MRA/AMA 51 :
Networks ¢ Combinatorial Opfimization
Today © $\4 Minimum Spanning rees
(%mp\(\s = Mony defivnitions |
An undirected Oraph (o WSt gr ap\ﬂ)
is o poic G=(V,E) of
- O set of vectices
~ 0 et of edges E
7 “
edge = unordered PO of verlices

E“""<I>'3 \=$),2,34% E=312,M, 23,24, 34}

A walk in G is a sequence Ve, €,V,8;,.,

Whece eV, =1y, vSeE L_JZ A\
R path iS o walk with disfinct Vertices Vo,-yia
G is connected if $here is path between any

b vertices of &

Acyde in 6 is & walk with diskinct edges
(N\d \/Dz\[m




A circuif in & is o cycle with
all VerficeS distinet except Vo=we

The (connecied) CoMPONeNTS of 6 AL
Ore e woaximal Connected Wographs.

ar Ph with w cycles is o forest
nd 0 Connected a“o(es’r s o free g

Check: every forest in a IS\OINT Union ot frees \
R sWograph R=(V,E") of G is spanning
£ N=V" ond every vertex VeV is contained

n some. edge eeE NIV

A spanning Aree of G s @ Spanning,
Connected Swograph of G with no tycles

Ex."<]q>-s T=112,24,224 ‘3\"‘%3 . fvees
G T=114,24,234

Minimum Sponning ree (MST) Rroblem

Inyut : 0 Connected graph G=(,E)
oana 0 '\engﬂn“ Swoction 0:E-=R



Goal: find & win. \@ng\’\f\ spanning free, je.
o spree T minimizing

M) = 2 Qe)
Ca\1\e\| S wcovmula\ (o‘mp\e\{ %rap\n Kox (T (%))
has 1 gpav\v\mﬂ frees |

<l>. <>. OHIN. SPN\N
' dvee has \engW\ 2
APP\\CM\D'\S desioning vood Jysiems,
electrical grids, iephone lines, ete.

ste’Fu\ SZO\CJFS ooOuT Smnvxma tees (‘10\& check!)

1) A spamning, connecied &\x\ogmp\n HotG
(S 0 Spaming free i and only i [EM)]=IVI-\
2)\n 0 Spomning tvee, Hhere is o unique
ot loetween any b Vertices.

2) 1F e=1i)3¢ T and T lies on he
unique path in T between i ond , then
T\)Steﬁ\s\ﬂ IS O Spommn% free of G
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Dijksiro- Prim Alaortam
(1959, 1962, hased on Borgka (426))
1) Choose. Ay vertex VeV . Set el Esd
2) While Vie* V/, choose. e,e S(\i) of min. length
Set \f\a—\:\[\gu & and Ew=Exuied
) Ouipwr (Vg En)  le=INI-1)
here S(S)=31€€E with one end st T S, one in \/\S}
J Example of o greedy algorithm !
At eveny Siep, )

¥ Sieps =[] Running fime 2 [VI \E (ngsglﬂ
Thm 112 O(IE1+ M log(\)))
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oot of correctness :
(ol 0 Jorest of G greedy if iis contained in
0 minimuwn Spanning tree of G.
Tam (\.\\3 S\APPDSQ
‘T is a greedy Torest of G
+ W is the vertex set of o conn. component of
-ee () has win. length in S(W)
then, FUle] isa greedy Brest of 6.

(Frost) F greedy = 3 min. Spanning ee 12
/[ @i} € ee1 - done!
e Otherwise, toke
P = U\Y\iq\J(i POL‘HI\ iV\T behueev\ end P\'S of e
= AFEE N $(W)
R seful Foct (3), T="Tuied\ i3

0ls0 a Spanning e oF G.
Since. e € U®), (T 4 2(T)

1)




= T( \S G i, SPOnningG free of &
34T = Foje] €T'= Fused greedy forest
Cor: The Dijksiva-Rim alg. gives a
minimum  SPanning ree of G
(Prock) Stort: F=(5v3 #) is a greedy Jorest:
%\1 Thw\, Ny U\PO\UAE (\IK, En) NE\INY)

= Ourput = o spanning onnecled greedy orest
= 0 win. Spanning Hree

Another option o Nnding

0. in. Spanning tree:

Kruskal's Alaorithe (195(,)

) Sort edges st. fle)ee)e. llen)  ([Elem)

2) Set F=(V, ¢)

3) For i=lm, § Fuied oeyclie, =R vied
Ofherwise F=F_. Run Time:

OIEl log(IED))
O\K\"PV\\' = Ev\ . sorting (::?iges‘.
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(Frok of correctness) Start 5 is o greedy forest

IF £ ule:d is acyelic, e; connects fwo connected
components U U' of R = e ed(U).

f ()2 1le), end pis of F ore wnnected in oy
=> ¢; s win length among §(U).

> By Thm |\, & is o greedy Fovest.
<
&8-‘" if;::':'zf



