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1 Fourier Transform

Fourier Transform

Properties

faan = eMEF(g)

Mof() = e+ M)

“(2)

Schwartz Class

(o

Inverse Fourier Transform

Plancherel Equality

[ @t = o [ Fome




Theorem 1 (Paley-Wiener Theorem). f € S

supp f C R
<
f extends to a bounded holomorphic function on C*

Proof.
FQ) = g s
because R(it¢) <0,
1 o
FOl = 5 [ If@la

The converse is harder.

If F(¢) is holomorphic and bounded on C*, so is

__F(Q
Fe(¢) = 1= i)
and for ( € C*,
1

As e — 0, F(¢) — F(C), so f(t) — f(t), so if we prove that supp f. C R*,
then so is supp f.

Mﬂz/fmﬂ@ﬂ

R

For t <0, and (R) a semi-circular contour in the upper half plane,



/ e ME(Q)dC = 0
R
/ eE(O)dC = / e FL(C)dC
“r )

TR

mﬁoaSRHOO
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Corollary 2 (Paley-Wiener Theorem II). f € S

supp f C [ M, M]
N <~
f extends to a bounded holomorphic function on C with

F(OI < KeMPE)

Proof. Apply the previous theorem to f(x+ M) and f(x — M), recalling the
formula for F(z+a1) O

2 The One Dimensional Wave equation

Uy — Upe = —F(z,t) [= —F(2)d(t)]

Initial Conditions

[U(z,t) =0 fort < 0]



Fourier Transform in time

u(z, k) = / R U (x, t)dt

flz, k) = / e (2, t)dt
Helmholtz Equation

Upe + K2 = flz) [= f(z, k)]
What about intial conditions ?
u(z, k) = / e*U (v, t)dt
0

flx, k) = /0 R E (2, t)dt

Because u(x,t) = 0 for ¢t < 0, u(x, k) extends to a bounded holomorphic
function on C*.

Corollary 3 (Corollary of Paley-Wiener Theorem). There exists at most
one causal solution to the Helmholtz equation.

Proof.

V' + K0 =0
v = Aeikx _I_Be—ik:c

Exercise Show that there is no choice of A and B such that
v = A 4+ Be %"
remains bounded for all x € R and all { € C*. O

Constructing the Causal Solution

u” + k*u = f(r)

Fourier Transform in =z,

u(&, k) = /_OO ez, k)dx

o0



(& +K)u = f(&)

u =

o~

1 [ .
u(z, k) = %/_we”gk!%@edﬁ

What does [ kQ—igz mean? Because 162;—52 is not an integrable function, the

formula for u could mean different things. We will use causality.

1 [, f
U(x,k+z€) = % /_OO elxéh%dé—

For € > 0, the denominator never vanishes, so we know exactly what this
means.

The integrand is an analytic
function of ¢ (for compactly
supported f(x)), so we may
view this as a contour integral. ® —k-ie

® k+ie

® k+ie

We deform the contour of inte-

gration, o —(k+ig)

and then let k 4+ i€ return to k.

Theorem 4. The unique causal solutiton to the Helmholtz solution is given
by:

~

u(z, k) = S / e”fkf(_gézdf




Evaluate by residues for x > supp f

Suppose x > supp f (this means z > M = sup =x)
zesupp f

/ s JC(O<2 d¢ = QWinesidues
L)

Only one residue at ¢ = k.

- _eimkf(k)
2k

e f(k) i f(C)
u = 50k + / C C2d§
N

But, for ¢ € CT,

|€iwCﬂ < Ke oS¢ eMS¢
KeM=2)3¢ ¢ for x > M
and

Rdo
< R2 — k2

SO

k2 — (2
f\
Theorem 5. There exists a unique causal solution to
u’ + ku = f
For x outside the convex hull of the support of f,

(k) = e F(R)

1



with the & sign equal to minus if x < supp f. u™ satisfies the Sommerfeld
Radiation Condition (SRC):

sgn (x)%iﬁ = iku
The SRC solution is unique.
Proof. Check that
v = Aeik 1 pe—ike
cannot satisfy the SRC. O

Fundamental Causal/SRC Solution
We could have written u as a convolution of f with a fundamental solution,

k) = o / e £ (y)dy

R
and then noted that, for x outside the convex hull of the support of f,

ezk\x—y\ — ezk\x\eizky

3 The Two Dimensional Helmholtz Equation

(A + k2) u=f
Fourier Transform
0= [ e '@y (z y)dady
R2
~__ [fEn)
& — (K =n?)

m is not integrable. The denominator vanishes simply on the circle
of radius k.



