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We show that every complete entire self-shrinking solution on complex Euclidean space

to the Kahler-Ricci flow must be generated from a quadratic potential.

1 Introduction

In this note, we prove the following result.

Theorem 1.1. Suppose that uis an entire smooth pluri-subharmonic solution on C™ to

the complex Monge-Ampeére equation
Indet(y,;) = x- Du—u. (1)
Assume that the corresponding Kéhler metric g=(w,3) is complete. Then, u is

quadratic. O

Received March 21, 2013; Accepted March 10, 2014
Communicated by YanYan Li

© The Author(s) 2014. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.

102 ‘¥T |1udy uo 159nb6 Aq /610°sjeusnopioxo uiwi//:dny wouy papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

2 G.Drugan et al.

Any solution to (1) leads to a self-shrinking solution v(x, t) = —tw(x//—t) to a

parabolic complex Monge-Ampere equation
v =Indet(v,z)

in C™ x (—o00, 0), where z* =x* + /—1x™**. Note that the above equation of v is the
potential equation of the Kéhler-Ricci flow 9:g,5 = —R,3. In fact, the corresponding met-
ric (u,p) is a shrinking Kéhler-Ricci (non-gradient) soliton.

Assuming a certain inverse quadratic decay of the metric—a specific complete-
ness assumption—Theorem 1.1 has been proved in [2]. Similar rigidity results for self-
shrinking solutions to Lagrangian mean curvature flows were obtained in [2, 7, 8].

The idea of our argument, as in [2], is still to force the phase In det(ualg) in
Equation (1) to attain its global maximum at a finite point. As this phase satisfies an
elliptic equation without the zeroth order terms (see (3)), the strong maximum principle
implies the constancy of the phase. Consequently, the homogeneity of the self-similar
terms on the right-hand side of Equation (1) leads to the quadratic conclusion for the
solution.

However, the difficulty of the above argument lies in the first step: Here, we can-
not construct a barrier as in [2], which requires the specific inverse quadratic decay of
the metric, to show the phase achieves its maximum at a finite point. The new obser-
vation is that the radial derivative of the phase, which is the negative of the scalar
curvature of the metric (4), is in fact non-positive; hence, the phase value at the origin is
its global maximum. The non-negativity of the scalar curvature is a result of Chen [3], as
the induced metric g(x, t) = (ualg(x/\/—_t)) is a complete ancient solution to the (Kdhler—
)JRicci flow. Here, we provide a direct elliptic argument for the non-negativity of the
scalar curvature for the complete self-shrinking solutions (in Section 3, after necessary
preparation in Section 2, where a pointwise approach to Perelman'’s upper bound of the
Laplacian of the distance [9] is also included). Heuristically, one sees the minimum of
the scalar curvature is non-negative from its inequality (6); it is definitely so if the mini-
mum is attained at a finite point. Note that a thorough study of the lower bound of scalar

curvatures of the gradient Ricci solitons is presented in [5, Chapter 27].

2 Preliminary Results

For the potential u of the Kahler metric g=(g,3) = (y,3) on C™, we denote the phase

i)

5455 The “complex

by @ =Indet(y,3). Then, the Ricci curvature is given by R,;=—
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Rigidity of Complete Entire Self-Shrinking Solutions 3

scalar curvature is R= g“BRD,B (R is one-half of the usual “real” scalar curvature). Let
p(x) denote the Riemannian distance from x to 0 in (C™, g). For a solution u of (1), we

derive the following equations and inequalities for those geometric quantities.

2.1 Equation for phase ¢

1

Since u is a solution of (1), the phase satisfies the equation @ = 3

x- Du— u. Taking two

derivatives,
oo L D (2)
—R,;=——==-x-Duy;.
Rep = 5792 = 2 e
Differentiating @ = Indet(w,z),
_ o _
D® =g"" Du,g.
Combining these equations, we obtain
; 020 1
p =_x-Do. 3
I omp 2 )
In particular, we have the important relation
R=-1x-Do. (4)

2.2 Inequality for scalar curvature R

Differentiating R=—}x- D® twice and using R,; = ——aﬁfé,’;ﬂf
%R 32 1 D 32 N 1 D )
J—— — —X- _ = 2 —X - 2.
972 9ZP 0749zf 2 9729zP Rup 2 Rup

Also, differentiating R= g“‘g R,z
DR=—g"" Duysg” R,5 + g/ DR, 5.
Hence, by (2),

3%X-DR=—g"" (3x- Duz)g"’ R,5 + g ;- DR,

=g (Rya)gsﬁRaﬁ + gaB%X “DR,z.

