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Rigidity of entire self-shrinking solutions to
curvature flows

By Albert Chau and Jingyi Chen at Vancouver, and Yu Yuan at Seattle

Abstract. We show (a) that any entire graphic self-shrinking solution to the Lagran-
gian mean curvature flow in C" with the Euclidean metric is flat; (b) that any space-like
entire graphic self-shrinking solution to the Lagrangian mean curvature flow in C" with
the pseudo-Euclidean metric is flat if the Hessian of the potential is bounded below quad-
ratically; and (c) the Hermitian counterpart of (b) for the Kédhler Ricci flow.

1. Introduction

Self-similar solutions to curvature flows play an important role in understanding the
general behavior of the flow and the types of singularities that can develop. For mean cur-
vature flow, self-shrinking solutions arise naturally at a type-I singularity from Huisken’s
monotonicity formula [7]. More precisely, these are ancient families of immersions
F(x,t): X x (—00,0) — R" of some manifold £ into R which solve the mean curvature
flow equation

d l
1 —F) =H
) (%)
d l

simply by scaling F(Z, ) = /—tF(X,—1). Here (E F > is the normal component of the

d . :
vector EF and H is the mean curvature of F(Z,¢). It follows that F(x, —1) satisfies the
equation

(2) H+%Fl:o.

Conversely, if an embedding F satisfies (2) then the corresponding solution to the mean cur-
vature flow will be a self-shrinking solution. If a Lagrangian graph {(x, Du(x)) tXE [R{"}
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2 Chau, Chen and Yuan, Rigidity of entire self-shrinking solutions

in R?" satisfies (2), then up to an additive constant the potential function u solves
, 1
(3) arctan 4 (x) + - - - + arctan 4,(x) = 7% Du(x) — u(x)

where 4;(x), ..., ,(x) are the eigenvalues of the Hessian D?u of u at x € R". The first main
result in this note is the following Bernstein type rigidity for entire self-shrinking solutions
for Lagrangian mean curvature flow:

Theorem 1.1. If u(x) is an entire smooth solution to equation (3) in R", then u(x) is

1
the quadratic polynomial u(0) + 3 (D*u(0)x, x).

n
When R* = {(x, y) : x, y € R"} is equipped with the indefinite metric _ dx; dy;, if a
i=1
space-like gradient graph {(x, Du(x)) tXE R”} satisfies (2) then up to an additive constant

the potential « is convex and satisfies the elliptic equation

(4) Indet D*u(x) = %x - Du(x) — u(x).
We have

Theorem 1.2.  If u(x) is an entire smooth convex solution to (4) in R", then u(x) is the
1
quadratic polynomial u(0) + 3 (D*u(0)x, x», provided either

2(n—1+49)

(i) D*u(x) = ? 1 for any 6 > 0 as |x| — oo

|x
or

(1) u is radially symmetric.

Finally, we also consider the Hermitian analog of (4) and Theorem 1.2. Namely we
consider real valued functions v : C" — R satisfying

(5) Indet 90v(x) = %x - Du(x) — v(x)

on C™. This is closely related to the Kdhler Ricci flow as we describe in Section 4. We
prove

Theorem 1.3. If v(x) is an entire smooth pluri-subharmonic solution to (5) in C", then
1
v(x) is the quadratic polynomial v(0) + 3 {D*v(0)x, Xygom, provided either

2m—1+0

(i) 0v(x) = 5—1 for any 6 > 0 as |x| — oo

2|x|
or

(i) v is radially symmetric.
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By using existence [1] and uniqueness [3] results for the Lagrangian mean curvature
flow, the rigidity of self-expanding, self-shrinking and translating solutions for the Lagran-
gian mean curvature flow was studied in [2] when the Hessian of the potential function is
uniformly bounded between —1 and 1. The same rigidity for self-shrinking and translating
solutions with arbitrarily bounded Hessian was derived from a Liouville type property for
ancient solutions to parabolic equations in [8] (for self-shrinking solutions, a special case of
[8] was treated recently in [6]). Theorem 1.1 improves the previous results on self-shrinking
solutions by dropping the assumption on Hessian completely. For the pseudo-Euclidean
case, under a similar assumption on the Hessian as in Theorem 1.2, namely quadratically
decaying lower bound, the Bernstein type result was obtained in [6]. However, our method
is completely different and much simpler, and further, gives a slightly sharper constant
in the assumption on the Hessian (when scaling to the same equation (4)). Recently, it
was shown in [10] that any entire graphic hypersurface solution to (2) must be flat, hence
generalizing an earlier result in [4].