Causality

u= hfgl u(z, k + ie)

~

um) _ f(&m)
7 & — ((k+1€)> = n?)

No zeros in denominator.
Define:

Q) = V=T
we = w(k + i)
w=w(k)

Properties of w We make a precise defintion of w, for each fixed real 7.

WO = VP

For ( large, we choose w ~ (
N
)
¢

w is holomorphic in C\ [—7n,n]; it has a branch cut along the real interval
[—n,n]. As a function of {, w maps each of the quarter planes to itself, In
particular,

IC>0=Sw(()>0

-in

Exercise Use the maximum prinicple for harmonic functions to show that
Sw(¢) > (¢ for all ¢ € CT.



Ue = / e / 6;‘59@5];(5;7 Z)?dﬁ dn

R R

We treat the inner integral, as we did in the one dimensional case.

Recall that f extends to be

holomorphic in ¢ (and in * %
n) because [ is compactly
supported. .
° ©
We deform the contour of inte-
gration, o W
o - o W

and then let € decrease to zero
so that w, returns to w.

1 | s
=g o] [ B
R e N

Evaluate by Residues

For z > supp f,

~

€x f 67
/ e’ 752(— Z)nglgoo



SO

/ e g;(i’ 2)2 d¢ = 2mi(Residue at w)
e fw,n)

= 2m
2w

1 )
_ z(ny—l—wm
o / o
R

Integrable Singularity Note that % = \/kzl—z is singular at n = £k, but
-

the singularity is integrable. This means that the integral above is unam-
biguously defined.

The Hankel Contour
1 )
- z(ny+wx LA
2w / 2zw g
R

" +w =k

so a trigonometric substitution will remove the singularity.

n = ksinf

w = kcost

o _
w

Its obvious that this change of variables takes n € [~1,1] to § € [-F, 7], but
we need to make 6 complex to cover the intervals (—oo, —1] and [1, 00).

10



2 —5—it+3) t<—3

i NORRE —s<t<s
F—i(t—3) t>73
—cosh(t+3) t< -3 —isinh(t +3) t<
siny(t) = < sint —5<t<3 cosy(t) = ¢ cost -5
cosh(t — %) t>7 yisinh(t —3) ¢ >
For z > supp f
1 ) . ~
u(z,y) = — [ ek@eosbrysing) i} o506, ksin 6)dh
2m
v
or, in polar coordinates
U [ jikrcoso—o) 7
— - 1KT COS k 9 de
v

This is only valid, and (the integral can only be shown to converge), for
rcos ¢ > supp f. But we can shift the contour of integration:

72 ?  pr2
—-172 Q-T2

~

1 .
u(r, gb) = 2—m/€mmos(0_¢)f(k’,9)d9
Ve
1 ik Y
— _ 1KT COS k 9 de
57 | ¢ f(k,0+0)
Y0
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This integral converges and gives u(r, ¢) for all points outside the convex hull
of the support of f — although I haven’t quite explained why this is so.

Method of Steepest Descent
We want to evaluate (approximate)

u(r,9) = L/e”“”ﬂk,@%—(ﬁ)dﬁ

2
Yo

where ®(0) = icosf as r — oo for fixed k.

[ s

oscillates between —7 and 5

1. @ is imaginary so e 5

2. ® is real and negative on the vertical segments so e® decays (rapidly)

3. We expect only the stationary point at § = 0 to contribute significantly
for large 7.

Steepest Descent Contour

1. passes through stationary point
2. imaginary ® is constant so no oscillation in e®. Nothing cancels

3. real ® gets more negative as we move away from the stationary point,
so only a small neighborhood of the stationary point will contribute
significantly.

0 = o410
®(0) = icos(o+if)=1icos(o)cosh(F) + sin(o) sinh(S)

12



Vs = {SP(o+if) =I0(0) =1}
= {cosocosh g =1}

St

1
hg =
COSﬁ COs o T[/2
2 L I N N B B I | L I I O O B I |
B B _
¢ te COs o —TVZ
2
0 = ()?— A +1
(€)= () +

5 = log (1 — sina)
cos o

On vg, ® =i+ sinosinh g

eikr ) ) - . .
uri) = S [ ITIf o 454 0).d(o + 1)
Vst
- / C e fllo b i1 )1 - ——)d
2w ) ¢ g coso’ 0

[VE}

We could use these exact formulas to see the asymptotic behavior of u. In-
stead, we proceed in a way that is a little less explicit, but is a better template
for applying the method to other problems.