102 ‘¥T |1udy uo 159nb6 Aq /610°sjeusnopioxo uiwi//:dny wouy papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

4 G.Drugan et al.
Coupled with (5), we obtain

wﬁaz_R_lX.DR:R_gWgSBRu,R,8<R_le
02978 2 pEYe = m-

or equivalently

2
«f 0°R

<1X DR+R—iR2 (6)
0z297F ~ 2

2.3 Inequality for distance p

Fix a point x € C™, and let p = p(x). We assume that x is not in the cut locus of 0. Since
(C™, g) is complete, there is a (unique) unit speed minimizing geodesic y : [0, p] — C™
from 0 to x. We introduce a vector field X(r) along x(r) defined by X = x*-L + X'g%,
where we regard x € C™ as a tangent vector. Note that X(0) =0 and X(p) = Xi%;

We proceed to compute the directional derivative x - Dp(x) using the metric g:
x- Dp(x) =(X(p), Vgp)g =(X(p), X (p))

rd . r .

=J d—(X(t), x(7))dr =J (Ve X(7), x(v))dr
o at 0

where the tangent vector x(r) = d%x and for simplicity of notation we have dropped the

subscript g in the inner product (, )4. To calculate the above integrand, we first compute

the covariant derivative of X along x:

O S CEL Y L R N
X =0 gm K g Vi g X Vg

I % Ay B
XA XX 5 T X gk s

Then, using the identity I}, g,5 = w5 (for a Kéhler potential) and (2), we have
(VX §) =1+ X Dusi“x” =1 - 2R3 x".

Therefore, we have the formula

o _
X.Dp(x):p(x)—J 2R, ;%% x” dz. (7)
0

We have the following estimate for the Laplacian of the distance function p.

102 ‘¥T |1udy uo 159nb6 Aq /610°sjeusnopioxo uiwi//:dny wouy papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

Rigidity of Complete Entire Self-Shrinking Solutions 5

Lemma 2.1. Suppose Ric <K on By(0, pp) for pp > 0. If p(x) > pg and x is not in the cut

locus of 0, then

b 0 [Pl e T Ly Do — Lo (®)
I 9oz VS| T2p, 3P| T X PP T 5P

Proof. The mean curvature H of the geodesic sphere 9B,4(0, p) with respect to the nor-
mal Vg4p equals %Agp. As calculated in [1, p. 52], H satisfies the following differential
inequality:

H,>H?*+

Ric(V,p, Vyp).
om — 1 (Vgp, Vgp)
Let H = _71 + b. Since the Riemannian metric g is asymptotically Euclidean as p — 0, we
know b is bounded for small p (in fact O(p)). We then have a corresponding inequality

for b:
1 1 1

— +b,> = —2-b+b? Ric(Vyp, Vgp),
,02+p_,02 0 + +2m_1 1c(Vgp, Vgp)
and consequently
2 23,2 p? p?
(pD), = p°b% + o Ric(Vgp. Vgp) = o Ric(Vgp, Vgp).

Integrating along x(t), we arrive at

1 L0 1'2 . o
b(x(po)) = —J ——— Ric(y, x) dr.

pg 0 2m —_— ].
Then, for p > pog,
0
H(x(0)) = H(x (p0)) + J H, dr
Lo
p . . .
> Hx(p0)) + J S Ric(, ) de

£0 m—1

p

Ric(x, x) dr.

-1 1 (™ 72 o 1
>—+ J Rlc(x,x)dr+J Tr—

pO pg 0 2m - 1 Po
Substituting back Agp = —(2m — 1)H and recalling x = x (p), we obtain

2m —1

Agp <
J Po

o Po 2
—J Ric(x, x) dr +J (1 — —2) Ric(x, x) dr, 9)
0 P

0 0
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when p > po. In fact, this estimate was first derived in [9, Section 8] (by a second variation
argument).

Note that the Riemannian Laplacian A, = 2g* aszzzﬁ and Ric(x, x) = 2Ra/§)'(°‘)'(/§.
Then, (8) follows from combining (7) with (9). [ |

To prove Theorem 1.1, we will also need an inequality for p¥(x) = distance from
xto yin (C™, g). Following the previous argument and using (X — y';%;) instead of X for

the vector field along x, we have the following lemma.

Lemma 2.2. Suppose Ric <K on By(y, po). Fix A> po, and let xe By(y, 4). If p¥(x) > po

and x is not in the cut locus of y, then

_ aZpY

of 2m -1 1
g =
02207zf

1 1
(x) < + -Kpo |+ zx- Dp¥(x) — -p¥(x) + CoAl¥l, (10)
200 3 2 2

where the constant Co only depends on the “Euclidean” norms of Du,; and g !in
By(y, A). 0

Proof. Arguing as above, let x be the unit speed minimizing geodesic from y to x. Using
(X — ¥*5%) for the vector field along x (note that X(0) = y*;%), we have

. . 3 pY(X) . . 3
2Ruﬂ-x°‘xﬁ dT_J y-Duagx"‘xﬁ dr.
0

pY(x)

