Large Example of the Simplex Method
UW Math 407, Fall 2022

Original LP: max z; + x5 such that Ax = b and x > 0 where

1 0 0 0 1110 9
1 =10 0 000 1 -3
A=19 1 1 0 010 0f 2@dPb=]_4
0 0 1 —-10010 —1

In order to set up the auxiliary LP, we multiply the 2nd, 3rd, and 4th equations by —1, to
make b > 0, re-writing the original LP as

max z; + x5 such that Ax = b and x > 0 where

-1 0 0 01 1 1 0 2
~ -11 0 00 O 0 -1 ~ 3
A=lo 11 00 -1 0 o0 and b=
0O 0 -1 10 0 -1 0 1
PHASE 1
The auxiliary linear program is
max —Tg — L19 — 11 — T12 such that
Tg Tog
Ax 4+ | "o f = b, x>0, and 10 >0
T11 L1
T2 T12

The “obvious” feasible basis is {9, 10, 11, 12}, from which we can run the simplex method to
solve the auxiliary linear program:

B =1{9,10,11,12}, T(B) :
Tg =2+ T —T5 — Tg— Ty
T =3+ X1 — T + 23
r11=1—29 — 23+ x4
rio=1+2x3— 14 + 27
z2=—7—2x1+ 2209+ x4+ x5 — 23
We can choose x5, x4, or x5 to enter. Let’s choose x5. With
TG =23 =x4 = x5 = Tg = 7 = x3 = 0, we find that
Tg =2
T =3 — T
T =1—129
T =1

The tightest constraint is x5 < 1, coming from x; > 0, so x1; leaves.



By hand, we can solve the “x1; =” equation for x5 and use that to compute the simplex
tableau for the new basis:

B =1{2,9,10,12}, T(B) :

ZE2:1—953—|—{L'6—ZL'11
5(39:2+ZE1—.T5—(L’6—ZE7
1’1022+$1+$3—1’6+$8+Q}11
rio=1+4+2x3— x4+ 27

Z:—5—21‘1—21’3+ZL’4+$5+2I6—$8—2I11

We can choose x4, x5, or zg to enter. Let’s choose xg. With
T =23 =124 =5 =x7 = x5 = 17 = 0, we find that

:172:1+x6
ZE9:2—J]6
I10:2—ZC6

1‘12:1

The tightest constraint is xg < 2, coming from both x9 > 0 and x19 > 0, so we can choose
either xg or x1g to leave. Let’s choose xg. Solving for the equation“zy =" in the tableau
above for x5 let’s us compute the next simplex tableau:

B ={2,6,10,12}, T(B) :

$2:3+I1—I’3—ZL‘5—[E7—$9—ZL‘11
x6:2+:1:1—:c5—a:7—x9

X0 = T3+ T5 + X7+ x5 + X9 + T11
[E12=1+ZL’3—1’4+[E7

z=—1—-2x3+x4 — 5 — 207 — x8 — 229 — 2711

We can only choose x4 to enter. With x1 = x3 = x5 = 27 = x5 = r9 = x1; = 0, we find that

ZL'2:3
.’L'6:2
1‘10:0

I12:1—J]4

The tightest constraint is x4 < 1, coming from x15 > 0, so x5 leaves. (Subtlety: z1q is also
zero at this point, but x1p cannot leave. Indeed, {2,4, 6,12} is not a basis!)



B =1{2,4,6,10}, T(B) :

1‘2:3+$1—$3—x5—$7—$9—x11

Ty =1+2x3+ 27 — 212

Te =24+ T — 25 — Ty — Xy

Ti0 =23+ s+ X7+ a8+ Tg + T11

Z:—ZL’3—I5—ZE7—ZL’8—2ZE9—2$11—.1312

There are no positive coefficients and so we are done! This certifies that the optimal value
of the auxiliary linear program is zero and so the original linear program is feasible.
The corresponding basic feasible solution of the auxiliary LP is given by
x1:x3:x5:x7:x8:x9:x11:xlgzoandxgz?), .1}4:]_, 1'6:2, andxlO:O.
That is, (z1,...,212) = (0,3,0,1,0,2,0,0,0,0,0,0). Dropping the xg, 19, 11, T12

coordinates gives a feasible solution of the original linear program, namely
(xla s 73:8) = (07 37 Oa 17 07 27 07 0)

Subtlety: the solution to the auxiliary LP is represented by more than one basis. In
addition to {2,4,6,10}, it is also represented by {2,3,4,6} (among others). If we use the
equation x1g = x3 + x5 + 7 + x5 + 19 + x11 in the tableau above to solve for x3, we obtain
the simplex tableau:
B =1{2,3,4,6}, T(B) :

$2:3+$1+$8—$10

T3 = —T5 — X7 — Xg — Tg + T10 — T11

ry=1—o5 — 23 —T9g+x10 — T11 — T12

Te =2+ 1T — X5 — Ty — Xg

Z=—T9 — T10 — T11 — T12

This corresponds to the same point. (The benefit is that {2,3,4,6} will be a feasible basis
for the original LP.)

PHASE II

Now we can remove the variables xg, x19, 11, 12 to find a feasible basis and tableau for the
original linear program:

B =1{2,3,4,6}, T(B) :
$2:3+$1+$8
T3 = —T5 — T7 — I8
$4:1—ZL‘5—ZE8

Te =24+ — 25 — Ty

Now we can remember the original objective function! And starting from this feasible
basis, use the simplex method to maximize it.



B =1{2,3,4,6}, T(B) :
To =3+ 11 + 23
T3 = —T5 — Ty — Tg
ra=1—2x5 — 23
Te =24+ 11 —T5 — X7
z2=342x1 + xg

We can choose z1 or zg to enter. Let’s choose x;. Taking x5 = x7 = xg = 0, we find that

To =3+ 11
3 =10
zy=1

Te =24+ 11
z =34 2x;.

From this we see that for every nonnegative value of x1, the coordinates wo, x3, x4, Tg are
nonnegative. That is, for every x; > 0, the point x = (21,3 + 21,0,1,0,2 4 21,0,0) is
feasible and has objective function value 3 4+ 2z,. By making x; arbitrarily large, we can
make the objective function arbitrarily large, so the original linear program is unbounded.