We divide the contour integral into two parts; The 0 in the calculation below
will wind up being about 7 and the corresponding € about %

13



/ 6ikrcos€f(k’9_‘_¢)d9 < / e—krsinasinh5|}"\(k’9+¢)||d9|
+n{i6l>s} i61>3}
S / e—krsinasinhﬁek}%sinhﬁ"f“Ll|d9‘

y{[6]>6}
where R is the radius of the smallest ball containing the support of f

_ / e(—krsind-i-kR) Sinhﬁ‘dm Hf||L1

0{16]>4}
On vy, |#] > ¢ implies that |o| > € and || > €, and |df| < df (you can check
this directly from the formula, or believe the picture, or think about what a
steepest descent contour has to do) so that

IA

/ e(—kr sin e+kR) sinh(3) dﬂ

: / " p(ckrsincrim)sinn(s) OS5 g
€ cosh e

e(—kr sin e+kR) sinh(e)

(krsine — kR) cosh e

The conclusion is that this part of the integral is exponentially decaying in
kr. The other part contains the behavior that dominates when kr is large.

/ eikrcos@f(k’ 0 + (b)d@ _ eikr / €2ikrsin2(g) A(]{Z, 0+ (b)d‘g
vn{|6|<8} yN{|6]<s}

Here we can make the substitution w = sing to obtain

, . ~ 2
= ek / e2ikrw? k,2arcsin(w) 4+ ¢) ——=dw

yn{l6]<é}

14



and use a convergent series expansion,

= ¢ibr / g2k’ <1 + 1w2 - ) (A(k, 0) + f'(k, $)w + .. ) dw

2
yn{l6]<d}

= & | flk, 0) / 2R dw + 1k, ) / ek dw +
ndlol<s} andlel<s}

Finally set v = v krw to reveal the dependence on kr

ikr | 7 iv? dv "] iTW2@
S FCOR B e N o

yn{[0] <6} yn{[0]<d}

and remember that we are on the steepest descent contour! v = ViT

ikr T ; kr arcsin §
AR A ' f\(/l%qﬁ)\ﬁ </ e dr + .. )
T _

—eikrff/l%¢)\ﬁ </00 e dr + .. )

kr arcsin ¢

LAll of our changes of variables have been analytic in a ball about # = 0 and preserved
the real axis. The steepest descent contour, originally defined to be the one on which the
real part of an analytic function was constant and the imaginary part grew fastest, is still
the one that keeps the real part of that analytic function, now described in terms of a

different variable v2, constant.

15



Summary

1. Define the Far Field « radiated by the source f:

alf) = ]?(k cos 0, ksin 0)
= f(k,0)
= f(k,o+1i0)
2. Outside the convex hull of the support of f, the radiated field u is given
by

1 eikr ei%

U(T, ¢) _ <F¢,Oé> _ %/ tkr cos(0—¢) (Q)de ~ \/m

Yo

a(¢)

Contours y _in the complex 6 plane ) )
@ 06 sin“a/cosc and ¢

AN
AN

3. « is entire and 27 periodic and

|OZ(O- + Zﬁ)| S Kessupp f(U) Slnh(ﬁ)
where Sgupp £(¢) is the support function of the set 2 = supp f.

The Support Function

Notation:

cos ¢
¢ = ( sin ¢ )

16

D is a domain in R?.



sp(®) = sup(®-x)

ch (D) = {z|z-®<sp(®)}
Fact:

sen (0)(®) = sp(P)

Corollaries of item 3

1. Rellich’s Lemma — «(f) vanishes (on any subset of C with a limit
point) if and only if supp v C ch supp f.

2. If |a(¢ + iB)| grows fast enough as (3 increases, i.e.

(¢ +iB)] > KM=t

supp f must include some points above the line z - ® = M.

4 The Hankel function, Real analytcity and
unique continuation

In the following section, we will make use of the fact, that a radiated waves
with zero far field is identically zero off the support of its source. We have
proven that this is true off the convex hull of the support of the source. The
unique continuation property will allow us to extend this conclusion beyond
the convex hull.

Unique Continuation Property A collection of functions has the unique
continuation property if the following holds:

If uw and all its derivatives vanish at a point, then u is identically zero.

Theorem 6. Solutions to the free Helmholtz equation in a path-connected
domain D have the UCP.

17



Sketch of Proof.
Lemma 7. Real analytic functions have the UCP.

Lemma 8. The Hankel function Hy(|x|) is real analytic in R*\ 0. Its Taylor
series expansion at a point p € R? has a radius of convergence r(p) = |p|.

Lemma 9. If v°(x) satisfies

(A+k)"=0 inD

and
/ () |ds, < 0o
oD
and
"
[ 15 wlds, < oo
oD
then

and v° is real analytic in D

proof that real analytic function have the UCP. .

