/Hfbp\ cal Geomde Backg(o\md

Pact 1 Comex\h’ and Po\ hedva
Port 2: Po\\1vxowna| Idea\s and \anehes

Port 1: Convexthy and Polyhedra

A ser XER™is covex i for

ave X AeLO] Au+(-N)veX @
for WER™ Hhe convex Wl of W is
the small eer Convey Sef containing (A
Cory (W) = {%m kel weld, )\>OZ>\ I

(1 C

C2U, C convex

for WeR™ Ginite, conv(W) is o \)D\\ﬁb l

A (closed) V\Mspo\ce has +he xtorm
IxeR a'xe bl Sor some O\ERHJ belR.
The irrersechon of Finrtely -mony
holt-spaces is o polyhedron.
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A linear function X W% defines o Face
of o poljhedron ¥, consishing of points
minimizing W'x -

face,, (P) =1 xeR™ WX ¢ W'y yePd

Ex: P={(x e Dexel 0ex, el .
Tace ., 5 (P)= (L)
Face o 5(P) = 1(x,0): Dexel]
foce, (P)=P

(0,0)
The dimengion o a Sace is the dimension of
TS offine SPON. dim (P) = d\m(aﬁsPom )

A foce of dim O {5 called a verfex
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Code®Y 0 focel

A polyheddal cne is o palyhedron that is
Closed undey mmnego\ﬁve Sca\W\g (XeP A0 = hxe P)

AY\\, po\\\\l\edr on nos Yhe form ’

P= %R orx 20, ar%20]
’S:D( Ssome  Qii--o Qmﬁﬁv\.



Also s P=\>osi\1\,..,\f,7}=i:2;m Ay i 20]
or Some \,, -, V.

F Vv,V Con be c\nogen b be linearly indep
then P is %\mp\(‘_\a

&\W\p ol ~ ’ S\mP\\C\O\ ’

A \)o\\)\r\edm Complext 1S o collection ) of
Db \’\\eo\m S(i\hswcqm
D E\l@/\’ foce of on el of 2 \oeowne)sjfb 2.
2) The infersection of o AW0 PO\‘i\"edm
in 2 i QW\P*\j or & Tace of both

j POF, wot a
Ex ‘ Non -ex: . R

The su poovt 1Z] of T \s Jr‘ne union of

s elements @ | 2ul= PeZ

f every el of 2 is o polyhedval (one
we call 22 o {)o\\i\neo\ml fon.




P&HZ Po\\momxal Idea\s ond \aneties

The \o\ea\ O\onemlreo\ \0\’ a“ S s
(§,,. ,‘}(} i?;g‘i 0ieR Y.

T bvery ideal of Klx,. ,xﬂ S Tinitely genecated.
Given SEK let T(S)=35eR §(n)=0 VYoeS!
denote the ideal of polynomials Vanishing on S,
T\(\Q O\%V\e\ \Jome‘r\, of o set F<R of

Po\|‘(\bmmk\8 N
V(F) = {oek™:5=0 for al e
Note : V35, 58) = V(4. )

Hilbert's Nulstellensatz: f K is olgebraically
cosed and L€ Kk, %] 1S an ideal, then

\/(T \ r S(g e KXy %a) © §7€T for some mezg

Ex: =€ T= ) (1-6-3))
TVED) =IT= (x (1-x%)Y <>

\](I) (in Rz)



Avaviety X=V(I) is irreducible if i
cannot be writtlen ag @ uwion of o
proper Subvaviehies XUX, with X;#X

E\lﬂf\i \I(me’ry S the wnion of %v\(%q mony
irceducible Variehes!
EX . I:< (x“Z)(|-X;L—X§)) ()(2- 5)(\—)(‘1-)(::)> ............................. ,
V(T = V{(x:2, :32) vV (1-x2-x2) O
dn o decomposition N=XV..UA,

Corresponds 1o o Brimory decomposition of L

_H:: —5‘ .. (\—3—5 V\\\f\ﬁ‘fe ‘\S\,-"/’SS Qe ‘PY\W\Of\f leals.

This OSSOCIaHe S O wu\ﬁp\ic(*\f 1o each
component K., Xs of X,

Pyt T= {0 ke 3y
= bl 0 ) 0 e

N(T) = \(x) U Vxr2) L (% 3)
ol 0 2 L 1




E\:exxl weduaible N iehy has o dimension
ond o o\eqvee (\NM\ YV\an\[ @N\\l O\Q%V\\hon%)
I Kis 0\\%ebm\ca \\{ closed then an 0\% vor. e K’

has dim w  and deq d if a generic (n-m)-dim' | offive-
linear space LEK" inkrsects X in exacty d pts

Ex: N(1-x-x) <@ /@/
hos dim L o\eg Ji
EX \((X X” X3 ) &3 axgroX,r CXird
=0
has dim 1 o\eﬁ 3 7,

\larieties in other spaces
0ftine space L= 10,,00) 0y 0nck]

pechve space P = (. 00) 6= 0/, ack”
o~b i a=\o for some }\eK*}

\O\Q\om\c boeus T o= 1{0,-00) € 0;%0 Vit

s because Yov K= @ Cis Jﬁ)\:o og\call\/ a arcle S
> To=(C) (S') = arus

There ore natweal inclysions Tk Ne—

o= o  [1a]




\orieties in Ay defined by <K, xi) 05 obote

\oriefies in YPQ defined by \(\bmo%e)nou\s polyromials,
§=§C,(X*€K\jxo,-~mv3 1S \r\bmoge)neous of o\esree o\

it ogte=d for all ¢ with Ca#D.

Then $0)=X5@) = condition $0=0 well-deSined on .
An ideal T is homogeneous i # is generated by
homogeneous polynomials. These define projective

vavieties V(I) € \P.Z
Ex: T= k20 d), (-36)6d-x-0)) %

Noriefies in T, defined by Louvenf

\)o\\i\novv\ials / ideals in K[Xﬁ.., X ]
- K{xn\ll)"v Xn,\ln—l/<x|\{,“, ") X"Y“_|>
/\hese are Ca\leov \I(’Jf\l atfine variehes

\(I) = TOEW\: fl)=0 for Fe]ﬁ

Ex: (l-x2=x2 ) = OOG-x12)
in CUE x*]




