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Abstract

We prove the existence of infinitely many real interior transmission
eigenvalues for positive contrasts that are bounded above and below
by a powers of the distance to the boundary, and give a lower bound
for the counting function.

1 Introduction

In this paper we will study the real interior transmission eigenvalues. We
will prove that positive values of the square of the wavenumber k2 for which
there is a non-trivial pair (U, V') solving

AU(z) + k*(1 +m(z))U(x) =0, z€ D, (1.1)
AV (z)+ k*V(z) =0, x€D,

Ulz)=V(z), %(z)=9%(x), ze€dD.
are discrete and infinite for a class of positive measurable contrasts m which
vanish, or blow up, at the boundary of a bounded domain D C R? like a
power of the distance to the boundary. We will also give a lower bound on
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the counting function for continuous contrasts.

The interior transmission eigenvalue problem arises naturally in inverse
scattering theory. If k% is not a transmission eigenvalue then the relative
scattering, or far field, operator is injective with dense range. This condition
guarantees the success of certain inverse scattering algorithms ([6], [8]).

The study of the interior transmission problem and transmission eigenval-
ues has a long history. The problem was first introduced in 1988 by Colton
and Monk [7] in connection with an inverse scattering problem for the reduced
wave equation. The discreteness of the set of transmission eigenvalues was
established by Colton, Kirsch and Péivérinta [5]. Péivérinta and Sylvester
[18] proved the first existence result in 2008. The existence of an infinite set
of transmission eigenvalues was established by Cakoni, Gintides and Haddar
[2]. We also mention some results on transmission eigenvalues for Maxwell’s
equations and for the Helmholtz equation in presence of cavities [3], [13], [4],
as well as very recent results on transmission eigenvalues for elliptic oper-
ators of arbitrary order with constant coefficients of Hitrik, Krupchyk, Ola
and Paivarinta [10], [11], [12].

The knowledge of the transmission eigenvalues uniquely determines a ra-
dial scatterer [14], [15], [18]. For non-radial scatterers, transmission eigen-
values have also been used to infer simple properties of the scatterer [1].

2 Existence of Transmission Eigenvalues

We will follow the approach introduced in [20] and followed in [18], making
the substitution w = U — V, and applying the operator A + k? to (1.1). We
will seek values of k% (we replace k? with the letter 7 below) for which there
is a nontrivial solution u to the fourth order boundary value problem.

(A+E)E(A+7(14+m))u=0

u(z) =0, %%(z)=0, z€dD. (2:2)

We will work in different weighted Sobolev spaces, depending on how m
decays or grows as we approach the boundary. In all cases, when we say that



T is a transmission eigenvalue, we will mean the existence of a nontrivial
weak solution to (2.1) which belongs to the standard Sobolev spaces H? (D)

loc

and H§(D) for some s > 2, so that (2.2) is satisfied. The multiplicity of a

transmission eigenvalue is the dimension of the solution space.

We let N, p(7) denote the counting function, the number of real trans-
mission eigenvalues (counting multiplicity) less than or equal to 7 and let
p(x) denote the distance from z to the boundary of D. Our main result is
the following:

Theorem 1. Let D be a bounded domain in R?, and suppose that there are
two positive constants mg and mg such that

mgp” < m(z) < map® (2.3)
with
—“l<a<f<a+?2

Then there is a constant Ko small enough, depending on both m(x) and D,
such that

Npp(T) > Ko — 1 (2.4)

A particular consequence of (2.4) is that there are infinitely many trans-
mission eigenvalues. We will give a more explicit description of the constant
Ky in proposition 11.

Because

1 1
LT:(A—FT)E(A—FT(l—Fm)):(A—FT(l-i—m))E(A—FT) (2.5)
with a domain that includes the boundary conditions (2.2), is self-adjoint,
we may analyze its spectrum by considering the quadratic form

Q. () :/(Aw)u% (A+7(1+m)u (2.6)

D

We will consider (), as an unbounded quadratic form on the Hilbert space
H = L*4(D), the closure of C§°(D) in the norm
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1f1l=5 = llp™° Fll 2oy (2.7)
We will show that, if we choose ¢ satisfying

max(f —§,-5) <0< §+2
then the domain of (), satisfies

Mf(§+2) C Dom(Q,) C ME(%H)

where M? is the closure of C§°(D) in the norm

£l = D 11D fll34 (2.8)

In|=0
We will make use of a Hardy inequality and a few simple propositions:

Proposition 2. If§ > %, there is a positive constant K, depending on D
and 9, such that

|ul1,-s < K[|Vul[-5-1 (2.9)
If 6 > %, there is a positive constant K, depending on D and d, such that
[ull2,—s < K| Aul|—(5-2) (2.10)

Proposition 3. If u € Mg with p > % and 6 > %, then u vanishes on 0D.

