Wop\'co\l Geomedy * Wnfvo ¢ Basics

What ¢ The Study of wriehies (Sol'n 4o po\\1. equoxjﬁons)
Vio degeneration 1o o polyhedral complex.
\104\\\(_? B\r\o\ge A\g. Geom. & Combinatovics
* gives combinadorial Toole for a\ge‘oraic problems
(e.%. prediching # oludions, Constructing
infricate examples with deSivable properties )
* gives olgebraic fools for combinadorial problems
(e.%. RelW weural netwocks =4vop. vational funchons
Noluated madvoids = 4vop. \inear spaces )

E‘t\{YY\D\()(a\l: named afer work of Prozilian mathematician

Imre Simon (18D's) E;;%\? .
Tmpigal semiring* (Rufeol, ®, ©) Y S

P 0belR, a®b=miniab] aob= arl (DO2=

For aeYRU‘ioo’ﬁl 0B 0o = ooebo\; &, O®CO=Co0n= 0O
(Some owthors use a®b=maxia,b7! Convenvhon with semiriv\3
(R\ﬂ'm&,@,@). \Sbmwp\r\\'c under QH“O\.)

0dditive id: o multtiplicative id: O . "Semiring

[Ruiee} ®,0) hgs mult. jmverses (0 0(-a)=0 for a#oo)
but vt additives fnuerses (a%00 > a@boo fr any b)



Check : (Ruie) ®,0) is

cassociadive: (aeb)®c = a®(bec) = mniokc]
((}G)\o)@ C=006 (\ocac) = otlotrc

 Commutative: 66 b= boa=miniak) 00b=bea=ork
+ distvibutotive - 00(boc) = (aob) ®(aec)
awgmi\o,c} mm\\’tmb, orc ]
Motvation * algebra of ‘ecpuments

Inferpretotion 1 (g limits) For €20 very smal
rgen g™ gy g s g
ex: €= Vo, 0=-1 b=3 & ¢b= (15)k (76) = Ior1g*~ o

Move formally - lim log, (€+ €°) = miniobS

¢>0
. a b) _
e‘\)ﬂg |03£(8 c°) = orb

Inferpretotion 2 (valuadions)
A valuation on a field K is o function val:K-Rujeo]
Sofistying, for all a,beK,

) val(a)=co iff 0=0
2) vl (ab) = Val () + val (b) and
3) Vol (a+b) 2 min {val(a), val (b)]
Check = it valla) #val (b), then val(arb) = min val (@), val(b)]




Ex: K=C@) with val( q(ﬂ) lowest deg of £ in p)— (Iowest deg of £ in q)
Val (JC*'t) | val ( g::goo) ==l ehaves like £ near £=0

<

Vol measures orger or \ltm\'shing/ gmerh near t=0

Ex: K= with 4 adic valuation for any prime p
qe® > 9= P 5 whee keZ abeZ 0 mod D
= val (g) =k.
(P=5> wlZ)=2, Vﬂ'(z?) -3 val (2+ zﬁ;) V”"( (3555'?)) E

Wopica\ Po\\momiox\s

A vopical polynomial in variadles X=(x, .., X:)
has the form
Fx) = @ (cox™o ox™)= 8 (cox™)

e

= min i Coat XX+ .+ O(V\XV\}
oe A

Where A< Zsy is finite 0nd Cx€R Yee A
Tris defines a concave, p‘\ecewise-\inear function \:‘RL“)\.
s (n=1)

W’%i\ b-/—>¥(><)

/ T e

(lox)@0  (aoxX) @b B X6 3 X0 (30x)03

RS




Jolutions +o_polynomial_equadions

(n=1) Roots of wnivariate po\\‘nom\a\s
Fc:F)= qox®b ~  &x+e°= (x+¢"®)
root: X=-€7° loge (|-€°()= ba
ECFR=0%83 ~ Yoy 6
-*(Xﬂ?O X®?>) oot 1: -1- J_Es = -4 2+ €426 4ot

OSQIV'DD’('i‘ =20 s €20
oot 2: "*J"“‘ £ - e ot
2

loge ot 2]> 3 as €20
Tmpxca\ fundamerta) Theorem m“ Mgebro
E\lﬂrkl ’\YDP\ cal univariate PD\\{ F() = akox ) With 0% co
coincides (as a ﬁAﬂChOV\) with a \Amque Produ\c’r of

. inferpret
polynomiatls o 0 1 Gd®® (xevy) <t

usrow\'s
D some ve cryelR.

| WARNING : Different Fo\\i expressions
Hb\k I Pﬂ‘}Je ) h\ﬂ\ﬁ! ) Con vepresent the same funchon!

Ex: XOZEDB@X)‘B?) = nin fZX,%» 0s a funchion of x
(xe2)o(xe2) = 2minx 23



(n O\rbﬁmw) The Yopical \n\\‘pexsw%ace V(F) of o
tropical polynomial Fix)=.8 &= is the complement
domains of linearity of F That is
\(F) = {xeR" < te minimum 8, (€@x®) s
is affained 0\’[‘ least fwice
Ex(n=2) Flxy)=xeye0 x| °

Y

Fundamertal Thm (for h\,persu\rFacesj
For ﬁ=ﬂ§c,‘>§€¢(’c) [Xy- %] define F(w) = Trop(f) =9 ful (cyon’™)

Then +he ?ollowiwg Sets coincide :
) dpical hypersurface V(F) = fweR™ min aained 2 fuice §
2) |09ariﬂamic limi set of V(F):
lim g {(logil ..., log[xal) : xe(€) £(x-0 j

3) image of () under val (uq) H closwe)
—al eeudiw? r"
§ (val(x),.., val(x) = xe Clt) 5) ﬁ(l‘):Of cosure n
EX (YF?_) ?(x,y)= X+\/-I ~ F(w,%) =W6z260

i AN 0 y“gﬁ rL‘*-u: <
< T

{(x,x,)= X+\,-I=OS {(x,\,): X+~,-I=03

» V(F)




(?D) 1o (0= val(1-45 1) for v20

t(vr,o) =vol (¥ |-{') for rzD

(rr) = val (£7t+1) for r<0



