Lecture 7 Calderon-Zygmund for A || Schauder for A

o egs

o L? weak 2-2

o Weak 1-1

o interpolation to LP

o L? for a;;D;; w/ a;; € C°, b&c € L™

o Bdry/Global L?

o L2 for Zij aijDij W/ Q5 € Loo&elhptlc
Question: Au= f € [P = D%y € [P

— ng
egl. p=2 Dyu=—&&i Hﬂflmphes 1Dl < |7, = 111

eg2. p =00 Let f = X{z10501nB,, u = I * f, recall Digu ¢ L*°.
egd. p = 1 Let fo = o (2) = p(x/e) /e" with ¢ () = ¢ (|z]) € C5°(R") and
J ¢ = 1. Then the convolution with fundamental solution

>
%:F*ﬁ:{? 2z

lz| < e
Then .
Diju. = —— for |z| > e.
||
It follows
|73 1
Cl.ls 2 1Dl > [ I I R
el 2 el L1(By) B /B. |{E|n+2 By /B. |$|

Recall for o € Cf° (R"),u =T % ¢

U= " S
fR|—" < —y)dy +ie(a) i=
Next the above convolution v = I' ¥ f and D;;u also make sense for f € L”. Indeed
by Young
1T fll, < TN LA -

We define D;;u by approximating f with f. € C§° (R") in LP, provided the singular
integrals have the right L? estimates. For example, p = 2 is fine as in egl || D;;ul|,» <

17, =g

Theorem. Let u =T % f and f € LP (Q) with ©Q bounded and also 1 < p < oc.
Then we have

@) 11Dl 2y < 11l 2
) [{1D%] > 11101 < €[ fllrq  (weak 1-1)
) I1D%ulaq5 < o 11l oo
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Proof. a)

First way. Fourier transform.

Second way. We approximate f € L? () by f € C§° (R"), then as before Au =
AT x f = f. By Green’s identity

Au Au= AU uy — VAu -Ju
Br 0Bg Br
0
——
OBg Br

= — Oyup, uy + VUi - VUg
8BR Br
1

=y —

n—1 4 2 12

2
‘D2u‘ as R — oo,

where we used the fact for f with bounded support

T — Y 1
U (r) = = dy ~ ——
k( ) Q|$—y| <y> Y Rn—1
(zr — y) (25 — ;) 1
Uk (z) = /Q z —)y|"]+2 2 f(y)dy ~ R

u;; = similar.

b)
Idea. W.L.O.G. Assume f > 0.

Warm up:
dr = d
/f T = /0 {f > t}dt

~1/t
F > 1) < / L Wl
s [ 5= 1 171,

We split f in two parts: [ itself where f < ¢ and its average where f > ¢.
figure f itself where f <t and its average where f > ¢

In {f < t}, the distribution of K * f = D;;I" x f can be controlled by L? estimate
of L? lower part in a);



In {f > t}, the distribution of K x f can be taken care of by the cancellation effect
of the average and the integrability for the gradient of singular kernel DK near oco.

Now Calderon-Zygmund decomposition.
Step0. Fix t, choose large enough cube )y (possibly larger than 2) s.t.

1
— f<t.
|Q0‘ Qo

Stepl. Split @ in half along all axis directions and check 0 f on each subcube
Q :

figure cubes collected and cubes splitting

If][ f >t, collect Q;
Q
if ][ f < t, keep splitting.
Q
For the collection of cubes (); and their predecessor Qj we know

1 / 2n
t<— | f<— [ f=onf f<om
Q] Jo, 21Q51 Jg, Q;

Set (good) set G = 2/ U; Q. For a.e. x € G, there exist a sequence of cubes @
shrinking to x such that fo < t, thus by Lebesgue f (z) <t a.e. in G. Then (good)

function

G
g(z) = { j{f} feq, <Pt acing

Its square integral

/ P <2 / 9=t / f=2fl
[9] Q

0 zed
tep2. L function b = f — g = . Th
Step2. Let (bad) function f—g { Fo U(Qj freq, en

Kxf=Kx(g+b =Kxg+K=xb

and

{K*f>t}C{K*g>%}U{K*b>%}.

