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Abstract

We derive a priori interior Hessian estimates for semiconvex solutions to the sigma-2 equation.
An elusive Jacobi inequality, a transformation rule under the Legendre—Lewy transform, and
a mean value inequality for the still nonuniformly elliptic equation without area structure are
the key to our arguments. Previously, this result was known for almost convex solutions.
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1 Introduction

In this paper, we prove a priori Hessian estimates for semiconvex solutions to the quadratic

Hessian equation
F(D)=0r ()= Y idj= % [(Au)2 - |D2u|2] —1. (1.1)

I<i<j<n
Here A;s are the eigenvalues of the Hessian D?u.

Theorem 1.1 Let u be a smooth semiconvex solution to o, (Dzu) = 1on Bg (0) C R" with
D?u > — K I for any fixed K > 0. Then

D% )] = € (1, Ky exp[[C€ (1. K) 1 Dul e 0 /R

Given the gradient bound in terms of K-convex function u (x) (note that Trudinger’s
gradient estimates for o} equations need no semiconvexity of the solutions [12]), we can

Communicated by N. Trudinger.

Both authors are partially supported by NSF grants.

B4 Yu Yuan
yuan@math.washington.edu

Ravi Shankar
shankarr@uw.edu

1 Department of Mathematics, University of Washington, Box 354350, Seattle, WA 98195, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-019-1690-1&domain=pdf

30 Page2of12 R. Shankar, Y. Yuan

control D?u in terms of the solution u in Bag (0) as
|D%u (0)| < € (n, K)exp [C (K Nl 3y 00 /R4] .

One quick application of the above estimates is a rigidity result for entire semiconvex solutions
with quadratic growth to (1.1): every such solution must be quadratic.

Recall any solution to the Laplace equation o (Dzu) = Au = 1 enjoys a priori Hessian
estimates; yet there are singular solutions to the three dimensional Monge—Ampére equation
03 (Dzu) = det D*u = 1 by Pogorelov [10], which automatically generalize to singular
solutions to oy (Dzu) = 1 with k > 3 in higher dimensions n > 4.

Sixty years ago, Heinz [7] achieved a Hessian bound for solutions to equation o (Dzu) =
1 in dimension two by two dimensional techniques. More than ten years ago, a Hessian bound
for on (Dzu) = 1 in dimension three was obtained via the minimal surface feature of the
“gradient” graph (x, Du (x)) in the joint work with Warren [15]. Along this “integral” way,
Qiu[11]has proved Hessian estimates for solutions to the three dimensional quadratic Hessian
equation with C!-! variable right hand side. Hessian estimates for convex solutions to general
quadratic Hessian equations have also been obtained via a new pointwise approach by Guan
and Qiu [6]. Hessian estimates for almost convex solutions to (1.1) have been derived by a
compactness argument in [9]. Hessian estimates for solutions to Monge—Ampere equation
on (D*u) = det D>u = 1 and Hessian equations oy (D*u) = 1 (k > 2) in terms of the
reciprocal of the difference between solutions and their boundary values, were derived by
Pogorelov [10] and Chou—Wang [4], respectively, using Pogorelov’s pointwise technique.
Lastly, we also mention Hessian estimates for solutions to oy as well as oy /o, equations in
terms of certain integrals of the Hessian by Urbas [13,14], Bao et al. [1].

Note that the almost convexity condition for solutions in Guan and Qiu ([6] (15)) and
McGonagle et al. ([9], Theorem 1.1) is essential in both the respective arguments toward
Hessian estimates for quadratic Hessian equations. The mean value inequality in [15] used
the area structure of the equation. For semiconvex solutions, an elusive Jacobi inequality,
a transformation rule under Legendre-Lewy transform, and a mean value inequality cor-
responding to the still nonuniformly elliptic linearized operator without area structure are
essential in our proof of Theorem 1.1.

