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Abstract

In this paper we introduce and study Brownian motion on state spaces with varying
dimension. Starting with a concrete case of such state spaces that models a big square with
a flag pole, we construct a Brownian motion on it and study how heat propagates on such
a space. We derive sharp two-sided global estimates on its transition density functions (also
called heat kernel). These two-sided estimates are of Gaussian type, but the measure on
the underlying state space does not satisfy volume doubling property. Parabolic Harnack
inequality fails for such a process. Nevertheless, we show Holder regularity holds for its
parabolic functions. We also derive the Green function estimates for this process on bounded
smooth domains. Brownian motion on some other state spaces with varying dimension are
also constructed and studied in this paper.
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1 Introduction

Brownian motion takes a central place in modern probability theory and its applications, and is
a basic building block for modeling many random phenomena. Brownian motion has intimate
connections to analysis since its infinitesimal generator is Laplacian operator. Brownian motion
in Euclidean spaces has been studied by many authors in depth. Brownian motion on manifolds
and on fractals has also been investigated vigorously, and is shown to have intrinsic interplay
with the geometry of the underlying spaces. See [26] 29 B0, [32] and the references therein.
In most of these studies, the underlying metric measure spaces are assumed to satisfy volume
doubling (VD) property. For Brownian motion on manifolds with walk dimension 2, a remarkable
fundamental result obtained independently by Grigor’yan [22] and Saloff-Coste [33] asserts that
the following are equivalent: (i) two-sided Aronson type Gaussian bounds for heat kernel, (ii)
parabolic Harnack equality, and (iii) VD and Poincaré inequality. This result is then extended
to strongly local Dirichlet forms on metric measure space in [9, 34, B5] and to graphs in [19].
For Brownian motion on fractals with walk dimension larger than 2, the above equivalence still
holds but one needs to replace (iii) with (iii’) VD, Poincaré inequality and a cut-off Sobolev
inequality; see [3], 4} 1].

*Research partially supported by NSF Grant DMS-1206276.



Recently, analysis on non-smooth spaces has attracted lots of interest. In real world, there are
many objects having varying dimension. It is natural to study Brownian motion and “Laplacian
operator” on such spaces. A simple example of spaces with varying dimension is a large square
with a thin flag pole. Mathematically, it is modeled by a plane with a vertical line installed on
it:

R2UR, = {(z1,22,23) €ER® 23 =00r 21 =22 =0 and z3 > 0}. (1.1)

Here and in the sequel, we use := as a way of definition and denote [0, 00) by R;. Spaces with
varying dimension arise in many disciplines including statistics, physics and engineering (e.g.
molecular dynamics, plasma dynamics). See, for example, [28, [37] and the references therein.

The goal of this paper is to construct and study Brownian motion and Laplacian on spaces of
varying dimension, in particular, to investigate how heat propagates on such spaces. Intuitively,
Brownian motion on space R?UR of should behave like a two-dimensional Brownian motion
when it is on the plane, and like a one-dimensional Brownian motion when it is on the vertical
line (flag pole). However the space RZUR is quite singular in the sense that the base O of the flag
pole where the plane and the vertical line meet is a singleton. A singleton would never be visited
by a two-dimensional Brownian motion, which means Brownian motion starting from a point on
the plane will never visit O. Hence there is no chance for such a process to climb up the flag pole.
So the idea is to collapse or short (imagine putting an infinite conductance on) a small closed
disk B(0,¢) C R? centered at the origin into a point a* and consider the resulting Brownian
motion with darning on the collapsed plane, for which a* will be visited. The notion of Brownian
motion with darning is coined in [I2] and its potential theory has been studied in details in [I1]
and [13, Sections 2-3]. Through a* we put a vertical pole and construct Brownian motion with
varying dimension on R? U R, by joining together the Brownian motion with darning on the
plane and the one-dimensional Brownian motion along the pole. It is possible to construct the
process rigorously via Poisson point process of excursions. But we find that the most direct way
to construct BMVD is by using a Dirichlet form approach, which will be carried out in Section
2.

To be more precise, the state space of BMVD on FE is defined as follows. Fix ¢ > 0 and
p > 0. Denote by B. the closed disk on R? centered at (0,0) with radius . Let Dy = R? \ B..
By identifying B. with a singleton denoted by a*, we can introduce a topological space F :=
Do U {a*} UR,, with the origin of R, identified with ¢* and a neighborhood of a* defined as
{a*} U (U1 NR4) U (Uz N Dy) for some neighborhood Uy of 0 in R! and Us of B: in R%. Let m,,
be the measure on E whose restriction on R4 and Dy is the Lebesgue measure multiplied by p
and 1, respectively. In particular, we have m,({a*}) = 0.

Definition 1.1. Let € > 0 and p > 0. A Brownian motion with varying dimensions (BMVD in
abbreviation) with parameters (e, p) on E is an my,-symmetric diffusion X on E such that
(i) its part process in R or Dy has the same law as standard Brownian motion in R or Dy;
(ii) it admits no killings on a*.

It follows from the m,-symmetry of X and the fact m,({a*}) = 0 that BMVD X spends
zero Lebesgue amount of time at a*.

The following will be established in Section 2.



Theorem 1.2. For every e > 0 and p > 0, BMVD with parameters (¢,p) exists and is unique
n law.

We point out that BMVD on E can start from every point in £. We further characterize the
L?-infinitesimal generator £ of BMVD X in Section 2, which can be viewed as the Laplacian
operator on this singular space. We show that u € L?(FE; my) is in the domain of the generator
L if and only if Au exists as an L?-integrable function in the distributional sense when restricted
to Dy and Ry, and u satisfies zero-flux condition at a*; see Theorem for details. It is not
difficult to see that BMVD X has a continuous transition density function p(¢, z,y) with respect
to the measure m), which is also called the fundamental solution (or heat kernel) for £. Note
that p(t,z,y) is symmetric in = and y. The main purpose of this paper is to investigate how
the BMVD X propagates in F; that is, starting from = € E, how likely X; travels to position
y € E at time ¢t. This amounts to study the properties of p(t,z,y) of X. In this paper, we will
establish the following sharp two-sided estimates on p(t¢, x,y) in Theorem and Theorem
To state the results, we need first to introduce some notations. Throughout this paper, we will
denote the geodesic metric on E by p. Namely, for x,y € E, p(x,y) is the shortest path distance
(induced from the Euclidean space) in E between x and y. For notational simplicity, we write
|z|, for p(x,a*). We use | -| to denote the usual Euclidean norm. For example, for x,y € Dy,
|z — y| is the Euclidean distance between z and y in R?. Note that for = € Dy, |z|, = |z| — ¢.
Apparently,

p(x,y) = |z =yl A(lzl, + lylp)  for z,y € Do (1.2)

and p(z,y) = |z| + |y| — e when z € Ry and y € Dy or vice versa. Here and in the rest of this
paper, for a,b € R, a A b := min{a, b}.
The following are the main results of this paper.

Theorem 1.3. Let T > 0 be fixed. There exist positive constants C;, 1 < i < 14 so that the
transition density p(t,x,y) of BMVD satisfies the following estimates when t € (0,T]:

(i) Forx e Ry andy € E,

O =Cone/t < (1, 3. 4)) < Cfieow(x,y)?/t_ (1.3)

Vit

(ii) For z,y € Do U {a*}, when |x|, + |y|, <1,

Cs —Cep( y)2/t 05 ( |z |p> ( 1yl > —Ch|lz—y|2/t
e * 1A 1A e “TITTY 1.4
Vi RV Vi (1.4)

< p(t,z,y) < \C/SZ e~ Corloy )/t+< ’\}) <1 ’y\/|8> e~ Crole—yl/t,

and when |z|, + |y|, > 1,

@6701%(9:,3/)2/7& <pt,z,y) < %6*014P(Q7y)2/t' (1.5)

Since p(t, z,y) is symmetric in (z,y), the above two cases cover all the cases for z,y € E.
Theorem [1.3 - 3| shows that the transition density function p(¢,z,y) of BMVD on E has one-
dimensional character when at least one of z,y is in the pole (i.e. in Ry ); it has two-dimensional



character when both points are on the plane and at least one of them is away from the pole base
a*. When both z and y are in the plane and both are close to a*, p(t, z,y) exhibits a mixture of
one-dimensional and two-dimensional characters; see . Theorem will be proved through
Theorems [4.5H4.7]

The large time heat kernel estimates for BMVD are given by the next theorem, which are
very different from the small time estimates.

Theorem 1.4. There exist positive constants C;, 15 < i < 32, so that the transition density
p(t,x,y) of BMVD satisfies the following estimates for t > 8.

(i) For z,y € Dy U{a*},
G5 o~ Crop(zy)*/t < p(t,x,y) < —Cwefclsp(x’y)z/t
= ) Ly = ¢ :

(ii) Forx €e Ry, y € DyU{a*},

Cig |z|log t e Ca |z|logt\ _ 2
1 20p(2,y)?/t < p(t < 14 et Cap(z,y)*/t
t ( TV =\ )

when |y|, <1, and

% <1 + Ml g (1 —|— \/g>> 6_024P(I7y)2/t S p(t’ z, y)

19l

< Cos (1 + i log (1 + |\/‘%>) e~ Caon(z.y)?/t when |y|, > 1.
Ylp

(iii) For z,y € Ry,

Car |$’> ( |y!> —Cogla—y2st , Cor ( ([z] + [y logt\ _cog(a2ty?
1A= 1A 2sle—yl*/t 1+ 20 (7 4y%)/t
Vi ( Vi Vi) © t Vi ‘

p(t, @, y)

Cs3o < \x!) < \y[) Cs1| 2 Cso ( (]x\ + \y\)logt _ 24,2
< 1A 1A 31|T y‘ /t (1 032(33 Y )/t
\/% \/‘Z \/‘E ¢ t \/i ¢

Theorem [1.4] will be proved through Theorems [5.14] [5.15] and [5.17}

Due to the singular nature of the space, the standard Nash inequality and Davies method for
obtaining heat kernel upper bound do not give sharp bound for our BMVD. We can not employ
either the methods in [22, B3, 9] 34, B5] on obtaining heat kernel estimates through volume
doubling and Poincaré inequality or the approach through parabolic Harnack inequality. In
fact, (£, m,) does not have volume doubling property, and we will show the parabolic Harnack
inequality fails for BMVD X; see Proposition 2.1] and Remark [4.8](iii). Hence a new approach is
needed to study the heat kernel of BMVD. A key role is played by the “signed radial process”
of BMVD, which we can analyze and derive its two-sided heat kernel estimates. From it, by
exploring the rotational symmetry of BMVD, we can obtain short time sharp two-sided heat
kernel estimates by the following observation. The sample paths of BMVD starting at x reach y
at time ¢ in two possible ways: with or without passing through a*. The probability of the first
scenario is given exactly by the probability transition density function of killed Brownian motion
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in Dy. The probability of the second scenario can be computed by employing the strong Markov
property of BMVD at the first hitting time of the pole base a* and reducing it to the signed
radial process of BMVD, exploring the symmetry of BMVD starting from a*. The large time
heat kernel estimates are more delicate. For large time estimate, the key is to obtain the correct
on-diagonal estimate. This is done through some delicate analysis of BMVD and Bessel process
on the plane. As a corollary of the sharp two-sided heat kernel estimates, we find that the usual
form of the parabolic Harnack inequality fails for parabolic functions of BMVD. Nevertheless,
we will show in Section [f] that joint Holder regularity holds for bounded parabolic functions of
X.

Let X be the part process of BMVD killed upon exiting a bounded connected C! open
subset D of E. Denote by p,(¢,z,y) its transition density function. Using the Green function
estimates and boundary Harnack inequality for absorbing Brownian motion in Fuclidean spaces,
we can derive sharp two-sided estimates on Green function

G,(x,y) = /0 Py (t,z,y)dt

for BMVD in D. Recall that an open set D C R? is called to be C1:! if there exist a localization
radius Rg > 0 and a constant Ay > 0 such that for every z € 0D, there exists a C'''!' —function
(b = ¢z : Rd_l — R SatiSfying QS(O) = 07 V@Z)(O) = (07 o )O)a HV¢HOO < AO; |V¢($) - v¢(z)| <

Alx — z| and an orthonormal coordinate system CS, : y = (y1,...,yq) := (¥, yq) with its origin
at z such that

B(z,Ry))ND ={y € B(0,Rp) in CS, : yq > o(y)}.

For the state space E, an open set D C E will be called C1! in E, if DN (R \ {a*}) is a C1!
open set in R, and D N Dy is a C! open set in R2.

Theorem 1.5. Suppose D is a bounded C1t domain of E that contains a*. Let Gp(x,y) be the
Green function of BMVD X killed upon exiting D. Then for x # y in D, we have

op(z) A op(y), z,y€ DNR,;

[z—y]?

Gpla,y) = Q (Bp(y) A1) (5p A1) +In (14 22220f0002)) 4y € D Dy

op(z)dp(y), x€ DNR4, y € DN Dy.
Here dp(x) :=dist,(x,0D) := inf{p(z,2) : 2 ¢ D} and dpnp,(x) :=inf{p(x,2) : 2 ¢ DN Dy}.

For two positive functions f and g, f < ¢ means that f/g is bounded between two positive
constants. In the following, we will also use notation f < g (respectively, f 2 g) to mean that
there is some constant ¢ > 0 so that f < cg (respectively, f > cg).

