MPAJAMA 514 :
Networks ¢ (ombinatvrial Opfimization

Today® 814, §21,§22

From \ost fime

Given a connected Qroph G=(V,E)

ond length function L-E=R, wonr

find minimum Yength Spaning tree -
()= Z{_ Qe).

Tam W S\APPDSQ
"Fis a greedy Sorest of 6
+ W is the vertex set of o conn. Component of F
-ee () has win. length in S(W)
then FLe} isa greedy Trest of 6.
Dijksira- Prim Alopridam
(1959, 1962, hased on Boviwka (1426))

1) Choose. any veriex Vel Set \peiv Esé




P

2) While Ve #V, c\r\oose, eeS(\(Q of min. \eng\"\
St Veu=\ Ve and Eu=Equied.

Proct) Stort: E,=¢ is a greedy Yorest

%\1 Thm, evey U\Po\ak’. F, 1S 0ls0.

= Owrput = a Spanning, nnecled greedy orest
= 0. Win. Spamin\cj e

Keuskol's Algorithe (1156)

) Soct edges st. Me)<fe)e. <llew)  (E\m
2) Set T,=(V, ¢)

3) for t=l,m, i Fuled acyclie, K=k, vied

otherwise E=FH. Run time:

OV*P“* T=F O(IE 1oy (1ED)

so(’ﬁng edges‘.

<
1('4-‘" if;::':'z*.?



(Froot of correctness) Stort 5 is a greedy forest

IF £ uled is acyelic, e; connects fwo connected
components WU of By = e ed(U).

If ((F)2le;), end pts of § ove connected in oy
=> ¢; hos win length among §(U).

> By Thm L\, 55 is & qreedy Forest

Application |. £+ Moimum Reliokility Probslem
Wont 4o deSign 0 network Hhot mowimizes reliabilty
lput: Goph 6=(V,E), S:E-Ry
(e)= “strength of edge
The reliability of o path P is ((P)= min sle)
(?h‘eh%“\ of weakest link W P) = e
For verbices uNeV, define
)= ox e (P): Pis apath in G from wh

@v (Strongest weakest link!)




LQ’c T \oe A MAXimum s’rrex\g;\’n S?O\m\\'ng ree
(minimum lengith with fle)= —sle)).
M‘ ‘FG(\A,\I\ u,\f) ?wm\\x\fe\/ Hrake 4.

T

Cs(eeo\q A\O\oﬂﬁ\ms ‘ Ma\Yo\dS

GIeeO\q a\gor iHhms don't aAways find
the optimal sution! Tormally

Problem = Given o finite set X, co\\ech'on& of
suosefs of X, and weights w:X>1R, find the
mivivum weight- element of &, where

W (S\ 2 w(x).

XeS

EX X edges of o Connected %mp\n G
B= ismmms frees of GS




Greedy A\gorithm  Sipet: S=¢b

While S%, Choose XEX\S of minimum me,\'g\ﬁ’
so thot SOIXJC B fov some RefH
and update S— SLIX.

€ Yhere iS o Such X, S\'op o D\ﬁP\f\' S

Ex (?a\'\ure‘.\ Find the WINiMUW) \eng-Pn
Wanning ey of G=(V,E), LE>R
ZIj;’ Greedy o 0* Coose. Shordest edge (a,6)
0 g e ‘\(\1% add ...
Ov\\\i Opfimnal So\uhon I:I doesnt use ab

Structores for which the greedy alg. alwayg
finds the optimo) solution ace called matroids,

(discussed in 310, loder in +he quaf’re; )




WA / §22 Comex Sets

Aset CERis convex if °““°‘
Tor every xNeC Aelof], Axe(1-Ay eC
That i, Ceontaiing the line segment” on-

between oy two points in C. camex

Remark: The indersechion of convex Sets is Convex.
CLQR“ conex forall ieL=> iz G convex

xqe0iG = xyeG YieL (’
> Ax+(-Nye G Wiel

= Ax+(\-A)y € (g G
The convex hull of avset XS, denoted conv(X)
iS the smallest convex set contoing X, ie.

ow(X) =0 C '
Atternadiv e\\,, C%ycex %+ conV(X)

CDV\V(X)'—'i%»)\ Xi * ¥y Yeme X, A2, ZA 1}

\=y

0 “Convex combination of ¥,... X

The convex hull of o finide Set is a polytope



%= o), 00,005 D
= QS{\\I()Q H %y) R X20, 420 \x x-\—\{'i
L= (- x-\p(oo\*fx(\o)w (o))
coefF gre 20 and sumto 1

Ex 2: X=1(00950(x 1) xz,,\’z {1 =
Conv )O 3()(\{%)6“{3 41 0'-‘.2:1.

EX/ Det: o closed halfspace is
0 Set of the form xeRY: a™x £k
where nelR’ beR
Con\leXr\\, N'x &b, a\I<!o=% AO'x ¢ Ab
(1-A)a'y € (IFA) b
> a'(Ax+(-My) ¢ b
A poluhedvon is +he intersecion of /><
ﬁm%e\q mony halFspaces, ie.
P= (xeR: 0lkeby -, AT XEbm §
whee -y G ER \o) ,L eR

Ex: 1lxy) €R™ x20, 420 |2y k

I



a

T 24 E\W\l po\xfrope is 0 bounded Pu\\iheo\ron.

Teaser for the future:

Spanning {rees 0S O FO\\ftoPe

6=(V, E) Connected graph, L-E~IR
For TCE, define I+ < Re by

(“T)e._._ % 1 i# eeT

O iFe¢
Then conv iy T is o Spon Hvee of GI=R

IS 0 pokyfope.
o ab ac be Xac
Ex: A T=1abac) = 1=(1,),0)
2T Teab bk > 1.20,0,1) @
T=%0¢, b = 1. =(01,1)  comex i
Cloim: length of min Sp. tree
= min { Z 4e)xe : XeP,}

€ct

“Thim: E\IU‘/ boonded  polyhedron is o P°\‘3*°Pe'(?c§)




