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Recall from last fime:

A matvix AR™is totally unimodular (TU)
T every square submatvix has determinant Ox(
Ex: A=("r,) A=(51) Nonex: A=(ie7) %

Ol 1

ATU, be 2™ = P- xR Axeb] is inttgeal

= the LP max ] xePl soles
the TP maxicdx: xePn 2"

Cor* \F A 1s TU, beZ™ and QueZ” then
each of the following Po\\\\(\edm ace integer
1) IxeR"™ Axeb, X207
2) IxeR": Ax ¢, Qexeu’;
3) {xe[R": Ax=b, x>0}
) 1xeR": Axebo, Rexe U\Ys

Prop: Let A e 10,511 be a matvix with of
Most One 1" ond o most one -1 in
each lumn. Then A s TU.



38.3 Connections with biparhte graphs
The incidence matrix Ag of a graph G=(VE)

s a NVIx[El matix with  (Ag)ye = {é e

T\ﬂm 5. 8 1S \o{parh%e@ A@ N Jrv+allx1 unimodular
(Proct ) (€) G nok b&parki‘ce = (5 has an odd circurt.
Q s (é‘ \?c}’é’) Covmspbnding SwWomodrix
0oott)  has determinant =2
SWograpn € SWomoctrix = Ag ot TU

=) Juppose & i bipartite with V=UwW.

Every olumn of A hos one ‘L in vows indexed ¢
b\,l\/li ond one ‘1" in vows indeyed \N W). &IH
Lt A denoke dhe madviv obtained \0\/ Sca\in@ e
ws of A indeved \0\1 W by -1 Then A" hag
exacly one L and one "1 in each cdumn
= A s TW = RAisTU

e\ eL e‘b e—\-‘

Ex: V‘/\\DD:‘V\

\ Vy Va0 O |
X, Bl o
¥ 1w

0o-1 0-l

o0 —




Cor: Tor any bipackite geapn G, $he polyhedra
e integec”
xeRE © Axe I lyeRY: YA21E
IxeR,S: Axz1§ Neﬁ{,ﬁ’ot\fp,eﬂgg

Cor: For bipartie graphs, {xeRZED- AX< ﬂv} = Corv { 1y mﬂi&g}
(2) Clear.
(€) Let 2 oe a verlex of {Xe"?z%:/’\xéﬂv} “Thew 2€ZE

and 2020, 2 2e¢L Bor all vl eE.

esdV
In porkicular, 2§00 o 2T Fv ome MCE.
“The inequalities 2.ze¢ L imply Hhar M is o vv\aermv\%,

e
COT'- For b\'Poc(Jd‘|-€ STOLPMS, o<((-;)=max{£xe: XGIRZED,AXéﬂVi
Simlar results for v(6), T(6), P(G).

Cor+For any bipartite graph G, V(6)=7(6) ond «(6)=p(6)
(By linear Pfogmmmi@ olualrh/] )

Ti

A wotvices from directed nghs

5=(VE) divected graph »
Encode into hode edge incidence matrix Aet0x]

Lk eeS™ (V) e=(v,w) for some W v"Z*;w

AVQ: {’1 £ ee Si“(\[) e=(w,V) for Some W W v
0.W.




e e R AxeR! withy ()= 2 Ze Curd

Voee§™(v)  ee§(v)
a o
Ex: A= |
S t o
G 0

%)
T has one +1, ove -1

n each column

P‘(;OE The node-edge ncidence madvix of
oy directed cjrapln 1S Jfb*a\l\; unimop dular:

X5Q+XSB

0
0 ) Ax= ("Xsa’f Xobt Xat

- Xsb—Xabt Xbt
~Xat — Xut

SR

-

App\icah’ons o Network Flow
5=(\E) divected Oroph, ste\, B2,
Equah'ms de?\'nm@ -t Flows FE=R.o, fle)=%e

2l X =D Xe ve V\ s

ee " (v) ee§"(v)

Cor: for Infeger edge copaciies C:E~/Z,,, the
set of S+t flows equals The polytope

P&‘m: I xeR®: Ax=0, 0¢ X< C§
where A is the V\istd *E Swlematrix of A

kAf\.fhl\lln.r nl\ \’h.fL:hnﬁ - D ~ .',-J—nr\n.l‘



CIVITUNEL, QL ABHIRE S UT glpw WTETTHEFET.

(P(DO‘F) ATu= P\ AV 7m’rengarhces

b‘l Cor about {xeR™: Ax=lb, ¢ X‘uﬁ
sb ab ot bt

. @ S0
EX p\: {1 10 0 O) /X5a+xsb \
N t al-1 o vt 1 O AX: —Xsat Xab' Xat
bl 0 -1-1 o | “ X~ Xab Xe
b Ct 0 0 0-1 -1/ Z\\'Xo\’c’xbt |
A A X

Cor For C:E=R5p, the max value of an s+ Flow
S acheived by on infeger Flow £ E=7Zq

(Dso echive funchion = 2. Xe = 2. Xe

: ) linear in %e )
ee 3 (s)  ee§n(s)