The bulk of Sect. 2 is devoted to establishing the Jacobi inequality, Proposition 2.1,
Y F;jbij > Y F;jbib; with F;; the linearized operator, b = %ln Amax (D*u), and u (x)
the semiconvex solution. The difficult nature of the fully nonlinear equation (1.1) is that its
linearized operator matrix (F,- j) is not uniformly elliptic; see (2.3) and (2.4). What saves us
is that the PDE for the Legendre-Lewy transform of u(x) is uniformly elliptic, found in the
joint work with Chang [3]. By the transformation rule Proposition 2.3, the subharmonic b in
original variables corresponds to a subharmonic b in new variables for the linearized operator
of the new, uniformly elliptic equation. In new variables, the local maximum principle implies
amean value inequality for the subharmonic b, which upon pulling back to original variables
yields the mean value inequality in Proposition 2.4. The Hessian estimate becomes possible
in Sect. 3. The Jacobi inequality combined with the divergence structure of F;; allows us to
bound the integral in terms of || Du|| z.

The Hessian estimates for general solutions (K = o00) to quadratic Hessian equation
lop) (Dzu) = 1 in higher dimension n > 4 still remain an issue to us.
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2 Preliminaries

Taking the gradient of both sides of the quadratic Hessian equation (1.1), we have
Afp Du =0, (2.1)

where the linearized operator is given by

n n
Ap = Z Fijoij = Z 0; (F,'jaj), (2.2)

ij=1 ij=1

(Fij) = Au T — D*u =2+ |D2u|’ 1 — D*u > 0. (2.3)

Here without loss of generality, we assume Au > 0. Otherwise the smooth Hessian D?u
would be in the Au < 0 branch of the Eq. (1.1). Given the semiconvexity condition, the
conclusion in Theorem 1.1 would be trivially true.

In passing, we add a quick proof of the quantitative ellipticity for Eq. (1.1) (again on the
positive branch):

with

m <F, =@m—DAay, 2.4

(ﬁ—1)xl <F, <@m—1)k fori=>2,

which was first proved by Lin—-Trudinger [8], under the convention A1 > Ay > -+ > A,.
The upper bound is straightforward. For the lower bound,

D VIAE+2 -2 P2 S22 .2
102 = — Al = = = 5
VIMP+2+42 otk T (m+ DA

and when i > 2,

Dioy =[P +2 = ki > |33 32 = = (V2= 1),

since function '/)\.% + Al.z — A; is decreasing in terms of X;.
The gradient square |V Fv|? for any smooth function v with respect to the inverse “metric”
(Fij) is defined as

n
|VFU|2 = Z ﬂ_,-a,»vajv.
i,j=1

2.1 Jacobi inequality
Our objective in this subsection is to get a quantitative subsolution inequality for the maximum
eigenvalue.

Proposition 2.1 Let u be a smooth solution to (1.1) o5 (A) = 1. Suppose that &1 > Ay >
- > Ay = — K and Ay = A (n, K) for some sufficiently large A (n, K) at x = p. Set

b =1InX;. Then we have at p
Apb > e |Vpb|? (2.5)

fore = 1/4, say.
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Proof Step 1. Differentiation of maximum eigenvalue.
We derive the following formulas for smooth function b = In A

IVEbl? = (1) Y fudyy (2.6)

and
b’ [2 Disj —”iilujil + 2 k1 %uikl] +0" fugy (D
Apb= A4S [0+ 2 i+ S e @7)
+2injs1 2V (1 + ,\léx,- + Al—/\,») uy (I

at p, where D2y is assumed to be diagonalized and f (1) = o2 (A).
To this end, we start with the partial derivatives of the distinct eigenvalue A; with respect
to arbitrary unit vector ¢ € R" at p

OeA1 = Oeut11,

(Deu1k)?

Oeerl = Oeeu11 + szl — )Lk

k>1

which can be reached for example by implicitly differentiating the characteristic equation
det(D*u —111) =0

near any point where A; is distinct from the other eigenvalues.
Thus we get (2.6) at p

n
|Vpb|* = ZFkk / "‘llk_ /)Zka”%lk-
k=1

From
eeb = b'deeh1 + b (3ch1)2,

we conclude that at p

Oclt
aeeb=b/|: eeull+z2’( ) ]+b//(aeull)2s

and

n
Apb =" Fyydyyb
y=I

n
/ lky 1
:;wa ( yyill Jrgzk1 _Ak> Zwa Uiy (2.8)

