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§$22 Polytopes and Polyhedm

A closed holfspace is a set of \<
e om TxeR™: a'x ¢b
wheee el bel *‘

A poluhedvon is +he intersechion of /><
‘fmﬁe\x( mony halfspaces, ie.

P= (xeR: 0Keby ) ATKE b |
whee -y Gm € R \o, ,L eR

We write thisas P = IxeR: Ax ‘-\073
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Lot C be cowex. Coll 2eC a Vertex of C
1¥ Yhere do not exist XN e C\iz} Ond A€ (O,D st.

2= Ax+ (N
0 yorley —Vertex
TS ot vertices @ ot verlex

\ertices of Phlyhedra
I R i seems dhat we need
fo equakities ofz=bi, ag2=by
fo Oet o vertex
More generally, for a Po\\jheo\mn P= §xeR" Axebf
wnd o point zeP, lek Ay be Hhe sobmodvix
of A wth rows {a; a{rzzb}
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Thin 22 Let P={xeR": Axelo] bea polyhedvon.
A point 2eP is avertex oF P < rank(Ay)=n




(Idea &t =) rank(Az)<n \\
= JyeR\I0% si. A.N=0. N
= O small enoug\r\ A>0, 2+ \veP

Tren 2=5(2:A)+ 5 (2-N) = 2 ot a verdex

\ \ooth in P X

(ldea of &) 2 ot o veriex 2
> 2= Ax+(IFAY foc some Ae(ol), xyeP\t
0;'X ¢b; and a?\/ clo; for all ielm),

= 072 = Ao x+ (-0 ady € Ao (-0, =,

with equality & aix=b; and oy =k;

= 0] (x-y)=0 whenevex 2=l
S A(x-y) =0 = rank(A;) ¢n.

(or “Every polyhedron hos Tintely -mony verhices

(Proot) A vertex 2 of Pis the Onigue. soluhon o
Aux=lo, (Wnere lo,= (loi)iex ).

I Z2+W are verfices of P hen AFA,

T\\Q-\— S, i\e‘:m] : Q-;"-z--b;?]:\: iie [w1: 6T W=, ’3 .

Only 2" distinct subsets of Im) = 2™ vertices of P




Poluopes
i polutope is Hhe convex hil of o finite set. L=

Thm 23 A boonded polyhedron is $he comex
of s vertices.
(See. Krein-Milman Thm for wire general Convex sets )

ldea of ?roo?) Let P be a bounded polyhedn

< With verfices X, .., %4.
Let 2P WTS ze conv(ix-xe]).
) |
Induct on n-rank(As).

It vonk (Az)=n, 2 is & verkex of P /
\? Yonk (A%\=n, EVQ'K‘O\S)D} S.J(. AzV:'D.
P bounded = 12+Av: AeRIOP is a bounded
line Seqment. Let xy be the end points.
Then 2= Axr (I-A)y for some e (o)),
Moreves;, X,y ore endpoints because of some
new ineq. ho\o\ing with equality at X or \.
= ronk(Ay), rank (Ay) > rank(Az)

(\:‘?t'\im\ X’Y € COY\Vsl len“i > e CDn\liX.,..,x,,,].




Converse also holds'  (See Thm 2M)
Cor 230 A boonded olyhedron is a palyiope.
PR is a bonded polyhedvon & Pis a po\\frope

Lineor prograwming /X
The Pmlolem of maximizing a linenr function

oNer o Po\gheo\mr\ is known as & linear =T (LP)
One standard B max ¢ © Axelod
where CeR’ ReR) beﬂR'"

Polyhedron P=1x:Axeby IR, defined by m inequalities

Trere ove many methods f soiing LP's:
* Simplex method  (Dantig, 135) 1
* ellipsoid method (Khachiyan, W) B
* interor poink methods (Kaemarkar, ag4) [
sk “‘m\&mia\ time a.lta. Sor so\Vins [P's.
Claim: If P=xeR": Axeb§ is bounded +hen
mox1C'x XeP] is attained by some verdex of P
(Proot) Since Pis compact, moxic’x:xeP} is attoined
b\] some. 2€P B\/ Thm 23 z e COhViX\:--lxmi.




= 2= iA;x; where A, 20, 252A =1

O ep ralli, C2=2AC% < ZAM=p

S Fz=pemax]x-xed then ;s =k for some 1.
A stronger stadement holds:

Lewmma 21 1# supicTx: Axebo§<0°, dhen
max 1€%: Axebl is oltained.

Note: this isnt always frue B ™
for nonlinear objechve funchions| /? Peix:x20)
Ex: max xey st.oxeyél \

max is attained not at o verdex




