ XN ) —E[(L e, xi“mi“—ﬂdr) <Clel? (b - a)*?

whenever 0 < a < b < Ty := T A (CoC)~2, for any N > Ny and any bounded function o:(z,y) on
[0, To] x Dy x D_ with uniform norm ||¢||.

A direct calculation suggests that the L?*(P) norm of
VN ({6 X0 @ X)) — B[ 2 @ 277)])

blows up in the order of 1/§ (for » > 0), due to the fact that [ ¢(z,y1)l(x,y2)d(z,y1,y2) is of order 1/4.
Hence we need to look into the generalized correlation functions.

Proof Step 1: Write LHS in terms of the generalized correlation functions.

Note that (f; f(r)ydr)? = Qf;:a be:u fuw)f(v) = 2f:: " f t) by Fubinni’s Theorem followed
by the change of variable ¢ = v — u. Hence Lemma [6.22] is 1mphed by

(1,1)(1,1) =~ _.\3/2
/u a / y)6D+XD_N£(x e 5) ESDOD 2,y 7.9) < C(b—a)*, (6.38)
f/ €D+><D,

where Efjt’l)(l’l) is defined in 1D The ideas is to first obtain a ‘variation of constant’ formula for E,, ;
via the Dynkin’s formula; then iterate the formula to obtain a series expansion of E,, ; in terms of E, o;
and finally estimate I, o and each term of the series.

Step 2: Estimate |Et(1’1)| in terms of {Eép"”}.
Applying Dynkin’s formula as in (6.27) yields

pm).(pa) pr(p,q)Flmm%(p,q) (6.39)

u,u+r
" , + (n,m),(p,q+1 n,m +1, Q n,m s
—/ ]Dﬁpgq) ([/ F;E’ g(pq )—f—L F(u g(p q) NF(“ g@q)) d9>

where Pt(p ’q), V*+, V= and Q are operators defined as before and act on the (Z, ) variables.

28



Fix u >0, (n,m) and (&,7) € D, x D", and write
EPD(Z45) = Eglr’m)’(p’q)(f, ¥, Z,w) for notational simplicity.
Then (6.39)) yields
Eﬁp,q) — p}p,q)E(gp,q) _/0 Pr(g»g) <V+E§P,q+1) + V’EépH’Q) + ]%Eép,q)> de, (6.40)
where Pt(p ’Q), V+, V= and Q are operators defined before, acting on the (Z,) variables. In other words,
(t, (Z,%)) — EP?9(Z,) is the probabilistic solution of

oE 1 Q + (p,g+1) — (p+1,9) P q
S =3AE-<E- (ViE + VB on (0,00) x D x DY,
E
?977 —0 on (0,00) x d(D? x DY),
Eo() = Py 0@, g, ) = F™(@5) - FP9() - on DY x DZ.

It can be shown (see Proposition 2.19 in [7] for a proof) that the following probabilistic representation
holds true for E = E(®9):

t
E,(Z,@) = &Y {EO(Xt)e Jo (Xe)ds _ / g(t — 0, Xg)e~ Jo k(Xa)ds dﬂ} : (6.41)
0
where k = Q(NM>, g(t) = V+E§p’q+1) + V_Et(pﬂ’q) and X; is the (RBM in DE x DY starting at (2, ).
From this, the triangle inequality and the non-negativity of k = Q ;\} Y , we have

t
‘Et(p’q)‘ < Pt(p,q)(|E(()p,q)|) +/ Pt(f’t? (‘V+E,5(§’q+1) +V‘E§§+Lq)’> dts.
0
It then follows that almost everywhere in DY x D? | we have

’E]Sp,q)

t
, , , ,q+1 — +1,
<PPOER + [ P2 (VB -V IEET ) dba (6.42)

Now we iterate (6.42]) to obtain

t
s , , ,q+1 ,q+1 — 1, 1,
Pt(p q)|E(()p Q)| +/ Pt(fttlz) <V+Pt(2p a+ )|Eép a+ )| v Pt(er q)|E(()p+ q)|)

‘Et(p,q) ‘
to=0

IA

t to
[ e (v r (VR v )
to= tz=

+V7Pt(gpj_t13’q) (V+Pt(gp+1:q4r1) |E0‘ + prt(:"!‘Q,‘J) |E0| ) )