(4.1)

(4.2)

(4.3)

Definition of Real Analytic A function is real analytic in a domain D if
its Taylor series expansion has a nonzero radius of convergence at every point

in D.

A sufficient condtion that a function is real analytic at p with radius of

convergence 7(p)? is that its partial derivatives satisfy:

n!m!
oxtoryu(p)| < —mm—
| 1 2 ( )| (,r,(p))n+m

(4.4)

2 Actually, this condition guarantees convergence in the square {|z1| < r} N {|aa| < 7}.

18



Lemma 10. If If u is real analytic and r(p) denotes the radius of convergence
at a point p, then

r(q) > r(p) —|p — 4 (4.5)

and r(p) is a continuous function of p

Proof. To establish (4.5), we need to show the estimate (4.4) at the point g.
We may assume p = 0. We will give the proof for a single variable,

U(Q) = Z anq"
n!

k o n—k

|
k n n. n—k
02" u(q)| < HEZk(T(p)) —(n_k)!m
but we can recognize the series on the right as

) 1
< _
— O¢" (T—q)

!
(r—q)*

which is the estimate needed in (4.4), with r — ¢ in place of r.

Does the one-dimensional proof imply the two dimensional result by con-
sidering u(qcosd,gsinf) as a function of the one-dimensional variable ¢, for
every parameter 07

Since p and ¢ are interchangeable, continuity is an immediate consequence
of (4.5). O

Suppose u is real analytic and vanishes to infinite order at p. Then u is
identically zero inside the ball about p with radius r(p). Let ¢ be another
point and connect p to ¢ with a (compact) path of finite length.r(p) has a
minimum on the path. Cover the path with a finite number of balls of that
minimum radius. Each centered at a point within the previous ball. Since u
vanishes identically in the first ball, it vanishes to infinite order at the center
of the second ball, etc. O

19



Proof that the Hankel function is real analytic.

H(](]f?") — / eikr cos(@)de

2
-nZ

As a function of 7, e is complex analytic in all of C, so the integral
over # will also be analytic wherever it converges (the integral is a limit
of Riemann sums, which we will show converge uniformly for » in compact
subsets of C\ {0} ). The only place convergence is an issue is on the vertical
segments. Along the segment v = —i§ + ¢ the integral is dominated by

/ e_refwdw
0

which converges uniformly as long as ®r > § > 0 is positive.The other ver-
tical segment is estimated similarly.

tkr cos(0)

Taylor series for complex analytic functions converge in the largest ball for
which the function is analytic, so the series for Hy(r — |p|) has radius of con-
vergence 7(p) = |p|.

Warning I have been a bit cavalier about equating the convergence of the
Taylor series for Hy(r — |p|) on the real axis with that for Hy(|x — p|) in R2.
I should really say something about composition or real analytic functions
and square roots.

Modifying the contour from v, to 74, as we did on page 777, will give an

analytic continuation of Hy to any r € C\ {0}, but 0 is a branch point with
a logarithmic singularity. We can see this by returning to

o P o 1 P
—re— _elogr—
/ e dy = / e dop
0 0
o0
:/ e “ dr
—logr
0 [e'e)
= / e ¢ d7'+/ e “ dr
—logr 0

20



the second integral is a constant and the first is bounded (both above and
below) by a multiple of logr. O

Proof that v° is real analytic. .

The formula

o) = [ (o= oG w2 =) g,

o B
oD

shows v%(z) as a limit of Riemann sums of Hy(|z — yx|) and its derivative.
Each of the functions Hy(|x — yx|) is real analytic at z = p with radius of
convergence 1, = |p — yg|, All the y;’s are on the boundary of B, so all
the individual Taylor series converge in any ball about x = p which doesn’t
intersect the boundary. The finite sum of real analytic functions is real
analytic, so each Riemann sum is real analytic in a ball of radius d(p), where
d(p) is the distance from p to the boundary of D.

Passing to the limit requires a little care. One way to prove a function is real
analytic is to estimate its derivatives. The derivatives of Hy(|x — y|) satisfy

1
0270y Ho(|p — yl)| < log |p — Q|W”!m!

because of the fact that Hy(r) is holomorphic (Cauchy integral formula) and
the estimate |Hy(r)| < log(|r|). We can differentiate under the integral sign
and check that

oriosg 'l < [ ronly ol (ol G 0+ ) ds
1002 = p — y[m v Yy [p— y|rrmit v
OB
1 0 oY
< oa(dp) gzt [ (10°0)1 415 001 ) s
oD
where d(p) is the distance to the boundary. This shows that as long as we

know that the boundary values of v are integrable, v" is analytic in the
interior. U

21



5 Inverse Source Problem

Question: Deduce some useful information about f from its far field, «() =

~

f(kcos(0), ksin(@)).
5.1 Non-Radiating Sources, and Equivalent Sources
Reminder: All sources are compactly supported.

