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Let X be an irreducible plane algebraic curve over an algebraically closed field k of
characteristic zero. Suppose that X is analytically irreducible at all points. Let @(A’) be the
ring of differential operators on A’. This paper gives a direct algebraic proof that O(A™\X)/
O(A?) is a simple 2(A”)-module. This may also be proved via the Riemann—Hilbert corres-
pondence.

1. Introduction

Let k be an algebraically closed field of characteristic zero, Y a non-singular
affine algebraic variety and X C Y a hypersurface defined by an irreducible
fEO(Y). Write 9 =9(Y) for the ring of differential operators on Y, and
consider O(Y\X) = O(Y), as a left @-module. By Bernstein [1] and Kashiwara [6]
it is of finite length as a 9@-module. It is not difficult to show that O(Y\X)/0(Y)
contains a unique simple @-submodule — this is denoted £(X, Y). Its existence is
proved in greater generality in [2]. The problem is to determine ¥(X, Y).

We prove the following:

Theorem. Let X C A2 ?e an irreducible curve. Let X denote the normalisation of X,
and suppose that w: X — X, the natural projection, is injective. Then L(X,A*) =
O(AM\X) I0(A?).

This theorem is known to the @-modules experts. It was pointed out to the
author, by J.-L. Brylinski and the referee, that it is a consequence of the
Riemann—Hilbert correspondence. However the present paper gives the first
purely algebraic proof of this result.

One motivation for wanting to describe (X, Y) is that the de Rham complex
satisfies DR(L(X, Y)) = IC,[—1], the Goresky—MacPherson intersection homol-
ogy complex for the middle perversity [4].

There are a number of results describing a generator for #(X, Y); see for
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example [2] and [9]. In the case of an arbitrary irreducible curve X C A’ defined
by f, it is remarked in [2, Introduction] that #(X, Y) is generated by f 'df/dx
when O(A®) = k[x, y]. Of course, this does not make it possible to decide if a
given element of @‘(Az)f/@(A ) belongs to (X, A%).

The theorem above extends the well-known fact that if X C A? is non-singular,
then O(AM\X)/O(A?) is a simple P(A*)-module. Recall that the usual proof of
this uses the fact that, if X is defined by f € O(A?), then the ideal of O(A?)
generated by df/dx, df/dy and f equals O(A%). Of course such a result is not
available to us when X is singular.

The idea of the proof is to extend some of the work in [7]. Let X be any curve,
X its normalisation, and let 7: X — X the natural projection. In [7, §3] it is shown
that if « is injective, then O(X) is a simple 9(X)-module and furthermore, that
@(X) is Morita equivalent to P(X). In Section 2 we extend this result as follows.
Set R = k[x, y] = O(A?), let f € R define the curve X, and suppose that 7 : X—>X
is injective; then for all n €N, R/f"R is a simple @(R/f"R)-module (Corollary
2.9). Recall that as in [7, §1], @(A) is defined for any commutative k-algebra A.
Having established this, the main theorem is a relatively straightforward con-
sequence. The proof is given in Section 3; by reading Section 3 first the reader will
understand the necessity of Section 2.

Let us recall some of the notation of [7]. Let A C C be commutative k-algebras.
If De P(C) and f € C, write D * f:= D(f) for the evaluation of the differential
operator D on f. Define 9(C, A):={D € P(C)|D*f & A for all f€ C}, and
P(C, A)xC={D=*f|DeP(C, A) and f € C}.

2. Differential operators on k[x, y1/(f")

Set R = k[x, y] = O(A?), let f € R be irreducible, and let X CA’ denote the

curve defined by f. Set A = R/f"R.
The goal of this section is to show that there are inclusions of k-algebras

ACOX)®k[z]/(z") C O(X)®k[z]/(z") C Fract A

and that A is of finite codimension in O(X)® k[z]/(z"). When the projection
7:X— X from the normalisation is injective, the arguments of [7, Propositions
3.3, 3.4] may be adapted to show that %(A) is Morita equivalent to
D(O(X)® k[z]/(z")). But the latter is isomorphic to D(X)®, M (k), where
M, (k) is the ring of n X n matrices over k. Hence %(A) is Morita equivalent to
@(1\7 ), and in particular is a simple ring. It follows that A is a simple %(A)-
module, and this is the result which is carried forward to Section 3, and used there
to establish the main theorem of the paper.