+ cae
) /t /tz /tM
M=0 to=0 Jt3=0 tar41=0

S BV, B Ve, PR Vo, - P Ve 1B (6.43)

tz—tq tar—tar41
FeT(m

From this inequality and the triangle inequality, we have, for any v > 0, (n,m) = (1,1) and (z,y) €
Dy xD_,

[eleev] = [ 0z, w) [BD (@, 2,w)
(z,w)eED4 xXD_
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S /\Ij(root) EéLl)’

t
+/ (/\I;(-h) E(gl’2)‘ +/\If(_1) Eéz,l)’) dts
0
t to
+/ / (/\I/(+1,+2) Eélv3)‘+/\1,(+17*1) E(()272)’+/\I/(+1,*2)
0 0

+/\If<*h+1> EéQ’Q)’ +/\If<*h+2> E((f’?)’ +/\If<*h*2>

0 t to tam
Z/ 0/ / By Z /\IJG‘EZM(G)‘ dtyris - dtsdts, (6.44)
M=0 Y t2=0Jt3= M+41=

(1 1)

E(()“)’

Eés’”’) dts dty

where the integral sign for Eépm is on the set D x D?,

\II(T"Ot)(z,w) = Pt(l’l)ﬁ(z,w)
G (2w, wy) = Pt(21’2) ((Pt(llth)zf)(al,bl) -((al,bg)) (z, w1, ws)
T (2, 20,w) = Pt(j’l) ((Pt(llft)2£)(a1,b1) -E(ag,b1)) (21, 22, w).
Inductively, ¥+ e C(D~. x DI and w0 ¢ C(D, D" % DY) are obtained from W7 as follows: if
V(z,@) = P"Y F(Z,@), then
VO wgn) = PO (PG00 P)@D) faisbei) ) (2 (i, w041)) - and
WO (2, 2p00),8) = PRV ((PRD,, L F)@B) Lapin,by) (B 2pe0), @),

Step 3: Estimate E(()p’Q) = F,S}{Ll)’(p’Q) — Fﬁ“’ . F&pm.
For any ¥ € (D", x D), by Definition we have

Lo ) BED P 0y, 2.0) da,y, 2.0
X

uw Hu fu fu
(NQZZ[ )(N(p)l]v(q) Z Z \I/(X517...,XSP7Y’U{1’...7YJQ))

distinct  distinct
1, kp=1 l1,---lg=1

N@+1) p(a+1)
= 7 .\ m(p+1,q+1) - —
— SERONT foe o L) VED FPH (2.2, (40)

N S 2 ) Fpatl)(z =
TN N2 N@ Z/Dp Dt U(zi,y) V(2 0) Fy (Z, (y,w))

N+ 4
NS N V4 N (7 @) Fetha) N
T NIN®D E/Diﬂwq (2, w;) ¥(2, @) F; ((z, Z), ©)

1 2

— W 740 F®PD (7 &

+N2 ;;/Dp « D7 g(z“wj)‘l/(z’w)Fupq (Za w) (645)

This connects Fé}ﬁl)’(p’q) to FPTH4Y and we know more about the latter (such as Theorem .
>0

_ _ if
Furthermore, we use the simple fact that [ f|g| = [ f g where f(z) = f(@), 1 9(z) 2 Therefore,
7f(17), if g(l’) <0.
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for any U € C, (D" x D?), we have
y +H

/ ) V(2 0) | B . 2,0 | de,y, 2,00
DiF X DIt

< W/ (U ‘F<P+1’q+1> — F(LY L plpd)
- N2 DYy patt “ “ v
‘ (N —p)(N 1‘ / éFél’l) / U Fl(szq)
N2 DyxD_ DR x DY
p
Zm y) \11(2'7 U_;) Fép,q-‘rl) (57 (yv ’lﬁ))
Dq+1

q

arw»ﬂd&ﬁ»ﬁ#*Lﬂanémzm

p+1

Tz ZZ/ Uz, wy) (7, @) FPO(Z, )

p q
=1 j=1 xDZ

IN

/ VAV] ‘F(p+1,q+1) — 1) ppa)
pPtly patt w w w

/ Uziry) U(Z.0) FPD (2, (y, @)
D? x DIt

1 ¢ - o
N;AW ;) W(Z ) E0 (2, ), )
1 P q (0.0)

oy) W(E ) EP (2, 1)
N E;;/DD ’