The radiated wave is the causal/outgoing solution to the Helmholtz equa-
tion outside the support of the source.

The far field is the asymptotic behavior of the radiated wave.

Non-radiating Source: A source is non-radiating if the following equivalent
conditions are satisfied:

1. The far field vanishes.
2. The radiated wave vanishes.

Equivalent Sources: Two sources are equivalent if they radiate the same
wave.

D-Free waves satisfy the free Helmholtz equation in the domain D.

(A+k2)vozo

Theorem 11. A source f € L*(D) is non-radiating if and only if either of
the conditions below hold

1. f=(A+E?) Py
2. f is orthogonal to all D- free waves

where the notation ®oy means that ( ® € HE(D)) ® and its first order and
second order derivatives are square integrable and ® vanishes outside D.

Proof. 1f f is non-radiating, then the radiated wave is the ®qq. If 1 holds then
g satisfies the (SRC), so is the unique outgoing solution to the Helmholtz
equation, so fis non-radiating.

22



/vof = /0 (A+ k) u
D D
0Ou o’
_ 2 0, + ou L OU"
—/A—I—k‘ vu+/vay u@u
D aD
out o’
_ o= _ +Z7
= 0+/v By U ey
aD

If f is non-radiating, then u™ and its first derivatives vanish on 9D, so 2
holds. If 2 holds, then choose v° = €*®* to see that

0 = /eik@'mf(z)dx
= J(k®)
so the far field vanishes and f is non-radiating. O

Theorem 12. Fuvery source supported in D has an equivalent D-free source
(supported in D).

Proof. The fourth order PDE,
(A+ K gy = (A + £ f (5.1)

has a unique solution (this requires a proof I haven’t given — the unbounded
operator is self adjoint, so has compact resolvent; if zero were an eigenvalue,
this would violate uniqueness for the Cauchy problem for (A + £?)).

Because (A + k?) @y is non-radiating, f — (A + k?) ®gy radiates the same
far field as fand is D — free because of (5.1). O

Theorem 13. Fiz any open neighborhood of 0D and call it N.(OD). Every
source supported in D has an equivalent source supported in N.(OD).

Proof. Let u™ be the radiated wave and let ¢, be a smooth function which
is identically equal to one in the unbounded component of R?\ (N.(0D) and
identically equal to zero in all bounded components of R? \ (N.(9D). It is
easy to check that f = (A + k%) (¢u™) is supported in N.(0D) and that ¢u™,
which has the same far field as u™, is the unique outgoing solution. O

23



5.2 The Support of a Far Field

We want to say something about the support of a source that radiates a given
far field. The theorems above show that:

1. If f radiates o and supp f C D, then there exists another source (e.g.
the unique D-free source) whose support is all of D. Hence we can
always make the support bigger without changing the far field.

2. If supp f is properly contained in the interior of D, so that supp f N
N(0D) = (), then we can find another source with support that is
disjoint from the support of f. In fact, we can find a combination of
single and double layer potentials supported exactly on (0D).

Carrier A set D carries a far field « if, for every € > 0, there exists a source
f, supported in N.(D), that readiates «.

Minimal Carrier D is a minimal carrier for « if no proper subset of D
carries o.

Theorem 14. If o has a compact carrier, then a has a unique minimal
CONTET CATTIET.

Minimal Convex Carrier D is a minimal convex carrier for « if no proper
convex subset of D carries a.

The convex support of a Far Field is the unique minimal convex carrier.

Lemma 15. If Q; and Qy carry o, and R™\ (21 U ) is connected, then

Oy Ny carries .

Remark — R" \ (©2; U €),) is connected means:

and not

Proof.

24



(A—I—k‘2)u1 = Fl
(A‘l‘kz)UQ = F2

Puq, x € R™\ @

V=S Pus, x € R™\ ()
0, ze Ny
F3 = (A + ]{?2)’0

v is a well-defined function as long as u; = ug on R™ \ (Q (), which
follows from Rellich’s lemma and unique continuation. O

Proof. of theorem 14
The unique minimal convex set must be the intersection of all convex sets
that carry a.

csupp a = ﬂ D

DeD

We must show that csupp « carries a. We first will show that, for any € > 0,
there is a finite subcollection such that

Ne(esupp a) O () D (5.2)

n=1

Once we have established (5.2), then we can use induction and the intersec-
tion lemma to complete the proof. Convexity is used in two places:

1. The intersection of convex sets is convex.

2. The complement of the union of two convex sets is connected. The
complement of the union of three convex sets need not be connected. A
triangle is the union of three line segments

We will deduce (5.2) from the fact that every open cover of a compact set
has a finite subcover.