Ifp > % and 6 > %, then Vu vanishes on 0D as well.

Proposition 4. If D; CC Dy and 6, > p, then M?; (Dy) C M”; (Ds).

Proposition 5. If p1 > po, and 6; > 62, then the embedding of Mflél into
Mf%z is compact.

Proposition 3 gives a convenient way to remember the inclusions among
the weighted spaces. A function in M?” vanishes to order ¢ at the boundary
of D as long as p is large enough to ensure that the restriction makes sense.
Proposition 4 says that compactly supported functions vanish to all orders at
the boundary, and proposition 5 says that spaces with more regularity and
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more decay are compactly embedded in spaces with less decay and regularity.

A proof of proposition 2 can be found in [16] or [21]. Note that a con-
sequence of proposition 2 is that the unweighted Sobolev space HZ(D) is
equivalent to M?2,(D). Thus proposition 3 follows from the corresponding
statements for H3(D) with s > % and s > % Proposition 4 is a consequence
of the fact that an L*(D) function with compact support belongs to L3(D)
for any d.

Proof of Proposition 5. Suppose u, converges weakly to zero in M”5 . We
need to show that [|uy||p,,—s, — 0. Fix € > 0 and define Dy, = {p(z) > 1}.
Since the ||uy]|,, —s, are uniformly bounded ,

1 61—02
[ 1o < (E> [ e e

D\Dy, D\Dy,
1 61—02
< () Monllncs < 212

if we choose k large enough. For each compact set Dy,

/ 17 D% | < K|t 1520 (2.13)

Dy,
and

/ 1= D%y | > (diam(D)) " |[uwnl 151 )
Dy

The compact embedding of HP'(Dy) in HP2(D),) guarantees that choosing
n = n(k) large enough will ensure that the left hand side of (2.13) is less
than e. n

We will choose a Hilbert space H for which the quadratic forms @), are
bounded from below and have form domains which are compactly embedded
in H. To see what this requires,we note that

Q) = [ (du)

and expand



1 1
Q- (u) = Qg(u)+27'§)?/ﬂ—(Au)+72/—|u|2+7/ﬂAu+72/|u|2
m m
We estimate each term,
K, < 1 A < < ! A 2.14
ol [ull2~(g+42) < m—aH ull-g < Qo(u) < m—ﬁl\ ull_g - (2.14)

where the inequality on the far left made use of the Hardy inequality (and
requires « > —1).

1 M 1o
< m—ﬁ||u||—(ﬁ—%)||AU||—% < Qo+ —5-[lull2 (g

56
1 1
/ Lup < e,
m m5 2

m
< lellg1dul -3 < eQolu) + 2 full}

If we choose § > max(f — g
then

(1= €)Qo(u) — Kcl[ul]*5 < Qr(u) < (1+€)Qo(u) + K [[ul[>5  (2.15)
and
|Qr, (1) = Qry (w)| < K71 — 1o max(1, 71, 72) (Qo(u) + [Jul|25)  (2.16)

The inequality (2.15) tells us that, as unbounded quadratic forms on the
Hilbert space L% 4(D), the domain of @, is independent of 7, and

Mf(g +2y(D) € Dom(Q-) = Dom(Qo) C ME(%+2)(D) (2.17)
which is compactly embedded in L? (D) as long as 6 < 5 +2. The inequality
(2.16) illustrates the (uniform on compact sets) continuous dependence of @,
on 7. A direct consequence is
Proposition 6. If -1 <a <3 <a+2 and max(f — §,—-5) <0 < § +2,
then the spectrum of the self adjoint generalized eigenvalue problem

Lruy, = An(T)pgaun (218)
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is real, discrete, and infinite. Each \,(7) depends continuously on 7. Each
Uy, € ME(% +2)(D) and therefore must vanish, together with its first deriva-
tives, on OD. The eigenvalues may be characterized by the min-mazx principle

An(T) := max min Q- (u) (2.19)
Yoo w e VN Dom(Q,)
lull -5 =1

where V,, denotes any n-dimensional subspace of L* .

