
An example from the past

Let (X ,M, µ) be a measure space. If f ∈ L+ then

ν(E ) =

∫
E

f dµ defined for E ∈M

is also measure.

Moreover if µ(E ) = 0 then ν(E ) = 0.
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Signed measures

Definition: A signed measure ν on a measurable space (X ,M) is a
mapping that satisfies:

−∞ < ν(E ) ≤ ∞ for all E ∈M.

If {Ej}∞j=1 are disjoint subsets of M, then

ν

 ∞⋃
j=1

Ej

 =
∞∑
j=1

ν(Ej).
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Example:

Let (X ,M, µ) be a measure space. If f is measurable and
∫

f − dµ <∞
then

ν(E ) =

∫
E

f dµ defined for E ∈M

is a signed measure.

Notation: Such a function f is said to be extended µ-integrable.
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Total variation

Definition: Let (X ,M) be a measure space, let ν be a signed measure.
The total variation of ν is given by

|ν|(E ) = sup
∞∑
j=1

|ν(Ej)|,

where the supremum is taken over all partitions of E , i.e. all disjoint
countable unions E = ∪∞j=1Ej with Ej ∈M.
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Properties

Proposition: The total variation |ν| of a signed measure ν is itself a
(positive) measure that satisfies ν ≤ |ν|.

Positive variation:

ν+ =
1

2
(|ν|+ ν)

Negative variation:

ν− =
1

2
(|ν| − ν)

Note: ν± are measures and

ν = ν+ − ν− and |ν| = ν+ + ν−.

If ν(E ) =∞, then |ν|(E ) =∞ and by definition ν−(E ) = 0.

() Differentiation of measures February 5, 2010 5 / 10



Definitions

A signed measure ν is σ-finite if |ν| is σ-finite. In this case ν± are
also σ-finite.

ν is supported on A ∈M is

ν(E ) = ν(A ∩ E ) for all E ∈M.
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Mutually singular and absolutely continuous measures

ν and µ signed measure on (X ,M) are mutually singular, ν ⊥ µ, if
there exists A,B ∈M, A ∩ B = ∅

ν(E ) = ν(A ∩ E ) and µ(E ) = µ(B ∩ E ) for all E ∈M.

If ν is a signed measure and µ is a (positive) measure on (X ,M),
ν is absolutely continuous with respect to µ, ν << µ, if

ν(E ) = 0 whenever E ∈M and µ(E ) = 0.
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Proposition: Let ν be a signed measure and let µ be a (positive) measure
on (X ,M). If |ν| is finite then ν << µ if and only if

For each ε > 0 there is δ > 0 such that (1)

|ν|(E ) < ε whenever µ(E ) < δ.

In general (1) implies that ν << µ.
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Lebesgue - Radon - Nikodym Theorem

Theorem: Suppose µ is a σ-finite positive measure, and ν is a signed
σ-finite measure on (X ,M). Then there exist unique signed σ-finite
measures νa and νs on (X ,M) such that

νa << µ, νs ⊥ µ and ν = νa + νs .

Moreover dνa = f dµ, i.e.

νa(E ) =

∫
E

f (x) dµ(x),

for some extended µ-integrable function f .
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Application

Definition: A Borel measure ν in Rd is regular if

ν(K ) <∞ for every compact K ;

ν(E ) = inf{ν(U) : U open, E ⊂ U} for every E ∈ BRd .

Theorem: Let ν be a Borel regular measure in Rd , and let
dν = f dm + dνs be its Lebesgue-Radon-Nikodym representation. Then
for m-a.e. x ∈ Rd ,

lim
r→0

ν(B(x , r))

m(B(x , r))
= f (x).
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