A key ingredient in our arguments, for each of the three cases above, is that a natural
geometric quantity, involving second order derivatives of the potential function, obeys a
second order elliptic equation with an “amplifying force”. We then construct a barrier
function to show that the quantity is constant via the maximum principle. Finally, the
homogeneity of the lower order terms in the equations implies the potentials are quadratic
polynomials.

2. Proof of Theorem 1.1

We point out that if u satisfies (3) then v(x, ) = —tu< al ) satisfies

V-t

/12
ot \/det(I + D*vD)

(6)

on R" x (—o0,0) and the family of embeddings F(x,?) = (x, Dv(x,?)) from R" into R
solves the mean curvature flow (1) (cf. [9]). While this connection is our main motivation
to study (3), we will not use (6) explicitly in our following proof of Theorem 1.1.

Let z; = x; + v/—1y; be the standard complex coordinates on C" = R*". The phase
function ® on a Lagrangian submanifold X" is defined by

dzi A~ Adz, v-1e dsn

> =e
and when X" is a Lagrangian graph {(x, Du(x)) IXE IR”} in C", ® takes the form
(7) ® = arctan A; + - - - + arctan 4,

o°f . .
mbYﬁr--h fork=i+---+1.

1 I

(cf. [5]). For simplicity, for a function f, we denote
Let

A= (4;)=1+vV—-1D*u, (A47)=47",

B = (B;) =1+ D*uD*u, (B")=B"".
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Observe that

(8) B=(I-vV-1D*u)A and A~ '=B'(I—-V-1D%)
and
det 4
9 0=—V-llog———.
©) Og\/detB

Then we can differentiate (9) as follows:

n . 1 .
(10) Or=—-vV-13 (AUAM —EB’JBU-JC)

i j=1

n . 1 ..
=—v-1> <B’l(51j — VvV —=luy) - vV —luy — = BY -2u,-1u/jk>

i1 2

n .. n ; i
= > Blug — V-1 3 (B ujuge — BVuguy)
i,j=1 i,j,1=1

n .o
i
= E Bfu,-jk,
ij=1

where we used the symmetry of B.

Differentiating equation (3), and using (7) we have

1 1
11 i = —=<U — 'Di
(11) (© Tk —|—2x u
and
1 |
(12) 0, = 3% Duy; = ikglxku,-jk.

Note that B is just the induced metric g of £” in C" with the Euclidean metric. It follows
from (12) and (10) that © satisfies the following elliptic equation of non-divergence form:

noo 1
(13) > §70;(x) — 5% DO) = 0
i,j=1

. o 1
with the “amplifying force” 7% DO(x).

Next, we construct a barrier to show @ attains its global maximum at an interior
point. Take a radially symmetric function

(14) w(r) = er' ™ + max{©}

0B,

AUTHOR'S COPY | AUTORENEXEMPLAR



AUTHOR’'S COPY | AUTORENEXEMPLAR

Chau, Chen and Yuan, Rigidity of entire self-shrinking solutions 5

where ¢ is any positive constant and B, is the ball in R” centered at the origin with radius

ro =+/2(n—1+9). For |x| =r = ro, we have

n—1 r
(15) »vrr—&—Tw,ﬁ—Ew,,éO

where
w, = e(1 +6)r’ > 0,

Wy = —w, > 0.
r

Also for each x #+ 0, we can find a rotation of coordinates in R" so that we have the follow-
ing similarity of matrices:

Wyp
Wy
D*w(r) ~ r >0
w,
B
Observe that
(16) g ' =U+DuDu) <1
Thus we have
(17) tr(g~'D*w) < tr(ID*w).
Hence, when |x| = ry we have
noo 1 1
(18) Zg]wij—§x~DwgAw—Ex-Dwéo,

i,j=1
where A is the Euclidean Laplacian on R” and we have used (15) in the last inequality.

