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ABSTRACT. We show that any global convex solution to the Sigma-2 equation
must be quadratic.

1. Introduction. In this note, we show that any global convex solution in R" to
the Hessian equation
Ok (D2u)20'k ()\): Z /\il"')\ikzl
1<ip < <ipg<n
with & = 2 must be quadratic. Here \;s are the eigenvalues of the Hessian D?u.
Classically any global convex solution in R™ to the Laplace equation oy (D2u) =
Au = 1 or the Monge-Ampere equation o, (D*u) = det D*u = 1 must be quadratic.

Theorem 1.1. Let u be any smooth solution in R™ to oo (Dzu) =1 with D%*u >

[(5 -, /ﬁ} I for any § > 0. Then u is quadratic.

The lower bound D?u > (6 — K) I with K = /2/n (n — 1) forces the Hessian, or
the eigenvalues A on the positive branch of o3 (\) = 1. (Because o1 (\) < —nK for
A on the negative branch of o3 (A\) = 1.) We really need this particular bound K =

2/n(n —1) in our argument for the convexity of a corresponding new equation.
The solution u satisfies the above elliptic equation o5 (Dzu) = 1 with convex level
set {\ | o2 (\) = 1}. However the ellipticity is not uniform even under the strict
convexity assumption on u, D?u > 0. The standard Evans-Krylov-Safonov theory
does not apply. To apply this theory, we make a Legendre-Lewy type transformation
of the solution u so that the new function has bounded Hessian (Step 1); the new
corresponding equation is convex (only under the particular assumption D?u >

[(5 —/2/n(n— 1)} I, Step 2.1); and the new equation is uniformly elliptic (Step
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2.2). The standard theory on Hélder estimates for the Hessian leads to our theorem
(Step 3).

We guess that Theorem 1.1 should still be true under the semiconvexity assump-
tion D?u > —K I with arbitrarily large K, even for general equation oy, (D2u) =1
with 2 < k < n — 1. At least this is the case when n = 3 and k = 2; see [4, Theo-
rem 1.3] where a different transformation and the geometric measure theory were
employed.

2. Proof. Step 1. We first make a (Legendre-Lewy type) transformation of the
function u so that the Hessian of the new function u is bounded from both sides. The
negative 4 is the Lewy type rotation of u, which in turn is nothing but the Legendre
transformation of the function w (z) = u (z) + 3K |z|” ; see [1]. Geometrically the
Legendre transformation is to re-present the “gradient” graph G : y = Dw (z), or
(x, Dw (z)) C R™ x R™ over y-space (that is, to switch x and y coordinates) as
another “gradient” graph in R?". Any tangent vector to G takes the form

(e,D*we) or ((D2w)71 e, é),

where vector e is in x-space and € is in y-space. Note that the (canonical) angles
between the tangent planes of G and x-space are

arctan (\; + K) € [arctand, g)

by the semiconvexity assumption A\; > 6 — K. From this angle condition and the

symmetry of (D2w)_1 , it follows that GG can still be represented as a “gradient”
graph Z = Dw (y), or (Dw (y),y) over the whole y-space; further

arctan \; = g —arctan (\; + K) € (0, g — arctan 0],

where \;s are the eigenvalues of the Hessian D?w.

Therefore, the entire function @ (y) = —w (y) satisfies
1 _
—s1<D%i=—(D’u+K) " <0
or
A ! el ! 0), equivalently A ! K>6-K
= oY) v = T — 0= A,
MK S ' N

where \;s are the eigenvalues of the Hessian D24.

Remark. In the “gradient” graph space R"™ x R™ = C", the Legendre trans-
formation is a m/2-U (n) rotation followed by a conjugation. The transformations
described in [4] are U (n) rotations with arbitrary angles.

Step 2.1. We next show that the Hessian D?% is on a convex hyper surface in the
symmetric matrix space. By calculating the double derivatives with the chain rule,
or writing symmetric convex functions as maxima of linear functions with certain
properties, we only need to verify the eigenvalues of D?% sit on a convex level set
in the \ space.

Let

g(X) = oy (—%—K,---,—L—K) = (N) = f(N).
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Note
! Ly =) 21 (8) (0 e
02(—5\—1—1(, ,_E_K)_ Un(:\) +(n—1)KW+<2)K
ZM—F(TL—DKM—FL
Un(/\) Un(/\)

where we used K = \/m , then the level set
F:{:\|g(:\) :1}:{:\ | op—2 (:\)—I—(n—l)Kan,l (:\) =0, 5\i<0}.

It follows from an old result (cf. [2, Theorem 15.16]) that ' is convex.

Remark. The level set I" is saddle for large K and n > 3 in general.

Step 2.2. We now show that @ satisfies a uniformly elliptic equation. We only
need to demonstrate that the normal to the level set I' is uniformly inside the

positive cone {5\ | A >0 fori=1,--- ,n}, when =671 < X\; <Oor \; >0 — K.
To achieve this, we multiply the gradient Dg by a (conformal) factor and show the

resulting vector is uniformly inside the positive cone.
The gradient Dg has components

95 (:\) = fAi;\%g =[o1 (A) = A (N + K)°.