Next we substitute the fourth order derivative terms 9,11 in the above by lower order
derivative terms. Differentiating equation (2.1) ZZ p=1 Fypujop = 0 and using (2.3), we
obtain
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n n n
Apuij= Y Fapujiop = ) —0iFapttjap = D — (Lui Sap — tiap) jup
o, =1 o, =1 o, =1
n
= Z — (Auj — Uiga) Ujogo + Z UjgBU jaf = Z (”iaﬂ”jaﬁ - uiﬂﬂuj(w) .
a=1 aFp aFEp

Plugging the above identity with i = j = 1in (2.8), we have at p

2 lkV
Apb=1b Z(“ijl _”iilujﬂ) ZZZFWM Zb”qulw
i#j y=1k>1

Regrouping those terms uoo; (With uq11), #110, and uog; in the last expression, noting
F,, = f, at p, we obtain (2.7).

Step 2. Convexity of the level set of the equation { M| F (M) = 0}.

We rewrite the crossterms 2 Y, —ujj1u jji —2D*F (D*uy, D*u;) -2
(D of (2.7) in a “positive” way

2 . .
i~ i>j Uj; inside

ME+2) 18 = (A, 1)?
ZZ—“HWJ‘J'FZ—HU:(H )ll < >’ 2.9)

i~ i£ %

where we denoted ; = u;;1. Infact, squaring the Eq. (2.1) >/, fit; = Oat p, orequivalently
op (M +-+t) =ttt + -+ Inly,
we have
of [ 1P+ ntj | = (1)
i#]
Hence, the above “positive” way follows from Eq. (1.1) 012 = I)LI2 + 2.
Step 3. Consequence of semiconvexity L; > — K

We are ready to prove the Jacobi inequality (2.5). Note that all the “off-diagonal” terms
in (IIT) of (2.7) are nonnegative; it follows that

Apb—elVpbl? = (1) — e (b))’ i} + D) — & (b)Y fiudy.
i>1

Now

UD—e )Y fudy = )Y [n +

i>1 i>1

AP 42—
b)Y [2— (1+e) ";r} ut; >0
1

i>1

f] —(1+4¢) flj| Uty

(2 3)

for
M >Cn,K,e) withe < 1,

where we used (2.11) for the last inequality.
Plugging (2.9) in (1) of (2.7), we have

2
(AP +2) P = (1) +of Ty 772 g

(I) — eb” fitf = — —(A+e)d amf 1
1 Aio? ( )2 /\% 1fi 4
<140.512
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Observe that

VP2 0.5V +1
=01 — A =/ AP 4+2 =21 = | , 2.10
f1=o01 1=+ IA+ 1 TETEEY < M (2.10)

where ' = (A2, ..., A,). Wesee that A1 f; <1+4+0.5 ‘)J|2 and
Akl < C(n,K) fork =2 2.11)
from (2.10) (cf. [3], p. 663). Indeed by the assumption A, > —K and |A’| < nAj, we have

=K+ | <dnt 42 M1 +2
—(n— <t ry = e —
VIAP +24 2
) A
<24 ———— <24 M|+ ——,
1+ 1/n) )| | | 1+1/n)
where Ay = (A2, ..., Ay) and A = (Apg1, .- Ag) fordpg > oo >0 > 0> Apyg >

- > Ap. Solving the above inequality for [A4 |, we get (2.11)
el <+ DR+2m—2)K]1=C@n, K).

Consequently, Aj (x) is a distinct eigenvalue, thus smooth near x = p if

A1 (p) > Csmooth (1, K) ; (2.12)
cm) <rfi<Cn K); (2.13)
and also )
o 2 fi
Tlf =14o0(1) and UEM e [2+0(D]A?
for large enough A; and k > 2, after recalling (2.4). Denoting ¢’ = (12, ..., t,). It follows
that

not [() —eb” firf] =
{ﬁJr [1—e—oM](1+05 |w|2)} 2+ {13013+ W[ +2) |

i3 = WP I - 20 W] ||
i = Pl

redistribute
[—e—omi(1+05W )2+ {B+omn3+2} |’

> 712
= —[a—e—oap(1+05 W )] - (I_S_O(IL?(|]+O‘5W) 2

2 2
z{[3+o(1)1—m]mt

for ¢ < 1/3, say ¢ = 1/4 for simple notation and large enough smooth

>0

/|2

A1 > A, K) > Csmooth (1, K) (2.14)

with Csmooth (1, K) from (2.12).
We have proved the pointwise Jacobi inequality (2.5) in Proposition 2.1. O
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2.2 Integral Jacobi inequality

Eventually in the proof of our Theorem 1.1, we use the following integral form of (2.5).
From now on, repeated indices represent summation, unless otherwise indicated.