The above space E of varying dimension is special. It serves as a toy model for further study
on Brownian motion on more general spaces of varying dimension. Another two examples of
spaces of varying dimension and BMVD on them are given and studied in Section 8 of this paper.
Even for this toy model, several interesting and non-trivial phenomena have arisen. The heat
kernel estimates on spaces of varying dimension are quite delicate. They are of Gaussian type but
they are not of the classical Aronson Gaussian type. The different dimensionality is also reflected
in the heat kernel estimates for BMVD. Even when both points z and y are on the plane, the heat



kernel p(t,x,y) exhibits both one-dimensional and two-dimensional characteristics depending
on whether both points are close to the base point a* or not. In addition, both the Euclidean
distance |x—y| and the geodesic distance p(z, y) between the two points 2 and y play a role in the
kernel estimates. As far as we know, this is the first paper that is devoted to the detailed study
of heat propagation on singular spaces of varying dimension and related potential theory. Our
approach is mainly probabilistic. For other related work and approaches on Markov processes
living on spaces with possibly different dimensions, we refer the reader to [20} 25| 24 27] and
the references therein.

The rest of the paper is organized as follows. Section 2 gives a Dirichlet form construction
and characterization of BMVD, as well as its infinitesimal generator. Nash-type inequality for
X is given in Section 3. In Section 4, we present small time heat kernel estimates for X, while
the large time estimates are given in Section 5. Holder continuity of parabolic functions of X
is established in Section 6. Section 7 is devoted to the two-sided sharp estimates for Green
function of X in bounded C'! domains in E that contain the pole base a*. BMVD on a large
square with multiple vertical flag poles or with an arch are studied in Sections 8.

For notational convenience, in this paper we set

ﬁD(taxvy) = p<t7xay) _pD(th?y)? (16)

where D is a domain of E and pp(t, z,y) is the transition density of the part process killed upon
exiting D. In other words, for any non-negative function f > 0 on F,

/E Bt 2, 9) F()mp(dy) = Eq [F(X0);t > 7], (17)

where 7p = inf{t > 0 : X; ¢ D}. Thus while pp(t,z,y) gives the probability density that
BMVD starting from x hits y at time ¢ without exiting D, pp(t, z,y) is the probability density
for BMVD starting from x leaves D before ending up at y at time t¢.

We use C°(E) to denote the space of continuous functions with compact support in F
so that there restriction to Dy and R, are smooth on Dy and on R, respectively. We also
follow the convention that in the statements of the theorems or propositions C, Cq,--- denote
positive constants, whereas in their proofs ¢, c1, - - - denote positive constants whose exact value
is unimportant and may change from line to line.

2 Preliminaries

Throughout this paper, we denote the Brownian motion with varying dimension by X and its
state space by E. In this section, we will construct BMVD using Dirichlet form approach.
For the definition and basic properties of Dirichlet forms, including the relationship between
Dirichlet form, L2-infinitesimal generator, resolvents and semigroups, we refer the reader to [12]
and [21].

For a connected open set D C RY, W12(D) is the collection of L?(D; dx)-integrable functions
whose first order derivatives (in the sense of distribution) exist and are also in L?(D;dx). Define

/Vf Vy(x)dr,  f.g € WR(D).

It is well known that when D is smooth, (€%, W12(D)) is a regular Dirichlet form on L?(D;dx)
and its associated Hunt process is the (normally) reflected Brownian motion on D. Moreover,



every function f in W12 (D) admits a quasi-continuous version on D, which will still be denoted
by f. A quasi-continuous function is defined quasi-everywhere (q.e. in abbreviation) on D.
When d = 1, by Cauchy-Schwartz inequality, every function in W%2(D) is 1/2-Hélder on D.
Denote by W01’2(D) the £)-closure of C2°(D), where EY(f, f) = E%u,u) + [, u(z)*dz. Tt is
known that for any open set D C R?, (£°, WOI’Q(D)) is a regular Dirichlet form on L?(D;dx)
associated with the absorbing Brownian motion in D.

For a subset A C E, we define 04 := inf{t > 0,X; € A} and 7, := inf{t > 0: X; ¢ A}
Similar notations will be used for other stochastic processes. We will use B,,(x,7) (resp. Be(z,1))
to denote the open ball in E under the path metric p (resp. in Ry or R? under the Euclidean
metric) centered at x € E with radius r > 0.

A measure p on F is said to have volume doubling property if there exists a constant C' > 0
so that my(B,(x,2r)) < Cmy(B,(z,r)) for all z € E and every r € (0,1].

Proposition 2.1. For any p > 0, volume doubling property fails for measure m,,.

Proof. Note that for small r > 0 and zg € Dy with |zo|, = r, mp(B,(zo,7)) = 7r? while
my(B,(wo,2r)) = 2er+r?+r. Thus there does not exist a constant C' > 0 so that my,(B,(z,2r)) <
Cmy(By(z,r)) for all z € E and every r € (0, 1]. O

The following is an extended version of Theorem

Theorem 2.2. For every e >0 and p > 0, BMVD X on E with parameter (g,p) exists and is
unique. Its associated Dirichlet form (£, F) on L*(E;my) is given by

F o= {f:flpp € W (Do), flr, € W'(Ry), and f(z) = f(0) g.e. on dDo},(2.1)
1 p
&9 = 5 [ Vi@ Vewds+ ] [ 1)@ (22
2 /p, 2 Je,
Proof. Let £ and F be defined as above. Let uj(z) = E* [e”7B:] when z € Dy and uy(z) =
E* [e77P0] when z € Ry. It is known that ui|p, € W'?(Dy), ui|r, € WH3(Ry), ui(z) =1 for
x € 0Dy and u;(0) = 1. Hence u; € F.
Existence: Let

FO={f: flez € W3R (Do), flr, € W (R)

Then F is the linear span of FOU {u;}. It is easy to check that (£, F) is a strongly local regular
Dirichlet form on L?(E;m). So there is an m,-symmetric diffusion process X on E associated
with it. Using the Dirichlet form characterization, the part process of X killed upon hitting
a* is an absorbing Brownian motion in Dy or R, depending on the starting point. So X is a
BMVD on E. Moreover, X is conservative; that is, it has infinite lifetime.

Uniqueness: Conversely, if X is a BMVD, it suffices to check from definition that its associ-
ated Dirichlet form (£*, F*) in L?(E;m,) has to be (€, F) given in (2.1)-(2.2). Indeed, since a*
is non-polar for X, for all u € F*,

Hl.u(z) :=E* [e™ %" u(X,,. )] = u(a®)E*[e 7] € FNF*

a

and v — HLu(z) € FO. Thus F* C F. On the other hand, since the part process of X killed
upon hitting a* has the same distribution as the absorbing Brownian motion on Dy U (0, 00),
which has Dirichlet form (€, F°) on L%(E\ {a*};m,), we have FO C F*. It follows that F C F*



and therefore F = F*. Since X is a diffusion that admits no killings inside £, its Dirichlet form
(&%, F*) is strongly local. Let i,y = u?w denote the energy measure associated with u € F*;

see [12, 21]. Then by the strong locality of ,ufu> and the m,-symmetry of X, we have for every
bounded v € F* = F,

e (uw) = 5 (G (BN D) + iy (0%)) = St (BN {a"}) = S (Do) + 1ty (Ry)
_ 1 w(2)2de + L o (2)|Pde = E(u, u
= 5 we@rdes g [ P = ),
This proves (£*, F*) = (€, F). O

Following [12], for any u € F, we define its flux N,(u)(a*) at a* by

Np(u)(a*) = /EVu(a:) - Vuy(x)my(dx) —i—/EAu(a:)ul(x)mp(da?),

which by the Green-Gauss formula equals

Here 7i is the unit inward normal vector field of B, at dB.. The last formula justifies the name
of “flux” at a*.

Let £ be the L2-infinitesimal generator of (£, F), or equivalently, the BMVD X, with domain
of definition D(L). It can be viewed as the “Laplacian” on the space E of varying dimension.

Theorem 2.3. A function v € F is in D(L) if and only if the distributional Laplacian Au of u
exists as an L?-integrable function on E\ {a*} and u has zero flur at a*. Moreover, Lu = %Au

on E\ {a*} foru e D(L).

Proof. By the Dirichlet form characterization, v € D(L£) if and only if u € F and there is some
f € L?*(E;m,) so that

/ f(x)v(x)my(dz) for every v € F.
In this case, Lu := f. The above is equivalent to
/ Vu(z) - Vo(z)my(dz) / f(x)v(z)mp(dz) for every v € C°(E\ {a*}) (2.3)
d

an

/Vu - Vuy (x)my(dx) /f x)ui(x)my(dx). (2.4)

Equation (2.3)) implies that f = $Au € L?(E;my,), and (2.4) is equivalent to Np(u)(a*) = 0. O



3 Nash Inequality and Heat Kernel Upper Bound Estimate

Recall that Dy := R?\ B.(0,¢). In the following, if no measure is explicitly mentioned in the
LP-space, it is understood as being with respect to the measure m,; for instance, LP(E) means
LP(E;my).

Lemma 3.1. There exists C1 > 0 so that
11320 < C1 (ECE DV F N prm + ECE L) PIAIL for every f € F.
(E) (B)

Proof. Since Dy C R? and R, are smooth domains, we have by the classical Nash’s inequality,

1122000y < eIV Fllizon) 1Flqpy) for £ € W2(Do) A LN (Dy),

and
1122,y < CNAZ @I 2@,y for f € WHA(Ry) N LY (Ry).

The desired inequality now follows by combining these two inequalities. O

The Nash-type inequality in Lemma immediately implies that BMVD X on F has a
symmetric density function p(t,z,y) with respect to the measure m, and that the following
on-diagonal estimate by [10, Corollary 2.12] holds.

Proposition 3.2. There exists Co > 0 such that

1 1
p(t,x,y)§02<t+t1/2> for allt >0 and x,y € F.

Since X moves like Brownian motion in Euclidean spaces before hitting a*, it is easy to verify
that for each ¢ > 0, (z,y) — p(t,z,y) is continuous in (E \ {a*}) x (E\ {a*}). For each t > 0
and fixed y € E'\ {a*},

Ep(t/Z,y,Z)Qmp(dZ) = p(t,y,y) < oo.

So by the Dirichlet form theory, = — p(t,z,y) = [pp(t/2,2,2)p(t/2, z,y)mp(dz) is E-quasi-
continuous on E. Since a* is non-polar for X, = + p(t,x,y) is continuous at a*, and hence
is continuous on E. By the symmetry and Chapman-Kolmogorov equation again, we conclude
that

x = p(t,r,a*) = /Ep(t/Q,x,z)p(t/?,z,a*)mp(dz)

is continuous on E. Consequently, p(t, x,y) is well defined pointwisely on (0, 00) X E x E so that
for each fixed t > 0 and y € F, p(t,z,y) is a continuous function in z € E. We can use Davies
method to get an off-diagonal upper bound estimate.

Proposition 3.3. There exist C3,Cy > 0 such that

1 1
p(t,x,y) < Cs <t + 751/2> e~ Carlzy)*/t for allt >0 and x,y € FE.



Proof. Fix xg,y0 € E, to > 0. Set a constant o := p(yo, x0)/4to and ¥(x) := alx|,. Then we
define 1, (x) = ¥(x) A n. Note that for mpy-a.e. v € E,

[ )

e—an(x)’Vewn(ﬂ?)‘z — |Vz/}n(x)|2 = |O[’2 1{|x|p§ﬁ}($) S (0%

Similarly, ¢2¥»(*)|Ve=¥n(2)12 < o2, By [10, Corollary 3.28],

1 1
plt.n) < (G + gz ) oxp (<10(s) ~ w(o)] + 2laP). (3.)
Taking t = tg,z = xp and y = yo in (3.1) completes the proof. O

As we have seen from Theorems [I.3]and [1.4] the upper bound estimate in Proposition [3.3]is
not sharp.

4 Signed Radial Process and Small Time Estimate

In order to get the sharp two-sided heat kernel estimates, we consider the radial process of X.
Namely, we project X to R by applying the following mapping from F to R:

—’$|7 T e R-}—;
u(z) = (4.1)
|z|,,  x € Do.

We call Y; := u(X;) the signed radial process of X. Observe that u € Fi,., where Fj,. denotes
the local Dirichlet space of (£, F), whose definition can be found, for instance, in [12, 21]. By
Fukushima decomposition [21l Chapter 5],

Y — Yo = u(Xy) —u(Xo) = Mt[u] + Nt[u], P,-a.s. for q.e. x € E,
where Mt[u] is a local martingale additive functional of X, and Nt[u]
functional of X locally having zero energy. We can explicitly compute M [l and N, For any

P e C2(E),

is a continuous additive

5(u,¢):% V|x|~V¢dm+g/R (1) dz
+

Dy

“J/iva\>W“‘;A&@@“m@ﬂ<“” »

B _1 1 27r€ -p

/w

where 71 is the outward pointing unit vector normal of the surface 0B.(0,¢), o is the surface
measure on 9B,(0,¢) C R?, and

27r€ —

1
71D0 (x)dx +

v(dz) = 2]

P 5ty

10



Recall that we identify 0 € Ry with a*. It follows from [2I, Theorem 5.5.5] that

1

ANM = —
b 2u(Xy) +e)

L(x,epydt + (27 — p)dL{(X), (4.2)
where LY(X) is the positive continuous additive functional of X having Revuz measure 34 {a*}-

We call L° the local time of X at a*. Next we compute (M M}, the predictable quadratic
variation process of local martingale M), Let u, = (—n) V u A n, and it immediately follows
u, € F. Let Fp denote the space of bounded functions in F. By [21, Theorem 5.5.2], the Revuz
measure fi,,) for (M [un]) can be calculated as follows. For any f € F N C.(E),

/ f(x)lu’(u")(dx) = 25(Unf7 un) - 5(“7%) f) = / f(x)]Vun(m)|2mp(dx),
E E

which shows that

Huny (d2) = [Vug(2) Pmp(dr) = 1p, (g pymyp(de).
By the strong local property of (£,F), we have ji,) = pipy,) on By(a®,n). It follows that
thwy (dz) = my(dx). Thus by [12, Proposition 4.1.9], (MUY, =t for t > 0 and so By := Mt[u] is
a one-dimensional Brownian motion. Combining this with , we conclude

Ay, = dB;+ 1(x,epoydt + (2me — p)dL}(X)

2(Y; +¢)

1
dBy + ———
"2V +e)

We next find the SDE for the semimartingale Y. The semi-martingale local time of Y is
denoted as LY(Y), that is,

Liy,>opdt + (27 — p)dL{(X). (4.3)

1 [t 1 [
0 T 1
Ly (Y) := lim ; Lpg)(Ya)d(Y)s = lim ; Lo, (Ys)ds, (4.4)
where (Y'); =t is the quadratic variation process of the semimartingale Y.
Proposition 4.1. LY(Y) = 4reLY(X).