From a) and Stepl

. 1 ) 1 ) 2n+1
Kxqg> ) < 1K gl[72(0) < 911z < t 1 12y

G




Next we cover the latter set (go with 2Q); for easy calculation of following improper

integrals)
{K*b> } U2Q] ({K*b> }\U2Qj>.

For ;2Q);, summing the collection criterion

1
> \Qj|<;/ij

UQj

we get

n 2”
U2Qj <2 < 7||f||L1(Q)-

J
For z € Q\2Q);, the convolution

K xb(x /K r—y)b(y)dy = K(x—y)b(y)dy
Qj
= | K(@-ybydy
Qj
[ K-y - Ka-p)bwdy s [ =0
j Q5 (y5)
C,diam(@);
[ e,
Q; |z =yl
Crdiam(); .
_—|n+{2||f||L1(Qj) since /Qb(y)dy <2 g |f| dy.
Y i i

Integrate
figure: 2 concentric cubes nesting a concentric sphere

C dme
Kxb(z)|dx < / L 2l 1 A
/ WL OEE)Y s 21l

2@, [T —

Crdiam@;
<Y 2l / A
J

lo—y;|>diam@; /2 |T — Yj
diam@;/2

Crdiam(@);
=2 2 e, ———
J

=Y Cullflig) < Cullfllie
J

o0

It follows that
SAPAITAT

‘{K*b> }\UzQJ
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and then

o3]S

=gy

Therefore from this and the distribution estimate for K * g in the beginning, we
obtain

!{K*f>t}|gHK*9>%H+HKM>%H

Ch
< n
1

[ ey

c) Case 1 <p < 2.
Again, w.l.o.g. assume LP f > 0 a.e. First

I« iy = [ 1 £ dn = [« 11> s} s

0

S;t”/ {IEK % f] > ] pt*dt.
0

Split f into two parts along ¢ line

figure above t f; below t f5

[ f=t 0 f>t
fl:{o f<t a“dﬁ:{f f<t

By weak 1-1 b) and L? estimate a), we have
t

H{IK * f] > t}] < H|K*f1| > f}

201 202
< —lfill g + [
20 20!
==t fdv + =22 Fda.
toJisn = Jir<ty

Integrating, we have

© /90 bt f o fpfl
— fdx | ptP~dt = 2Cp f tr4dt de =2C1p | f dx
0 t {f>t} o p—1

2C
lp/ fpd{L'
and
o0 2 > p_2
/ (%/ dex) ptp_ldt:202p/f2/ tr=3dt dm=202p/ f? Ay
0 = Sty e I o 2T
2
— CQp/ fPdx.
2—-pJg



Thus

2C" 4C
I8 Wy < 0 ( 25+ 22 ) 11,

RMEK. The coefficient C' (p) ~ p%l blows up for p near 1 as expected. But C (p) ~

2%1) for p near 2 is bad.
Question/Exercise. Make C'(p) bounded near 2. Hint: as above interpolate be-
tween L' and L*.

Case 2 < p <
Let g € L” (Q) with 1% + % = 1. Let us do a duality argument,

[Kes @ o@de= [ [ K@=y gais
//Kw— (o) da [ () dy

//K ) g(2)dr f(y)dy with K (z) = K (—2)

> HK*gHLp/ £l e
< @) llgllgr 1f1l e -
Thus
[ = fHLP(Q) <C@) 1l

RMK. To get bounded C (p) for p near 2, one can also do a strong interpolation
between say L' and L* by Riesz convexity theorem: Given ||K * f||, < C, | f||, and
1K flly < Cqllfll, - Then

o l—on o1 a 1—«
IK * fll, < CoCke | fl, with - =% ¢
r p q

Or the coefficient C, is log convex in terms of %
Model equation: Au = f € LP in By :
Au—=T=xf)=0
then the the interior estimate for harmonic function and C-Z, we have

e =T (i) < Colle =T 5 fll e () < Co =T 5 Fll o
<Cy ||U||Lp(31) + [T = fHLP(Bl)

