Remote Sensing Experiment

Sensors in the Far Field
many diameters/wavelengths
away
asymptotic formulas hold

Active

Passive | o
Incoming wave illuminates, pro-

The source radiates . .
ducing an induced source

Uy — Au = F(l’, t) Uy — A = (1 — n2(x))utt

- u(z,0) = g(0)6(t — |z| — 7o)
ur(z,0) =0 w2, 0) = g(0)8'(t — || — o)

Forward Scattering — compute the far field

[nverse Scatterin g — infer properties of the source
e Where is the source 7 e What is the source ?



Inverse Source Problem

uy — Au = F(x,t)

We measure only the field u radiated by the source. This
is why we start with zero intial conditions.

u(z,0) =0

u(z,0) =0



Time Harmonic Model

F(z,t) = “'F(x)

u(z,t) = “u(x)

Wave equation becomes Helmholtz equation (k = ngw)

(A+E*) u=Fl(z, k)

What replaces the initial conditons?
We are already in the steady state.

Analyticity (Hardy Space Properties) in k in the lower
half plane characterizes the solution w which is zero in
the past.




Paley-Wiener Theorem — time

u(z, k) :/ Mz, t)dt

—0

:/ e Mz, t)dt
0
up(x, k) = /0 e~ My (¢ 4)dt

Hun(%kmﬁ(dm = Hemu(ﬂ%tmﬂ(dt)

e 1 is holomorphic as a function of k +in € C~
o u, — 0asn— —oo.

o u, —uasn— 0.

Conversely, by deforming the contour of integration

u(x,t) :/ ez, k)dk

o

= / Kby () ke + in)dk

o
< e [ull

— 0 fort < 0andn— oo



Limiting Absorption Principle

(A+E)u = F(x)
(K —1eP)a = Fe

F(e)

u(é, k) = EITE

The quotient is ambiguous because the singularity is not
integrable. However, because u is zero in the past,

AN

F(§)

R S
NP 4 (9
R = e e

which is equivalent to (and more frequently written as)

_ F®
TR |E2 -0




Three Scattering Subspaces

Outgoing Functions

Fo \
R — e — 0

Incoming Functions

Fo \
k2 — [€]? + 140

Free (Herglotz Wave) Functions

F¢) Fo N (= v
<k2 — €2 —i0 k2 — &) +7;o> B (QZF(@CZSK'?:’C?)




Three Special Functions

Outgoing Hankel Functions
v

(%)neme —ikr

1 . e .
— H (L ing mao

k2 — €] — i0 o (kre ro

Incoming Hankel Functions

n
1€l mnmo .
<Zk) ¢ _ H—i-(k ) mao eZkT mne
2P ta0 | — WS .

Free Bessel Functions

(—i)e™dS|goye) = €, (kr)
eimb

= — (Hy (kr) + Hy (kr))




The Paley-Wiener Theorem — space

A + i, k) —/

e_i(gﬂm'xu(aj,k)dajg/ el | da:
BR

Bpr

u(€) extends to be holomorphic for all £ +in € C? and

| < Cefin
—
supp (u) C Br

A

F(&)
B = JeP =0

If F (k©) vanishes, then the quotient is holomorphic and

U=

has the same exponential growth properties as F'.

If F (k©) vanishes,

supp (u) C supp (F)
and F' has zero far field.



Hankel Function Expansion

A

F(&)
B —JeP =0

F(k,0) = > fuc™
ﬁH(f) - aneme (%)

Fy — F vanishes on €)% = k?

so u — uy vanishes outside a ball containing supp (F).

Outside that ball,

U = Uy

(ﬂ)n einﬁ
k

-2 i

— Z fne"'”(’Hg(kT)

| —ikr
~ (Z f ”eme) ez'k:r

R e—zk:r

~ Bk, 0) ikr
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Descriptions of the Far Field

Source

F(k,0) =" fue™

The very Far Field

e—ikr/\ p
= F(k
“ 2ikr (k. 6) +

The not so Far Field — outside a ball containing supp F
U = Z Foe™ H T (kr)

Near Field — for any (2 containing the support F'

fn = {u, emQSJn(k’r)}
o0

= / FJ,(kr)e"?dV
0

ov  Ou
{u,v} = (UG_V — v%> ds
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The Wronskian

Ov ou
{u,v} = <u@ — U@) dS  [wWVu—uVv]

/m{uw}_/Q(U(A+k2>“—u(ﬁ+k2)v)dv

For an outgoing u and a free solution v, i.e.
(A+E)u=F(x)
<A + k2> vy =0

/ {u,vf}:/vadV
0 0

If we choose vy to be a eik@‘x,

” {u, ™7} = F(kO©)
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Wronskian continued