Proposition 2.2 Let u be a smooth K -convex (namely, D*u > — K I) solution to F (D2u) =
02 = 1 on B3, and define the Lipschitz quantity

1
b = elnmax(A, hypax) = 7 In max (A, Amnax),

where the sufficiently large A = A(n, K) is from (2.14). Then for all nonnegative ¢ €
C2°(B3), there holds the inequality

0 Z/ F,-jgoibl,- +(pF,'jb,'bj dx. (2.15)
B3

Proof Tt is easy to see that the Lipschitz function b (x) is smooth away from the level set
{x| Amax (x) = A}.By Sard’s theorem, we perturb A a tiny bit, still denoted by A, so that the
Lipschitz b (x) is smooth away from a zero measure set. Integrating by parts the pointwise
Jacobi inequality (2.5) multiplied by ¢, over a family of approximated domains of B3 from
the complement of the above zero measure set, we reach the integral Jacobi inequality (2.15).

O

2.3 Legendre-Lewy transform

In the integral approach of [15] toward Hessian estimates for (1.1) with n = 3, a mean value
inequality, pertaining to the area structure on the Lagrangian minimal surface (x, Du(x)) €
R?" is used to bound b(x) atx = 0 by its integral. However, for n > 3, an area-like structure
is unclear to us.

To construct a mean value inequality for subsolution b, in principle, we would apply the
local maximum principle, but the ellipticity constants for the linearized operator of o = 1
are not uniform. To circumvent this, we show that b is a subsolution of a new uniformly
elliptic operator after a change of variables, which we describe below.

The K-convexity of u ensures that the smallest canonical angle of the “Lewy-sheared”
“gradient” graph (x, Du(x) + K x) is uniformly positive, i.e. 8,,;, := arctan(Ai, + K) > 0.
This means we can make a well defined Legendre reflection about the origin,

(x, Du(x) + Kx) = (Dw(y), y), (2.16)

where w(y) is the Legendre transform of u + §|x|2. Note that y(x) = Du(x) + Kx is a
diffeomorphism.

We show here that this transformation preserves the linearized operator of any fully non-
linear PDE, not just F (Dzu) = 07. Geometrically, this is clear for K = 0 and the special
Lagrangian equation y_;_, arctan(};) = ©, since at the level of “gradient” graphs, the trans-
formation is just a reflection, or a 7w /2-U (n) rotation followed by a conjugation, so it only
changes the constant phase ©.

Proposition 2.3 [Transformation rule] Let u solve F (D*u(x)) = 0, and its Legendre—Lewy

transform w(y) solve G(Dzw(y) =—F(—KI + Dzw(y)_]) =0.Then Lr = Lg, in the

sense that for all smooth functions ¢, we have
F 2

3% G Ie*
D? T (x) = D £ __(y), 2.17
a3t P HON 7 @) = - (PO 5 ) 2.17)
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where p*(y) = ¢(x(y)).
Equivalently, the right hand side will not have first order terms d¢ (x ())/dx".

Proof We will transform the left hand side of (2.17) into its right. First,

g _ 0" og*
ax/ — 9xJ ayk

= (K8jk +ujr)ef.
Consequently,
Fij0i(3j9) = Fijuijrei + Fij (K8 jk + ujr) gy (K 8¢ + uig).
The first term on the right hand side vanishes via the equation:
Fijuijeof = wi‘f?F(Dzuu)) =0.