Let
N ! D
= g
VAN 1+ A2)
(01 =20) Qa4 K)o (01 = M) O+ K)?)
VI 1+ A2) '
Remark. For n = 3 still with o2 (A) =1, N also takes the form

N (()\1+K)2 (N + K)° (A3+K)2>

L+A7 7 1423 7 1+ A3
We proceed with the following simple algebraic lemma.

Lemma 2.1. Assume F (D?*u) = o2(\) = 1 and X is on the positive branch
{A o2(N) =1, o1 (\) >0}. Then

1
01— A >V

o1 — A2 A1

(Fuij): > c(n)
01— A\ A1
when D3 is diagonalized with eigenvalues \y > -+- > \p.

Proof. This lemma follows from the argument for Theorem 1 in [3]. For complete-
ness, we include a proof.
The matrix equality is straight forward. We prove the inequalities. Denote

Oksivia (/\) = 0Ok (/\) |>\'L1 =i, =0-



662 SUN-YUNG ALICE CHANG AND YU YUAN

We go with o1 — A\ = 0q;1 first. Note

021+ Ao =02 =1

and ) )
o1.1)” = [(0, A2, -+, An 1
- (01:1)” = [( x 2 " 5(01;1)27
then .
5 (0'1;1)2 + /\10'1;1 —1>0.
By the assumption that A is on the positive branch of o5 (\) = 1, it is standard that
(90'2
1 =—=—>0.
TN

Hence we get

2
o1l > A /A2 42 = > )
o ' ! MHVAZE2 T N

The last inequality is from the fact that

1
N2 2= /20, 4| D2l 2 e (n).

For 7 > 2, the lower bound of 0, — A; = 01;; is estimated as follows. We have
o115 + M =01y
and
02,1 + )\101;11' =02,y =02 — )\iUl;i > _/\io'l;i-
These inequalities imply
2 2
02;1i — (Ul;li) > _)\iol;i —01;1i01;; = —01;101;i Z - (Ul;i) .

where we used 0 < 01,1 < 01,;. Again noting

2
o1
02:.1; < %,
we get
2 (Ul;li)2
(01:4)" > —5

and consequently
|01;1i| < \/50'1;1‘.
Thus
M =015 —01;1 < (1 + \/5) O1ii,
that is
0155 > (\/5— 1) A1
O

Now we show that each component of N has positive lower and upper bounds.
We first need to show that \; is also bounded from above for i > 2. We have

l=09 =X\ (01 —\i)+ 02,
=X (01 = A) AT AT FAT AT AT AT
> Ni(or—N) = AT AT,



LIOUVILLE PROBLEM 663

where AT - A7, AT - AT, and A~ - A\~ represent the sum of products of all pair
eigenvalues in o9,; with the opposite signs, the same positive signs, and the same
negative signs respectively. From the above lemma and the assumption \; > § — K,
we obtain

1>\ (\/i— 1) A — C(n) K\,
consequently
1+C(n) KX\ <CW)K,
(\/§ 1)\
where we used A\; > ¢(n) again. Further for ¢ > 2
oS,
Ve

We are ready to show a “lower bound” for N. From the above bounds for A and
the lemma, we get

A <

(n,K).

A+ K)?
N zc(n,K)L >c¢(n,K)>0
MV (14 A%)
and
N; > c¢(n,K) A 8 >c(n,K,8) >0 fori>2,

VI+HA T

We next show an “upper bound” for N. From
A1 (0’1 — )\1) + 09,1 = 1

it follows that
A1 (01 —)\1) =1 — 02,1 < C(?’L,K)

Then we get
()\1+K)2
Ny < (07— Ap) 2L
IR v
M+E) (M +K
:(gl—)\l))\l(l+ ) at 2)<C(n,K).
At 1+ A2
Fori>1
-\
<2 2X) LKk < oK),
(1+29)

where we used the fact \; < C (n) K for i > 2.
Finally the inequalities

0<c¢(n,K,0)<N;<C(n,K) foralli=1,---,n

immediately show that N = Dg/+/(1+ A?)...(1+ )2), and consequently the nor-
mal to the level set ', N/ |N| is uniformly inside the positive cone.

Remark. Unlike the convexity, the uniform ellipticity is valid for large K in
general.

Step 3. The closing argument is standard. We now have a global solution @
with bounded Hessian satisfying a convex and uniformly elliptic equation. By the
Evans-Krylov-Safonov theory, we obtain

- C(n,d
[DQU}CQ(BR) = Eqa )

_ C (n,d)
HD2“HL°0(B2R) < g 0 as R — oo,
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where a = a(n,d) > 0. We conclude that D?% is a constant matrix, and conse-
quently D?u is also a constant matrix.
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