So far we have

noo 1 noo 1 .
(19) ZQUWU—EX-DW§ Zg”@,-j—zx-D@ if ro < x| < 0
i,j=1 i,j=1

with comparison along the boundaries:

(20) w=erg™ + I?Bax{é)} > 0O ondB,
B,
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6 Chau, Chen and Yuan, Rigidity of entire self-shrinking solutions
and
(21) w(|x|]) > O(x) when |x| — oo,

since ® is bounded while w(|x|) — oo as |x| — co. By the weak maximum principle, we
get

(22) ol + max{©} = w(lx)) = O(x)

0

for all |x| = ry. By letting ¢ go to zero, we then conclude that ® achieves its global maxi-
mum on R” in the closure of the ball B,,. Applying the strong maximum principle to (13),
we immediately see that ® is a constant.

Now from (12), for any i, j we have
(23) X - Du,;,- =0.

Euler’s homogeneous function theorem asserts that u; is homogeneous of degree 0.
Moreover, the function u; is smooth at the origin, therefore u; is constant. It follows
from (11) that u is the quadratic polynomial in the claimed form. This completes the proof
of Theorem 1.1.

Remark. Denote F(x,7) = (x,Dv(x,7)). Then by recalling v(x, 1) = \/—tu< al )
we have that (13) is equivalent to Vi

(24) B S e,

It is known that if F(x, ) satisfies the mean curvature flow equation F, = H(F) and F is
Lagrangian, then its phase function ® satisfies

00(F)
ot

= Ag@(F)

where A, is the Laplace operator of the induced metric g on the time slice F(-,7). The
non-divergence structure of (24) is due to the fact that F satisfies the mean curvature flow
equation up to tangential diffeomorphisms.

3. Proof of Theorem 1.2

We note that if u satisfies (4) then v(x, ) = —tu( al > verifies

V-t

(25) %: In det D*u(x)
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on R” x (—0,0) and the family of embeddings F(x,?) = (x, Dv(x,)) from R” into R*"
solves the mean curvature flow (1) with respect to the pseudo-Euclidean background metric

n

ds> =" dx"dy’ on R* (cf. [6]). Again, while this connection is our main motivation to
i=1

study (4), we will not use (25) explicitly in our following proof of Theorem 1.2.

From (4), we see that D?u > 0. Set ¥ = Indet D*u. We have
K S
Vi= > v = 3 9" uwi
k=1 k=1

where g~! is the inverse of the induced metric g of the graph (x, Du(x)) in R?" with the

pseudo-Euclidean metric above. On the other hand, by differentiating equation (4) twice
we obtain

1
Py (x) = 5 Duy(x)

and hence,

(26) _flngi,(x) - %x . D¥(x) = 0.

Next, as in the previous section, for any ¢ > 0 we take a radially symmetric function
w defined by

(27) w(r) = erl ™ + mgx{—‘P}.

It is clear that for r positive
(28) w, = e(1 4 9)r° > 0,
Wy = —w, >0,
r

2

r r
—2(n_1+5)Aw—§w,—0,

where A is the Euclidean Laplacian on R” and
D?*w > 0.

By assumption (i) in Theorem 1.2, we have
|2

(29) g =D < 2n—1)+25

I.
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8 Chau, Chen and Yuan, Rigidity of entire self-shrinking solutions

2(n—149)

x|
number as in the assumption for simplicity. Otherwise, we just replace 1 by the large num-
ber, and our arguments go through as well. Thus

Here we assume D%u > I for |x| > 1 instead of |x| being greater than a large

r2

12,0 < 2

(30) tr(g~ Dw) < =172 tr(ID*w)
and it follows that

(31) Zn: yw~~—lx Dw < LAw—lrw =0

9T =2n—1)+20 " 2"

where we have used (28) to conclude the last equality.