Proof. By computation analogous to that for Y; = u(X;), one can derive using Fukushima’s
decomposition for v(X;) := | Xy|,, that

— 1
dU(Xt) =dB; + 5

where B is a one-dimensional Brownian motion. Observe that v(X;) = |Y;|. Thus we have

d|Yy| = dB; + 1(y,s0ydt + (21 + p)dLY(X).

1
2(Y; +¢)
On the other hand, by Tanaka’s formula, we have

d|Yy| = sgn(Y;)dY; + dLj(Y)

= sgn(Y;)dB; + sgn(Yi); Liy;=opdt + sgn(Y:)(2me — p)dLY(X) + dLY(Y)

1
(Yi+¢)

= sgn(Y;)dB; + 1iy,>0pdt + (2me — p)sgn(Y})dLg(X) + dL?(Y)7

1
2(Y; +¢)

11



where sgn(z) := 1 if x > 0 and sgn(z) := —1 if x < 0. Since the decomposition of a continuous
semi-martingale as the sum of a continuous local martingale and a continuous process with finite
variation is unique, one must have

(2me + ) LY(X) = sgn(¥;)(2re — p)L9(X) + L3(Y). (45)
The local time LY(X) increases only when Y; = 0. Therefore
(2me + p) LY (X) = —(2me — p) LY(X) + LY (Y),
and so 4reLY(X) = LY(Y). O

The semi-martingale local time in is non-symmetric in the sense that it only measures
the occupation time of ¥; in the one-sided interval [0, 0) instead of the symmetric interval (-6, ).
One can always relate the non-symmetric semi-martingale local time L°(Y) to the symmetric
semi-martingale local time L(Y) defined by

-~ R
LY(Y) :=lim ; L 5.8 (Ys)d(Y s—lgfg 25/ L—s4) (Y.

Lemma 4.2. LY(Y) = Z210(y) = (27e + p) LI(X).

4dme

Proof. Viewing |Y;| = | — Y;| and applying Tanaka’s formula to the semimartingale —Y', we can
derive in a way analogous to the computation leading to (4.5)) that

(2me + p)LY(X) = —sgn(~Y)(2me — p)LY(X) + LY(-Y) = (2me — p) L{(X) + LY (=Y.

Thus we get 2pLY(X) = LY(—Y), which yields

(X
L(Y) = % (LY(Y) + LY(-Y)) = 3 (4775Lt (X) +2pL} (X)) = (2me + p) L} (X).
O

Lemma 4.2 together with (4.3]) gives the following SDE characterization for the signed radial
process Y, which tells us precisely how X moves after hitting a*.

Proposition 4.3.

1
Let 8 = g:g;z . SDE (4.6) says that Y is a skew Brownian motion with drift on R with
skew parameter 8. It follows (see [32]) that starting from a*, the process Y (respectively, X)
has probability (1 — 3)/2 = 52— ~ to enter (—00,0) (respectively, the pole) and probability
(1+p5)/2= 2722—ip to enter (0,00) (respectively, the plane).

SDE (4.6 has a unique strong solution; see, e.g., [5]. So Y is a strong Markov process on R.
The following is a key to get the two-sided sharp heat kernel estimate on p(t,z,y) for BMVD
X.

12



Proposition 4.4. The one-dimensional diffusion process Y has a jointly continuous transition
density function PY) (t,z,y) with respect to the Lebesque measure on R. Moreover, for every
T > 1, there exist constants C; > 0, 1 < i < 4, such that the following estimate holds:

G —Cala—y|?/t (Y) Cs —Cala—y|*//t
r <p t,x,y) < e ATy s t,x,y) € (0, T] x R x R. 4.7

Proof. Let B := EZ;Z and Z be the skew Brownian motion

dZy = dB; + BE?(Z)v

where EQ(Z) is the symmetric local time of Z at 0. The diffusion process Y can be obtained
from Z through a drift perturbation (i.e. Girsanov transform). The transition density function
po(t,z,y) of Z is explicitly known and enjoys the two-sided Aronson-type Gaussian estimates
([.7); see, e.g., [32]. One can further verify that

’vmpO(ta z, y)| < cltil exp(—cﬂx - y’2/t)7
from which one can deduce (4.7)) by using the same argument as that for Theorem A in Zhang
138l §4]. O
Proposition immediately gives the two-sided estimates on the transition function p(t, z, y)
of X when z,y € R, since Xy = —Y; when X; € R,.
Theorem 4.5. For every T > 1, there exist C; > 0, 5 < ¢ < 8, such that the following estimate
holds:
G
Vit

C'
e~ Colz—y*/t < p(t,x,y) < \726_08“’_3/‘2/75 fort e (0,T] and z,y € Ry.

Let A be any rotation of the plane around the pole. Using the fact that starting from a*,
AX; has the same distribution as X;, we can derive estimates for p(t,z,y) for other z,y € E.
The next result gives the two-sided estimates on p(t, z,y) when x € R and y € Dj.

Theorem 4.6. For every T > 1, there exist constants C; > 0, 9 < i < 12, such that for all
x€Ry, y€ Dy andte|0,T],

G ~Cuonea®/t < (¢, 2, y) < UL e=Crontan)?/t,

Vi Vi

Proof. We first note that in this case by the symmetry of p(¢, z,y),

t
p(t,x,y) = p(t,y,x) = / Py(oq+ € ds)p(t — s,a", ).
0

By the rotational invariance of two-dimensional Brownian motion, Py(c4+ € ds) only depends
on |y|,, therefore so does y — pX)(t,x,y). For z € Ry and y € Dy, set p(t, z,7) := p(t,z,y) for

13



r=|yl,. Foralla>b>0andzeRy,

b
/ P (t, ||, y)dy = P_p,)(a < Yy < b) = Po(X, € Dy with a < [Xy|, < b)

a
-/ plt. . ymy(dy) = [ p(t, 2, y)my (dy)
y€Do:a<ly|,<b y€Do:a+e<|y|<b+e
b
/ 27 (r + )p(t, x,r)dr.
a
This implies when z € Ry, y € Dy,

p(t, ~lal, lyl,) = 2n(lyl, + )t 2, [yl,p) = 2n(Jylp + €)p(t, 2, y)- (4.8)

We thus have by Proposition [£.4] that

%6_02’)(5”’3/)2” <p(t,z,y) < %e_c4p(x’y)2/t for € Ry and y € Dy with |y|, < 1.  (4.9)
When |y|, > 1, we first have
p(t,2,) = 5t~ lyly) § e < el
27(lyl, +¢) (lylo + )V Vi
while since p(z,y) > |y|, > 1,
1 1 2
plt,x,y) = P (t, — 2], lylp) Z —————ge WPV
27 (lyl, + )" (lylp +e)vt
S LV eparit s L (atpen)?t (4.10)
~VEVTp(z,y) TVt
This completes the proof. ]

Theorems and establish Theorem [1.3(i). We next consider part (ii) of Theorem
when both z and y are in Dy.

Theorem 4.7. For every T > 1, there exist constants C; > 0, 13 < i < 22, such that for all
t €[0,T] and x,y € Dy, the following estimates hold.
When max{[e], lyl,} < 1,

Chs e~ Crap(zy)?/t | C'13 < ’$|p) < ’y|p) —C1slz—y|?
x, 1A 1A 15lz—yl?/t < t,x,
Vi ¢ Vi vi)© <plt,2,9)

C —c 2 016< |z| Ylp\ —Crale—yP?
< 1p(zy)°/t 4 1A 2P AL Ciglz—yl /t; 411
= Vi t NG Vi)€ (4.11)

and when max{|z|,, y|,} > 1,
%eszop(x,y)z/t < p(t, :z:,y) < %e*CHP(%y)z/t‘ (4'12)

Here |- | and |- |, denote the Euclidean metric and the geodesic metric in Dy, respectively.
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Proof. For x € Dy and t € (0,7, note that

p(t,x,y) = Pp,(t,x,y) + pp, (t, T, y), (4.13)

where .
Pp,(t,z,y) = / p(t —s,0",y)Py(0fe+) € ds). (4.14)

0
As mentioned in the proof for Theorem p(t — s,a*,y) is a function in y depending only

on |y|,. Therefore so is y — pp,(t,z,y). Set pp,(t,x,7) := pp,(t,x,y) for r = |y|,. For any
b>a>0,

Py (04 <t, Xy € Do with a < |X¢], <b) = / ﬁDo(t,x,y)mp(dy)
a<ly[,<b

= 27 /b(r +€)pp, (t, z,7)dr.
On the other hand,
Py (04 <t, Xy € Dy with a < |Xy|, <)
P} (00 <, Yy > 0 with a < [¥i, <) = /Ot (/abp(y)( — 5,0, r)dr) Pi, (00 € ds).

It follows that

t
2 (r + &)y (t,2,7) = /0 Pt~ 5,0, (010 € ds) = p (¢, ~al,, ).

In other words,

ﬁDO(t’xay) = )p(Y)(t7_|x‘pv‘y|,0) (415)

2lylp + ¢
It is known that the Dirichlet heat kernel pp, (¢, x,y) enjoys the following two-sided estimates:

1A e 1A e calz—yl*/t ~ t, < 21 AR 1A 22 C4|$ yl?/t
t< Vi Vi < po(t7y) < 5 Vit Vit
(4.16)

for t € (0,7] and x,y € Dy. We now consider two different cases.

Case (i): max{|z|,,|y[,} < 1 and t € (0,7]. In this case, it follows from (4.13)-(4.16) and
Proposition [4.4] that

Cs _CG(‘x|p+|y|p) /t <1/\ ’$|p> <1/\ |y|p> —crle—y|?/t < p(t,z,y)
t — ) )

Vi Vit Vit
€8 —eollelpHul)?/t ( |z p> ( |yp> —erolz—yl?/t
< 9\Tlp 1A 1A . 4.17
= M Vi 4.17)
Observe that
(lzlp + lylp)?/t =< pla,y)?/t i |2, Alyl, < Vi (4.18)
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When |z|, A ly|, > V1, for a >0, b > 0,

1 _ \x| \y| B2
—_e—allzlo+lylp)? /t 1A p> (1 yNpala blz—yl*/t
‘ t ( \/i \/E ‘

—allzlpHyl)2/t o (L LY —ble—y?
+<\/i+t ‘

(e—a<\x|p+\y|p)2/t n e—b\w—m?/t) n %e—bm—ywt (4.19)

S-S =
o~ o~ ~
(@)

The desired estimate (4.11]) now follows from (4.17)-(4.19)) and the fact (1.2)).

Case (ii): max{|z|,, |y|,} > 1 and t € (0,T]. By the symmetry of p(¢,z,y) in x and y, in this
case we may and do assume |y|, > 1 > /t/T. It then follows from (4.15))-(4.16]), Proposition

and that

U enn(lalp )2/t 4 S (1 4 120 (1 Wle menslevie <

CL e (lalpHlylo)?/t . C14 < |2 |p) ( |y|p) —crola—yl2/t
< —e AT THIp 1A 1A . 4.20
Tt t Vit Vit (420)

When |z, A |y|, < V1, the lower bound estimate follows from and ([4.18)), while
the upper bound estimate ) follows from Prop051t10n Whereas when lz], A lyl, > VE,
the desired estimate - follows from and . This completes the proof of the
theorem. O

Remark 4.8. (i) One cannot expect to rewrite the estimate of as t—le—cPl@w)?/t A
counterexample is that £ = y = a*, in which case x and y can be viewed as either on R
or on Dy, therefore both Proposition [4.4] and Theorem [4.6] have already confirmed that
p(t,x,y) <t~ 1/2 \which is consistent Wlth the .

(ii) The Euclidean distance appearing in cannot be replaced with the geodesic distance.
To see this, take z = (e +t~1/2,0) and y = (—e —t~/2,0) in Dy. The estimate of is
comparable with t=1/2 4 t~Texp(—e?/t), but if we replaced |z — y| with p(x,y), it would
be comparable with t~1/2 +¢~1. For fixed ¢, as t | 0, t~1/2 + t L exp(—e2/t) ~ t~V/2, but
Y2t L

(iii) Theorem also shows that the parabolic Harnack inequality fails for X. For a precise
statement of the parabolic Harnack inequality, see, for example, [22, B3, 35]. For s €
(0,1], take some y € Dy such that |y|, = v/s. Set Q1 := (35/2,2s) x B,(y,2y/s) and
Q- = (s5/2,s) X B,(y,2v/s). Let u(t,z) := p(t,z,y). It follows from Theorem that
supg, u = s712 4571 =< 571 and infg_ux s71. Clearly there does not exist any positive
constant C' > 0 so that supg, u < Cinfg_ u holds for all s € (0,1]. This shows that
parabolic Harnack inequality fails for X.

5 Large time heat kernel estimates

Recall that X denotes the BMVD process on E and its signed radial process defined by (4.3)
is denoted by Y. In this section, unless otherwise stated, it is always assumed that T > 8 and
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t € [T,00). With loss of generality, we assume that the radius ¢ of the “hole” B(0,¢) satisfies
e < 1/4. We begin with the following estimates for the distribution of hitting time of a disk by
a two-dimensional Brownian motion, which follow directly from [23, §5.1, Case (a), « = 1] and
a Brownian scaling.