On the other hand, by Corollary

N \Fqﬁp“’q“)(x, y, Z,0) — FMY () - FPO(Z, w)\ (6.46)
p q p q
_ CnC ptHa+2,,
< CPPN Gulziny) + ) Gulzow) + Y G, z) + Y Gr(y.w)) | + %
i=1 Jj=1 i=1 j=1 N

Combining with the calculation just before the proceeding inequality, we obtain

N Uz, y) U (Z, @) |ELD (2, y, 7, @)| dx,y, Z,d) (6.47)
Dp+1><Dq+1
P q p q
<cp+Q/+ ymw%w(iamw+2@mw+zcwm+zemwﬁ
DY x DT i=1 j=1 i=1 i=1

L (GO /
N o2




Step 4: Final estimates.

We now put ¥ = 07 into inequality |D for each W¥ that appears in 1D at the end of Step 2.
Specifically, by (6.44) and (6.47)) respectively, we have

N / /. o) 03,9) [ 0, 2.9)
z,y)€EDLxXD_ J(&,§y)€DyxD_

/ / [N / 0z, y) / (2, 0) [ESD O ey, 2 )
M=0 to=0 tr+1= 0_, (1 1) (:E,y) (E,IB)GDiXDi

/tz 0 /M+1_0 i

where in the first inequality, the integration over the variables (Z, @) is on D% x D where lp;(0) = (p, q);

in the second inequality, @%M(G) (\I/) is the i-th term that appear on the RHS of (6.47)).

|

5 0lm® (yi 6.48
e (v . (045

(L - =1

We will estimate each of the five terms (i = 1,2, 3,4, 5) on the RHS of (6.48)) separately. The arguments
are the same for all of them. We first consider the term for ¢ = 2. This term is

2 O/tz . /tMH_L [@;M@)(w”

M+4 .

Z CL1S) V) | (6.49)
N6 Py pa

M=0"t2= tar4+1=0 <1 ) N DixDZ

where we have used the fact that the sum of the two components of 13/ (8) is M +2 (i.e. p+q= M +2).
Using the same argument of Step 3 in the proof of Theorem we have, for each M > 1,

[y [ v
to=0 t]\/[+1—0_. DiXDz

T

(1 1)

[ > <

<

t2=0 tr1=0 o s \/(tm —t2) (t, —t3) - (ton — tm+1)
M

< CM tM/2

for N > N(D4,D_), where C = C(Dy,D_,T) > 0. This inequality implies that (6.49) is at most

= CiCu
g QO Y (GO I < ooy
M=0

when 0 <t < (CpC)~2 and N is large enough, where C = C(Dy,D_,T) > 0.

For ¢ = 1, we only need to invoke Lemma and then use the same argument for ¢ = 2. The term on
the RHS of (6.48) for ¢ =1 is at most

C4CVu  C3Cu
Vit vVt

For i = 3, the term on the RHS of (6.48) is equal to

M= O/tg =0 \/tM+1 Oa

p —
0M+3/ Uz, y) U0 (2,0) |. 6.50
gt S SUCWEAET) (6.50)

T(l 1)
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By the same argument as that for ¢ = 2, we have, for each M > 1,

t P
/ / / Zé zi,y) O(Z,10)
to= tr+1=0 de (1 1 /DY ><Dq+1
b= M + 1 1
M G %
ta=0 trpr=0 tM+1—0 (1 1 \/ v T t2 v2 - t3) T (tvM - tM+1)

t tm—1 1
CM/ / (M +1)
ta=0 Z \/(tUI - tQ) (tvz - t3) e (tUAl—l - tM)

3] GSill’i)l

2 M+1
(/ dtM+1)
tar41=0 \/ (tar — targ1) tarsr

ta—1 1
= CM (M +1)? / /
=0 5 S(l ) \/ v T to, —t3) (tuy_y —tar)

< oM M-1/2,

IN

IN

where we have used the facts that ftM ——L——ds =« and that vy < M. The extra factor (M + 1)

v/ s(tar—s)
in the second inequality comes from the number of children (in SS\}I’U) for each leaf in SS&I’Pl. Therefore,

(6.50) is at most

3 = M ((M—1)/2 i C
M=0

The term for ¢ = 4 is symmetric to that of ¢ = 3, hence the upper bound is of the same form.

Finally, the term for ¢ = 5 can be compared to the term for ¢ = 2 directly, since SUP (5, é(x,y) <
591 < 1 under Assumption and hence we can ignore the factor ¢(z;,w;). Therefore, the term for
i =5 is at most C§ C.