(X—Y)'D,OY(X)=,OY(X)—J
0
The conclusion of the lemma follows, as above, from combining this equation
with (9). [ |

3 Proof of Theorem 1.1

First, we prove the scalar curvature R > 0 on complete (C™, g). Choose a cutoff function
¢ suchthatgp=10nl0,1],¢ =00n2, 00), ¢’ <0, |¢'| <C1¢0'/?, and |¢” — 2(¢')?/¢| < C20"/?.
For any small pp > 0, K = K(po) can be chosen so that Ric< K on By(0, 2pp). Fix A> po,
we derive an effective negative lower bound (11) for R on By4(0, A). Set R=¢(p/AR. If
R <0 at some point in By4(0,24), then R achieves a negative minimum at some point
pe By(0,24), as By(0, 24) is compact for each A> 0 by the completeness of (C™, g). We

consider two cases.
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Case 1: pis not in the cut locus of 0. Then, p is smooth near p, and we have
- ¢// ¢/
AgR= < + = Ag,o> R+ ¢A4R+2(Vé, VR),

where we have used |Vp| = 1. In order to have a linear differential inequality for R with

smooth coefficients (even for the Lipschitz function p), we rewrite

(V¢,VR)=( V¢, — VR _VoR\ - vI—E{ E — |V¢|2R
’ B ¢ ¢? R ¢ P

s - —<E VR> (¢/)2R,
R R A2¢

R 2
R<0—<V—F{,Vﬁ> (¢)

R A2¢>

Using Ay = Zg‘“éﬁ, the inequalities (8) and (6) for p and R, and the inequalities for ¢,

we obtain

.5 0°R $R=0 1 o 2(¢)? R+¢/R 2m—1+1K +1X Do)
9 9z = 242 & A 2p | 3P0) TR

1, VR
+ ¢ X DR+ R— —R" ) —({— VR
m R’

C2 1) Ci(2m—-1 1 12 P R?
<—¢"?|Rl+ — -K 2|R| — —
_2A2¢ IR+ A 2p0 +3 po )¢ IR m

+R+ix.pR-(YE ,VR
_X. —
2 R
_ &@m, po)

=—x + R+b(x) DR,

where b(x) is a smooth function and C(m, pg) is a constant that depends only on m, po,
C,, and C,. Since R achieves its minimum at p, we have ﬁ(p) > —% and R> —%
on By4(0, A).

Case 2: p is in the cut locus of 0. Then, p is not smooth at p, and we argue
using Calabi’s trick [1, p. 53] of approximating p from above by smooth functions (cf. [4,
pp. 453-456]). For completeness, we include the argument here. Let x be a unit speed
geodesic from 0 to p that minimizes length, and define p, = p*® + ¢, where p*® is the
distance to x(¢). Then, p.(p) = p(p) and p. > p near p. Since p is not in the cut locus of

x (¢), we know that p, is smooth near p. Let R. =¢(p:/A)R. Then, R. is smooth near D-
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Furthermore, since ¢ is decreasing and R < 0 near p, the above properties of p, show that
R.(p) = R(p) and R, > R near p. It follows that R. has a local minimum at p. Arguing as
we did in Case 1, and using Lemma 2.2 to estimate p., we have

; 0°R._C(m, po)) = . R
of .
i = gp T R+ b(x) - DR+ = F[Co2Ax ()]l

where b(x) is a smooth function, C (m, pg) is a constant that depends only on m, pg, C,
and Cz, and Cy is a constant depending on the “Euclidean” norms of Du,; and g~! in

Bg4(0, 2A). Note that we may choose Cy independent of (small) e. At p, we have

C , 'R
% - %(p)[COZAlx(E)l]-

R(p) = -
Taking ¢ — 0, we arrive at the inequality R(p) > —W, which shows R> —% on
B,(0, A).

Combining Case 1 and Case 2, we have shown that

_C(m. po)

R> 2

on By(0, A). (11)
Taking A— oo, we arrive at R>0 on C™.

Now, we finish the proof of Theorem 1.1. Since R > 0, it follows from the equation
op 8?35;, =—2x-D® that @ achieves its global maximum at the origin. Applying
the strong maximum principle to Equation (3), we conclude that @ is constant. Using

R=—g

ix-Du—u= &, we have

}x- Dlu+®(0)] = u+ &(0).

Finally, it follows from Euler's homogeneous function theorem that smooth u+

®(0) is a homogeneous order 2 polynomial.

Remark. In fact, one sees that the Lipschitz function R (on the set where R<0) is a
subsolution to
_ 927

0“R - C(m, po)

op R+bx) -DR
or = a2z TR

in the viscosity sense by using the same trick of Calabi. It follows from the comparison
principle (cf. [6, p. 18]) that the same negative lower bounds for R and hence R can be
derived. O
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