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A moatyvix AcR™"is totally uwnimodlular (TU)
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Prop* Let A e1051] T boe o wadeix With ot
mostk one L and of wost one -1 in
each umn. Then A s TU.
(Proof) Lek M be o kak Submatvix of A. We induct on k.
(k=1) M = on entvy of B = detM)=M=0,xl
(k>1) Casel: M has a column of O's = det(M)=D
Cose 2:M has o Column w] exactly one nonzem entyy
M= (tc; ;&r ) = det (M) =& det () where M is a
° 3 Swomadvix of Size k-l = det(M\= 0t !
(ose 3° Every column of M hos one 1 ond one -1
= {he vedor (4,1 Be\owgs o the |eft kemel of M
= det(M)=0
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Cor: For integer edoe copacities C:E=72,,, 4he
set of s+t flows equals The polytope
PQ‘ONSLXERE Ax=0, 0¢xeC]
where A is Yhe Vst *E Submatrix of A
Moreover, all vertices of By, are integer

(Proo‘?) ATU= R Tu > integer vertices
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Cor For C:E=R5p, the max value of an s+ Flow
IS ocheived by on infeger Flow £ E=7Zq

(o‘oyec’we Bancbon = 20 xe = 2. Xe

: ] linear in Xe )
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Cor: Let D=(VE) be a directed Srou?\n ond
CE>2, d:E=Z. I +here exists a Civeulation
TESR with defec then here exists a
civeulation FE-7 with deflec



(Pmo{—) The set of circulotions on D s
P={xeRE * Ax=0, dexecd

where A is the incidence madvix of D.

dince. A is TU and each covrdinode is \oo\mo\eo‘]

Pis on inegeal povtope. Since §eP, i is nonemphy
and o has o Verdex, £/ which is integer.