So it remains to verify that

oF
3M,'j

G
ON;;

(K 8¢ + uir) (D*u(x))(K8jk +uj) = (D*w(y)), (2.18)

which is a little clearer in the eigenvalue dependent case

FM) = f(A(M)), G(N) = g(u(N)) = = f(=K + 1/(N)),

since if the Hessian D2%u(p) is diagonal at x = p , then K§;p + ujy = (K + X;)di¢, so that
at p, the putative equality is
(K +2)° fi = gi- (2.19)

Since (A; + K)2f; = (1/umi)?d f/9r; = dg/du;, the result follows in this case.
Let us now return to the general situation. Using the chain rule for F(M — KI) =
—GM™Y, we get

Fij(M — KI) = 0 (-GM™h)

3Ml'j
G (Mg
- ONke |y OM;;
U (M~ (M),
ONke | p-1

so upon multiplying by K ;¢ +uj¢ = M;,, we obtain (2.18); in turn, the equivariance (2.17).
[m}

Remark 2.1 The disappearance of gradient terms D¢* (y) in the right hand side of (2.17)
depends on u solving F(D?u) = 0. For comparison, without any equation for function
u (x) , the Laplace—Beltrami operator

1 9 i 9
Agyp(x) = Jaetst) ant < detg(x)g"(x)ﬁw(x)>

corresponding to the induced metric

glx) = dx? +dy2’L = (I + (Dzu(x))TDzu(x)) dx?

@ Springer



Hessian estimate for semiconvex solutions to the sigma-2... Page9of12 30

on the “gradient” graph L = (x, Du(x)) € R” x R” is invariant under any rotation in R?",
in particular the Legendre transform,

Agny@(x) = Ag(y@™ (¥).
This is because, by design, the invariant Laplace-Beltrami operator
. -
Ay = g’jaij + gljrijak,
carries over those first order derivative terms.

We now prove the mean value inequality using a transformation argument. We suppose
Du(0) =0 and K is K + 1 in transform (2.16) for simplicity.

Proposition 2.4 [Mean value inequality] Let u be a smooth K -convex solution to (1.1) on
B3(0). If b € C(B3) is a viscosity subsolution of the linearized operator (2.2), then the
following inequality holds:

b(0) <Cn, K) b(x)Au(x)dx. (2.20)
B

Proof Letus first verify that transformed viscosity subsolution b*(y) := b(x(y)) is a viscosity
subsolution of the transformed linearized operator (2.17). We denote y(B3) := (K(-) +
Du)(B3) the dual domain under the coordinate inversion. Suppose that ¥ (y) € C%(y(B3))
touches b*(y) from above near yg € y(B3). Then ¥, (x) := ¥ (y(x)) touches b(x) from

above near xg = x(yp), SO
2

0%«
Fij W(XO) > 0.
We recall x — Kx + Du(x) is a diffeomorphism: letting ¢(x) = ¥ (y(x)) € C2, it follows
from transformation rule (2.17) that ¢*(y) = v (y) satisfies the desired inequality at yy.

It was first shown in [3] that the equation solved by the vertical coordinate Lagrangian
potential w(y),

G(D*w) = — F(D*u) = —os(—K1I + (D*w)™ 1) = — 1,

is conformally, uniformly elliptic for K-convex solutions u, in the sense that for H;; :=
On ()\(Dzw))Gi j» the operator H;;d;; is uniformly elliptic:

c(n, K)I < (Hjj) = 0,(1/)(Gij) < C(n, K)I.

This can also be seen from (2.13) and (2.4) using the change of variables (2.19).

Since u € C°°(B3) is K-convex, the gradient map y(x) = Du(x) + Kx is uniformly
monotone, and we have a lower bound |y(x;) — y(xy7)| > |x; — x| for each x;, x;; € B3,
if, abusing notation for simplicity, K is K + 1 in our Legendre-Lewy transform (2.16). It
follows that the dual domain contains the unit ball:

y(B1) = (K(-) + Du)(B1(0)) D Bi(0).

Since b*(y) is a subsolution of a uniformly elliptic operator, it follows from the local maxi-
mum principle [2, p. 36] that b* satisfies a mean value inequality:

b*(0) < C(n,K)/ b*(y)dy.
B}
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Returning to x variables and using x(BiV) C Bj, we obtain

b0) < C(n, K) b(x) det(Dzu(x) + KI)dx.
B

Using A; < C(n, K) with i > 2 (for the small eigenvalues) from (2.11), as well as ¢ (n) <
Amax = A1 < Au, we get

b(0) < C(n, K)/ b(X) Apax (x)dx < C(n, K)/ b(x)Au(x)dx,
By B

as required. O

Remark 2.2 Without going through the Legendre-Lewy transform, we do not see a direct
proof for Proposition 2.4. In the original x-coordinates, in general, without the K-convexity
assumption on the solution u (x) , we have a weaker-quadratic-weight mean value inequality
than the one with the linear weight Au in Proposition 2.4. In fact, given any smooth positive
subsolution a (x), such as Au, of linearized operator (2.2), an easy modification of the local
maximum principle [5, Theorem 9.20] yields the weighted mean value inequality

