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1. Introduction

The existence and regularity of harmonic maps from noncompact domain with infi-
nite energy are of interest, however we are short of this kind of examples. It was shown
by Aviles—-Choi-Micallef [1] that if M is complete and simply connected with sectional
curvature Ky satisfying

—? <Ky < —a? <0, (1.1)
then one can solve the Dirichlet problem with boundary at infinity for harmonic maps
from M into B;(P), which is a geodesic ball in the target manifolds N, where 7 <
min{%\/f , injectivity radius of N at P}, K > 0 is an upper bound for the sectional
curvature of N. Using heat flow and elliptic methods respectively, P.Li-L.Tam [2] and
Ding—Wang [3] got some interesting existence results concerning proper harmonic maps
from complete noncompact manifolds into nonpositive curvature targets.

Recently, Ding [4] introduced a so—called relative energy method for obtaining lo-
cally energy minimizing harmonic maps between noncompact manifolds. He proved
that if M is simply connected with sectional curvature satisfying (1.1), then the Dirich-
let problem with C*(« > 0) boundary data at infinity for harmonic maps from M into
a compact target has a locally minimizing solution, which is smooth near infinity.

We would like to point out that the domain in the above cases has either negative
curvature or positive first eigenvalue.
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In this paper we discuss harmonic maps from asymptotically flat manifolds into
spheres. Now that we deal with harmonic maps having infinite energy, we shall try to
minimize the relative energy E, (cf. [4]) with respect to ¢ € C?(M™,S™) so that we
can get a weakly harmonic map. Here we take a rotationally symmetric harmonic map
from R™ into S™ as the approximate map ¢ near the infinity of M (cf. [5], [6]). By
Hardy inequality (cf. [7], Theorem 330)

inf 5
ue€Y (R™) / ut
rr |2f?

2
where Y(R") = {u € WEA(R") : |lu|2 = / \vu|2da;+/ |u|2dx < +o0}, we
R" R™ |T

/Rn|Vu|2 _ (n_2>2 )

2

loc

overcome the difficulty in proving that Ey4 satisfies the coercive condition for n > 7.
We note that in [4], Ding assumed A\;(M) > 0 and the tension field T(¢) € L?(M)
then used Poincaré inequality to prove the coercive condition for Ey . Furthermore, we
prove that Im(f), the image of minimizing f is contained in the open upper hemisphere,
hence the regularity of f follows. Since I'm(f) can not be contained in any compact
set of S7, the methods of [1] fail in our case. The following is our main result.

Main Theorem Let (M™, g),n > 7, be a complete Riemannian manifold having
finite asymptotically flat ends with the least order k > n—2, then there exists a sequence
of locally minimizing smooth harmonic maps from M into S™.

Remark 1.1 For n = 2, the Hardy inequality is invalid, for 3 < n < 6, the bad
term in Ey can not be controlled since ¢ oscillates near infinite and (3.12) does not
hold, so we fail to have the coercive condition for E.

Remark 1.2 We conjecture that there is no nonconstant locally minimizing smooth
harmonic maps from M™ into S™ for 2 < n < 6. It is true in the case that M™ coincides
with R™ ( cf. [6]).

In the next section, we first recall the concept of harmonic maps from noncompact
domain and describe the relative energy method. The main theorem will be proved in

Section 3.

2. Weakly Harmonic Maps from Noncompact Domain and the

Relative Energy

Let (M™,g) be a complete noncompact Riemannian manifold and (N", h) be a
complete Riemannian manifold. By Nash’s imbedding theorem, we may embed (N, h)
isometrically into a Euclidean space R for some large K so that N is a submanifold
of RX and h is just the induced metric.
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Taking any bounded domain € in M , we have the Sobolev space W12(Q, R¥) and
its subset Wh2(Q, N) = {f € WL2(Q, R¥) : f(x) € N for a.e. € Q}. The energy of
f € Wh2(Q, R*) on  is defined by

1
Bt.9) =3 [ v fPdv (2.1)
Q
where | f|? = g*° Of OF N gy — Vgdzt A---Adz™, in local coordinate of M, (-, -)
g axa7 8xﬁ ’ g ’ s\
is the inner product of RF.
Definition 2.1 For any bounded 2, we call v € W01’2(Q,Rk) an admissible vari-
ation for f € I/Vl})f(M, N) if there exists a C' curve f; : [0,6) — WH2(Q, RF) with
fo=f.fi—f e Wy*(Q,R¥) and f; € WY2(Q, N) for each t , such that

_
dt

t=0

Definition 2.2 Any f € I/Vll’z(M,N) is called weakly harmonic if it is critical

oc

for the energy w.r.t. admissible variations, i.e.

d

@(E(ft, Q))

= /Q<vf, vv) =0

t=0
for all admissible variations v.
Remark 2.3 Iff e Wl’g(M , N) is a locally minimizing map, i.e. for any bounded

loc

Q C M and any g € WL*(M,N) s.t. f —ge Wy (Q, RF),

L1 spdo< [ 19k
Q Q

then f is weakly harmonic.