From the above five estimates for the RHS of (6.48)), it follows that

N / o,y 63.9) | B @y, 7,9)
(w,y)€D+XD, (i ﬂ)6D+><D,

Civu Ciu Ciu  C3
< C 0 0 oU C
< ( VRV ARE R R
for N > N(D4,D_), where C = C(Dy,D_,T) > 0.
This proves (6.38) and hence the lemma. O

6.3.2 A technical lemma towards Boltzman-Gibbs principle

The goal for this subsection is to prove the following lemma, which is an indicator of the validity of the
Boltzman-Gibbs principle for our annihilating diffusion model. It is instructive to compare the statement
of Lemma [6.23| below with that of Lemma [6.22]

Lemma 6.23. Suppose Assumption holds. For any T > 0, there exists C = C(D4+,D_,T) > 0,
No = No(D4, D_) and positive constants {Cn} satisfying limy_,oo Cy = 0 such that

B[] [ 22 (on 10 o 120.) = VAt 00) =Bl 0 ) '] < Ol

whenever 0 <t < Ty :=T A (CoC)~2, for any N > Ny and any bounded function pi(x,y) on [0, Ty] x
Dy x D_ with uniform norm ||¢||. Here ®s := XN @ XN~ in abbreviation.
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Proof The proof follows from the same argument that we used for Lemma [6.22] Namely, we first write

the LHS in terms of the generalized correlation functions (more spe(nﬁcally in terms of E,, , = E(n m):(pa)

defined in (6.37)); we then bound E, . in terms of E, via (6.43); finally we estimate E, . However,
unlike Lemma the LHS here vanishes in the limit due to a 'magical cancelations’ of the first two

terms in the asymptotic expansion of the correlation functions. See (6.57)) and (6.58)) in the proof below.
Step 1: Abbreviations and notations.

To avoid unnecessary complications, we assume s = 1 in the proof. The general case follows from
a routine modification. By the fact (which follows from Fubinni’s theorem and a change of variable

r=uv-—u) t ) ) t
( h(s)ds) :2/ h(u)h( dvdu—2/ / r) dr du,
0 u=0 Jov=u u=0 Jr=0

EH/Ot Zév(@’ o). (¢ fs+>+) - \/Jv(w, ®s) —E[{¢, ®S>]) dsm

- e[| [ et K)o+ (B X7) = (6, 82) — Bl 2 + (B, 20— (6, 03] ds| ]
0

we have

_— NE \/t(ns—fs) - E[ns—fs]dsm

N / / —€)] — Eln — &) -l — &) dvdu, (6.51)
where we have used the abbreviations

= (0 [y Be =0 f) 4 ms = {a, XTF) + (Bs, XD7) and & = (0 @) (6.52)

Note that we have, for example,

En] = /D ou@) FM @) o+ [ B0 PO ) dy
- /D el <>F<1°>< ) + €, y) £ (@) FOD(y) da dy.

Step 2: Write LHS in terms of correlation functions.

Direct calculation yields
E[(nu - gu)(nv fv)] = [77u77v No€u — Mubo + gufv]

- / v (1) (102) FOOGO) () ) + / o (12) B0 (y2) FLOOD (2, )
D2 DyxD_

+/ au(72)Bu(y1) Fy ( )(10) (w2,91) / Bu(y1)Bv(y2) F; )( )(ylayQ)

D+><D,

*/ av(‘xZ)g(xhyl)F(l )(10)((x1,y1),x2) */ 51;(2/2)6(%1,&/1)Fé,lul)(m)((ﬂﬁlayl)»yz)
D2 xD Dy xD?

_/ au($1)£($2ay2) F(lo)(ll)(fﬂl»(x%yﬂ) _/ ﬁu(yl)g(anyQ)Fzs?vl)(ll)(ylv(any2))
D2 xD_ D

+><DE
+/ U1, 1) a2, y2) FEY M (21, 1), (22, 92)).
D2 xD?

Computing E[n, — &,] - E[n, — &) in the same way, then using the definition of s and B in (6.52)), we
can rewrite the integrand in (6.51)) as follows.

