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Polynomial Optimization :  p*:=inf{p(X) : x € K} (x)

e K={xeR":g1>0,...,gn>0,h; =0,...,hg= 0}

( ), P,gi,hj € R[X] :=R[Xq,...,Xn]
o K=R" —
em=0 — K=17%() of | = (hy,...,hm) C R[X]
o problem
o even when deg(p) =4 and K = R".

GOAL: Find a sequence of relaxations of () by convex optimization

problems that converges to ().



Examples (all NP complete)

Partition problem: Given ay,...,an € Z, does there exist x € {£1}"
st. Yaixj =07 Yes & p* =O0for p:= (ZP:laxi)2+ Zinzl(xiz— 1)2.

Distance realization: Given distances d := (djj) € RE, dis in
RK if there exists V1, . .., vn € RX such that dij = ||vi —vjl|| forallij € E.

2
d realizable in RK < p* = 0for p:= SijcE (dlzJ - ZE:1(Xih _th)z) .

0/1 Integer programming: min{c-X : Ax < b, Xi2 =X Vie|n}



Semidefinite programming

o : Symm (RN
o . A, B e Ssymm(R™M),  A.B:=trace(AB)
° : A>0

& all eigenvalues of A are non-negative
& VAV > Oforallve RN
& A=BB' forsome Be R™M

semidefinite program (sdp):

sup{C-X 1 Aj-X=Dbj, j=1,....m X =0}

O optimization, time algorithms

o IS SDP over diagonal matrices



Hilbert’s 17th problem

Prh={peR[x : p(x) >0, VxeR"

Zn={Y hJ2 . hj e R[x[} (sos) of polynomials
Pnd» Znd  Polynomials of atmostd in Py and 2p
2nC Prhand 2n g C Png in R|x|

Znd=Prden=1lord=2o0r (nd)=(24)

Hilbert's 17th problem: Is every p € ‘P, a sos of rational functions?

Yes! using Tarski’s transfer principle and orderings on fields



(1967):
S(X,y) = 1 — 3x%y2 + x2y* + x*y?
* S(X,y) € Prg\ 226
o 3BIC> FabcV a,b,c>0

a:=1 b:=x* c:=xH?

(2006): for d fixed, many more nonnegative forms than sos

formsasn— o

(2006): for n fixed, any nonnegative polynomial can be

approximated arbitrarily closely by sos polynomials.



Testing for sos representations via SDP

p = x* + 23y + 3x2y2 + 2xy3 + 2y* sos

, , ajg a2 a3 X2
& JAZO0st p=(X5xyy°) | a2 azp a3 Xy
aj3 ap3 ass y2

< thesdp{A>=0:a31=1app=1ax»+2a13=3,ap3=1a33=2}

IS feasible
1 1 0
ex: A=B'B for B:(é % i{) orB=| 0 /3/2 3/2
0 1/2 —/1/2

p= (% +Xy—Y2)?+ (Y2 4+ 2xy)? = (% +XY)2 + 3(Xy+y2)? + 3(xy— y2)?



Sos relaxations for p*:=inf{p(X) : x € K}
P :=sup{p:p—p=>0onK} =sup{p: p—p>00nK}

e K=R": p°95 :=sup{p: p—pissos}
CAUTION Motzkin polynomial: p°°% = —c0o < p* =0

eK={xeR":9;>0,...,gn>0}:
P> :=sup{p: p—p=S0+ 3" ;S0 S sos}

to get sdps we look at successive truncations:
pPOS :=sup{p: p—p=so+ " 1S0i S sos, deg(sg),deg(sgi) < 2t}

ptSOS < ptS—Ef < pSOS < p*’ limt_ oo ptSOS — pSOS



Positivstellensatz  ( 1964, 1974)

T:={ys(9{gZ o) : (i1,....im) € {0,1}™, 5 sos}
non-negativity set of K ={x € R": g1 >0,...,gm > 0}.