We may obtain the explicit form of the Euler—-Lagrange equation satisfied by weakly
harmonic maps from (2.1). Let n € C§°(Q, R¥) and g; = f +tn. It is clear that g; maps
) into a small neighborhood U of N in R¥ for small ¢t > 0. We define the least distance
mapping 7: U — N s.t. y € U, |y — w(y)| = dist(y, N). Note that N is boundary—free.
If N is compact, we can assume 7 is well-defined and smooth. In noncompact the case
of N, we have to assume that U is an e—neighborhood of Image (9[075]) in RF for some
g,0 > 0 and w is well-defined, smooth on U.

For y € N, dn(y) is the orthogonal projection of R¥ onto the tangent space of N at
y, denote dr(y) by P(y) : R¥ — T,N.

Let f; = m(g¢), it is obvious that

dfy]
dt —o = P(f)n
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is an admissible variation. Since f is weakly harmonic, by (2.1) we have
[ £ (P =0, Vi€ GFOLRY. 22)
If f is regular (cf. f € I/Vlicl), after integration by parts, (2.2) is equivalent to

Jeat pm = [ s gy =0
So f is a weak solution of the Euler—Lagrange equation
P(f) A f=0.

Definition 2.4  For regular f,7(f) = P(f) A f is called th tension field of f.

Remark 2.5 7(f) can be expressed more explicitly,

of o
(=21 - A) (5 55

where A(y) = dP(y) is the second fundamental form of N in R* at y. In fact we have
P(f)% = % since % € TyN.
Hence,

the desired form of 7(f) turns out.

In the following we recall the new relative energy method in [4]. Let ¢ € C?(M, N)
, we shall define the relative energy Ey w.r.t. ¢. Assume Y to be a reflexive Banach
space for mappings from M into R¥ with norm || - ||y. Taking | v ullz = || v ull 2 (ar)

for u € Y, we require that || 7 u||2 is an equivalent norm for Y, i.e. 3C > 1 such that
CH v ull2 < |lully < Cll v ull2.

Furthermore, we assume that Y is continuously imbedded in LP(M, R¥) for some p > 1
. Now, we define a subset X of Y by

X=XpY)={ueY :¢(x)+u(x)e N ae for ze M},

and define a functional Dy on X by

Do) =3 [ 17uP = [ (2o
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For any map f from M into N with f — ¢ € Y | the relative energy of f w.r.t. ¢ is
defined as,

Ey(f) = Dy(f = ¢).
Note that for v € X with compact support in a bounded domain €2, using integration
by parts, we have

Eg(¢+u) = Dy(u) = E(¢+u, Q) — E(9, Q).

It follows that w € X is critical for Dy iff f = ¢ + u is critical for E , or, f is weakly
harmonic.

In particular, if w € X is a minimizer of Dy, , i.e. Dg(u) = Jél)f{ Dy (v), then f = ¢+u
is a locally minimizing harmonic map. More precisely, for any bounded domain Q C M
andany v € X,let g=¢+v,s8.t. f—g¢€ W&’Q(Q,Rk) oru—uv e W(}’Q(Q,Rk), we have
Dy (u) on § less than Dg(V) on €2, on the other hand,

Do) =% [ |l = [ 2o
s [1ose-5 [1ver- [ (G5u).
Do) =% [ 1voP - [ (bo0)

:%/ﬂvgl2—;/ﬂ‘v¢|2_/ag<gz’v>

where n is the exterior normal of 9f2.
Note that © = v on 02 , it follows that

E(f,Q) < E(g,9).

Lemma 2.6 [4] Let ¢ € C*(M,N) , the Banach space Y and its subset X =
Xy(Y') be as above. Suppose that the relative energy Ey satisfies the coercive condition

Dy(u) = al| 7 ulf3 + bl 7 ull2 +

for some constants a > 0,b,c. Then there exists a locally minimizing harmonic map f
such that || f — ¢|ly < oc.