E[(nu - gu)(nv - fv)] - E[nu - §u] : ]E[nv - fv] (6'53)
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= / Uz1,y1) (22, Y2) { fu (1) £y (y2) [F(10)(10)(x T2) — Félo)(xl)Filo)(@)}
D2 xD?

fi JED (1)

)17 (02) [FODOO) (g, ) — FOD (32) FOO) ()|

I JED (y2)]

@) £ @) [FOD O (1, 90) = PO (o

() [FOOD (@1, y2) = FOO () FLY

F(Ol)

— [ (2

fu (1

};1(11)(01)((331 yl) ) F( 1) 71 01)

(
_F(lo)(n) (10)( FOD(

[T u (9517(95272/2))

FéOU( )(yla(ZQayQ)) 7F( )(yl F iL’Q,yQ

)
)
)

fo (y2) F(H)(lo)((%hyl) 2) = F{M (@1, 51) F§'O (@)
)
) x1)F,
)

!132 Y2 }
*er(iCl ]
+ Fqi,l,})(ll)((xhyﬁ, (r2,92)) — Féll)(fclayﬁFéll)(ﬂﬂz,yz)} }

Note that each of the nine terms can be written in terms of

E(n m),(p, q)( 27 > H) F(n m),(p,q) (f’ 277 27 ’IE) F(” m)(ﬂ g‘) . F(p’q) (Z, w)

u,r w,u+r u+r

defined in (6.37)), where r = v—u. We split these nine terms into three groups Aq (u, v)+As(u, v)+As(u,v),
where Aj(u,v) consists of the first, third and fifth terms; As(u,v) consists of the second, forth and sixth
terms; and As(u,v) consists of the last three terms. That is,

Ay (u,v) = /1)2 b2 5(9317311)5(5027112){fJ(yl)fJ(m)ESS)(IO)(ZELIQ)

+h @) £y (y2) BV (yy, 20) — £ (y2) BS PO (21, 91), 22) }7 (6.54)

Ao (u,v) = / E(Il,yl)é(ffzayz){qu(yl)fzj(m)qul,g)(lo)(xl,ﬂﬂz)
D2 xD?
Ffa ) fif (2) EQOOD (2, y0) + fiF (1) .5 (22) BLPOY (y1, o)
— i (22) ESYOV (21, 91),112) } (6.55)
and
Az(u,v) = / Ux1,y1) £(2,y2) { — fo (1) ESDO (24, (22,2))
D2 xD?
_fij_(xl)Ez(Bp(ll)(ylu (72,92))

+ B0V (21,91), (22,02) - (6.56)

Step 3: Cancelations. To illustrate the ‘magical cancelations’” mentioned at the beginning of the
proof, we first provide details of these cancelations for A3.

Note that we can bound E,, , in terms of E, o via . Consider the first among the three terms in

A3 with E, , replaced E, . We apply 1D to write F( 0)(1 ) in terms of F( 2 plus a lower order term.
This gives

_ / 0wy, 1) €z, y2) fr () ESDD (24, (22, 92))
D2 xD?
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= [ ) ) £ ) (B o, m) — B (@) F D o)
DixDE

1 _
v [ ) ) £ ) P )
D+><D2_

Similarly, when r = 0, the second term and the third term in Ay are, respectively,

*/ é(xlayl)g(IQayQ)qu(xl)El(Bé)(n)(I%(ylayQ))
DixDz_

= _/ U(z1,y1) U2, Y2) f;r(xl) <F1§12)(x27y1ay2) - Fqgm)(yl)Fqgll)(@,yz))
DixDi

1
N Uz1,y) U2, y) fiF (21) FSM (22, )
DixD,

and

/ Uz1,y1) U2, y2) qul,é)(n)((fl»yl% (z2,92))
DixDz_

= / 5(501791)5(%2,92) <F7522) ($1,$2ay17y2) - Féll)(ml,yl)Féu)(ﬂf27Z/2))
DixDi

1
+N / U, yn) £z, y2) 2 (2,91, y9)
D+><D3

1
+N / g(xlvy)g(*%éay) F7£21)(=T1a$2,y)
D3 xD_
1

+ Ca,y) F{™M (2, y).

