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Semidefinite Programming:

min
x∈Rn

cT x : A0 +
∑

i

xiAi � 0 (A0,Ai symmetric, n × n)

where B � 0 ⇐⇒ B =
∑

i

bib
T
i for some bi ∈ Rn

⇐⇒ all eigenvalues of B ≥ 0

⇐⇒ xTB x ≥ 0 for all x ∈ Rn

a generalization of linear programming
also solvable in polynomial time!
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SDP and sums of squares:

p(x1, . . . , xn) is a sum of squares
⇐⇒ ∃ A � 0 s.t. p(x) = (monomials)TA(monomials)

p(x , y) = x4 − 2x3y + 3x2y2 + 4xy3 + 5y4 is sos

⇐⇒ ∃ A � 0 s.t. p(x , y) =
[
x2 xy y2

]
A

x2

xy
y2

.

Why?

A � 0 ⇐⇒ A =
∑

i

bib
T
i ⇐⇒ xTAx =

∑
i

xTbib
T
i x =

∑
i

(bT
i x)2
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SOS for relaxing nonnegativity:

f ≥ 0 on Rn −→ f is sos

f ≥ 0 on VR(I ) −→ f is sos mod I

−→ f is k-sos mod I

2x + 2 ≡ (x + 1)2 + y2 mod 〈x2 + y2 − 1〉

where f is k-sos mod I ⇔ f =
∑

i g
2
i mod I with deg(gi ) ≤ k.

Cynthia Vinzant Degree Stability of
P

R[x]2+I



SOS for relaxing nonnegativity:

f ≥ 0 on Rn −→ f is sos

f ≥ 0 on VR(I ) −→ f is sos mod I

−→ f is k-sos mod I

2x + 2 ≡ (x + 1)2 + y2 mod 〈x2 + y2 − 1〉

where f is k-sos mod I ⇔ f =
∑

i g
2
i mod I with deg(gi ) ≤ k.

Cynthia Vinzant Degree Stability of
P

R[x]2+I



SOS for relaxing nonnegativity:

f ≥ 0 on Rn −→ f is sos

f ≥ 0 on VR(I ) −→ f is sos mod I

−→ f is k-sos mod I

2x + 2 ≡ (x + 1)2 + y2 mod 〈x2 + y2 − 1〉

where f is k-sos mod I ⇔ f =
∑

i g
2
i mod I with deg(gi ) ≤ k.

Cynthia Vinzant Degree Stability of
P

R[x]2+I



SOS for relaxing nonnegativity:

f ≥ 0 on Rn −→ f is sos

f ≥ 0 on VR(I ) −→ f is sos mod I −→ f is k-sos mod I

2x + 2 ≡ (x + 1)2 + y2 mod 〈x2 + y2 − 1〉

where f is k-sos mod I ⇔ f =
∑

i g
2
i mod I with deg(gi ) ≤ k.

Cynthia Vinzant Degree Stability of
P

R[x]2+I



Combinatorial problems and polynomials:

Given a graph G = (V , E), let

IG = 〈x2
v − xv : v ∈ V 〉+ 〈xvxw : (v ,w) ∈ E〉

x ∈ {0, 1}|V | is a stable set of G ⇐⇒ x ∈ VR(IG)

max stable set = max
∑

xi : x ∈ convex hull(VR(IG))

= max
∑

xi : f (x) ≥ 0 for all linear f ≥ 0 on VR(IG)

→ max
∑

xi : f (x) ≥ 0 for all linear f is sos mod IG

→ max
∑

xi : f (x) ≥ 0 for all linear f is k-sos mod IG

Check out ”Theta Bodies” by Gouveia, Parrilo, Thomas.
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Motivation:

Many optimization problems can be expressed in terms of

{f ∈ R[x ] : deg(f ) ≤ d , f ≥ 0 on VR(I )}

where VR(I ) := {x ∈ Rn : h(x) = 0 for all h ∈ I}.

This is hard, so we relax to

{f ∈ R[x ] : deg(f ) ≤ d , f is sos mod I}

In practice,

{f ∈ R[x ] : deg(f ) ≤ d , f is k-sos mod I} (an SDP!)

where f is k-sos mod I ⇔ f =
∑

i g
2
i mod I with deg(gi ) ≤ k.
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Example: minimizing f (x) over VR(I )

f ∗ = max r : f − r ≥ 0 on VR(I )

f ∗sos = sup r : f − r is sos mod I

f ∗k = max r : f − r is k-sos mod I (SDP)

Problem: As r → f ∗sos , we may need k →∞ for f − r to be k-sos.