Proof Note that the coercive condition guarantees that Dy is bounded from below
on X, and that if {u;} is a minimizing sequence for Dy in X, then {u;} is bounded in
Y since || 7 ull2 is equivalent to ||ully . Now that Y is reflexive, we may assume that

{ug} converges weakly to some u € Y. The embedding Y < LP(M, R¥) implies that
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{uy} converges to u in L, .(M, RF), and hence converges almost everywhere to u. It
follows that v € X since each uj € X. Finally, by lower semi—continuity of Dy, u must
achieve the infimum of Dy on X. Clearly, f = ¢ + u is a locally minimizing harmonic

map and [|f = [ly = [ully < oc.

3. The Proof of Main Theorem

In this section we shall show the existence and regularity of the harmonic maps in
two steps, but first we need the following definitions.

Definition 3.1 Let (M™,y) be a complete noncompact Riemannian manifold, we
say that M has q ends E1,---, Ey, if there exists bounded open set U such that

M\U = LqJ E,
i=1
with each E; being a noncompact connected component of M\U.

Definition 3.2 Let (M™,g) be as above, T > 0, we say that My is an asymp-
totically flat end of order T if there exists a decomposition M™ = M, U My, and a
diffeomorphism My, = R"\Bpr , where Bg is the ball of radius R with center at the
origin in R"™, satisfying

9ij = 0ij +O(r™7),

8gij = O(T‘fT*l),

88% = O(TﬁT*Q),

as r = |x| — 400, where x is the coordinate on My, induced by the above diffeomor-
phism.

Remark 3.3 For such a g, we know ¢ = §;; + O(r™7),9¢" = O(r="1),00¢" =
O(r~™2)and g =1+ 0(r77),0g = O(r~"1) where g = det(g;;).

In order to prove the theorem, we should find a suitable relative function ¢ €
C?(M, N). We extend the following ¢ near the infinity of M smoothly to the whole M

such that ¢ maps a compact set U as in Definition 3.1 to the north pole of S™ .
Let ¢ = <|gxc| sin h, cos h) € S" C R"! near the infinity of every asymptotically
flat end in M, which is the smooth rotationally symmetric harmonic map from R" into

sphere S™ (cf. [5], [6]), ¢ satisfies

—A()(,ZS: | Vo ¢|2¢7
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in particular, the function of r = |z|, h : [0, +00) — [0, 7] satisfies

—1 —1
W - sin2h =0
r_ (3.1)

In the above formula, the Ag, /¢ denote the Laplace and gradient operator w.r.t. the
standard metric go in R™. Our concern is the behavior of ¢ or h near infinity, hence
the following lemma is needed.

Lemma 3.4  The solution of (3.1), h can be taken such that

h(r) = % — CrM (14 0(1)),
R (r) = r*+ 11 + O(1)),

" (r)| < Cr™+—2, for r >R,

where
—(n—=2)+4/(n—2)2 —-4(n—1
\ o Zn=2) ¢<2> =D o,
Proof Sett = inr,¢(t) = 2h(r) — =, then 2h/(r) = %w’(lm‘), (3.1) is transformed

into an autonomous equation

{¢”+(n—2)¢’+(n—1)sin¢:0

P(+00) = 0. (3:2)

This equation can be analyzed by standard methods.
Put

| p
[ﬂ]‘l—m—mp—m—lnmJ 33

q B 0 1 q 0
lp’] N [—(n—l) —(n—2)] [p] " [(n—l)(q—sinq)]'

The behavior of the system (3.3) in the neighborhood of the critical point (0,0) is

determined by the linearized system

q| 0 1 q
Lﬂ‘[—m—n —m—m]hw (34
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The eigenvalues of the matrix of (3.4) are

N —(n—-2)+ \/(n2— 2)2 — 4(n — 1) 0

since n > 7.

Noticing that
(n—1)(r —sinr)

T —0 as r—0

for some £ > 0, by the Theorem 3.5 of Chap. VIII in [8] we can make the solution
(g(t),p(t)) = M1 (O(1),2 + O(1)), consequently we have

W(r) =r+"1(1+0(1))
h(r) =75+ O(1)r*+  or
+oo T
hr) =3 - / W(r)dr = 5 — Cr (1+0(1).
Finally, from (3.1) we have
| (r)] < Cri+—2,

Proof of Main Theorem Throughout this proof, let C'(R) be any positive num-
ber depending only on R.
Let

2
1,2 u
Y =Y(M) = {u e W2 R s Jull = v ulf+ [ % < +oo} ,

where r(x) is a smooth function on M such that
Ry T € Bg, (x)
r(x) =1 > Ry x € Bry+1(x)\Bpg,(z) .
dist(z,z9) = € M\Bpgy+1(7)
In the above definition Br, = Bpr,(x) represents the geodesic ball in M with center at
a fixed point g € M and the radius Ry sufficiently large. In order to apply Lemma
2.6 for getting our results, we need the following lemma.