2
N Dy xD_

Now we add up the three equations above. The sum of the lower order terms is, by Theorem [6.15| or

(6.34), of order o(N)/N (i.e. a term which tends to zero even if we multiply it by N) uniformly for
u € [0,t]. On other hand, the sum of the leading terms is, by Theorem again, equal to

/ Uz, 1) Uz2,y2) { — fu (1) (F1521)($17$27y2) - FSO)(W)FU(H)(x%yz))
DixDi

_fzj_(xl) (Félz)(xzayhyz) - Fstl)(yl)Fqsll)(fﬂzyyﬁ)
+ F) (21, 20,1, 92) — FS (01, 1) FMD (22, 92) }

1
- N/ E(xl,yﬂe(ﬂfz,?ﬂ){
DixDi

— £ () (BE (01,22, 2) = AL (@0) BUD (@2, y2) — B (@1) ALY (2, )
— [ (z1) (Bq(fg)(fﬂmyh y2) — A0V (y)) BUY (29, y2) — BV (1) AGY (2, yz))
+B£22)(5U1,$27y1ay2) - A'Etll)(xlﬂyl)B’ELll)(xQ?yQ) - Bv(lll)(xl,yl)Agll)(x%yQ) }

+o(N)/N
= . Uoryn) o) { = £ ) (Gulan ) £ (@) + G @1, 02) £ (02) )
— @) (Gulwzy) f (0) + G (g1, 92) £ (22) )
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+ (Gulwr o) £ (w2 f (1) + Culway) £ (@) £ (32) )

+ (G @) f7 () i (v2) + G5, w2) £ (@) £ (@2) ) |
(N)/N by

= o(N)/N. (6.57)

The two o(N)/N terms are the same and can be kept track of via the computation in the proof of Corollary

Note that all terms involving G, G, G~ cancel out in the last equality. The cancelation in (6.57)),
together with the cancelation for the lower order terms, are the ‘magical cancelations’ mentioned at the
beginning of the proof.

The same type of ‘magical cancelations’ occur for each of A; and As by the same reasons. In short,

applying (6.45)) and (6.35]) to each of the six terms in A; + Ay, we see that the sum of these six terms
when r = 0 is, up to an additive error of order o(/N)/N which is uniform for u € [0, t], equal to

X Jo g v oz {
F )5 (w2) (B (1,02) = AQ) (1) B (22) — BLO(21) AL (1) )
Fr ) £ @2) (BUID (@1,92) = AL (@) B (32) — B (1) ALY (1)
@) f7 (g2) (BUD (e,m) — ALY (90) B (2) — B (y1) AL () )
@) £ @2) (BED () = ALY (5) B (92) — B (1) ALY (1))
2 (02) (BEY (@1w2, 1) = A (@1,90) B (@) = B (w1, 51) ALY (2))
— I (2) (B8 @1y, 2) = AN (@1, 90) B () = BED (1,51) A (12))
= T Lo ) € 00I () G nm) + 17 01 (02) o)

+ fa (@) f5 (y2) Gul@a, 1) + fo (21) ) (22) G (y1, 92)
— £ () (Gulwz, ) £ (@1) + G (@r ) £ () )

— i (a2) (Gulwr ) fi () + G () i @1) )
= 0. (6.58)
Observe that on the RHS of Az(u,v) in (6.56)), if we view u and (z1,y1) as fixed variables, then
TP (2p,y2) = —fy (1) BSD PO (@, (02,42)) — fi (1) LD PO (g1, (22, y2))
+ Eg}i)(pq) ((xla yl), (.’172, y?))

satisfies .,
Tgp»q) - P7(_p,q)Tgp,q) _/ (p,q) <V+T(p,q+1) + V- T(erl,q) + ]%E(p,q)> do (6.59)
0

since B satisfies |D That is, {T® 9} and {E® 9} solve the same hierarchy of equations, but the
initial condition T((Jp " s of smaller order of magnitude o(N)/N, by the above cancelations. Following

the same argument that we used for Lemma with Y9 in place of EP'? | while keeping track of
these o(N) terms, we obtain

t ot
N / / As(u,v) dvdu < o(N)t3/? (6.60)
0 Ju
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whenever 0 < ¢t < Ty :=TA(CyC)~2? and N > Ny. By the same argument, holds with A3 replaced
by either Ay or As.

Recall that the integrand of (6.51)) is A1 + A + Az. The proof is complete. O

6.4 Proof of main theorem

With all the results developed in the previous sections, the proof of Theorem is ready to be presented
in this section. Recall Steps 1-6 in the outline of proof at the end of Section 5. We will establish tightness
of {ZN} (which is Step 2) and then identify any subsequential limit through Steps 1, 3, 4, 5 and 6. Note
that for Steps 1, 3, 4 and 5, we do not need to go into the analysis of correlation functions; the results
for these steps are for arbitrary time interval rather than for a short time interval as in Steps 2 and 6.