Proposition 5.1 (Grigor'yan and Saloff-Coste [23]). Let X be a Brownian motion on R? and
K be the closed ball with radius € centered at the origin.

(i) If 0 < t < 2|z|* and |z| > 1+ ¢, then

Kcmexp (—Clz2/t) < Polog <t) < Tog ] (—clal?/t) , (5.1)
for some positive constants C' > ¢ > 0.
(ii) If t > 2|z|? and |x| > 1 +¢, then
Pylorx <t) = W, (5.2)
and
0Py (oK < 1) = tﬁ’fg‘f)g (5.3)

Our first goal is to establish an upper bound estimate on fot p(s,a*,a*)ds the Proposition
This will be done through two Propositions by using the above hitting time estimates.

Proposition 5.2. p(t,a*,a*) is decreasing in t € (0,00).

Proof. This follows from

dt T dt
= [ (Grpterzan.)) 2.0 aymy )

:/ﬁxp(t/2,a*,x)p(t/2,a*,x)mp(dx)
==& (p(t/2,a",z),p(t/2,a",x)) <O.

4 ot,a*,aty = 4 / p(t/2,a*, 2)*my(dz)

Proposition 5.3. There exists some constant C7 > 0 such that
v % logt
p(t,a*,a*) < ClT fort € [8,00).

Proof. For t > 8 and x € Dy with 1 < |z|, < /t/3, by Proposition

! 1
p(t,x,a*) = / Py(og+ € ds)p(t — s,a”,a™) > p(t,a™,a")Py(og« < t) < p(t,a*,a") <1 -~ % ’$|> ,
0 log v/t
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where the “ <7 is due to (5.3]). Therefore,

1> By (X, € Dy with 1< X, < V/i/d) = / p(t,a*, 2)dz
Don{1<|z|,<+/t/4}
> cip(t,a”,a”) 1— rdr
14e log\/i

t
> tat a®) ——
_C2p(’a’a)logt

By selecting Cy large enough, the above yields the desired estimate for p(t,a*,a*) for t > 8. [

Proposition 5.4. There exists some Coy > 0 such that
t
/ p(s,a*,a*)ds < Cylogt,  for allt > 4.
0

Proof. For t > 8 and x € Dy with 1 < |z|, < /t/2, we have by (5.3),

t

p(t,x,a) >/ p(t — s,a”,a")Py(04+ € ds) log |21 /t/2p(3 a*,a*)ds
s Ly el — oW, z\Oa* = y &y .
t/2 t(logt)? Jo

Thus by using polar coordinate,

1 > Pg- (Xt € Dy with 1 < | X, < \/t/2> :/ p(t, a*, x)my(dx)
{zxeDo:1<|z|p<~/t/2}
\Vt/2 lo t/2
g(r +¢) / -
> oV T dr - d
> /1 H(log )2 (r+e)dr ; p(s,a*,a")ds
1 \/t/2+£ t/2
= 2/ rlogrdr-/ p(s,a*,a")ds
t(logt)? Ji4e 0
tlogt t/2
= *a®)d
t(logt)2/0 p(s,a*,a")ds
1 t/2
o [ s
This yields the desired estimate. O

The above proposition suggests that p(t,a*,a*) < ¢/t for t € [4,00). However, in order to
prove this rigorously, we first compute the upper bounds for p(t,a*, ) for different regions of z,
and then use the identity p(t,a*,a*) = [ p(t/2,a", z)%m,(dx) to obtain the sharp upper bound
estimate for p(t, a*,a*).

Proposition 5.5. There exists C3 > 0 such that for allt > 8 and x € Dy with 1 < |z|, < \/t/2,

Cg \/Z
* < 73 Yoy
p(t,a*,x) < . log<|x|>

18



Proof. By Proposition (5.2) and Proposition

t

t/2
p(t,x,a") = / p(t —s,a",a")Py(0q € ds) +/ p(t —s,a*,a")Py(0g+ € ds)
0 t/2

log t 1 t/2
<a (igﬂj’x(aa* < 1/2) + 8l p(s,a*,a*ms)

t(logt)? Jo
1 t
<o logt log (\f/|m|) N log |x|
t log v/t tlogt

calim(£) )= ()

The following asymptotic estimate for the distribution of Brownian hitting time of a disk
from [36, Theorem 2| will be used in the next proposition.

O]

Lemma 5.6 (Uchiyama [36]). Let (B:)i>0 be the standard two-dimensional Brownian motion
and o, := inf{t > 0,|B| < r}. Denote by py.(t) the probability density function of o, with
By = x. For every ro, uniformly for |x| > ro, as t — oo,

1+(log(|z[*/1))? 2
log (%eco|x|2) || O( [z (log t)3 ) for |z|* > ¢,
Proa(t) = togt+c)? P\ 2t Y 2108/ 1 2
& 0 t(logt)3 +0 (t(logt)3> for ‘l‘| <t
where cy is a positive constant only depending on ro and v = —fooo e “logudu s the Euler
constant.

Proposition 5.7. There exists Cy, Cs > 0 such that for allt > 8 and all x € Dy ,

log(|z|? 2
p(t a* :C) < 04 <%6_C5|5172/t + (|xg(2(l(|)g/tt))2)> wh@n ’x‘p > \/i)

G (e Colel® 1 L) when VE/2 < x|, < VE.
Proof. Note that

t
p(t,a*,z) = / Pt — 5,0, a")P* (0 € ds)
0

t/2 t
= / p(t — s,a",a" )Py (04 € ds) + / p(t—s,a*,a*)Py(0qx € ds). (5.4)
0 t/2

By the monotonicity of p(t,a*, a*) established in Proposition estimate (5.1)) and Proposition
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t/2
/ p(t—s,a",a")Py(ogx €ds) < p(t/2,a",a")Py(0g < t/2)
0

" C1 2
= 2. a*.a* 76—cg|z\ /t
= plo2atan)

< C1 lOgt 6702|x‘2/t

—  tlog|z|

< %36_’32‘“42/?

On the other hand, by Proposition and Lemma for x|, > V/t,

t t
/ p(t —s,a",a" )P (04« € ds) < sup peo(s) - / p(t —s,a*,a")ds
t/2 s€[t/2,t] t/2

2 2
< C4< log |z| olal2/2) (log (|[*/t)) ) log t

t(logt)? |z|2(log t)3

2
=cy <10gme—|x|2/(2t) + (log(\xP/t)))

tlogt |z|2(log t)?

2
< %6—65‘$|2/t +e (log (‘xP/t))
Tt |z?(log t)?

while for v#/2 < |z, < VA4,

t t
/ p(t —s,a",a")Py(04x €ds) < sup peo(s) - / p(t —s,a*,a")ds
t t

/2 s€[t/2,t] /2
log |z _ja2/(20)
< x logt
=€ (t(logt)2e t(logt)3 ) 0%
Ce —c |x\2/t Ce
< Begmes ,
=7 t(log t)2

The desired estimate now follows from ([5.4)-([5.7)).
Proposition 5.8. There exists Cg > 0 such that

Cglogt
6 108 o—o?/(2t)

p(t,a*, x) < ;

forallt > 8 and x € R,..

(5.5)

Proof. Starting from z € Ry, BMVD X on F runs like a one-dimensional Brownian motion be-
fore hitting a*. Thus by the known formula for the first passage distribution for one-dimensional

Brownian motion,

1
V2mt3

P,(0g+ € dt) = ze /gt for x € (0, 00).

20
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This together with Propositions and a change of variable s = 22 /r gives

t/2 t
p(t,a*,x) = / p(t —s,a",a")Py(0g+ € ds) +/ p(t — s,a",a" )Py (04 € ds)
0 t

/2
_ (t/2 * *) /t/2 1 _$2/(2S)d +/t (t * *) 1 —x2/(25)d
,a ,a —zxe s —Ss,a,a re y
= v 0 Vors v’ Vams!
logt /°° Lo e [
S — —e " 2dr + ——e z/t/ P s at)ds
U Jog2/t v Vs /2 ( |
< By 1o ogy
S loigteixz/(2t).

13
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We are now in a position to establish the following on-diagonal upper bound estimate at a*.

Theorem 5.9. There exists C7; > 0 such that
p(t,a*,a*) < Cy (t_1/2 A t_l) for all t € (0, 00).

Proof. For t > 8, we have

p(t,a*,a*):/Ep(t/Q,a*,J:)zmp(dac)

B /+/ +/ +/ p(t/2,a*, x)*m,(dz).
By JDon{o<lel,<1} S Don{1<lelo<y/8/2}  JDondlale>/4/2)

(5.9)
It follows from Proposition [5.8| that
. logt 2 2 c1(logt)?
/R+p(t/2,a ,x)?my(dr) < (t) p/o e /g = 753/2) (5.10)

By Proposition [3.3]

2
/ p(t/Z,a*,w)Qmp(d:E) < ( sup p(t/2,a*,x)> mp(Do N {0 < |z[, < 1})
Don{0<|z|,<1}

x€Dg:0<|z|,<1

1\? 1
< (=) =2, 5.11
< () - >40

p(t/2,a", ZC)Qmp(dJL‘)

In view of Proposition 5.7
/I)oﬂ{lwp>m}

2
2 ] 2/4))?
< / <ﬂe—cz\x|2/t> mp(dac)—i—/ 1 (Og(|x‘ /)2) mp(dac)
Don{lzl,>v/t/2} Nt Don{|z|,>V} |z|2 (log t)

1 2
—|—/ c <> m.,(dx). 5.12
Doni{y/3<lal,<viy | \t(logt)2 () e
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Using polar coordinate,

2 oo
/ (C—le*CQII‘Q/t> mp(dz) = 03/ %e*CQTQ/tdr < %, (5.13)
Don{|zl,>+/2/2} N T Vijzie t t

/Doﬁ{|xp>\/f} ( |33|2 (10gt)2 mp(dCC) =27 /\/{+€ T4(10gt)4 dr

u=r/Vt *  (logu)* 27 > (logu)* s
< 2 e Vitdu = du = 5.14
- 77/1 u3t3/2(log t)* Vidu t(logt)4/1 ws t(logt)*’ (5.14)

while

and

1 1 1
- (5.15)

2
— | mp(dr) < <
/Doﬂ{\/t/2§x|p§\/i} (t(logt)2> p(d) t(logt)*
Hence it follows from (5.12))—(5.15]) that

Ce

p(t/2,a*, 2)*m,(dx) < < (5.16)

/DOO{|$|p>\/t/72}

By Proposition [5.5| and using polar coordinates,

p(t/2,a", x)2mp(d:v)

2
2/ <log <\/E>> my(dx)
t2 JeeDon{i<|z|,<\/t/2} 2|

or [Vt/2+e Vi 2
= — r (log <>> dr
t 1+e r
. 92 (Vt/2+e)/VE
yvt 2w u(logu)?du < o, (5.17)
b Jarevi t
Combining (5.10)),(5.11)), (5.16) and (5.17)), we conclude that p(t,a*,a*) < c¢g/t for t > 8. On
the other hand, taking + = y = 0 = a* in Theorem yields that p(t,a*,a*) < cot—1/2 for
t € (0,8]. This completes the proof of the theorem. O

/Doﬁ{1<x|p<\/t/2}
1

A

Theorem 5.10. There is a constant Cg > 1 so that
gt (t’1/2 A t*1> < p(t,a*,a*) < Cg (t*l/Q A t*1> for all t € (0,00).

Proof. In view of Theorem it remains to establish the lower bound estimate. By Cauchy-
Schwartz inequality, for M > 1 to be determined later,

p(t,a*,a*) = /p(t/Q,a*,x)2mp(dx)Z/ p(t/2,a*, 2)*m,(dx)
E (¢€E ||, <MV}

2
1 *
mp({fL‘ €E: |x’P < M\/E}) </{er:$|¢><1\4\/£} Pz, 7x)mp(dm)>
2 (t—l/z A t—1> Po- (| X,|, < MVE)2. 1)
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We claim that by taking M large enough, Py« (|X¢|, < M+/t) > 1/2 for every t > 0, which
will then give the desired lower bound estimate on p(¢,a*, a*). Recall the signed radial process
Y = u(X) of X from satisfies SDE (4.6). For any a > 0 and 6 € (0,¢), let Z%® and Z%~¢
be the pathwise unique solution of the following SDEs; see [5, Theorem 4.3]:

t
8,a 1 70/ 78,a
7 = a+B +/ ————1, sa_,ds + LY(Z7%), 5.19
' Yo zde g5 70 #{7) (519

—0,—a
Zt

t

1 20,56, —

—G+Bt+A Z&,le{Zg’_a<0}d8_L?(Z& a), (520)
s

where B is the Brownian motion in (4.6, and LO(Z%4), LO(Z%4) are the symmetric local times
of Z%% and Z%~% at 0, respectively. Denote by Y® and Y ~¢ the pathwise solutions of with
Yy = a and Y; “ = —a, respectively. By comparison principle from [5, Theorem 4.6], we have
with probability one that ¥,* < Zf’a for all t > 0 and Y, > Zf’_a for all £ > 0. On the other
hand, there are unique solutions to

ds.

t 1 t
de:a—i—Bt—i—/ Zads, dZt—a:_a—i—Bt—l—/
0 0

s

—a
S

In fact, Z% and —Z~* are both two-dimensional Bessel processes on (0,00) starting from a.
They have infinite lifetimes and never hits 0. By [5, Theorem 4.6] again, diffusion processes
7% is decreasing in §, and Zi_a is increasing in §. It is easy to see from the above facts that
lims_.o Zf = 79 and lims_, Zf % = Z; % Consequently, with probability one,

YA<Z! and Y, *>Z ¢ for every t > 0.
In particular, we have for every t > 0, P(Y;* > M+/t) < P(Z# > M+/t) and
P(Y, ¢ < —MVt) <P(Z7* < —MVt) = P(Z8 > MV1).