Lemma 3.5 Let (M"™, g),n > 3, be a complete Riemannian manifold having finite

asymptotically flat ends with the least order T > 0, then

| vl
inf M — >0
u

ueY (M) /
M 2
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Consequently, || <7 ul|2 is an equivalent norm forY .
Proof Our argument is quite similar to that in Lemma 4.1 ([3]). Suppose A = 0,
let Y(B;) = {u €Y :supp(u) C B;}, where B; = {x € M : dist(x,x0) < i}, and let

|7 uf®
A= inf M72, then \; — A = 0. Since r(z) is regular in each B; , we assume
ueY (B;) Uu
2

M
u; be the eigenfunction on B; corresponding to \;, satisfying Awu; + )\iu—g =0,u; >01in
r

BZ', Ui|BBi =0 and

Let 1 be a cut—off function such that 7 =1 on Bg,,m = 0 on M\Bpg,1+1,0 <n <1
and |\ym| < 2on M, let ng = 1—n;. Extending u; = 0 on M\ B;, we have for i > Ry+1

2 U?
Aﬂvw\zMAﬂj (3.6)

/ u; :/ (mui + o) <9 U%U%Jrﬁguz?
M 72 M r? I r?

(3.7)

2 2
§2/ 77172% +2/ 77212%"
BRO+1 r M\BRO T

By Poincaré inequality on Bg 41, we have

<Co) [ IvmpPud+ v il

Rp+1

Next, we estimate the second term in (3.7), taking the coordinate induced by the
diffeomorphism on each end of M\Bpg,. Since we assumed Ry be sufficiently large, by

Definition 3.2, we have
10 willz2(an5ry) < ORI 7 illZ2(ar\ s ) (3.8)

\/§§C(R0) on M\Bg, (3.9)

where /¢ is the gradient operator w.r.t. the standard metric on R" , then from (3.9),
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(1.2) and (3.8) we have

2,2 2,2
2 772/;1’2 d'U — 2 772;% \/gdm
M\Bgr, T M\Bg, T
22
<C(Ro) [ Bida
M\Bg, ||
2
<C(R 2 / w;|?dx
< C(R) (7729) o, | VO
< C(Ro)/ | 7 maual®
M\Bg,,
<C(Ro) [ |7 mPub+ ] 7wl
\Br,
miu;
Combining this inequality with the estimate of 2 1721 , we have
BR0+1 T

2
Y
% <o) [ (vmPrvmPud+ [ o) vl

M T
<C(ro) [ u? + C(Ro) [ 7wl
Bry+1\Br M

It follows from (3.5) and Harnack inequality (cf. [9], [10]) that we can get the uniform

bound of L? integrals of u; on Br,11\Bg,, also from (3.6) we have

U2
Y < O(Ry) +CR0)\/
M'f’

Since \; — 0, there exists a constant C'(Rjp). such that
uf

2 < C(Ry).

(3.10)

However, the standard elliptic estimates and diagonal subsequence argument imply

that we may assume some subsequence of {u;} converge in C? norm on any compact

subset of M to a harmonic function u. From (3.10) we know
2
[ %Z=<c
M T
By (3.6) and (3.10) we have

_ u
/ | Vusl’= lim A [ — =0
M imtoo M7

hence u~, = constant, because of (3.5) us = 1. But M is asymptotically flat,

‘ﬁ
po(Q N

1
L5 f b
M T MT

(3.11)
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this contradicts to (3.11), therefore the conclusion of the lemma follows.
Return to the proof of main theorem.
Let

X={uecY:é()+ux)cS*Cc R ae z¢cM}
we need to verify the coercive condition of the relative energy on X,
1 2
Do) = [ 517 ul = (80w,
M

Let Bgr be a geodesic ball in M with center at xop € M and the radius R sufficiently
large, on each end of M\ Bg. By Lemma 3.4, we have the estimates of /3¢, /o9 , then

we have

Ay = 0:(,/5970;
¢ \/g (\/gg J¢)
= 98,050 + 0ig" 90 + gijajqb%
= Do+ O <r,}+2>
(V)2 = g79i69;6 = | 70 62 + O <,€1+2> .

Let n be the cut-off function on M s.t. n > 0,np(x) = 0 on Bgr,n(x) = 1 on
M\Bpr+1, then we have

Do) =4 [ Iul = [ (@omu+ =)
=4 [ vl = [ o [ (86,0 -nw).