IDF|"
det DF

a(0) < C(n) ( )a(x)dx,
By

where || D F|| is the maximum eigenvalue of (F;;). By the eigenvalue bounds (2.4) of (F;;),
we have

IDFI"_ C(n))? < C(n)(Au)?,
det DF — !

leading to the (ineffective!) mean value inequality

a(0) <Cm) | axx)(Au)’dx.
B

Still, there follows an L® Hessian bound for the solutions u (x) to (1.1) in terms of the L3
norm of the Hessian D2u, improving a result in [14].

3 Proof of Theorem 1.1

By scaling v (x) = u (Rx) /R2, we assume R = 3, and we assume Du(0) = 0 and K is
K +11in (2.16) for simplicity. By Proposition 2.1, b(x) is a smooth subsolution of linearized
operator (2.2) when A4, (x) > A(n, K) is sufficiently large. Redefining it as

1 1
b (x) = max {Zlnxm x), ZlnA (n, K)} ,
we see that b (x), as the maximum of two smooth subsolutions, is a viscosity subsolution

of linearized operator (2.2). By Proposition 2.4, we conclude it satisfies the mean value
inequality

b(0) < C(n, K) b(x)Au(x)dx.
B

Our next step is to apply the integral Jacobi inequality. Introducing a cutoff function ¢ = 1
on B; and ¢ = 0 outside B>, we integrate by parts:

/b(x)Au(x)dxf/ ©*b(x)Au(x)dx
By B
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= —/ ¢*Db-Dudx —2 | (¢b)Dy - Dudx.
By B>

The second term is easy to control if we invoke b < C(n, K)InA;0x < C(n, K)Apax <
C(n, K)Au:

—2/ (pb)D¢ - Dudx < C(n, K)||Du||Loo(32)/ Audx < C(n, K)”Du”%oo(Bz).
By B
For the first term, we start with

—/ ¢2Db~Dudx < C(n)||Du||Lo0(32)/ |Db| dx.
By B

Next, the idea is to bound |Db| by F;;b;b;. Assume that D%u(x) is diagonal at x = p, with
uii = A and Ay > -+ > A, Write |Db(p)| < X1, |bi(p)|. Fori = 1:
b1l < fibT + 1/ fi < fib} + C(WAnax,
since f1 > c(n)/A1 from (2.4). For each fixed i > 2:
Ibil < fib} + 1/ f; < fib} + C(),
since f; > ([— 1) A > (ﬁ— 1) 2/n from (2.4) and (1.1). We conclude that in By,
|Db| < F;jbibj + C(n)Au,

where we used Au > /2n/ (n — 1). Therefore, we see there is one term left to estimate:
/ |Db| dx f/ F,'jb,'bjdx+C(I’l)||Du||LoO(BZ).
B> B

Let @ be another cutoff, defined by ®(x) = 1 on B;, and ® = 0 outside B3. Applying the
integral Jacobi inequality (2.15) with ¢ = ®2, we can write

1
/ ®*F;jbib;dx < —2/ Fij®;(®b;)dx < f/
B3 B3 2

CDZF,'jbibj dx +2/ F;j®;®;dx
B3

B3
or

/. QZEjbibjdx§4/ FijCDiq)jdx.
B3 B3

Thus, it remains to estimate this final integral. Assume again that D%u(x) is diagonal at
x = p. Then at p, it is easy to estimate the integrand:

n
Fij(bi(bj:fiq)izfczfi =C-(n—1) Au.

i=1

We conclude the final integral has the desired bound:
/ Fiqui(Dj dx < C(n)||Du||L00(33).
B3

Putting all the above pieces together, we conclude
b(0) < C(n, K)|| Dull7oo gy

which completes the proof of Theorem 1.1.
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