Let W be two-dimensional Brownian motion. Then we have from the above that for every ¢ > 0,
Po(Y: = MVt) +P_o (Y < —MVt) < 2P, 0)(IWe] = M V).
Passing a — 0 yields, by the Brownian scaling property, that
Po (|Xtl, > MVE) = Po(|Yy] > MVt) < 2Po(|Wi| > MVt) = 2Po([Wi| > M),
which is less than 1/2 by choosing M large. This completes the proof of the theorem. O

In the next two propositions, we use the two-sided estimate for p(t,a*, a*) as well as Markov
property of X to get two-sided bounds for p(t,a*, x) for different regions of x. We first record
an elementary lemma that will be used later.

Lemma 5.11. For every x > 0,

1+=z —J T 14z
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Proof. Define ¢(z) = fmoo e*yQ/Qdy - H%e*l“z/? Then ¢'(z) = —ﬁe*’ﬂm < 0. Since

limg o0 ¢(x) = 0, we have ¢(xz) > 0 for every x > 0. This establishes the lower bound es-
timate of the lemma. For the upper bound, note that for z € (0, 1),

/ eV dy < ;/ e V2 dy = \/z < \/671’/26_‘702/27

while for every x > 0, using a change of variable y = z + z,
oo o0
/ e V)2 dy < e_xQ/Q/ e dy = g le %2,
T 0

This establishes the upper bound estimate of the lemma. O

Proposition 5.12. There exist constants C; > 0, 9 < i < 10, so that for all x € Ry andt > 2,

Cy |x|logt) —ou?)t Cho < |x|logt> =y
— |1+ —= e /" <p(t,a*,z) < — 1+ e
P (17 splhah o) s 5 Vi

Proof. Observing that when x € R, we have by (5.8]),

t
plt.a” o) =plt.a’) = [ plt = 5.0 ) Buo € d)
0

T2 (5.21)

t/2 " 2 /2 t
= p(t —s,a",a")—=e */*ds + / p(t—s,a*,a")
/o V2rs3 t/2

|

2rs

By Theorem Lemma and a change of variable r = z//s,

t/2 x , 1 [t2 4 ) 9 [oo ,
p t—S,a*,a* e /QSdS — / T e /2Sd5 _ / P /2 dr
fo ) Vst i e .

1 ]. —562/15
- . ’
t1 4 (z/V1)

X

while
—e p(r,a*,a®)dr < p(t—s,a",a e s
2mt3 0 t/2 273
9 t/2
< L e_xQ/Qt/ p(r,a*,a™)dr.
3 0
This, Theorem and (5.21)) yields the desired result. O

Proposition 5.13. There exist C; > 0, 11 <14 < 14 such that

C C
Tlle_cmxl?’/t <p(ta,z) < 7136_014‘36'%2’# for allt > 2 and x € Dy.
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Proof. When t € [1, 8], the estimates follows from Theorem So it remains to establish the
estimates for ¢ > 8. We do this by considering three cases. Note that p(¢,a*,z) = p(t, z, a*).
Case 1. 1< |z|, < 2v/t. We have by Theorem and Proposition

t/2 t
p(t,x,a") = / p(t —s,a",a")Py(0q € ds) +/ p(t —s,a*,a")Py(0g+ € ds)
0 t/2

1 log|z| [%/?
= —Py(oe <t/2) + 5 ,a*,a)d
; (o / )+t(logt)2/0 p(s,a*,a*)ds

t/2
(1 ksl sl 0 )
t log v/t t(logt)? Jo NCE
1, logla]\ loglel 1
t log v/t tlogt ~ t

Case 2. |z|, > 2v/t. In the following computation, B,(z,r) := {y € E : p(z,y) < r}, and
Be(z,7) :={y € E : |y — x| < r}. We denote by {W;P% 2 € R?} two-dimensional Brownian
motion and p°(t,z,y) = (2mt) ! exp(—|z — y|?/2t) its transition density. Since

p(t,z,a") =K, [p(t — 0B,(a*,2)) Xop, (a2 @ )i OB,(a*,2) < t} )

it follows from Case 1, Theorem and Theorem that there is ¢; > 1 so that

.- (2+2¢)2
— 2cqy(t—0o a*.2)) .
p(t, x, a*) ,S E, (t — UBp(a*,Z)) e ! Bp(a*,2) 0B, (a*,2) <t

0 L - (242¢)?
. - 2¢q(t—0o ).
= E, |(t—0B.(02+e)) € “TTB029) s0p oy <t

L - (24¢)2
0 - (eri—o y.
E) | (c1t — 0 024e) € VTTBO2t) sop 00y <t

N

L - (24¢)?
0 - 2(cyt—0o ).
Ew (Clt _ O-Be(072+8)) e 1 Be(0,2+4¢) ; UBE(O7Q+E) < Clt

IN

X

01,0
E; |p (Clt - O-Be(O,Q—i-e))v WO'Be(o,2+E) ) O)a OB.(0,2+¢) < Clt]

= (et z,0) = (2mert) Lexp(—|z|?/2¢1t).

Similarly, for the lower bound estimate, it follows from Case 1, Theorem and Theorem
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that there is ¢ € (0, 1] so that

22
-1 “2¢ (t—0o a*.2)) .
p(t,z,a®) = E, (t _O'Bp(a*,Q)) e "I cop ) < t]

22
0 -1 “350-0 ).
> Ew (t — UBC(O,2+€)) e 2¢2 Be (0,2+¢) 3 0B (0,2+4¢) < CQt]
[ L - (2+0)
0 - 2 t—o .
2 E) | (cat —op.(024e) € FRTIBOD sop o0 < cot

= Eg _p0<62t — UBE(072+E))7 WUB6(0,2+5) , 0), 0 B.(0,2+¢) < CQt]
= p(cat, 2,0) = (2meat) L exp(—|z|?/2cat).

Realizing that ||, > 2v/t > 44/2 implies that |z|, < |z|, we get the desired estimates in this
case.
Case 3. 0 < |z|, < 1. Note that by Proposition

2
" 1
/ p(t/2,a", y)p(t/2,y, x)my(dy) < / () mp(dy) < -, (5.22)
y€DoNB,(a*,2) DonB,(a*,2) \ V1 t

while by Cases 1 and 2 above,

(5.23)

o~ | =

/ (2,2, )p(t/2, 0% )mo(dy) < sup pl(t/2,a%,y) <
DoNB,(a*,2)¢ y€DoNB,(a*,2)¢

On the other hand, by Theorem [5.10| again,
/R p(t/2,a*, y)p(t/2,y, x)mpy(dy) = Ee [p(t/2, Xy/2,0"); Xy 9 € Ry ]
+

E, [p(t/2aXt/2aa*);Ua* <t/2and X;)p € R, ]
=E, [Ea* [p(t/Q,Xt/z,s, a*)]|s=o,«; 0ax < t/2 and Xy € R+]
E [p(t — 0a+,a*,a"); 04+ < t/2 and X2 € Ry ]

1

1
. Py (04 < t/2 and Xy € Ry) < - (5.24)

The estimates ((5.22)), (5.23]) and (5.24) imply that

p(t,a*, x) =/ p(t/2,a",y)p(t/2,y, x)my(dy) + / p(t/2,a", y)p(t/2,y, x)my(dy)
DoNB,(a*,2) DonBg(a*,2)

|

_|_/R p(t/2,a*,y)p(t/2,y, x)m,(dy) <

On the other hand, there is a constant c¢3 > 0 so that P, (o« < 1) > ¢3 for all z € Dy with
|z|, < 1. Hence we have by Theorem that for ¢t > 2 and = € Do with |z, <1,

~+ | =

1
1
p(t,a*,x) =p(t,x,a*) > / p(t —s,a",a")Py(04+ € ds) 2 ng(aa* <1)z
0

In conclusion, we have p(t,a*,z) < % for t > 4 and = € Dy with |z|, < 1. This completes the
proof of the proposition. O
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We are now in the position to derive estimates on p(¢, z,y) for (z,y) € Dox D and t € [8,0),
by using the two-sided estimate of p(t, x,a*) and the Markov property of X.

Theorem 5.14. There exist constants C; > 0, 15 < 4 < 18, such that the following estimate
holds:

%e—%ﬂw/t < p(t,y) < %e—@w(%w?/ﬂ (t,2,y) € [8,00) x Dy x Do,

Proof. As before, denote by {W; P x € R?} two-dimensional Brownian motion and p®(t, z,y) =

xT

(27t) " Lexp(—|z — y|?/2t) its transition density. We first note that, as a special case of [40,
Theorem 1.1(a)], there are constants ¢; > ¢z > 0 so that for t > 1 and z,y € Do,

(J2lp A1) (Jylo A L)t e o < ply () < (lp A ) (Jylp A1)t Tem2lemvl/e,
It follows that there is ¢35 € (0, 1] so that
pODO (t,z,y) 2 pODO (cst,x,y) for every t > 1 and x,y € Dy. (5.25)

We will prove the theorem by considering two different cases.
Case 1. |x|, + |y|, > 2. Without loss of generality, we assume |y|, > 1. In this case, it is not
hard to verify that p(x,y) < |z — y|. Recall from (1.6])-(1.7) that for z,y € Dy,

ﬁDO(t7$7y) = p(tawvy) _pDo(t7$7y) - Ea) [p(t - Ua*va*vy);aa* < t] .

By Proposition and the assumption that € € (0,1/4], there are constants ¢4 > 1 so that for
every x,y € Dy with |y|, > 1

B t1 _ulp+3e)?
Pp(t,z,y) S e 24(t=9) Py (04 € ds)
0 t—

_ (ylp+2e)?

cit 1 0
< e 2at-s) P (g € ds
< /0 s 2 (95.(02) € ds)

< E) [PO(C475 - s, WUBE(QE),Q); OB, (0,e) < 044
g pO(C4t71’>y)- (526)

Similarly, there is a constant ¢5 € (0, c3] so that

t1 _Uylp—9)?
ﬁDo(t,x,y) 2 / v 56 2e5(t=5) P (0g+ € ds)
o t—
cst 1 w2 0
e 2(cst—s) ]P) o c ds
/0 c5t — 8 T ( B€(075) )

2 Eg [p0(65t -5, WgBe(O,s)’y); OB(0,e) < 654

= Pp,(cst,z,). (5.27)

Since pp, (t,x,y) = p%o (t,z,y) and ¢4 > 1, we have from (5.26|) that
p(t,2,y) = oy (t:2,9) + Pp, (t2,9) S P°(t,7,9) + P (eat, 2, y) S P (eat, m,y) St Po)/2eat,
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On the other hand, we have by (5.25) and (5.27)) that for every t > 1 and x,y € Dy satisfying
‘x|,0 + |y|,0 > 27

p(t7 x, y) Z pOD() (C5t, x, y) —+ TQODO (C5t, x, y) — pO(C5t, x, y) Z t—le—|£l3—y|2/265t Z t—le—ﬂ(xvy)2/65t7

where the last “>” is due to the fact that |z — y|/v/2 < p(z,y), which can be verified easily
from the assumptions that |z|, + |y|, > 2 and € < 1/4. This establishes the desired two-sided
estimates in this case.

Case 2. |z|,+ |y, < 2. In this case, it suffices to show that p(t,z,y) < t~! for ¢ > 8. The proof
is similar to that of Case 3 of Proposition [5.13] By Proposition for t > 8,

<06>2 my(dy) = % (5.28)

/ p(t/2, 2, 2)p(t/2, 2, y)my(dy) < /
yEDNB,(a*,2) Vi

DoNBy(a*,2)
while by Case 1,

1
t

/ p(t/2, 2z, 2)p(t/2, z, y)my(dz) < sup  p(t/2,y,2) S (5.29)
DoNB(a*,2)c

2€DoNB(a*,2)°

On the other hand, by Proposition for t > 8,

/R D(t/2,, 2)p(t/2, 2, y)my(dz) = Eg [p(t/2, X12); Xoja € Ry]

E
E. [p(t/2,Xt/2,y);aa* <t/2and X/ € R+]
=E; [Ea* [p(t/QvXt/Q—S)y)Hs:o'a* ;00 < 75/2 and Xt/2 € RJr]
E, [p(t —0g+,0",Y); 00 < t/2 and X, )5 € R+]

1

t

1
Py (04 < t/2 and Xy € Ry) < - (5.30)

The estimates (5.28])-(5.30) imply that

p(t, a*, &) = / p(t/2, ", y)p(t/2, g, 2)my(dy) + / p(t/2,a*, y)p(t/2, y, 2)my(dy)
DoNBy(a*,2) DOOBE(‘Z*Q)

v /R p(t/2, 0", y)p(t/2, y, x)my(dy)

S

&+ | =

On the other hand, there is a constant ¢; > 0 so that P,(o4+ < 1) > ¢7 for all x € Dy with
|z|, < 2. Hence we have by Proposition that for ¢ > 2 and x € Dy with |z|, <1,

1
;Pz(aa* < 1) 2

~ | =

1
p(t,z,y) > / p(t —s,a",y)Py(0a € ds) 2
0

Therefore we have p(t, x,y) < % for t > 8 and x,y € Doy with |z|, + |y|, < 2. This completes the
proof of the theorem. O
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Theorem 5.15. There exist constants C; > 0, 19 < i < 26, such that the following estimates
hold for (t,z,y) € [4,00) x Ry x Do: when |y|, <1,

