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§$22 Polytopes and Polyhedm

A closed holfspace is a set of \<
e om TxeR™: a'x ¢b
wheee el bel *‘

A poluhedvon is +he intersechion of /><
‘fmﬁe\x( mony halfspaces, ie.

P= (xeR: 0Keby ) ATKE b |
whee -y Gm € R \o, ,L eR

We write thisas P = IxeR: Ax ‘-\073
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Lineac programming )%
The Pmblem of maximizmg a linear fynction

Over o polyhedron s known as & lineac plogram (LP)
One Standacd Fm: mox 1 F Axe bl
where ceR ReR beR”

Polyhedron P=1x:Axeb) IR, defined by m inequalities

There are many methods for Solvin g [Py
* Simplex method Dontzig, 195))
[' ellipsoid method (Khackhiyan, 314)

* interior poink methods (Karmarka, a84)
sk \30\\6“%(&\ time a.lla. Sor solving LP's
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Whak \)0\'\!\’(3 otain Yhe O‘Yn‘mal value?

Lok C be corwex. Coll 2eC a vertex of C
ﬂ: Yhere do not exist XN € C\ZZX Ond A€ (O,D st
2= Ax+ (R

< veriey «—Vectex
()
RIS novverkices hot-a. veriex




\ertices of Phlyhedra
h R i seems Hhat we need
fwo equakities ofz=bi, oy 2=b;
o ger o vertex
More generally, for a polynedron P= §xelR" Axeb]
nd o Poi\ﬂ'\' zeP  let Ay be Hhe sobmadvix
ofF A wth rws (a; a{’zzb}
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Ax=[o 1]

Thn 22 Lot P=jxeR™: Axel] bea poyhedron.
A point 2eP is avertex of P rank(Ay)=n

(Idea of @) ronk(Az) <n \\
= Jye®\i0} si. A.N=0. ’
= foc small enough €0, 2+eveP

Tren 2= 5(2:80) + 5 (2-80) = 2 ot a verdex

- ooth '\v\’\;’
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(ldeo of @3 2 hot o vextex x\
> 2= Ax+(IFAY for some Ae(oD), xyeP\izt
0T ebi and ATy b for all 1elm},

> Q2= A x+(I- Ma«\l Moz (1-N b, =k,

With equality & MX=b; ond 05N =by;
= 0 (x-y)=0 whenever (2=l
> Alxy)=0 > rank(Az) <n.

(or “Every polyhedron hos fintely -mony verhices

(Poot) A vertex 2 of Pis the Onigue. soluhon o

A x=b, (Where lo,= (bi)iex )

I Z2+W are verkices of P then AEA,
Thot is, 1ielw): 0%-‘07]*%6['“1 07 W=\ §.
Only 2" distinct subsets of Tm) = 2" vertices of P

Polutopes
i polytope is #he convex bl of o Finite et

Thm 23 A boonded polyhedron is $he conex
of s vertices.
(See Krein-Milmon Tam for wiore genera) Convex sets )




(Idea of Proo‘?) let P be a bounded polyhe dvon

< With vertices x,,.., %.
Let 2eP WTS 2e conv(ix,-Xa1).
) |
Induct on n-rank(As).

IF rank(Al)=n, 2 is o veckex of PV
IF rank (Ax)=n, JveR™NiOY st Av=0.
P bounded = 12+Av: AeRI 0P is a bounded
line Seqment. Let xy be the end points.
Then 2= Ax+(-A)y for some e ().
Moreves;, x,\ ore endpoints because of some
new ineq. holding with equality ot X or y.
= ronk(Ay), rank (Ag) > vank(Az)
Xy € ComiRusked = 2 € Cony i, %],

(\vﬁ'\im\

Converse olso holds!  (See Thm 2M)
Cor 23a. A bonded polyhedron is a palytope.

P<R is a bonded po\qhedfon%> Pis po\g‘rope

Claim: |f P=ixeR": Ax¢b{ is bounded +hen
mox1c¢x: Xe P is attained by some verdex of P



(Proot) Since Pis compact, maxic’x: xeP} is attoined
b\] some. 2eP B\/ hm 23 2 e Cony 1 %o Xmg

= 2= i)\;x; where A, M20 25A =1

IFC%ep fralli, C2=ZNCK< ZAp=p

= IF C2=p=maxic'x: xeP} then Cx;=p Jor some .
A stronger statement holds

Lewma 21 1B sup 3" :Axelo§< then
max 1Cx: Axebd s atine .

Note: this isnt always frue s
for nonlinear objechive funchions! /: «{x:x20}
Ex max xey st. Xy ¢ | \

max is ottained not at o vertex