The following is Step 2 in the outline of proof for Theorem 5.1} Note that we do not need any estimate
about the evolution systems Ué\tf 5) and Uy ) for this step. The key of the proof is Lemma

Theorem 6.24. (Step 2: Tightness) Suppose Assumption holds and o« > d V (d/2 + 2). For any
T > 0, there exists C = C(D4,D_,T) > 0 such that {ZN} is tight in D([0, To], H_,), where Ty :=
TA(lug|| V llug )2 C. Moreover, any subsequential limit has a continuous version.

Proof We first prove the following one dimensional tightness result: For any ¢4 € C(D4) fixed (such
as eigenfunctions), {(Y™VF(o1), YV~ (¢-))}n is tight in D([0,Tp],R?). For this, it suffices to show
{Zn = INH(py) + YV~ (¢_)}w is tight in D([0,T],R) for any fixed ¢+ € Hy (cf. Problem 22 in
Chapter 3 of [12]). By Prohorov’s Theorem. It suffices to show that

(i) for all t € [0,Tp] and €y > 0, there exists K € (0,00) s.t. imy_y00 P (|Zn(t)| > K) < €0; and that

(ii) for all eg > 0, we have

lim lim P| sup [Zn(t)—Zn(s)|>e€ | =0.
d—0 N—oo [t—s|<5
0<s,t<T

By and , we have Zy = YNV F (o) + IV~ (¢_) satisfies
Zn(t) = Zn(s /Jﬂ” A¢)+yN(A¢)

VN / (64 +6), XN © XY — E[(U(6 + 6_), XV 0 XN dr
My (t

+ — Mn(s) (6.61)

for 0 < s <t, where My(t) is a real valued }"t(xN#’ xN‘i)—martingale with quadratic variation
t
/ (Vo XI) + (Vo I, X7) + (s +6-)% X @ X7) ds. (6.62)
0

(i) is implied by the fact that sup x> n, (p) E[(Zn(t))?] < oo for all t € [0, Tp] and « > d. This fact can
be proved as follows: By definition of the correlation functions, the covariance

B[00 @) -
N (Ellg, 2% (0, 20)] - Ello, X OIEI @, %))
N( - (@) () FEO (21, 2) darr s _5_% : (60) () FO (2)d
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- (@) F (1) day - w<x2>Fél’°)<x2>dI2)
Dy Dy

= [ o@f@da N [ olaie) (B @) - EO @) F (w2) drdes.
D D

By Theorem and Lemma the absolute value of the last quantity in (6.63)) is bounded above by

Co C)?
& | en@)dz-+ ol 11 / , 16" o1 20) dondan + G

Cit
Cllollil (Co+ 32 + 55)
C gl 14 (Co v 1)

forall 0 <t < TA(CoC)~2 and N > No(D), where Cy = ||uf || V ||lug || and C = C(D4,D_,T). In
particular, E[(Y""(¢1))?] < C||l¢)||?. Similarly, we have B[V}~ (¢5))?] < C ||¢5 ||2. Therefore, when
a > d, we have E[(Zx(t))?] < oo for all t € [0,Tp] and N > Ny(D) (as in the proof of Lemma. Hence
(1) is satisfied.

It remains to show that (ii) holds with Zx (¢) — Zn(s) replaced by each of the three terms on the RHS
of . For the first term, (2) holds by Chebyshev’s inequality, Holder’s inequality and . For
the second term, (2) holds by Lemma For the third term, namely My (t) — My(s), we have (ii)
holds upon applying Chebyshev’s inequality, Doob’s maximal inequality and the explicit expression for
the quadratic variation . Hence we have one dimensional tightness for fixed ¢4+ € C(D4).

Following the same proof of [9, Theorem 4.7], we complete the proof by using the definition (4.3]) of
the metric of H_, and the condition on «. O

A

IN

We identify any subsequential limit of {ZV'} for the rest of this section. Steps 1, 3, 4 and 5 follow from
the method developed in [9], via the estimates for Uf\t] 5) and Uy ) that we developed. We now present
the precise statements that we obtain.

Using Lemma we can follow the proof of [9, Theorem 4.3] to obtain the following.

