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Time Harmonic Waves and Far Fields

Free Waves (A + k2) W0 =0

eikr

u® ~ p°(8)

-

n—

(ikr) 2

Total Waves (A+ K2(L+m))u™=0

Outgoing Waves (A+K2)ut =f
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Sampling ,Factorization, and TE's supp m C D

Linear Sampling and the Factorization Method
If R"\ D is connected, m > 0, and k is not a TE, the ranges of

Hp*Hp, and (8*8)% coincide. In particular, the range of (8*5)%
is independent of m, and provides a means for calculating D.

8 =Ho* [k2m (I - G K2m) ™" | o

Interior Transmission Problem

A wavenumber k is called a TE if there exists a non-trivial pair
(u®, u™) solving:
(A+K(1+m)u™=0 in D
(A+K)u®=0 in D
ou®  ou™
s

u =™

on oD




Lots of Previous Work

e Colton and Monk (1988) — spherically stratified medium —
there exist infinitely many TE's

@ McLaughlin, Polyakov, and Sacks (1994)- spherically
stratified medium — transmission eigenvalues determine n(r)

e Colton, Kirsch and Paivarinta (1989) — If m > 0,
transmission eigenvalues form a discrete set

@ Rynne and Sleeman (1991) — if m > 0, TE's discrete via 4th
order operator.

e Colton-Piivarinta-S. (2006) if m > 0 No Born TE's,
k2 > Ao(D)

@ Colton, Cakoni, Haddar — Maxwell’s, anisotropic

o Paivarinta - S. — m > Cp, the discrete set is not empty.
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Time Harmonic Waves and Far Fields
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Estimates, Spaces, and Duality

(A+ k2) ut=f
lut]|a+ < Gotllflls

v

Spaces

3
B=L§R") 6>3 |Ifllz =0+ [xP)>fll

i1 .
B = By Iflls = [IV2If]l 2(uerz il ln

1
822’1, far fields exhaust L2(S"1).

If mx: B*— Band1+m>0

(A+ K (L+m))ut =Ff
lu™]lg» < Cm(K)IIf]5
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All Waves belong to B* Warning: B andBJ

Start with a total wave u™ € B*:

(A+ k) u™ = —K*mu™
Find the unique u™ with source —k?>mu"™

(A + K?) ufy = —K>mu™
Define

0

.
l=u™ —u
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Outside the support of the scatterer — Radiated Waves

Defintions — All sources and scatterers compactly supported in D

e The radiated wave is the outgoing wave u™ outside the
support of the source.

Is every radiated wave an m-scattered wave?
Does every incident wave u%radiate?

ut

R7\D
0o = (u™ — uO)

R\ D

Outside D, u™, 1% u™, all satisfy the same equation, P°v = 0.

PO := (A + k%) P := (A + K*(1+ m))
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Outgoing Waves inside D

Most functions inside D extend to be outgoing

Any ¢oo € H2(D) is an outgoing wave.

PO%oo = f

P00 = ikoo|

ov

Soo

More generally, any ¢ that satisfies %‘ao = ikA+¢’aD is outgoing.

AT is the exterior outgoing DN map.

| \

m-scattered waves inside D are special
An m-scattered wave is an outgoing wave that is the difference of
solutions to 2nd order PDE's.
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m-scattered waves inside D

Theorem: For m > 0 in D
An outgoing wave, u™, is an m-scattered wave iff

1
P"—P% T =0 inD
m

Proof

ut is m-scattered if uT = u™ — u°. If m is constant, the two
operators commute, so the kernel of the product contains the sum
of the kernels. Because the characteristic varieties are disjoint, we
can change contains to equals. If m is not constant, P® and P™
don't commute, but

poLpm_ pmlpo
m m

(P’"%PO) is formally self-adoint J
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Consequences

Corollary: The following are equivalent:
o0 ¢ g ((Pm#PO)go)
o Every radiated wave (i.e. u™ outside) is m-scattered.

o Every incident wave radiates, i.e. k> # TE

More Definitions

o (P™LP0)y is the unbounded self-adjoint operator on L?(D)
with domain H3(D) N H*(D).

@ Two sources are equivalent if they radiate the same wave.

@ A source is non-radiating if its radiated wave is zero.

Corollary: These are equivalent too:

@ Every source is equivalent to one of the form f = mv".

@ No nonzero f = mv is non-radiating.
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the Spectrum of P’”#P0 m > 0 is constant

The quadratic form with form domain H3(D)

T.=(A+K(1+m)) (A+ k%)
t-(u) =21+ m)llul? 27 (A + DVull?) + || A
to(u) = [|Aull* > pO(D)||u||*

Continuity of eigenvalues

If t-«(u*) <0, for some (7%, u*), then t.« has a negative
eigenvalue, and, for some 0 < 7 < 7%, t; has a zero eigenvalue.

t-(u) = A(w) (7~ B(w))” + C(u)

If C(u*) <0and B(u*) >0, then tg(,+) has a negative eigenvalue.
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A(u)(r — B(u))? + C(u) Restricted to ||u]|? =

A(u) = (14 m)
1+Z 1+ 2
2 Xo(D) < B(u) = 72| Vu Hz_ =

(1+2
C(u) = l|Aa]? — G2 |vu|*

With u*= lowest clamped plate eigenfunction A%y = pou*

Conclusion

1
i 2" a2
1+m

1+m ™0
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> 59, then there is a TE with k? <
0




More TE's if m i s bigger

t:(u) =731+ m) —27’((1+%)HVU||2)+ ||Aul|?

<T(14m) 21+ o+ (Al
On the span of the lowest n clamped plate eigenfunctions.
<72(14m) =211+ P) Ao+ pn

i4+Z g 1+2)2
:(m—i—l)(T—H;’)\O) + :un_(1+$n) )\%

(1+%)2 Kn H H
If 5%~ > prd then 1.“<1+%A : )) has n negative eigenvalues, so
14+m 0
: . o . 4o
there must be n TE's (counting multiplicity) with k? < 11;‘;, Ao
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No small TE's Restricted to ||u|]? =1
T, = (A+ K31+ m)) (A +k?)
T.

- = (A+7(L+m)? —mr(A+7(1+m))
tr(u) = |[(A+7(1+m))ull*+mr (||[Vul]? = (1 + m)7)
> mT (||Vu]|2 - (14 m)T)
> 0 if 7< Ao
14+ m

No Born TE's either

B, = (A+7)* with domain H2(D)
br(u) = || (A +7) ul|?

which is strictly positive for every 7.

v

John Sylvester Transmission Eigenvalues and Non-Radiating Sources




Relation to Factorization
Non-Radiating Sources equal (Free Waves)*

+ 0
/fvoz/(A+k2) utv0 = aauyvo—quaa\;
D oD

o RHS is zero for all v0 iff u™ = 0 outside i.e. u™ € H3(D)
(] fNRD = (A == k2) ¢00

Every D-source has a unique equivalent D-free source

AR+ F0 = f
(A +K?) goo + 10 = f
(A+K) g0 = (A+K)F

Solve, and set
FOi=f— (A+K) doo
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Relation to Factorization

BY = L>(D)N{P°v* =0} in D

Sp V0 s v s [FO ~ —Kk2myv™]

Hp: L2(S"1) 15 BY
Hp : B2 12(5"Y)

S =HpSpHp

TE's are the wavenumbers for which 0 € o(Sp)
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