Positivstellensatz: Given p € R|x|,

i) p>0onK < pf=1+q, f,geT

(i) p>0onK < pf = p2k+ g, f,ge T (solves Hilbert's 17th prob)
(i) p=0onK < —pXKeT
(iv) K=0« —1€T (compare: Hilbert's weak Nullstellensatz)

Real Nullstellensatz: pvanisheson {x€ R": hy=---=hs=0} &

P4 s= Z?:lujhj for uj € R[x],s sos. (Hilbert’s strong NS)



Schmudgen’s & Putinar’s refinements

p*:=sup{p: p—p>00nK}=sup{p:(p—p)f=1+g, f,geT}.
1991: If K is compactthen p>0on K= peT.

Schm

pEehM — sup{p : (p—p) = S S(02g2---all), § sos, deg(x+) <t}

(sdp, liMt—opCNM = p*, involves 2™ terms 1)

1993: If K is Archimedeanthen p>0on K = p& M.
M:={sp+311SGi : So,S sos}

P

pt Utzsup{p : (p_p) — SO—|_ zsgia SO?S SOS, deg(**) St}

(sdp, limt—eopf Ut = p*, only m+ 1 terms )



Moments of probability measures

U probability measure on R™:

® Vo ::fxadu
o Y. = (ya : O(ENn)

K-moment problem: Characterize moment sequences of measures

supported on K C R".

n
e RN" moment sequence:
y

. - M(y) € RNNEMY) (@ g) = Vap
. . Mt(y) — principal submatrix of M(y)
indexed by N}’



Moment relaxations for p* :=inf{p(X) : x € K}

VAS RNgt (truncated) moment sequence of pon K = Vvt > d,
Mt(y) =0, Mi_g,(Qiy) =0,i=1,....m

p* = inf{ /¢ p(X)du: K prob measure on K}

inf{ p'y : Yo = 1,y mom seq of pon K}

pMOM = inf{p'y : yo=1, M(y) = 0, M(giy) =0, i=1,...,m}

to get sdps we look at successive truncations:

pMOM - — inf{ ply : yo =1, Me(y) = 0, My_g, (giy) = 0, Vi, y € RNz}

ptmom < pm(im < mem < p*’ limt— oo ptmom _ mem



Duality

Recall: P={p: p(x) >0, VxeR"}, T={yhe: hjeR[x]}.

Define M :={y € RN : y mom seq of g on R"} C R[x]*
M. = {ye RN : M(y) = 0} C Rx]*

1935 P =M™, P* =M
1979: 2 = M;k, >F = ME

Corollary: (N=1) = M = M-

- K-versions of these dual cones

sdp duality = pfOS < p"oM < ... < pSOS < pMOM <



Theta Body of a Graph

G = (|n], E) undirected graph
STAB(G) := conv{X> : Sstable setin G}
max stable set problem: max{y X; : X € STAB(G)} ( )

lc:=(X :ie[n], xxj: 1] €E) = V(lg) = {x>: Sstable setin G}

1980

e TH(G):={xeR": f(x) >0 f linear, f 1-sos mod Ig}> STAB(G)
o G & STAB(G) = TH(G)
e stable set problem solved in poly time if G perfect:

max{$ Xj : X € TH(G)} is an sdp



1994: Which ideals | C R[x] are ?
(V f linear, f > 0on 7R(l) = fis 1-sos mod I)

f € R[x] k-sos mod | if f = ZhJZ mod I, deg(hj) <k

| is k-perfect if every linear f > 0 mod | is k-sos mod |
THi(l) :={xeR": f(x) >0,V f linear f k-sos mod |}
TH1(1) D THo(l) D -+ D conv(Mp(l))

2008

T Hy(l) is the closure of the projection of a spectrahedron

| = 1(S), SC R" = | k-perfect < conv(Vp (1)) = THK(I)

| = I(S), Sfinite = | perfect < for every facet inequality g(x) > 0
of conv(S), SC {g(x) =0} U{g(x) = cg}

In this case, # facets, # vertices < 2" (both sharp)




Convex Algebraic Geometry

TH1(1) D TH(l) D --- D conv(VR(1))
Theta bodies approximate convex hulls of real varieties

Compute theta bodies via sdp, convergence in many cases

Gouvelia, Parrilo, T. 2008
For | C R[x], TH1(l) = N{conv(TR(F)) : F convex quadric in | }

Ex. S= {(0,0),(1,0),(0,1),(2,2)}