When does this happen?
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Stability

Say that
∑

R[x ]2 + I is stable if there exists d : N→ N so that
for every f that is sos mod I , f is d(deg(f ))-sos mod I .

Examples:
∑

R[x ]2,
∑

R[x , y ]2 + 〈xy − 1〉

f =
∑

i (gi )
2 ⇒ deg(f ) = 2 max{deg(gi )} ⇒ f is (1

2 deg(f ))-sos

Note: If
∑

R[x ]2 + I is stable then for N >> 0, f ∗N = f ∗N+1 = . . .

Main Question: When is
∑

R[x ]2 + I stable ?
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Theta Bodies

For theta body enthusiasts . . .∑
R[x ]2 + I stable

⇒ {f linear, N-sos mod I} = {f linear, (N + 1)-sos mod I} = . . .

⇒ THN(I ) = THN+1(I ) = . . .
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Some Results

Note:
∑

R[x ]2 + I stable ⇒ f ∗N = f ∗N+1 = . . .

Schmüdgen : VR(I ) compact ⇒
∑

R[x ]2 + I SMP. (⇒ f ∗k → f ∗)

Scheiderer:
∑

R[x ]2 + I SMP and dim(VR(I ))) ≥ 2
⇒
∑

R[x ]2 + I not stable.

Not stable:
∑

R[x , y , z ]2 + 〈x2 + y2 + z2 − 1〉.

Is
∑

R[x ]2 + I stable ? No for VR(I ) compact with dim ≥ 2.
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By Schmüdgen’s Thm, for every c > 0,

x + c ∈
∑

R[x , y ]2 + 〈y2 − x3 + x4〉

{f : f is k-sos mod I} is closed in R(2k+2
2 ) for every k ,

but
x 6∈

∑
R[x , y ]2 + 〈y2 − x3 + x4〉.

⇒ we need unbounded degree to represent x + c as c → 0
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By Schmüdgen’s Thm, for every c > 0,

x + c ∈
∑
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∑

α aαxα) := max{wTα : aα 6=0}.
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∑

i (gi )
2 + h and degw (f ) < degw (

∑
i (gi )

2

⇒
∑

i (inw (gi ))2 = inw (
∑

i (gi )
2) = −inw (h)

∈ inw (I )
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Example: I = 〈y2 − x3 − x〉 in(2,3)(I ) = 〈y2 − x3〉 real radical

x2y4 + y4 − 4x2y2 + x4 + x2 ≡ (x3y2 − x6 − xy2 + y)2 + (x3y2 − y4 + x)2

≡ (x3(y2 − x3)− xy2 + y)2 + (x3y2 − y4 + x)2

≡ (x3(−x)− xy2 + y)2 + (x3y2 − y4 + x)2

≡ (x(x3 − y2) + y)2 + (x3y2 − y4 + x)2

≡ (x(−x) + y)2 + (x3y2 − y4 + x)2

≡ (−x2 + y)2 + (y2(x3 − y2) + x)2

≡ (−x2 + y)2 + (y2(−x) + x)2

Both have deg(2,3) = 16.
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Theorem
If w ∈ Rn

>0 s.t. inw (I ) is real radical, then for any f ∈
∑

R[x ]2 + I ,
there are gi with 2 degw (gi ) ≤ degw (f ) and f ≡

∑
i (gi )

2 mod I .

Corollary:

If there exists w ∈ Rn
>0 so that inw (I ) is real radical, then∑

R[x ]2 + I is stable.
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Sketch of the proof . . .

I Start with f =
∑

i g
2
i mod I .

I If inw (gi ) ∈ inw (I ), reduce gi mod I .

gives f =
∑

i (gi )
2 + h where inw (gi ) 6∈ inw (I ), h ∈ I .

I If degw (f ) < degw (
∑

i (gi )
2), then∑

i (inwgi )
2 = inw (

∑
i g

2
i ) = −inw (h) ∈ inw (I ).

I ⇒inw (gi ) ∈ inw (I )

⇒⇐
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Questions:

I How can we check this condition (∃w ∈ (R>0)n . . .)?

I Connections with tropical geometry?

I What does it mean geometrically?

〈x2 + y2 + z4 − z2〉 〈x2 + y2 − z4 − z2〉
I Converse? When is I not stable?

Thanks!
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