If we choose vy to be a J,(r)e™?,
{u, J(kr)e™} = / FJ,(kr)e"?dV
0 Q

lim {u, Jn(kr)emqb} =
R—o0 OBR

me {H (kr)e™, Ju(kr)e™?} do =

fo{Hn(kr), Ju(kr)} =

2%ikf, =

1
L= F kr)e?d
J oE Jn(kr)e"?dV

[/l

IA

HF||L2HJ (Fr)l 2

(supp (F))
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The Far Field and the Support of F

If supp (F') C Bg,

1
[l = SEIE 2l Jalkr)] 2y

Translation Formula
F.=F(x—c¢)
F.(kO) = ¢*O<F(kO)

In= Z Jn—m(k‘c‘)e_mee

It Supp (F) - BR<C)7

o1
[l < S 2l Ja(kr)] 2

HJTL(T)||L2(BQ5) o

0 I I I I I
-40 -30 -20 -10 0 10 20 30 40
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The Circular Paley-Wiener Theorem

F(k©) = X,

There exists F' supported in Bp

—
( )

Jn
( 2tks)as) |

Translation Formula
F.=F(x—c¢)
F.(kO) = ¢*®<[(kO)

fro =32 Jn-m(k|c|)e™

There exists F' supported in (] Bg,(c)

\ e 1P VY ¢




fn = / F(x)e e ™ dzdf

= / F (r@)eirkCOS(9_¢)e_i"9rdrd¢d9

2w R . 2r »
_ / dgb / Tdrezmj)f(rq)) / ezrk cos(@)e—zn9d9
0 0 0

We make 6 complex
2
_ / " eirk cos(9+i¢)e—in(9+i¢)
0

< ofk sin(6) sinh(v) ,—ny) e%ke¢—n¢

Now choose ¢ = log }%—?{ to optimize

Conversely, we may extend

F () = Sfem?
from the circle to the entire plane by

I _ ind Jn(pR)

and check that the sum converges and satisfies the ap-

propriate Paley-Wiener estimates.
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The Simplest Example

F = §y(x) F = 6.(x)
~u = Hylkr) u =Y Ju(klc|) Hy(kr)em?=%)
F(k,0) = 1 ﬁ(kz,ﬁ) _ iklel cos(6—6c)

fO =1 fn _ Jn(k\c\)emec

Translation Formula
F.=F(x—c¢)
F.(kO) = ¢*O<[(kO)
fro =22 Jn-m(k|c|)e™

) 01r g |Jn(?)|

! I ! ! I I I ! !
-50 -40 -30 -20 -10 0 10 20 30 40 50

q\ 2
(7“ d?“) I (T n ) J, =0
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Some Asymptotic Formulas

Forn > R
1 [eR\"
J,(R) ~ — | —
® ~ 7 (5)
||Jn||L2(BR) ~ Jn+l(R) ~ 0
2
Forn < R
[ Ja]] ~ (R? = n?)i :
Cos( R2—n?2—ncos 12 L
Jn<R)N T 4
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Ja

A Line Source (x = 100)
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Ja

A Triangular Source (k = 100

18

00

161

121

0.6

0.4r

[
=200

L
-150 -100 -50 0 50 100 150

200

In

Cc

0.9

0.4751 0.82331

0.7

0.6

0.4r

0.3r

01r

Y
-200

L L L
-150 -100 -50 0 50 100 150

200

0.7

0.97291 -0.007958

0.6

04r

0.2

Y
-200

L L
-150 -100 -50 0 50 100 150

200

15

05




Theory and Practice

Theory:

e Only the large n asymptotics of the Fourier coeffi-
cients matter.

Practice:

e Only the the Fourier coefficients with n < kR are
appreciably nonzero. We can use the “transition to
evanescence” to find the “scattering support”.

Theory or Practice 777

o The Far field a(6) = F(k,6) is an analytic function
of 6. Therefore, the restriction of a to any open
interval (i.e limited aperture) completely determines
Q.
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Problem with Circular Paley Wiener
Theorem

“There exists an F” isn’t good enough. The source that
the theorem promises might have nothing to do with the
source that I am looking for.

Two More Examples
supp (®) compact
F = (A+k)

u =
fo =0

F = ®(r)

u = CHy(kr)
fo=2C

fn:O
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Resolution

Suppose supp F; C € supp Fy C €y and that F
and Fy produce the same far field, and that R\ (2, UQy) is

connected and contains a neighborhood of oo. then there exists an
F3, supp F3 C N.(£1 N §2), which also produces that

far field.