Cig < \:U|logt> _c 2 Coy |z|logt\ _o 2
(1 BT ) e Caor@n)* /1t < it 3 y) < 1+ e~ C22r(@y)*/t, 5.31
0 (14 e <pltz,y) < 2 (14 LD (531

while for |y|, > 1,

(14 Bliog (14 1) ) e Comtrars

t Vit 1yl
Cos |z| Vit -C 2/t
< p(tx,y) < — <1 + Zllog (14 =) | e Cror(@w)™/t, (5.32)
t Vi ylo
Proof. First, note that by Proposition and Theorem [4.7]
1 1
;e_cl‘yﬁ)/t Sp(t,z,y) < Ze_cﬂy‘%/t fort > 1 and y € Dy (5.33)
and
ie_ci”‘y'%/t <p(t,a*,y) < Le_c“‘y'%/t for t <1 and y € Dy with |y, < 1. (5.34)
Vit Vi
By (5.8),
t ¢
) = [ ol = 5.0’ Pl €)= [ ol = sa" ) e B (5.35)
0 0 2783

It follows from ([5.33]) and Lemma that for every y € Dy and t > 4,

t/2 1 t/2 o2
/0 p(t —s,a",y) il e 729 g < te_czyﬁ/t/ e=5d <|a:|>

V2rs s=0 Vs
o ez 1 app o1 —cpew?t (5.36)
~ o 1+ || /v ot
Similarly, we have
/t/2 (t ) T —a?/(25) gg > Lo—(aPrealy2)/t > L —csplay)?/e (5.37)
p - 87a 7y (& S A~ —-€ ~ € ’ : :
0 V2rsd ¢ t

We now consider two cases depending on the range of the values of |y/,.
Case 1. y € Dy with |y|, < 1. In this case, we have by (5.33)

/tlp(t —5,0%,y) e/ 29) s < /tl L e/ 12 —een g
t/2 @Y V2ms3 Ty t—s Vs

R i EYY /H b lxflogt g
~ot3/2 o t—s 132

Similarly, we have

t—1
. T 2 |z|logt _ip2/
p(t —s,a”, 7€x/(28)d827€ A
/t/z ( y)\/27rs3 t3/2
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On the other hand, by (/5.34)),
¢ x 2 || 2 ¢ 1 2
ot — s.a*.y =22/ gg < 12 —a?/(2) / L i g
/tl ( ) V27s3 Vi3 t—1 Vit —

t
< 2l ey L s < 12l a2/

Y SN
Vi3 t—1Vt—s Vi3 ’

and similarly

»

t
r 2 lx| 2
t—s,a", e /(29 g > L omat,
/t—lp( y>\/27rs3 RVEE

These estimates together with (5.35)-(5.37)) establishes (5.31)).
Case 2. y € Dy with |y|, > 1. Note that by (5.8)),

t
pt.a9) = [ plt = 5.0 y)Palow € ds) (5.38)
0
2 || 2 ' |z| 2
= p(t —s,a",y)—=e " /25d5+/ p(t —s,a*,y e /25,
/0 ( ) V2ms3 t/2 ( ) V2ms3

By Theorem (5.33) and a change of variable r = |y|,/+/t — s, we have

! |z| 2/2 b 2/(1—s) 17| 2/2
/ plt —s,a*,y)———=e""/%ds < / ——emeolylp/(t=s) 2L o—a%/25 4
t/2 2783 tj2l—s s3
t

S -y / L clyl2-s) g

~ t3/2 t/2 t—s

= e [T Zeerar

£3/2 ulo/ /278 T

Note that for each fixed a > 0, f;o rle=arqr = f/\l rle=or qr + floo r~le=er’dr is comparable
to log(1/\) when 0 < A < 1/2. For A > 1/2, by Lemma [5.11]

/oo —1 —ar2d <2/OO —ar2d 2 /OO —52/2d < 1 —a\? < —a\?
rle r < e r=— e §% e =€
A A V2a Jyzax 1+ VaA

and
/OO -1 —a7"2d > /OO —2ar2d 1 /OO —52/2d > 1 —2aX% 5 —3aX?
r e r> e r=— e s> ——e >e
A A 2\/& 2/a\ 1+ \/5/\
Hence we have

log(1 4+ A~ 1)e 302 < / rle o dr < log(1+A"1)e " for any A > 0. (5.39)
A

Thus we have

t
/ p(t . s,a*,y) |£L‘| e—x2/23d5 < |3§‘| 6—372/215 log (1 + \/E> 6—266\y|g/t
t

/2 V2rs3 32 ylp
|| Vit e 2
< 7,0(507y) /t.
137 log {1+ |y’p e
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Similarly, we have

t 2l i Vi :
t—s,a", y)———e " /25 > o (1 + > e—csp(z.y)?/t
/t/z pl 2 V27s3 72 % ylp

These together with ((5.36))-(5.37)) establishes ([5.32]). O

We will need the following elementary lemma.

Lemma 5.16. For every ¢ > O, there exists 027 > 1 such that fO'f' every t>3 and 0 < Yy < \/Z,
C 110gt</t1 1"‘71 C‘Z|2/sd < Corlogt
e S 2.
27 2 S \/g 2
Pr 007]. By a change of variable r = y/\/g,

t 1 t y/V2
/ %e_c‘ywsds < logt/ —326_6|y‘2/8ds = 2logt/ e dr < logt,
g 83/ 2 8%/ y/Vi

t1 2 ‘1
/ Zemvl /s gs < / —ds < logt.
2 S 2 S

This proves the lemma. O

while since 0 < y < Vi,

Theorem 5.17. There exist constants C; > 0, 28 < i < 34, such that the following estimate
holds for all (t,x,y) € [8,00) x Ry x Ry

Cas ( ’$|> ( !y|> —Cag|z—y|? Cos (lz[ + |y|) log '\ _ 24 q2
— 1A 1A 29[ y|/t+— 1+ — Cao(@™+97)/t < t,x,
Vit Vi Vi c t Vit © p(t,z,y)

Cs1 ( |$|> ( |?/|> —C3alz—y|? Ca1 (lz] + [y logt\ _¢ 24y?
< 22 1Az 1A 2L sele—yl*/t 4 281 ([ 33(z"+y”)/t 5.40
\/E \/175 \/175 ‘ t \/E ‘ ( )

Proof. When either z = a* or y = a*, this has been established in Proposition [5.12so we assume

|z| A ly| > 0. For simplicity, denote Ry \ {a*} by (0,00). Since

D(o.so) (12 7, y) = (2mt) ™1/ (e—lfr—yF/?t _ 6—|z+yl2/2t> — (2nt) V2 lr—yl?/2t (1 _ e—2ry/t> :

there are constants ¢; > ¢ > 0 so that

1 ‘ﬂ)( \y|) —ecila—yl? 1 |z| IR Np—
— ([IN—=])[1A—== alr=yl/t < p o tay) S —= (1A= ) (1A 22 calz=yl*/t,
\/%( \/i \/27/ ‘ ~Po, )( xy)N\/i \/i \/i ‘
(5.41)
for all t > 0 and z,y € Ry. Note also

t
Pt 2, y) = Po,o00)(t, 2, Y) +/O p(t —s,a", y)Ps(00 € ds). (5.42)

We prove this theorem by considering two cases.
Case 1. |z| Aly] > Vt. In this case , p(t,z,y) > po.oo)(t:7,y) 2 t=Y2e=esle—v*/t Thus we
have by Proposition

Lol v/t < pt g y) < Eemesleult,

Vi Vit
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Case 2. 0 < |z| A |y| < v/t. Without loss of generality, we may and do assume |y| < v/t. By

(-8),
2]

t t
2
p(t —s,a*,y)Ps(0q € ds —/pt—s,a*, e " /25 s, 5.43
IR WPs(owe € ds) = [ s (5.43)
By Proposition and Lemma [5.11

t/2 t/2 _
/ p(t — s, CL*7 y) |1"’ efo/ZSdS S, 1 (1 + ’y| 10g(t 5)) efy2/2(tfs) ‘$| 6712/25d8
0 \Y%

DO
3
V)

w
S~

t—s Vt—s 27s3
1 ly|logt V2 x| e
< = AP —x? /28
S (1 + 7 /0 53/26 ds
1 ly logt> 1 2
S -1+ e/
t ( Vi) 1|/ VE
< 1 (1 Il logt> @)/t

while by Lemma [5.16

t—92 t—2 1 1 t—
/ p(t—s,a*,y) || 6712/25d8 < / <1 + |y| log( S)) €7y2/2(tfs) || 6712/23d8
t t

/2 /2783 2 t—s Vit—s V21s3
x| _ 2 /ot /t_2 1 lyllog(t —s)\ _ 2 /2(¢—
< e B 1 Wiy 7 Y S)d
~ t3/2€ e t—s + Ji—s e S

r=t—s |JT| mQ/Qt/t/2 1 |y|logr —y2/2r
= t3/26 L, T 1+ Jr e dr

2]

oL e 0g ¢ = lellogt _(a21y2)/20
t

- $3/2

A similar calculation shows

t/2
/ : p(t — s, a*7y)7|$\ e—=/2 g > 1 <1 , lyllost logt> e 2@yt
0

V2ms3 t Vit
e B B o
- T .2 x| 2 xllogt o522
t—s,a%,y)———e /2 > L= 2 gpt = e 2@ )/t
. W Jons < 8=

By Theorem [£.5]

t || 2 t 1 2 |z
t—s,a", y)———e " /(s < / = ey /(=) 71
/t—2 o 2 V2ms3 t—2 Vt— 8 V2ms3

s/ (-5) g

e—x2/2sd8
~oVe t—2 Vt—s
B Ry T i ey
~ $3/2 ~ 43/2 ’
These estimates together with (5.41))-(5.43]) establish the theorem. O

Theorem together with Theorems and gives Theorem
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6 Holder regularity of Parabolic Functions

As we noted in Remark (iii), parabolic Harnack principle fails for the BMVD X. However we
show in this section that Holder regularity holds for the parabolic functions of X. In the elliptic
case (that is, for harmonic functions instead of parabolic functions), this kind of phenomenon has
been observed for solutions of SDEs driven by multidimensional Lévy processes with independent
coordinate processes; see [0].

To show the Holder-continuity of parabolic functions of X, we begin with the following two
lemmas.

Lemma 6.1. There exist C; > 0 and 0 < Cy < 1/2 such that for every o € E and R > 0,
1
PB(xo,R) (L, T, Y) > 5 p(t, z,y) fort € (0,C1/(RV1)? and z,y € B(zo, C2R).

Proof. By Theorem there exist constants ¢; > 0, 1 < i < 4, such that for all ¢ < 1 and
z,y € b,
Cie—c4p(a:7y)2/t < pt,x,y) < %6—620(9&@2/? (6.1)

Vit

We choose 0 < ¢5 < 1/2 sufficiently small such that

(1—c5)? -]

(205)2 Ty

As t — t~le=%/t is increasing in ¢t € (0,1/co], we have for 0 < t < 1/(ca(1 — ¢5)2R?) and
T,y € B($0765R),

(6.2)

PBocsr) T, Y) = Ex[p(t — TB(wg.e5R)» XBao,esR) ¥); TB(wosesR) < t

Eaz[(t - TB(xo,csR))716_62((1—05)R)2/(t_TB(wO’CE'R)); TB(zo0,c5R) < t]
t—le—CQ((l—C5)R)2/t < 6_02(1_05)2R2/2t,

~

IN A

while
p(t,z,y) > ge—C4(2csR)2/t 0736—02(1—135)232/275'
Vit
Hence there is cg < 1/(co(1 — ¢5)?) so that p(t,z,y) > %ﬁB(xMSR)(t,x,y) for every R > 0,
20 € B,0 <t <c/(RV1)? and z,y € B(xo, csR). This proves the lemma as pp(z s r) (£, T, y) =
p(t, T, y) - ﬁB(mo,C5R) (t> €, y)' O
Let Zs = (Vs, X;) be the space-time process of X where Vs = Vi + s. In the rest of this

section,

Q(t,z,R) == (t,t + R*) x B,(z, R).

For any Borel measurable set A C Q(t, z, R), we use |A| to denote its measure under the product
measure dt X my(dz).
Lemma 6.2. Fiz Ry > 1. There exist constants 0 < C3 < 1/2 and Cy > 0 such that for all
0<R< Ry, z0 € E, x € By(xg,C3R) and any A C Q(0,z9, C3R) with m > %,

Pz (0a < Tr) > Cy, (6.3)

where TR = TQ(0,z0,r) = Inf{t > 0: Xy ¢ By(xo, R)} A R? and o4 :=inf{t > 0: (V;, X;) € A}.
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Proof. Let C; and Cy be the constants in Lemma Define C3 = (C1/R3)'/? A Cy. For
xzo € E and R € (0, Ry], denote by X Bo(@0.B) the subprocess of X killed upon exiting the ball
By(wo, R) and pp_ (z,,r) its transition density with respect to the measure m,. As |(0, C2R%/6) x
B,(x0,C3R)| = |Q(0,z9,C3R)|/6 and |A| > |Q(0, zo, C3R)|/3, we have

[{(t,z) € A:t € [C3R?/6,C3R?]}| > |Q(0, z0, C5R)| /6.
For s > 0, let As :={x € E: (s,x) € A}. Note that

TR TR/\(C3R)2
Ex/ 1a(s, Xs)ds = Er/ 1 4 (5, X o0 P g
’ 0
C2R?
N
0
C2R?
= /0 /Apo(Io,R)<3,$7y)mp(dy>dS

C2R?
> / DB (ao.12) (51 2 ) () ds. (6.4)
C2R2/6

We now consider two cases.

Case 1. my(B,(xo, R)) > pR/6. In this case, we have by (6.4)), Lemma and (6.1) that

R C§R2 1 9
Ex/ 14(s, X5)ds 2 / —e2P@y) /tmp(dy)ds
0 A,V

C2R2/6
1

Z =H(t,x) € A:t € [C3R?/6,C3R?]}|

2 |Q(O7 Zo, C3R)‘/R Z RQ.