Because |u + ¢|?> = 1 = |¢|?, we have (u,$) = —%\u|2 and |u| < 2 . Hence the third

part of the above is finite, we need to estimate the second term,

/M<A¢, nmy = /M\B (Ag, mu)

R
(
\Br

= /M —| o9’ +0 <rk1+2> ,nu)~/gdx

<[ Ivostutnds+ C(R),
M\Bg

1
where C'(R) = |/ <O <m> ,nu > \/gdx
M\Bpg T

< +o0, since \/g =1+0 <1k> , and
r

k>n-—2.
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Note that | 7o ¢|? = (h')? + L_Zl sin b, then by Lemma 3.4,
T

1 vedtitan
M\Bgr

—1
% nijgu%dx
M\Br T

IN

for some small ¢ = e(R) — 0 as R — +o00. We also have

—1
C€:u<l

(%)

By Hardy inequality (1.2)

—1
% ni;'gu%]dx
M\Br T

IN

1n—1+5/ | 7o uy/ilde
M\Bpr

(G5

2
= %Ce /M\B (nl o ul® + 2uy/11 V0 /11 Vo u + u?| Vo /i) da
R

1/2
< %C’E/ V0U2+C</ !Vou!2> +C(R)
M\Bg Br+1\Br

< 30U v ulipgs, + Cl vV ul B s, + C(R)

where C. < 1 since M\ Bg is asymptotically flat.

Therefore, we have

Dy(u) > 5 (1= CHl v ull — Cll 7 ull2 — C(R).

N

(3.12)

By Lemma 2.6 there exists a locally minimizing harmonic map f = u+¢s.t. || f—¢|y <

—+o00.

Let nr be the cut off function on M such that ng(x) =1 in Br_1(x¢),nr(z) =0

outside Bgr(xo),0 < ng < 1, then set ugr = nru. From the above proof of the coercive

condition of Ey4, we also know

Dy(ur) — Dg(u) as R — 400,



No.4 Locally Minimizing Smooth Harmonic Maps from ... 25

we define fr = u + ¢, fr = (flo . fi /")), then
Eolfn) = [ 519 Fn= 0P = (86, Fn— )
= [, 319 Fa= 0P +(96.9Fa— )
=3[ 1Vl -1V eP
S%/BR|VfR2_|V¢|2

= Es(fr),

so we can take Im(f) C S7.
In the following part, we prove the regularity of f. Noticing that

[ 1w (-0 < +o,
M

we have
/ lv(f—qﬁ)\2—>0 as x — +oo.
B ()
However
|V 6P =rvO¢P+o(r,}H)
_(p2 o n—1 2 1
(A)* + F5=sin®h + O | 1
r r
1
—o(L
<7“2>’
so, for a fixed o > 0, |7 fI*> =0, as & — +oo0.

Bo’(z)
It follows from the e-regularity theorem for minimizing harmonic maps in [12] that

f is smooth outside Bg(z¢) for some R >0 .
In order to get the regularity of f in the whole M, we need to show that Im(f, Bg) CS+

Outside Br , we have

{Afn—H — _‘ Vf’2fn+1 <0
S Hopr >0
By maximum principle

a) f"'>0 on M\Bpg
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or

b) f"'=0 on M\Bpg

In the case b), we have

/ W 2sin?h < / |7 (f7H — gty
M\Bpg M\Bgr

<[ 1vU-9P <+
M\Br

/ |W|? sin? h
M\Bg

- /s P01+ 0()sinth (140 () ) o tards
_ /M\B pV(=27=4=1-1(1 1 O(1)) sin® h( O<1>>drd0

= —o0.
This contradiction shows that f**! > 0 outside Bg. For large R, f is energy minimizing
map in waB (Br),
F(@BR) C B,(No) CBsx (No),
where B,(Np) is the geodesic ball with radius p and center at the north pole Ny of S™.

By the maximum principle for energy minimizing maps (cf. [11]),
m(f7 BR) C BP(N) C 517

so the well-known regularity theorem shows that f is regular on Bg.

Up to now we have proved that there exists a locally minimizing smooth harmonic
map from M into S™. Finally, we can get a sequence of this kind of map only if we
take the relative function as

¢(Ax) outsideBpr
PA(w) = { o
¢(z) insideU CBp
for A > 1.

Remark 3.6 Let f), f, be the locally minimizing map w.r.t. ¢, ¢, respectively,

A # i, then E(f\ — fu) = +o0, since Ey, (f)), By, (fu) < 400, but Ey, (¢,) = +oo.
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