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A integer pogram is & proolem of the form 7
max 10X © Axclo, xeZ"

(mmmi%e & linear Sunchon over the 'W\*reaef
woints PNZ" of o pelyhedion P=1xeR’ :AX—“-QQ

In genera, Hhese are NP-Hard 4o solve.

The associoded LP gives on upper bound
max1cx: Axek, XeZ'f < maxicx : Axebd

U\S\m\\g Ynis boond s shrict!

Det Iy po\\ﬁope N l'mLfgra\ (0( “an (m‘(f@er polg,’mpe_\\ )

ol of ifs Verkices have integer coortinates. ]

Ex's L1 iciog (), Patemataning (5)  Non-ex OOD(T: i

foc integenl polytopes )
max1c - xePI= max]x: xeP(\Zh}
(Moximun is attoined by Some verdex of P = in P(\Z“B
Note - foc ong polytope P 7" is finite T,
= PL = v (Pn2") also a polytope! -
A polytope P 1s infegral & PH=P

/ ‘P‘t




Tom 31 for ony \oipdrhjcﬁ qroph 5

xR %20 ek, Zixe=L Yuel§

N \ﬁ‘\'@%m\ KQV\(}\ SO qullg P?w\;ee\'mu}th\ﬂ(GSX
Proved \x’ ou Hwy !

76%&{/54 Unimodular Matrices

A mafyix AeR™" s totally unimoclular (TU)

T every Square submatvix has determinant Oxl.
B A=('r) A=(S1) Nonex: A=(ie7) 2%
Tom R1 Let AeR™ be totally unimocular
and beZ" Every vertex of the polyhedion

P = 3xeR": Ax&&} IS an im\eger vecto:

Prk) Let 2 be a verdex of P Recal) thad As is
the suomadvix of A given by Yhe sbset of s a;

ﬁxm\\ich O\;r%:\oi ond Fhor mnk(Az)m.
= A, hos 0 Nonsingul o™ Nxn- submodviy A

(That is, +here are n lineacly indlep. v a;..,a; of A

b aTz=ky, Bral keton Take A's(Z20) b-(3))

Then Az=b' e Z" and 2= (A) b/

A totatlly wnimodular => det(A) =) > (AY e Z™
=2=(A) b e




I_QWWY\(I: FD\{ Ae io}ﬂs\mxn the Po\\ow\'ng ope)/oditms
do not change whether or not A 1S TU:

1) Multiplying a vww/col by - |

2) Permuding vows/ col

3) Pxo\d'mg o vow of o with o wogt one ¢1 entry

(ond 00\ other endvies = O)

4) Duplicating vows / cols

5) Tron SPOS\'V\Q
You Check!

Nole.* Some rolyhedra don't have vertices ;

Call o polyhedron infeger 1+ max 1% < xePJ Is

attained by an integer vector (henever it is finite

(or Bla For totally wimedular AeZ™" and beZ"
the polyhedron P=ixelR Axb] IS inbeger

(Proot) Juppose. X'eP attains maxic'x : xePy. "
chovse d d"eZ" sk. d'exed" (oord-wise) l
Consider Q=1xeR" Axeo d'<xed” d

o o]



The wactrix [ ) must also be totally vnimodulow
ay\d[ ] ™ = Qisan \v\Jre%er Po\\lﬁvp?_

= Makicx: xeQY acheived \0(\5 Some. \n‘rﬁﬂer veriex X
Snce QP X = max 1% xe®f ¢ maxi x:xeP =%
Bt KeQ, so ¢x2Cx Togeﬂer this gives (X=X
Tnok is, YeP7Z" acheives maxcx = xe Py,

Amatvix AeR™ is unimodulac i vank (&) =m

and  eveny mrm Submadrix has det = 0O £
| 2 3

C.9 P\:(l \ 2) Wnimodular, not TIA
Note: AER™isTU & [T, AJ is tnimodular

Tim 8.2 Let AeZ™ Lyith vank (A) =m.
A wimodulor & YoeZ™ P=1xelRy,  Ax=b}
1S N m+eger po\& hedvon.
(Proct) &) For A unimodular, be 27 )jgi
R=1xeRoy “Ax=b ] = {xeR™ (ﬁ)xs(—i’)f '
-

O

Let D= ( ) ¥= H and et 2 be a vertex of P
AN Hhe \neq\/a\hes a; 2<b; and ~%'=2< b



hold with equality, so +he moadrix Da
ContzinS all yows of A and —A. Since vank (A)=rm
the marix Dy has an nxn sobmadrix B fram

m rnws 6f A and n-m yows of — L.
= det(®) = an mrm minor of A = det(R) ==l
\¢ gl 1S the Covres])onding Subvedtor of §,
bheny R2=%' and z=-BFfe7"

(&) Suppose Ybe 2 R=fxeRay * Ax=b § is integer
Lek B be an mxm Submadrix of A with def(®)#0
w.loo toke B (Ay., Aw) and let veZ
Cloim: By € 727

Take ue 77 st u+BV>0 and +ake 2=usBY

oo b=B2 = Rury €727

Then 2= () eR" is a vectex of P= §xeRon: Axeby
Ficst note that A=(BR') and Az'=A(Z)-Bz<b
There are n IJ'VIEOL(‘ }g mo(zp. rows In D= (:g) LWhose
: e , . BB \[2)\.(b
\ﬂEL{\)&\\heS Qe -(13"\"’- (O In__m)(o) (o).
= 2" > Bv=2-0e2" Otz
Taking V=€,.en Shows R'eZ™™ = det(B") = o Z
Bso REZ™ "= detRez = det®)=t|. p



Cor (WoSEman - Kruskal Thm) Let Ae 2™

A is ‘otolly unimodular |
& Yo P-ixeRoy : Axeby IS integger

(See notes o )

Skkmmar\,: for Ae ™"

A wnimodu\ g & \‘/bezwj $ XeRyp AX:E)} IS viegeC
RisTU &€ YbeZ, $ XeRy, Axé);} is nedeC