Case 2. my(B,(xo,R)) < pR/6. In this case, g must be in Dy with p(zg,a*) > % and so
my(B,(wo, R)) > (5R/6)%. Thus we have by (6.4) and Theorem (iii),

TR C%RQ 1 ,
Ex/ 14(s,X5)ds 2 / Ze—c2p(ay) /tmp(dy)ds
0 c2r2f6 Ja, t
1
2 mlta)ed:te [C2R?/6,C2R?)}|
2 1Q(0, o, C3R)‘/R2 pe R2.

Thus in both cases, there is a constant ¢y > 0 independent of zy and R € (0, Ry] so that
TR
Ew/ 14(s, Xs)ds > ¢ R2. (6.5)
0

On the other hand,

TR o0 TR
Ex/ 14(s,X5)ds = / P, (/ 14(s, Xg)ds > u) du
0 0 0

R? TR
= / P, (/ 14(s, Xs)ds > u) du
0 0

< R2]P)x(0,4 < TR).

The desired estimate now follows from this and (6.5)). O
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Theorem 6.3. For every Ry > 0, there are constants C = C(Ry) > 0 and 5 € (0,1) such that
for every R € (0, Ry, o € E, and every bounded parabolic function q in Q(0,x9,2R), it holds
that

la(s.2) — a(t.9)] < Cllalln B (It = 5 + pl.))” (6.6)

for every (s,), (ty) € Q(0, 30, R/4), where |[qlloc, := sup l9(t, ).
(t,y)€(0,4R?]x B, (z0,2R)

Proof. With loss of generality, assume 0 < ¢(s) < ||¢||oco,r = 1. We first assume zg = a* and show
that holds for all (s,x),(¢,y) € Q(0,zg, R) (instead of Q(0,xg, R/4)). Let C3 € (0,1/2]
and Cy € (0,1) be the constants in Lemma[6.2] Let

n=1-C4/4>3/4 and ~v=C5/2<1/4.

Note that for every (s,z) € Q(0,a*, R), ¢ is parabolic in Q(s,z, R) C Q(0,a*,2R). We will show
by induction that sup |g|— inf |g| < n* for all integer k. For notation convenience,
Q(s,2,7*R) Qs R)

we denote Q(s,z,7*R) by Q. Define a; = iélfq, b; = supq. Clearly, b; —a; < 1 < 1’ for all
i Qi

i < 0. Now suppose b; —a; < n' for all i < k and we wil show that by — ap+1 < n*F1. Observe
that Qg+1 C Qr and so ai < g < by on Q41. Define

A= {z € (s + (’kaR)Q, s+ (C’gykR)2) X Bp({L‘,Cg’)/kR) 2q(2) < (ap + bk)/Q} ,
which is a subset of Q;. Note that
3
‘(s + ('yk+1R)2, s+ (Cg'ykR)Q) X Bp(a;,’ykR)’ = Z(Cg")/kR)Z mp(By(z, Cg’)/kR>).

We may suppose |A'| > $(C37*R)? my,(B(z,C37" R)); otherwise we consider 1 — g instead of g.
Let A be a compact subset of A’ such that |A| > 2(C3v*R)? m,(B(z,C3v*R)). For any given
e >0, pick z1 = (t1,21),22 € Qrx1 so that g(z1) > bgr1 — e and ¢(z1) < agy1 + €. Note that
Z7, € 0Q) as BMVD X; has continuous sample paths. So by Lemma

bpy1 —akp1 — 26 < q(21) — q(z2)
E., [9(Zoynn,) — a(22)]
E [q(Zoy) — q(22);04 < 7] + Esy [(Zr,) — q(22); Tk < 04]

21

IN

(ak _2‘_ O — ak> P., (ca < 7)) + (b — ag)P;, (04 > 1)
= (bp—ap)(1 =P, (04 < 71%)/2)

(1~ C1/2)
nkJrl‘

VANVA

Since ¢ is arbitrary, we get bpyr1 — ap+1 < nk+1. This proves that by — ap < nk for all integer k.
For z = (s,2) and w = (t,y) in Q(0, a*, R) with s <, let k be the smallest integer such that
|z —w| := |t — s|Y? + p(x,y) < +*R. Then

|2 — wl

logn/ logy
R ) '

14(2) — q(w)] < oF = yFloEn/ 1057 < (
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This establishes for xg = a* and for every (s,x), (t,y) € Q(0,a*, R) with 8 = logn/log~.
Note that g € (0,1) since 0 <y <n < 1.
For general xy € E, we consider two cases based on the distance p(x,a*):

Case 1. |x|, < R/2. In this case, Q(0,zo, R/4) C Q(0,a*,3R/4) C Q(0,a*,3R/2) C Q(0,x¢,2R).
By what we have established above,

a(s,2) — a(t, )] < CRo)laloen B2 (1t = 52— )" for (5,2, (1,9) € Q(0, 0, R/4).

Case 2. |x|, > R/2. Since a* ¢ Q(0,x, R/2), it follows from the classical results for Brownian
motion in R? with d = 1 and d = 2 that for every (s, z), (t,y) € Q(0,zg, R/4)

B
la(s,2) = a(t, )| < C(Ro)lalloo,rpB 7 (It = 512 + pla.y))

B
< C(Ro)llalloe.n B (It = 51" + pla,y))

This completes the proof of the theorem. O

7 Green Function Estimates

In this section, we establish two-sided bounds for the Green function of BMVD X killed upon
exiting a bounded connected C! open set D C E. Recall that the Green function Gp(z,y) is
defined as follows:

GD(I',y) = / pD(t,x,y)dt,
0

where pp(t,z,y) is the transition density function of the subprocess X with respect to mp.
We assume a* € D throughout this section, as otherwise, due to the connectedness of D, either
D C R, or D C Dy. Therefore Gp(z,y) is just the standard Green function of a bounded C'+!
domain for Brownian motion in one-dimensional or two-dimensional spaces, whose two-sided
estimates are known, see [I8]. It is easy to see from

pD(t7$7y) :p(t,l‘,y) _]E:E[p(t - TDaXTDay);TD < t]a

that pp (¢, x,y) is jointly continuous in (¢, z,y).

Recall that for any bounded open set U C E, oy (+) := p(-,0U) denotes the p-distance to the
boundary OU. For notational convenience, we set D; := D N (Ry \ {a*}) and Dy := D N Dy,.
Note that a* € 0D1 N ODs.

The following theorem gives two-sided Green function estimates for X in bounded C'!
domains.

Theorem 7.1. Let G, (z,y) be the Green function of X killed upon exiting D, where D is a
connected bounded CY' domain of E containing a*. We have for x # y in D,

dp(z) A op(y), x € DyU{a*}, y € D1 U{a*};
Gp(2,y) < Op(x)dp(y) +In (1 + M) , € Do, y€ Doy

lz—y[?

dp(z)dp(y), z € DyU{a*}, y € Ds.
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Proof. We first show that Gp(z,a*) is a bounded positive continuous function on D. By Theo-
rem there is a constant ¢; > 0 so that for every x € D,

P.(tp <1) > P,(X; € E\D) :/R - p(1,z, z)mp(dz) + /D mDcp(l,a:,z)mp(dz)
Z Cq. (7.1)

Thus Py(7p > 1) < 1 —¢; for every € D. By the strong Markov property of X, there are
constants cg,c3 > 0 so that Py(tp > t) < coe~ ! for every x € D and t > 0. For ¢t > 2 and
xz,y € D, we thus have by Theorem [1.3

py(t,z,y) = / pp(t—1,2,2)p, (1, 2,y)m,(dz) < 04/ pp(t— 1,2, 2)my(dz) < cze™ .
D D

By Theorem again, we conclude that

2 00
GD(-CC,(Z*) = / pD(t7x7y)dt+/ pD(tvxay)dt
0 2

converges and is a bounded positive continuous function in « € D. In particular, Gp(a*,a*) <
00.

We further note that x — Gp(z,a*) is a harmonic function in D; and so it is a linear
function. As it vanishes at b := 9D NRy, we have

Gp(z,a*) =cglb — x| < dp(x) for xz € D;. (7.2)
(i) Assume z,y € D1 U{a*} and x # y. If 2 = a* or y = a*, the desired estimate holds in view
of . Thus we assume neither x nor y is a*. By the strong Markov property of X,
Gp(z,y) = Gp,(2,y) + Ex[GDp(Xo,.,y); 0ax < TD] = Gp, (7,y) + Gp(a*,y)Ps(0ax < D).
We know from the one-dimensional Green function estimates,
Gp, (z,y) < dp,(x) A dp, (y).

On the other hand, x — P, (04« < 7p) is a harmonic function in D; that vanishes at b. Thus by
the same reasoning as that for ([7.2)), we have

Py(0gr < Tp) = c7lz — b < dp(x) for x € Dy. (7.3)
It follows then
Gp(z,y) =< 0p,(z) Ndp,(y) + 6p(2)dp(y) < dp(x) Adp(y).
(ii) Assume that z,y € Ds. By the strong Markov property of X,
Gp(x,y) = Gp,(z,y) + E[Gp(Xs,.,y); 0ax < Tp] = Gp,(2,y) + Gp(a*,y)Pr(04+ < D).

Since both y — Gp(a*,y) and z — P,(04+ < Tp) are bounded positive harmonic functions on
DN Dy that vanishes on DyNAD, it follows from the boundary Harnack inequality for Brownian
motion in R? that

Gp(a*,y) <dp(y) and P.(o. < 7p) =< dp(x) (7.4)
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This combined with the Green function estimates of Gp,(z,y) (see [18]) yields

6D2 (‘T)(SDz (y)

=In|1
GD(xay) Il( + |:1c—y|2

)+ dn(@)ints).
(iii) We now consider the last case that € Dy U {a*} and y € Dys. When x = a*, the desired
estimates follows from ([7.4) and so it remains to consider z € Dy and y € Dy. By the strong

Markov property of X, (7.3|) and (7.4)),
Gp(2,y) = Ea|Gp(Xo,.s )i 00 < 7p] = Gp(a®, y)Pe(0a- < 7p) < p(2)dpn(y).

This completes the proof of the theorem. O

8 Some other BMVD

In this section, we present two more examples of spaces with varying dimension that are varia-
tions of R?UR considered in previous sections. The existence and uniqueness of BMVD on these
spaces can be established in a similar way as Theorem in Section [2l We will concentrate on
short time two-sided estimates on the transition density function of these two BMVD. One can
further study their large time heat kernel estimates. Due to the space limitation, we will not
pursue it in this paper.

8.1 A square with several flag poles

In this subsection, we study the BMVD on a large square with multiple flag poles of infinite
length. The state space E of the process embedded in R? is defined as follows. Let {2;;1<j <k}
be k points in R? that have distance at least 4 between each other. Fix a finite sequence
{e;;1 < j <k} C (0,1/2) and a sequence of positive constants p := {p;;1 < j < k}. For
1 < j < k, denote by Bj; the closed disk on R? centered at zj with radius €;. Clearly, the
distance between two distinct balls is at least 3. Let Dy = R? \ (Ui<i<gB;). For 1 < j <k,
denote by L; the half-line {(z;,w) € R® : w > 0}. By identifying each closed ball B; with
a singleton denoted by a}, we equip the space E := Dy UH{at, - ,a;} U(UE_, L;) with induced
topology from R? and the half-lines L;, 1 < j <k, with the endpoint of the half-line L, identified
with a} and a neighborhood of a} defined as {a}} U (U; N L;) U(Uz N Dy) for some neighborhood
Uy of 0 in R and U, of B; in R%. Let my be the measure on £ whose restriction on Dy is the
two-dimensional Lebesgue measure, and whose restriction on L; is the one-dimensional Lebesgue
measure multiplied by p; for 1 < j < k. So in particular, mz ({a;}) =0 for all 1 <i < k. We
denote the geodesic distance on E by p.

Similar to Definition BMVD on the plane with multiple half lines is defined as follows.

Definition 8.1. Given a finite sequence € := {e;;1 < j < k} C (0,1/2) and a sequence of
positive constants p := {p;;1 < j < k}. A Brownian motion with varying dimension with
parameters (€,p) on E is an mg-symmetric diffusion X on E such that

(i) its subprocess in L;, 1 < i < k, or Dy has the same law as that of standard Brownian motion
in Ry or Dy;

(ii) it admits no killings on any af, 1 <i < k.
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Recall that the endpoint of the half-line L; is identified with a;, 1 < ¢ < k. Similar to
Theorem we have the following theorem stating the existence and uniqueness of the planary
BMVD X with multiple half lines.

Theorem 8.2. For each k > 2, every € := {e;;1 < j <k} C (0,1/2) and p := {p;;1 < j <
k} C (0,00), BMVD X on E with parameter (£,p) exists and is unique. Its associated Dirichlet
form (€, F) on L*(E;my) is given by

F o= {f: flee e WHER); flr, € WHAR), fls, = flr,(af) for 1 <i <k},
k
£0) = g [, VI Ve)ir 25 [ @i

It is not difficult to see that BMVD X has a continuous transition density p(t,z,y) with
respect to the measure mg.

Proposition 8.3. There exist constants C1,Cy > 0 such that

1 1
p(t,x,y) < Cy <t + 751/2) e~ Capl@w)?/t forall x,y € E and t > 0.

Proof. By an exactly the same argument as that for Proposition 3.1} we can establish Nash-type
inequality for X. From it, the off-diagonal upper bound can be derived using Davies’ method

as in Propositions [3.2] and O

The following theorem gives two-sided bounds for the transition density function p(¢,x,y)
when ¢ € (0,7 for each fixed T' > 0.