< C(0,0) (I8l psgsy + 1 o) -

Note that —— and T are in L' (), by Young’s inequality

1T fllzo) < Il i 1l ze@) < C Il
IDT % fl| 1oy < DT (| iy 1l 2oy < C I f 2oy



Therefore we obtain

lellyas s,y < C 0:0) (ll oy + 1 iosy) -

Perturbation.
> ai; (0) Dyju = [ai; (0) — ai; (x)] Diju — b; (x) Dyu — ¢ (x) u + f
we have (heuristically)
HDQuHLP(Bl/z) < HuHL"(Bl) + HfHLp(Bl) e HDzuHLP(Bl) :

As for interior Schauder estimate (for p > n; different route for 1 < p < n, because of
different scaling), via weighted norm, we move e-term to the left hand side to obtain
W?2P estimates for

Z a;j () Dijju+b; (x) Diu+c(z)u=f

with coefficients a;; (z) € C° M\ < (a;;) < A7, |b|,|e| < A

HDQUHLP(Bl/z) < C (HaHCO ) AaAanap) [HuHLP(Bl) + HfHLP(Bl)] :

For boundary LP estimates on C'!' domains, again it is parallel to boundary
Schauder estimates (Poisson convolution is fine, Dirichlet to Neumann singular con-
volution is handled as in the interior case but with one dimension less, still use
weighted norm device ...). Skip.

Instead study 2-d situation: For u € VVO2 2 (Q) or u € C? satisfying

Z?,j:l a;; () Djju = f in € convex
u=0 on Jf2

with L coefficients A/ < (a;;) < A™*I. Then

Proof. At each point, rotate coordinates so that

A
=", |
Then the equation becomes

(Aug + /\2U22)2 = f2

or
)\%U’%l + )\%U§2 + 2)\1)\2”%2 + 2)\1)\2 (U11U22 — “?1) = f2'

7



Use ellipticity A < \; < A1, we have
2 1
A D?u ()" + 2det D?u () < §f2 (x).

This coordinate invariant inequality is in fact true everywhere under one same coor-
dinate. Integrate, we have

1
/)\4‘D2u‘2+/2detD2u§/—2f2.
Q Q QA

Next we show that the integral of the determinant with u vanishing on the bounded
convex boundary is positive. Note

2 det D*u = (Au)® — | D?ul”.
Exercise (exactly as in the proof of W22 estimate in C-Z a), by Green’s identity)
/ (Au)* — ‘D2u‘2 = A Oyu — upOyuy.
Q o9

We finish the proof by proving that the integrand in the boundary integral is positive
pointwise. Fix a point on the boundary, say this point at the origin, x-axis is tangent
to the boundary, and y-axis is along v direction.

figure x-axis is tangent to the boundary,and y-axis is along ~ direction

As u =0 on 09, u, (0) = 0. Also u, (0) = u, (0). We have
integrand 2 Au Uy — Uylyy = Uylgg.

W.lo.g. assume u, (0) = [Du(0)| > 0, otherwise, consider —u. Observe near 0, u
becomes negative entering the domain {2 from 0 boundary. By double finite difference
to approximate u,, (0), one sees that

Ugzz (0) > 0.
Thus the integrand is positive.
Therefore
/ 2det D*u > 0
Q
and

/Q|D2u}2§%/gf2.

/detD2u:/d(ul/\du2/\---/\dun):/ wrdug N - -+ A duy,.
Q Q P1Y)

RMK. In general n-d

Is there a sign restriction on the boundary integrand for C? u vanishing on the convex
boundary? (Positive in even-dim and negative in odd-dim)