)
gbul, T € Rn\ﬂl

V= Qus, r € R"\ ()
\O, x € 1Ny

is a well-defined C'°° function and v = u; = us outside a
compact set so that

f3=(A+ k)

must also have far field a.
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The Convex Scattering Support

[f we take the {2’s to be convex, then the small print is al-
ways satisfied. Moreover, since the intersections of convex
sets are convex, we can intersect infinitely many sources
and assert that there is genuinely a “smallest convex set”
which supports a far field.

cSpsuppa = ﬂ ch(supp F).
F(k©)=a(h)

e Any F with far field @ must contain c¢Spsupp « in its
convex support.

e There is a source, ', supported on any neighborhood
of cSisuppa, that produces the far field a. In par-
ticular, cSpsuppa can’t be empty unless « is zero.

There can’t be a “biggest convex set” because of the pre-
vious examples. i.e. we can always add (A + k2) d to
any F' to increase the support without changing the far

field.
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Special Cases

The more about the source, we can say more about the
relation between the scattering support and the true sup-
port. We are only scratching the surface in understanding
the relationship between the two.

e [f /' has a convex corner, that corner must belong to
the scattering support. In particular, convex poly-
gons have true support and convex scattering sup-
port equal.

e The scattering support of the characteristic function
of an ellipse is the line between its foci (almost).

e All these criterion apply directly to the (active imag-
ing) inverse scattering problem with a single incident
wave.

However, if we know the source must be an induced
source, this is not a sharp criterion. In some cases we
can show that a far field could have been produced by
a source with small support, but an induced source
must have had larger support.
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Laplace’s Equation

Outgoing solutions Free solutions
eme .

. e _ |n| \inb
U—anrw vf—Zanr e

—|n|ab, = / {u,v;} = Fuy
OBg B

1 |
b, = —/FT'”'G}"‘Q
2|n|

1 3
— || F|] 2 (/ r2”+1dr>
2‘”‘ supp F

1
F R|n|—|—1
Tl 1 17 1Nz

IA

IA

b,’s decay (or grow) like RI™+1 iff there exists a source
supported inBp.

Multi—polish translation formula
L |
bfn _ Z <m2— ) ‘C‘kbm+kelk96
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Maxwell’s Equations

Outgoing Solutions Free Solutions
dE — ik« H = 0 dEf—ik*Hf:O
dH +1k+x E = j dHy+ikx E; = 0

((5).(2)) - pns-ginm
1R ) ()} = 20
Lo} i)}y = [ s

. s Hj"L2“Jn(kr)“L2(supp(j)

Ey = «dYy,rJ,(kr)
Er = (dY(rd,(kr)) + rd,(kr)n(n + 1)Y,,dr)

E = anm* dYy,rH, (kr) +
Z bum (A (rH, (k7)) + rH (kr)n(n + 1)Y,,dr)
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Inhomogeneous Media

The notion of scattering support can be extended to in-
homogeneous media (i.e. non-constant coefficient equa-
tions).

Lu = F
L?)f:O

The Far Field Operator maps sources in {2 to far fields :
FE8
is compact and has a singular value decompositon.

GQ — Z O-nq)n @ \Iln
G has a big kernel;

ker(Gq) = {F|F L® supp® C Q}

The orthognal complement to that kernel is spanned by
the restrictions to €2 of the free solutions.

ker(Go)*t = {ngf‘va =0}
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A far field belongs to the range of G, ift
00 (Dn
{(U ) )} c l2
On

In the Helmholtz case, with €2 equal to Bp,

q)n _ ein@
U, = J,(kr)e™

R
o2 :/ J2(kr)rdr
0

and this is exactly the condition of the circular PW the-
orem.

Notice that the convexity of ) isn’t necessary to char-
acterize the range of Gq. It is , however, necessary to
conclude that:

Range(Go,) N Range(Gg,) C Range(N: (Go,na,))

which allows us to conclude the existence of a smallest
convex set which supports the far field.

777 Do the [|[W,]|12(o’s begin to decay at a specific thresh-
old like the |[J,(k7)||12(p,)'s 777
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Inverse scattering

(A + k) u = k*q(x)u

U =uyr+ U,

[y = [ qwo = [ o)
Bp dBp dBp
= lim {UO, Uf} = A(@l, @2)

f=o0 Jopp,
If we choose
up = ezk@l-x
vp = ezk@g-x

If instead we choose

w = Jy(kr)e™ + ...
v = Jp(kr)e™?

[t appears that the Fourier coeficients of the scattering
amplitude satisty

Apm < KHJm(k?T)HL%supp (q))HJn(kTmLz(supp ()

which gives a stronger criterion than simply applying the

previous results.
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Credits

Joint work with Steve Kusiak

Joint and Related work with Roland Potthast

Motivated by the Linear Sampling method of Colton Kirsch
and the the Factorization Method of Kirsch
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