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A integer pogram is & proolem of the form 7
max 10X © Axclo, xeZ"

(mmmi%e & linear Sunchon over the 'W\*reaef
woints PNZ" of o pelyhedion P=1xeR’ :AX—“-QQ

In genera, Hhese are NP-Hard 4o solve.

The associoded LP gives on upper bound
max1cx: Axek, XeZ'f < maxicx : Axebd

U\S\m\\g Ynis boond s shrict!

Det Iy po\gﬁope N inﬁgra\ (or “an (mleger P0|3Jrvpe_\\ )

ol of ifs Verkices have integer coortinates. ]

Ex's L1 iciog (), Patemataning (5)  Non-ex OOD(T: i

foc integenl polytopes )
max1c - xePI= max]x: xeP(\Zh}
(Moximun is attoined by Some verdex of P = in P(\Z“B
Note - foc ong polytope P 7" is finite T,
= PL = v (Pn2") also a polytope! -
A polytope P 1s infegral & PH=P

/ ‘P‘t




Tom 31 for ony \oipdrhjcﬁ qroph 5

xR %20 ek, Zixe=L Yuel§

N \ﬁ‘\'@%m\ KQV\(}\ SO qullg P?w\;ee\'mu}th\ﬂ(GSX
Proved \x’ ou Hwy !

76%&{/54 Unimodular Matrices

A mafyix AeR™" s totally unimoclular (TU)

T every Square submatvix has determinant Oxl.
B A=('r) A=(S1) Nonex: A=(ie7) 2%
Tom R1 Let AeR™ be totally unimocular
and beZ" Every vertex of the polyhedion

P = 3xeR": Ax&&} IS an im\eger vecto:

Prk) Let 2 be a verdex of P Recal) thad As is
the suomadvix of A given by Yhe sbset of s a;

ﬁxm\\ich O\;r%:\oi ond Fhor mnk(Az)m.
= A, hos 0 Nonsingul o™ Nxn- submodviy A

(That is, +here are n lineacly indlep. v a;..,a; of A

b aTz=ky, Bral keton Take A's(Z20) b-(3))

Then Az=b' e Z" and 2= (A) b/

A totatlly wnimodular => det(A) =) > (AY e Z™
=2=(A) b e




I_QWWY\(I: FD\{ Ae io}ﬂs\mxn the Po\\ow\'ng ope)/oditms
do not change whether or not A 1S TU:

1) Multiplying a vww/col by - |

2) Permuding vows/ col

3) Pxo\d'mg o vow of o with o wogt one ¢1 entry

(ond 00\ other endvies = O)

4) Duplicating vows / cols

5) Tron SPOS\'V\Q
You Check!

Note * Some polyhedrn don't hawe vertices :

Coll o polyhedmon integer it max i xeP] is

oktained by an integer vecter whenever it is finite

(or Bla For fotally wimedular AeZ™ and beZ”
the polyhedron P=ixelR Ax<b] IS inbeger

(Proot) Juppose. X'eP attains maxic'x : xePy. "
chovse d d"eZ" sk. d'exed" (oord-wise) l
Consider Q=1xeR" Axeo d'<xed” d

o o]



“The warbrix [ ) must als be tokally onimoduo
ay\d[ ] ™ = Qisan \v\k%ef Po\\/p‘t)p?_

= Makicx: xeQY acheived \0(\5 Some. \n‘rﬁﬂc( veriex X,
Since QEP % = mox i cxxe®) ¢ max] x: xeP =%
Bt KeQ, so ¢x2Cx Toge‘rher this gives (X=X
Tnok is, YeP7Z" acheives maxcx = xe Py,

Cor 18 A s TW, be2™ and QueZ” then
each of the Fo\\owm@ po qhﬂdm ae integer

1) 1xeR": Axeb, x20]

2) 1xeR™ Axcl, Lexey]

3) {xe[R: Ax=b, x>0

) 1%eR™: Ax=b, Lexe U\“%
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MotSman - Kuskal Thm Let Ae 2™

A s Jotolly ynimodular |
& Ve P-ixeRop* Axeby 1S indeger

Talle aboout beo? next fime.

One ionportant evawple of TU watvices :

Prop’ Let A e30,51) " be a madvix with of
mosk one 1 and o most one -1 in
each olumn. Then A s TU.

(Prook) Lek M be o kak submatvix of A. We induck on k.
(k=1) M = on entvy of A => detM)=Mm=0,xl
(k>1) Casel = M has o column o O's = det(M)=0
Case 2:Mhas o column w/exactly one nonzem ertry
M= ("8 h{) o det(M)= & det (R where R s a
0 3q- Swomadviy of Size k-l = det(M)= 0!
(ase 3 Every column of M has one 1 and one -1
= Yhe vedor (4,1 \oe,\ongs o the |eft kemel of M
= det(M)=D0