Since « has at least one compact carrier, say B, csupp a C B

25



csupp o = ﬂ DNB
DeD
Taking complements

B\ csupp a = U B\ (DN B)

B\ N(esuppa) C | J B\ (DNB)

DeD

Now B\ N,(csupp «) is compact and B\ (DN B) are open (as subsets of B),
so a finite subcollection covers, i.e.

N
B\ N(csupp o) C U B\ (D,NB)
n=1
or, taking complements
N
N(csupp @) D ﬂ (D, N B)
n=1

Unions of Well Separated Convex Sets - A set is UWSCS if

B =J By
Each By, is convex
diam(By) < dist(By, B;)
ik

Theorem 16. If a has a compact carrier, then a has a unique minimal
UWSCS carrier.

5.3 Thin Sources — Single and Double layers

Suppose that D is a smooth domain, and we have two smooth functions, one
defined inside D and the other defined outside D.

26



Yy v, forxzeD
vy forx € R?2\ D

We want to define (A + k%) v. If v¢ are smooth functions (across dD) that
approximate v, and ® is an arbitrary smooth compactly supported function,
then

/@(A+k2)v€ = /UE(A+I€2)(I)

R2 R2

but the limit on the right hand side always exists, so we may define:

(A1) 0, ®) = /U(A+k52)<1>

We have defined (A + k?)v by saying what is does to a smooth function .
This makes sense for any integrable function v, but for a v which is smooth
inside and outside D, we can compute a more explicit formula.

(A+FE)v, @) = /U(A+k2)®

R2

_ /U(A+k2)<b+/v(A+k2)<b

_ /@(A+k2)v1+/®(A+k2)v2+/®[%]_[v]g_f

D R2\D oD

where [v] = v — vy means the jump in v across 0D.
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If we choose v; and vy to be solutions to the free Helmholtz equation in D
and R?\ D, respectively, then

ov 0P
2 — [ — [R—
(a+#)00) = [ 0[5~ ),
oD
which we write as
2 a'U !
(A+K)v= [5]6@ + [v]85p

For a smooth curve v, we define the dirac delta on v by

6.9 = [on- [ " b(r(s))ds

, 0P L oo
(05, @) = adV— ; 5(7(3))0[5

gl
where s is the arclength parameter.
A thin source is a distribution that is supported on a set of measure zero (a

single or a double layer on a curve) such that the solution to the Helmholtz
equation is a (locally L') function.

Example of a thin source

f=ad, + o,
where a and b are functions defined on ~.
Theorem 17. A thin source w is non-radiating if and only if

1. supp w is the boundary of a bounded open set D
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2. w is the Cauchy data of a D-free wave restricted to 0D, i.e.
where

(A +Ek*)v? =0 inside D

Proof in the case that supp w is a smooth curve. The if direction is easy, if
we start with a D and a v°, then define

"y W zeD
|0 zeR2\D

then the jump formula tells us that (A + k%) u = w and because u = 0 out-
side D, it satisfies the (SRC).

For the other direction, observe that R? \ supp w has one unbounded and
(possibly) one or more bounded components. If w is non- radiating, then the
solution uto

(A—I-k‘2)u:w

is identically zero on the unbounded component, and satisfies (A + k%) u = 0
in the open bounded components D.

If D has a smooth boundary, then

0 ,
(A+E)u=w= [8—1:]5@ + [u]d),,

but u is zero outside D, so the jump across D is just the boundary values of
u from the inside.

If R?\ supp w contains a curve which is not part of the boundary of a bounded
component, then © = 0 on both sides of that curve supp w, so the jumps are
zero, hence w = 0.

The same proof holds without smoothness assumptions, but we need to use

the language of distributions to replace the jump formulas.
U
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Arcs — A set y of measure zero is an arc if R? \ 7 is connected.
Arcs are the opposite of boundaries.

Theorem 18. Arcs are minimal carriers, i.e. if w radiates a andy = supp w
s is an arc, then no source supported on a subset of v can radiate c.

Proof. 1f u is any solution to

(A + /{:2) U= w
then, the jump formula tells us that
ou

o= [516, + )3,

Let ws and be another source supported in ~ that radiates «, and us the
radiated wave.