Theorem 8.4. Let T > 2 be fized. There exist positive constants C;, 3 < i < 16 so that the
transition density p(t,x,y) of BMVD X on E satisfies the following estimates when t € (0,T].
Case 1. For x,y € DoN B,(a,1) for some 1 <i <k,

3%6‘0“(%)2” + % <1 : p(:if?)> (1 A p(y\/?)> e Bl < p(t, )

< C6 ~Crptyyyr | Co (1 A P(ﬂf,af)) <1/\ P(%@)) ¢~ Cala—yl?/1.
v ¢ Vit Vit

Case 2. For some 1 <i<k,x € L;, yec L;UB,(aj,1),
Cy _o 2 Ci1 _ 2
e~ CroP@Y) /b < p(t, 2, y) < e~ Cr2p(@y)/t,
Vit = y) < Vit
Case 8. For all other cases,

%67014/7(%1/)2# < p(t7$7y) < %efclﬁp(x»y)z/t. (8'1)

Proof. The idea of the proof is to reduce it to the heat kernel for BMVD on plane with one
vertical half-line. For an open subset D of E, we use X to denote the subprocess of X killed

upon leaving D and pp(t,z,y) the transition density function of X with respect to mg.
Let C; > 0 and C3 € (0,1/2) be the constants in Lemma
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(i) We first show that the desired estimates hold for any =,y € E with p(z,y) < 2Cy and
for every ¢ € (0,77]. In this case, let 29 € E so that {z,y} € B,(20,C2). Since p(aj,a}) > 3 for
1 # j, without loss of generality we may and do assume that aj is the base that is closest to z
and so mina<j<k p(20,a;) > 3/2. We have by Lemmathat

1
PB,(z0,1) (LW, 2) > ipl(t,w,z) for t € (0,C4] and w, z € B,(zp, Ca), (8.2)

where p;(t,x,y) stands for the transition density function of BMVD on the plane with one
vertical halfline L; at base a] and vertical half line L;. This together with Theorem in
particular implies that there is a constant ¢; > 0 so that

PB,(z0,1)(t,w,2) > 1 for every t € [C1/2,C1] and w, z € By(20,Ca).
It thus follows from the Chapman-Kolmogorov’s equation that there is a constant ¢y > 0 so that
PB,(z,1)(t,w,2) > o for every t € [C1,T] and w, z € By(20, Ca). (8.3)
This together with implies that there is a constant c3 > 0 so that
p(t,w, 2) > pp, (2,1t w, 2) > espi(t,w,z)  fort € (0,T] and w, z € By(20, Ca). (8.4)

On the other hand, we have by Proposition and the fact that s — s—le=9"/% is increasing in
(0,a?) and decreasing in (a?, c0) that for ¢ € (0,7] and p(x,y) < 2Cy < 1,

ﬁBP(zo,l)(ta Z, y) = E;E[p(t — TBy(20,1)> XTBp(zO,l)’y); TBy(20,1) < t]
< plemalt < g=os/t < g—cop(@y)?/t,
Consequently,
_ _ 2
p(ta T, y) = PB,(20,1) (t, €T, y) + PB,(20,1) (t7 €T, Z/) S p1 (t, €T, y) +e cop(zy) /t' (85)

This together with (8.4)) and Theorem establishes the desired estimate of the theorem for
any z,y € E with p(z,y) < 2C3 and t € (0, 7.

(ii) We now consider the case when « € L; and y € L; U B,(a}, Cs) for some 1 < i < k with
p(x,y) > 2C,. Without loss of generality, we may and do assume ¢ = 1 and p(z,a}) < p(y,a})
if y € L. Let z9 € Ly with p(z0,a}) = p(y,a}) + Ca. By the strong Markov property of X,
(8-4)-(8.5) and Theorem we have for ¢ € (0,71,

P(t,x,y) = Ez[p(t—O'ZO,Z(),y);a'ZO < t]
2 CSEm[pl(t—Uz(”ZO,y);gZO <t]
= capi(t,x,y) >t 2 emerrlen)?y,

and

p(t,z,y) Er[p(t — Ozp> 2079)5(720 < t]

AN NN NG

B [p1(t — 0ag, 20, 4); 0sg < 1] + Eg[e 03/ (2020 5 4]

b1 (t7 z, y) + G_CGC%/th(O'zo < t)
1—1/2 e—Csp(v’C7y)2/y + 6—06022/156—|$—20|2/t

+—1/2 6—69/?(137:4)2/!/.
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In the second to last inequality, we used crossing estimate for one-dimensional Brownian motion
and Lemma The above two estimates give the desired estimates.

(iii) Let D1 = Do \ U;‘?:pr(a;f, C3). There are three remaining cases:
(a) € L; U By(aj,C2) and y € L; U By(aj, C2) for i # j;
(b) x € Ly U By(a;,Cy) for some 1 < i <k and y € Dy with p(z,y) > 2Cy;

(c) x,y € Dy with p(z,y) > 2Cs.

We claim that holds for all these three cases. The upper bound in holds due to
Proposition so it remains to establish the lower bound.

It follows from the Dirichlet heat kernel estimate for Brownian motion in C*!-domain [40), [16]
that in case (c), for any ¢ € (0,77,

p(t;2,y) > pp(t,z,y) 2 e o0l v/t > g=lemeonlra)/t, (8.6)

For case (b), without loss of generality, we assume ¢ = 1. Define uj(w) = —p(w, a}) for
w € Ly and uy(w) = p(w, a}) analogous to (£.1). Let Y = u(X) and 71 := inf{t > 0:Y; > 2C,}.
Then Y;(_OOQCZ) =Y, for t € [0,7), and Yt(_oo’zcﬂ := 0 for t > 7 has the same distribution
as the killed radial process radial process Y in Section 4] for BMVD on plane with one vertical
half-line. By Proposition [.3]and the arguments similar to Proposition [4.4] of this paper and that
of [16], one can show that Yt(foo’ch) has a transition density function p®(t,w, z) with respect to
the Lebesgue measure on R and it has the following two-sided estimates:

172 (1 A “") <1 A |Z|> menfw—z P/t < g0y 4y ) < 412 (1 A |w'> <1 A |Z|> —erzlw—z|?/t
\/i \/E € Np ( w Z) ~ \/E \/{5 €

for t € (0,T] and z,y € (—00,2Cs). Thus we have for t € (0,7], z € L1 UB,(a},C2) and y € D
with p(x,y) > 2Cs,

p(t,z,y) > p(t/2,2,2)p(t/2, z, y)my(dz)

/Dome(af,602/4>\Bp<a;502/4>>

2 et [ p(t/2, 2, 2)ymd2)

Do (B, (a3 ,6C2/4)\By(a; 5C2/4)

v 2 6C2/4

> el [0 (), w)dw

5C2/4

602/4
> lg—eisplaty)/t / 172 g—en (602 /4—u (2))2/t g,
~ 5Cy /4
> lemasp(aiw)?/tg—c1a(6C2/4—ur (x)*/t
> lemenp@y)?/t (8.7)

where in the second inequality it was used that p(z,y) < 5p(aj,y)/2, and in the last two
inequalities we used the fact that [6Cy/4 — ui(x)| > Co/2 and p(x,y) > 2C,.
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Now for case (a) when x € L; U By(a;,C2) and y € Lj U By(aj, Cy) for i # j, let 20 € Dy so
that both p(z,a}) and p(z,a}) take values within (p(a;j,a})/3,2p(a;,a})/3). We then have by
(8.7) that for all t € (0,T],

plt,ayy) > / p(t/2,, 2)p(t/2, 2, y)ms(dz)
DQﬂBp(zo,Cz)

1 2/ 1 _ 2
2t 1e—c16p(2,20)7/t 4—1 o —c16p(y,20) /tmﬁ(DoﬂBp(Zo,Cz))
> t—16—017p(w,y)2/t
~Y 9

where in the last inequality, we used the fact that p(z,y) > 3. This completes the proof that
the lower bound in (8.1]) holds for all three cases (a)-(c). The theorem is now proved. O

8.2 A large square with an arch

In this subsection, we study Brownian motion on a large square with an arch. The state space
E of the process is defined as follows. Let z;,2p € R? with |z1 — 22| > 6. Fix constants
0 < e1,62 < 1/2and p > 0. For i = 1,2, denote by B; the closed disk on R? centered at z; with
radius ;. Let Do = R?\ (B; U By). We short B; into a singleton denoted by a;. Denote by L a
one dimensional arch with two endpoints a] and a3. Without loss of generality, we assume L is
isometric to an closed interval [—b, b] for some b > 4. We equip the space E := DoU{a}, a5} UL
with the Riemannian distance p induced from Dy and L, analogous to the last example of a
large square with multiple flag poles. Let m,, be the measure on E whose restriction on L and
Dy is the arch length measure and the Lebesgue measure multiplied by p and 1, respectively. In
particular, we have m, ({af,a3}) = 0. As before, BMVD on FE is defined as follows.

Definition 8.5. Given 0 < £1,e2 < 1/2 and p > 0, BMVD on E with parameters (e1,€2,p) on
E is an m,-symmetric diffusion X on F such that

(i) its subprocess process in L or Dy has the same distribution as the one-dimensional or
two-dimensional Brownian motion in L or Dy, respectively.

(ii) it admits no killings at {af, a3 }.
Similar to Theorem we have the following.

Theorem 8.6. For every 0 < 1,62 < 1/2 and p > 0, BMVD X on E with parameter (1,€2,p)
exists and is unique. Its associated Dirichlet form (€, F) on L*(E;my) is given by

Fo= {f : f|R2 € WLZ(RQ)’ f|L € Wl,Q(L% f|B¢ = f|L(a:) = 172} s
1 p
) = 5 [ Viw-Vewds+ ] [ Fap(aa
Do L

It is easy to see that BMVD X has a continuous transition density function p(¢,x,y) with
respect to the measure m,,. Similar to that for Proposition 3.1}, Propositions[3.2/and 3.3} using the
classical Nash’s inequality for one- and two-dimensional Brownian motion and Davies method,
one can easily establish the following.

Proposition 8.7. Let T > 2. There exist C1,Cy > 0 such that

1

1
p(t,z,y) < Cy (t + 751/2) e~ Capl@w)?/t forall z,y € E,t € (0,T].
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The next theorem gives short time sharp two-sided estimates on p(¢, z, y).

Theorem 8.8. Let T > 2 be fixed. There exist positive constants C;, 3 < i < 16, so that the
transition density p(t,x,y) of BMVD X on E satisfies the following estimates when t € (0,T]:

(i) Forz € L andy € E,

%6—040(%1/)2/1& < p(t,z,y) < %e—csp(x,y)Q/t. (8.8)

Vit

(ii) For z,y € Do U{aj, a5}, when p(z,a;) + p(y,a;) <1 for somei=1,2,

(2

Cr —Cspla,y)?/t Cr < p(%a’?)) ( P(yaa%‘)) —Colz—y|?
x, 4 1A ) 1A 2 olz—yl*/t 8.9
Vi ¢ Vit Vi )€ (8.9

Cio ¢ 2 Cho p(x,a) PYs )\ _Crala—y)?
< tx,y) < -2 11p(z,y)?/t 4+ == <1 A L 1A —=22 Crzlz—y| /t;

otherwise,

—e Cranwal®/t < p(t,w,y) < %e—cmp@y)%. (8.10)

Proof. This theorem can be established by a similar consideration as that for Theorem Here
we only give a brief sketch. Let C; > 0 and C € (0,1/2) be the constants in Lemma [6.1]

Case 1. p(x,y) < 2C5. The desired estimates can be obtained in a similar way as that for Case
1 in the proof of Theorem by using Lemma [6.1

Case 2. p(x,y) > 2Cs. Due to the upper bound estimate in Theorem 8.7, it suffices to show
the following lower bound estimate hold: there exists some c1, co > 0, such that

p(t,x,y) > cle_CQP(x»y)Q/t for all t € (0, 7). (8.11)
We divided its proof into three cases.

(i) Both z and y are in L U By(aj,C2) U By(a3,C2). Without loss of generality, we assume
x € LUB,(a},C2) and x is closer to aj if both 2 and y are on the arch L. Denote by ¢(w, z)
the arch length in L between two points w, z € L, and Dy := LUB,(a],3C2)UB,(a3,3C>).
We define a modified signed radial process Y; = u(XtD 1), where

p(z,a¥) if z € Dy N By(a7,3Cy),
u(z) =< —l(al, 2) if z € L,
—l(aj,a3) — p(z,a3) if z € DyN By(as,3Cy).

By a similar argument as that for Section [d] we can show that Y is a subprocess of a skew
Brownian motion on R with skewness at points 0 and ¢(aj,a3) and bounded drift killed
upon leaving I = (—/{(a}, a3) — 2Cs,2C3). The desired lower bound estimate for p(¢, x,y)
can be derived from the Dirichlet heat kernel estimate for the one-dimensional diffusion
Y.

(ii) Both &,y € Dy := Do\ (B,(aj, C2/2)UB,(a3,C2/2)). In this case, the desired lower bound
estimate for p(t,z,y) follows from the Dirichlet heat kernel estimate for two-dimensional
Brownian motion in C%! domain Ds.
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(i) z € LU B,(aj,C2/2) U By(a3,C2/2) and y € Do \ (By(at,2C2) U By(a3,2Cs)). Without

loss of generality, we assume z is closer to a] than to a3. Let
D3 :={z¢€ Dy:C2/2 <p(z,a]) < Ca}.
Note that p(z,y) > (p(z, 2) + p(y, 2))/5 for z € D3. By Markov property,

p(t,z,y) > /D p(t/2, 2, 2)p(t/2, 2, y)my(d=).

The desired lower bound for p(¢, z,y) follows from the results obtained in (i) and (ii).

O
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