Theorem 6.25. (Step 1) Suppose a > dV (d/2+1). For all N large enough, there exists a cadlag square
integrable H_,-valued F}¥ -martingale M™ = (M} ;>0 such that

t t
zN =U{ 2 +/O U, dmy +/O Ui, BYzY —KY)ds  fort>0, P—as,  (6.64)

where Ué\tf’s) is defined in Definition and FN is the natural filtration of the annihilating diffusion

process. Moreover, MN has bounded jumps and predictable quadratic variation given by .

As a remark, equation (6.64) is equivalent to (5.4]) by variation of constant (see Section 2.1.2 of [I4]).
For Step 4, it can be checked that we have the following, as in [9, Theorem 4.8].

Lemma 6.26. (Step 4) For a >d+2 and T > 0, we have
c .
U020 — Uun2Zo in D([0,T],H_,).
Moreover, Uy 0) 20 has a version in C7([0,T], H_) for any v € (0,1/2).

By Theorem and Lemma we can check that the quadratic variation of MY converges in
probability to the deterministic quantity . Hence, by a standard functional central limit theorem for
semi-martingales (see, e.g., [22]), we have for any ¢+ € Domf!ler(A*) fixed, {MN (¢4, 6_)} converges
in distribution in D([0,T],R) to a continuous Gaussian martingale with independent increments and
covariance functional (5.3). In fact, following the proof of [9, Theorem 4.6], we obtain Step 3.
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Theorem 6.27. (Step 3) When a > d V (d/2 + 1), the square-integrable martingale {M™} in Theorem
converges to M in distribution in D([0,T],H_,) for any T > 0, where M is the (unique in distri-
bution) continuous square-integrable H_-valued Gaussian martingale with independent increments and
covariance functional characterized by .

With Lemma we can check, as in [9], that the expression fo (t,s)dMy is well-defined. That is
U, (for s € [0, hes within the class of integrands with respect to M. Furthermore, following the
same proof for [97 Theorem 4.9], we obtain the following.

Theorem 6.28. (Step 5) For a > d+2 and T > 0, we have
¢
/ Ul dmN £ /0 U0 dM, in D([0, T,H_,) (6.65)

Moreover, f(f U(t,ydM; has a version in C7([0,T], H_) for any v € (0,1/2).

Finally, we complete Step 6 towards the proof of Theorem [5.1] The key is Lemma [6.23]

Theorem 6.29. (Step 6: Boltzman-Gibbs principle) Suppose a > d + 2 and Assumption holds. For
any T > 0, there exists C = C(Dy,D_,T) > 0 such that

/ UN (BN 2N — KN)ds 550 in D((0, To), H_), (6.66)
where Ty :=T A (Co C) ™2, the operator U ) is defined in (.)

BY(04,6-) = u((06s +06-), [7)_s (Uos +06-), f5),) and
KN (64,62) = VN((lsy (04 +06-), XV @ XN7) —E[(t(o4 +9-), XX 0 %)) ).

Proof Observe that a > d (we will need @ > d 4 2 later in the proof) guarantees, base on Weyl’s law
and (4.5), that
3 < o1 . b 12 ) <>
(T+XA0)> (T4

k>1

Using the definition of the norm | - |_, is defined in (4.3), the uniform bound (6.19) and Lemma [6.23]
we have the following: For any T > 0, there exists a constant C = C(D4,D_,T) > 0, an integer
No = No(D4, D_) and positive constants {Cn} satisfying limy_,o, Cy = 0 such that

2
/ U (BY2Y — KYY)ds } <Cyt? (6.67)

whenever 0 <t < Ty :=T A (CoyC)~2 and N > Ny. In particular, we have, for a > d,

lim sup E /U(ts) BYzN — KN)ds

N—o0 tE[O TO

ia] ~0. (6.68)

On other hand, the process ex(t) := [, U e BYZY — KY)ds is tight in D([O Ty), H_,,). This can be
verified by the same argument that we used for Z in the proof of Theorem Prec1sely, by (6.64)), we
have almost surely,

en(t) = Z) - U o 25 /U(ts) for t > 0.

Each of the three terms on the RHS is C-tight (i.e. has only continuous limits) in D([0, Tp], H_,) by
Theorem [6.24] Lemma and Theorem [6.28| respectively, provided that a > d + 2. Hence ey is tight
in D([0, To], H_,). Now Theorem follows from (6.68)). O

This completes the proof of Theorem
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