Proof. As a consequence of (2.15) and (2.17), @, is bounded below with
Dom(Q,) compactly embedded in H = L?, so has purely discrete spec-
trum, accumulating only at infinity and obeying (2.19) (see [19], page 780).
We may use (2.16) in combination with (2.19) to establish their continuous
dependence on 7. O

Proposition 7 below is a slight generalization of the technique introduced
in [2] to show the existence of infinitely many transmission eigenvalues for
contrasts that are bounded from above and below. Recall that N,, p(7) is
the number of transmission eigenvalues less than or equal to 7.

Proposition 7. Suppose Ny, p,(T) > 1, and suppose that {m;, D;}}_, rep-
resent translations of (mo, Do) (i.e. m;(z) = mo(z + x;) on D; = Dy + ;).
If the D; are disjoint, each D; C D, and m(x) > m;(z) on each D;, then

Nmp(T) > N (2.20)

Proof. Let wu, (z) denote the transmission eigenfunction for (mg, Dy) and
u; the translated eigenfunction (with the same 7y) for (m;, D;) Because
u;(z) € HZ(D;) = M?,(D;), the extension of u;, defined to be zero in the
rest of D, belongs to M?; for any §. We have N such eigenfunctions, each
supported on disjoint sets, so they are linearly independent.

Because m(x) > m;(z), the quadratic form @),,, is non-positive on this
N-dimensional subspace, so, according to the min-max characterization of
the eigenvalues, (),, has N non-positive eigenvalues. Because )y has all
positive eigenvalues, and they are continuous functions of 7, there must be
N transmission eigenvalues between 7 = 0 and 7 = 7. O]



We know that the unit disk in R? , with any constant contrast, has
transmission eigenvalues [14] [15]. Because the unit disk is a subset of the
unit cube, proposition 7 assures us that the cube has one too. We will let
To(M, 1) denote the lowest transmission eigenvalue of the cube with side 1
with constant contrast M. We do not discuss its dependence on M, or on
the dimension d, here. Its dependence on the side length of the cube R is
easy to see by scaling. If u(x) is a transmission eigenfunction for the cube
with side length 1, then u(%) is a transmission eigenfunction for the cube
with side length R, and the transmission eigenvalue decreases by a factor of
R?, ie.

Proposition 8. The lowest transmission eigenvalue of the the cube with side

R and constant contrast M 1is %.

An immediate consequence of proposition 7 is then

Proposition 9. Suppose m(z) > 0 in D and m(zx) > M on the disjoint
unton of P cubes, all with identical side length R and all contained in D.
Then

%) > p (2.21)

Proposition 10. For any open set O C RY, let P(R) denote the mazimum
number of disjoint cubes of radius R contained in O. RIP(R) increases to
w(O), the Lebesgue measure of O, as R decreases to zero.

Nm,D(

Proof. The limsup of R?P(R) is the inner measure of the Borel set O. For
Borel sets, the inner measure equals the Lebesgue measure. O

Proposition 11. Let O be an open subset of D on which m(x) > M. Then

lim 772N, p(7) > 70(M, 1) 2 (0) (2.22)

T—00

If m(z) is continuous, then we may choose O = {m(x) > M?}.

Proof. If we choose R = VM> (2.21) becomes




and proposition 10 tells us that the right hand side increases to the mea-
sure of O as 7 approaches infinity. n

Proposition 11 tells us that because N,, p(7) + 1 is bounded from below
by a constant times 7% for large enough 7. It is also bounded from below by
1, for all 7, so the conclusion (2.4) of theorem 1 follows for a small enough
choice of constant Kj.

3 Conclusions

We have shown the existence of real transmission eigenvalues for degenerate
contrasts, which may vanish at the boundary to an arbitrarily high order,
but we require some uniformity in the boundary behavior. The upper and
lower bounds must involve powers of p which differ by no more than two. A
similar result, with a more general background but a more restricted contrast
was proved by Hickman [9]

With similar restrictions, we also allowed singular contrasts which grow at
the boundary more slowly than %. A scattering theory for singular contrasts
can be found in [17].