(A + k‘2) Ug = W2
Then, the jump formula tells us that
8uz

Wy = [5]67 + [UQ]CS:/

but Rellich’s lemma and unique continuation tell us that u = uy on R? \ v,
S0 wy = w, and therefore supp wy = supp w = 7. O

Examples of Equivalent Minimal Sources.

1. The Cauchy data of a free solution, restricted to a boundary 9D is a
non-radiating source w.

2. Cut the boundary into 2 halves; 0D = v, U 7s.
3. w1 and —wy are equivalent sources.
4. v and 7, are minimal carriers.

5. Ergo, there cannot exist a unique minimal carrier.
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Example 1 Let 0% = ¢*9% or 0% = Jy(kz),then

o’
_ 9v 05/
w o= - 0y + 070,
is nonradiating, so
o
_ 9v 05/
wp = o 571 +v 571
and
o’ 5 05
—Wwy = ——04, — U
Ov 72 2
are equivalent minimal sources. Moreover,
0 Y2
ov 5 05
Wy = 0y U0,

is also equivalent,and ~y3 is the unique minimal
convex carrier.

Example 2
2

We define w; and —wsy just as in the previ-
ous example. Both sources are equivalent and
both ~+; and 7, are minimal carriers that are
unions of convex sets. Only 77, however, is
well-separated.

V2

6 Computing the Support of a Far Field

The Restricted Restricted Fourier Transform and its Singular Value Decomposition

LX(Bg(0)) 2% L*(SY)

Fr

fry¢) 2 F(k,6)
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Theorem 19.

o Zli—zan(lﬁ]’z)} {j%}@? {%}

So that the singular values of Fr are 230, (kR) with

i(s) = [ 1P

Proof.

R 2w
Faf = [ [ etreo-osioparas
0 0
2w
f’}*%a — / 6—ikrcos(9—¢)a(9)d9
0
We apply Fp, to e’

2

e—ikr cos(60—¢) ein@ o

fE€2n9 —

2
" 6—ik7’ cos(1)) 6inwdwein¢

o—

= (=0)"Ju(kr)e™®

We conclude that

Fr = Z ™ @ J,(kr)e™®
and normalize the right and left eigenfunctions
inf ng k
_ 2271'5”6 ®€ Jn( 7”)
V2m V23,
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where

R
B = / | T (k) |*rdr
-
= — | T (kr) | krd(kr)
0

k2
1 kR )
= — Jn(8)|“sds
a1
1
= 730 on(kR)

O

Corollary 20. «(0) is the restricted Fourier transform of a function f €
L?(Bg(0)), if and only if

a(d) = ae™?

with

Yl < o0
and

> It = 1l aon

Corollary 21. «(0) is the restricted Fourier transform of a function f €
L2(B(p)), if and only if

‘P\COS(Q ép) ( ) Zap inf (61)
with

5 52 ? < o0 (6.2)

Proof. The Fourier Transform of a translated function is the Fourier trans-
form of the function multiplied by a phase factor, i.e.

fla=p) = fer

or, in polar coordinates

_ ]?x eirIp| cos(6—op)
Setting p = k gives formula for the restricted Fourier transform. O
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Corollary 22. «(0) is the restricted Fourier transform of a function f €

N
N L*(Bg,(p;)), if and only if (6.1) and (6.2) hold for every j.
=1

J

Proof. We just combine the intersection lemma 15 with the previous corollary
21. ]

Rapid Transition to Evanescence

Below is a plot of ¢,(25) as a function of n.

4.5

e 0,(R) uniformly big if n < R
e 0,(R) uniformly small if n > R

e Uniform contrast between big and small
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An Algorithm based on the Rapid Transition

Expand the far field a(f) in a Fourier series

Plot the modulus of the Fourier coefficients.

[ ]
[ ]
[ ]
[ ]
R = 7 centered at zero.
[ ]

Find the value of n where they become effectively zero.

The convex support of the far field is contained in the ball of radius

Replace a(f) by e#9cq = eiklelcos(0=¢¢) o (9) and repeat.