Thus far, we have

noo 1 noo 1
(32) > 9wy — 7% Dw< > g"(=%); — 5X D(-Y).

ij=1 ij=1
Also, we have that along the boundaries

w(lx|) =e+ nall?x{—‘l’} = —¥Y(x) ondB

and
w(lx|]) > —=¥(x) as|x| =
by the assumption on D?u in (i). The weak maximum principle then implies

£|x\1+‘5 + H(,}Iéglx{—‘l’} =w(x) = —¥(x) forany xe R"\B;.
0B,

Letting ¢ — 0, we obtain

nalgx{—‘ll} > —W¥(x) foranyxe R"\B.
0B

So ¥ attains its global minimum on R” in the closure of B;. Hence Y is a constant by ap-
plying the strong maximum principle to equation (26). Now as in the proof of Theorem 1.1,
we conclude that u must be the quadratic polynomial in the desired form by differentiating
equation (4). Part (i) of Theorem 1.2 is proved.

If instead of assumption (i) in Theorem 1.2 we assume that u is radially symmetric,
then W is also radially symmetric and depends only on |x|. It follows that ¥ must then
attain either a local maximum or a local minimum over any open ball B in R". The strong
maximum principle then implies W is constant in B, and hence in R”. As before, we con-
clude that u is quadratic. Part (ii) of Theorem 1.2 is proved.
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4. Proof of Theorem 1.3

Equation (5) is in fact closely related to the Kdhler Ricci flow equation

995

(33) ot ij*

Indeed, if v is a strictly-plurisubharmonic solution to (5), then it follows that

u(x,t) = —tv <i> solves the parabolic complex Monge—Ampére equation

V-t

u_ In det(0du)

(34) or

and the Kahler metrics g;; = 0;0;u will evolve according to (33). Although g;; in general
is not a gradient shrinking Kéahler Ricci soliton, Peng Lu pointed out in an oral communi-
cation that it is a shrinking Kéhler Ricci soliton. In particular, for every ¢ € (—o0,0) the

biholomorphism z — ~Z _isan isometry from (C™, gl.j—(t)) to (C™, gl.f(—l)).

Vv —t
Conversely, a self-similar solution of (34) u(x,1) = —tv <x> leads to
V-t
= ( x I x X X
35 noov|—)=z— -Dv|— | —v|l—=.
o wa(n) =y () ()

For a solution v to (5), introduce the notations
®(x) = Indet(d0v(x)),
g7(x) = 7 (x).

In the following, we verify

m - 1
(36) > 97®;(x) — 3 DO(x) =0.
ij=1

We first calculate

m - m —
D, = > gk/vkl—,. and ®@;= >’ gklvkl—j—
k=1 k,1=1

therefore

X DO =3 (20, @ + 50:,®0) = > g"(zkv,5 + ZkU;77)-
=1 i k=1 :
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On the other hand, from (35) we have

ij

m .7 m .7 1
2 9"0z= > 9" (EX‘DU - v)
1 i

inj= i.j=1

ij

m /1 m
= Z g¥ <§ Z(Zkazkv + Z_ka_;kv) — U>
k=1

inj=1

1 m i B
=5 2 9" (@ + Zkvgg),
i\j k=1

from which we conclude that equation (36) holds.

Now take the radial barrier function
w(r) = erl ™ + r%lgx{—d)}
D]

as in the previous section. Then we have

B = _
2m—1+0) Aw(|x]) 5 X Dw(|x]) = 0.

Moreover, the assumption on the complex Hessian ddv implies

2r?
P —
I =om—1+0
- 2m—149 . .
Here we assume dov = M[ for |x| > 1 instead of |x| being greater than a large

2|x|
number as in the assumption for simplicity. Otherwise, we just replace 1 by the large num-
ber, and our arguments go through as well. Note that dow > 0, it follows that

2|x|? 1 1
1] —Aw—=x-Dw=0.

m - 1
l] Pr . S
29wy x D s Gr 5 A

ij=1 2

Then as in the proof of Theorem 1.2, the weak maximum principle implies the smooth
function —® achieves its global maximum in the closure of B; and the strong maximum
principle asserts @ is constant. In turn, we conclude that v is the quadratic polynomial in
the claimed form by differentiating equation (5). Part (i) of Theorem 1.3 is proved.

The radially symmetric case part (ii) follows exactly as in the proof of Theorem 1.2.

Acknowledgment. We are grateful to Peng Lu for the discussion about Kéhler Ricci
solitons.
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