We have also proved a lower bound on the counting function, similar to
that for Dirichlet eigenvalues. If wy is the volume of the unit disk in R
the number of Dirichlet eigenvalues less than or equal to A is asymptotic
to 5z (D)A%. Proposition 11 tells us that the number of transmission
eigenvalues less than or equal to 7 is greater than or equal to a constant,
which depends on a lower bound for m, times M(D)T%. Unfortunately, we
have no upper bound. The dependence of 75(M, 1) on the constant contrast

M is monotonic decreasing, but we know little else at present.

References

[1] Cakoni, F., Colton, D., and Monk, P., On the use of transmission eigen-
values to estimate the index of refraction from far field data, Inverse
Problems, 23 (2007), 507-522.

[2] Cakoni, F., Gintides, D., and Haddar, H., The existence of an infinite
discrete set of transmission eigenvalues, STAM J. Math. Analysis, 42
(2010), no. 1, 237-255.



[3] Cakoni, F., Kirsch, A., On the interior transmission eigenvalue problem,
Int. Journal Comp. Sci. Math., 3 (2010), no. 1-2, 142-167.

[4] Cakoni, F., Colton, D., and Haddar, H., The interior transmission prob-
lem for regions with cavities, STAM J. Math. Analysis, 42 (2010), no.
1, 145-162.

[5] Colton, D., Kirsch, A., and Péivérinta, L., Far field patterns for acous-
tic waves in an inhomogeneous medium, STAM J. Math. Analysis, 20
(1989), 1472-1483.

[6] Colton, D., Kress, R., Inverse Acoustic and Electromagnetic Scattering
Theory, 2nd edition, Applied Mathematical Sciences, Vol. 93, Springer,
New York, 1998.

[7] Colton, D., Monk, P., The inverse scattering problem for acoustic waves
in an inhomogeneous medium, Quart. Jour. Mech. Applied Math., 41
(1988), 97-125.

[8] Colton, D., Paivérinta, L., and Sylvester, J.,The interior transmission
problem, Inverse Problems and Imaging, 1 (2007), no. 1, 13-28.

9] Hickmann, K., Interior Transmission Problem with Refractive Index
having C? -Transition to the Background Medium, preprint.

[10] Hitrik, M., Krupchyk, K., Ola, P., and Péivérinta, L., Transmission
eigenvalues for operators with constant coefficients, STAM J. Math.
Analysis, to appear.

[11] Hitrik, M., Krupchyk, K., Ola, P., and Péivérinta, L., Transmission
eigenvalues for elliptic operators, htpp://arxiv.org/abs/1007.0503.

[12] Hitrik, M., Krupchyk, K., Ola, P., and Péivérinta, L., The inte-
rior transmission problem and bounds on transmission eigenvalues,
htpp://arxiv.org/abs/1009.5640.

[13] Kirsch, A., An integral equation approach and the interior transmis-
sion problem for Maxwell’s equations, Inverse Problems and Imaging,
1 (2007), no. 1, 159-179.

10



[14] McLaughlin, J. R., Polyakov, P.L., On the uniqueness of a spherically
symmetric speed of sound from transmission eigenvalues, J. Diff. Equa-
tions, 107 (1994), no. 2, 351-382.

[15] McLaughlin, J. R., Polyakov, P.L., and Sacks, P.E., Reconstruction of a
spherically symmetric speed of sound, SIAM J. Appl. Math., 54 (1994),
no. 5, 1203-1223.

[16] Necas, Jindfich, Sur une méthode pour résoudre les équations aux
dérivées partielles du type elliptique, voisine de la variationnelle, Ann.
Scuola Norm. Sup. Pisa, 16 1962, 305-326.

[17] Paivérinta, L., Serov, V., New mapping properties for the resolvent
of the Laplacian and recovery of singularities of a multi-dimensional
scattering potential, Inverse Problems, 17 (2001), 1321-1326.

[18] Paivérinta, L., Sylvester, J., Transmission eigenvalues, SITAM J. Math.
Analysis, 40 (2008), no. 2, 738-753.

[19] Reed, M., Simon, B., Methods of modern mathematical physics. IV.
Analysis of operators, Academic Press, N.Y., 1978.

[20] Rynne, B., Sleeman, D., The interior transmission problem and in-
verse scattering from inhomogeneous media. STAM J. Math. Anal.,
22(6):1755-1762, 1991.

[21] Triebel, H., Interpolation Theory. Function Spaces. Differential opera-
tors., Mir, Moscow, 1980.

11