Locating the Scattering Support (k = 10)

Circle of radius 8.3 centered at
(0.0, 0.0)
10

-10
-10 -5 0 5 10

Fourier Coefficients centered at
(0.0, 0.0)

0 50 100 150

Circle of radius 7.6 centered at
(8.3,-0.1)
10

-10
-10 -5 0 5 10

Fourier Coefficients centered at
(8.3,-0.1)
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Circle of radius 3.0 centered at
(4.9,6.7)
10

-10
-10 -5 0 5 10

Fourier Coefficients centered at
(4.9,6.7)
10

0 50 100 150



20% additive gaussian noise (k = 10)

Circle of radius 8.2 centered at

(0.0, 0.0)
10
5
0
-5
-10
-10 -5 0 5 10

Fourier Coefficients centered at
(0.0, 0.0)

4 i
I
I
3 i
I
I
2 I
|
1
i
0 I
0 50 100 150

Circle of radius 7.3 centered at

(8.3,0.1)
10
5
0
-5
-10
10 -5 0 5 10

Fourier Coefficients centered at
(8.3,0.1)

5 i
|

4 1
|

3 |
|
|

2 i
I

1

0 1

0 50 100 150

Circle of radius 2.7 centered at

(4.9,6.7)
10

-5

.

-10
-10 -5 0 5 10

Fourier Coefficients centered at
(4.9,6.7)
10

N EN o

o

50 100 150

50% additive gaussian noise (k = 10)

Circle of radius 8.4 centered at
(0.0, 0.0)
10

-5

-10
-10 -5 0 5 10

Fourier Coefficients centered at

(0.0, 0.0)
5 ]
I
4 |
I
3 I
I
I
2
1
I
0 I
0 50 100 150

Circle of radius 8.1 centered at
(8.6, -0.0)
10

-10
-10 -5 0 5 10

Fourier Coefficients centered at
(8.6,-0.0)

|
1
I
1
1
1
I
1
1
0 50 100 150

36

Circle of radius 3.2 centered at
(4.6,7.0)
10

I
o o &

-10
-10 -5 0 5 10

Fourier Coefficients centered at
(4.6,7.0)
10

o

50 100 150



A Pentagon and 100 circles

Fourier Coefficients centered at
(10.0, 0.0)

Circle of radius 12.8 centered at 0.7
(10.0,, 0.0)

4 A\ 0.6

-4

200 300

Some Analytical Justification

Lemma 23. For fized s and n > 0 , 09,41(s) and o9,(s) are monotone
decreasing functions of n.

Proof.

Jn 1 — Jn—l
g = s Inml

" 2
iy _ Jn—i—l + Jn—l

ro" 2
E(J2)/ _ Jr%—i—l - Jg—l

2" 4
oo Oni1 —Ony
- J / d — n n—

/0 o (Ju) Tdr 4

2nJ3(R) = 072L+1 —on
o2 (R) = 2nJ2(R)+o02,,
= 2nJ2(R) + (2n+2)J5,,o(R) + ...

Lemma 24.
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Proof.

d\?
@ 2,2 2 _
(r r) I + (K°r n”)J, 0

multiply by 2 (rd%) I

IN (DY o (oL (202 g2y — ok
<r%) (rﬁJn) +<r$> ((F*r* —n?)JY) = 2K*r*J;

multiply by % and integrate from 0 to R.
d 2
iy

<rdr )

Lemma 25. For n < R, with cosa =

Rsina = v R? — n?,

, . 1 1
Hn — i(ntana—a)+%) [ = 1 -
(F) ¢ 2mntan o +0 vntand o
Ju(R) (n(t (140
= no — — S— —
" cosinitana “ 4 2mn tan o \/ntan?’a
RH' (R) _ ei(n(tana—a)—i—%) iRsin o # 1+0 #
" V 27n tan o Vntan® o
RJ,(R) = Rsinasin(n(tana — )+z)\/¥ 1+0 L
" n LS “ @ 4 2mntan o \/ntan3a

1 1
d2(R) = —ntana(l%—O(i))
n(B) 7T vntan® o

(very sketchy) Sketch of Proof. Set R = _— and apply the method of steep-

est descent to the integral which defines the Hankel function

Hn :/ei(Rsin(O)—ne)de
7

+ (K*R? —n?)J3(R) = 2k%0?

r=R

O

%, and consequently ntana =

where 7 is the contour v, we used before shifted by 7. O
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Theorem 26. There is a constant K, such that, for any constant M, and
1
n<R—-MR3

<1—%) VR2 —n2 < 71o2(R) < <1+%) VR? —n?

The theorem says: If we plot o2 (R) for fixed R as a function of n, it really
looks like a semicircle of radius R on the blue part.

= (R
y=ngR) y=ndRIR
(-R+RY3 R?3) (R-RV3RZ)
(_1+R*2/3'R*1/3) (1_R*2/3'R*1/3)
x=n R=10 x=n/R R=100
2 2
150 g 150

-0.5[ 1 -0.51
1 -1r
L L L L L L L L L L
-15 -1 -0.5 0 0.5 1 15 -15 -1 -0.5 0 0.5 1 15
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