Proposition 2.1. Let R = k[t,, . . ., t,] = O(A?), and suppose that f € R is irreduc-
ible, defining a hypersurface X. Let n €N. Then there is a k-algebra homomor-
phism
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6:R— O(X)®, k[z]/(z")
such that ker 6 = f"R.

Proof. Since k = ﬂ‘;zl klt, ..., fj, .., 1] (where f] means ‘omit ;) we may
assume, without loss of generality, that f €k[t,, . .., t,].
Let ¢y : R— O(X) be the natural map with kernel fR. Define 6 by

O(tl):(/’(tl)+za 6(t)=y(t) (=i=d).

and extend 4 to a k-algebra homomorphism. By Taylor’s theorem it follows, for
g ER, that

0(8) = g((t) + 2, ¥(t,), - . ., ¥(1,))

Hence, ker 8 = {g€ R|3’g/at] € fR for all 0= j < n}. It is clear that f"R C ker 6,
and the reverse inclusion follows from the

Sublemma. If 3’g/6t] € fR for all 0=<j <n, then gE f"R.

Proof. By induction on n. The sublemma is true if n=1. Assuming that the
sublemma holds for n — 1, we may suppose that g € f*~'R. Since 8/ 9t](3g/dt,) €
fR for all 0=j<n—1, the induction hypothesis ensures that dg/ot, ef"'R.
Write g = f"~'h. Then

-y 6h
— &

n—1
o €IR.

ag n—2 af n
— = — - +
at, (n=Dfh o +f

Hence 4 9f/dt, € fR. By assumption, deg, (f) =1, and so (by a degree argument)
it follows that af/dt, & fR. Hence, as fR is a prime ideal, h € fR. Thus g € f"R as
required. IO

We now turn to the case we are interested in, namely d = 2. Write A = R/f"R,
and A" = O(X)®, k[z}/(z").

Lemma 2.2. Let R = k[x, y] = O(A?®). Let 05 f € R be irreducible defining a curve
XCA® Let n€N, and let

0:RIf"R— O(X)®, k[z]/(z")

be the injective algebra homomorphism obtained in Proposition 2.1. Then
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(a) O(R/f"R) is of finite codimension (as a k-vector space) in
0(X) ®, k[2]/(z") ;
(b) We have inclusions
R/f"RC O(X)®, k[z]/(z") C Fract(R/f"R)
where Fract( ) denotes the ring of fractions.

Proof. (a) Write V= R/f"'R, U = O(X) ®, k[z]/(z"). There are filtrations of these
vector spaces V=V, DV, D---DV, =0, and U=U,2U,D---2U, =0 where
V.= Af' are U,= A'Z'. The injection 6:V— U satisfies 8(V;)C U, and 8(V) N
U,=6(V,). Hence if we consider the short exact sequences below, and the
injections induced by 6, we obtain an injection y:V,/V, ,— U,/U,,, making the
following diagram commute:

0=V, = V,—>V/V,, =0

i+1

0=V, »U—-U/U,—0

The aim is to show that dim,(U/6(V)) <<, and the idea is to show by induction
on i that dim,(U,/6(V,))<w. It is clear that if dim, (U, ,/6(V,,,)) <> and
dim, ((U,/U, ) Iv(V,/V,,,)) <, then dim, (U,/6(V;)) <. Hence one need only
show that y(V,/V,, ) is of finite codimension in U,/U,,; note that as V, =0 and
U, =0 this will also start the induction process.

Note that U,/U,,, and V,/V,,, are both free 0(X)-modules of rank 1. However,
y is an O(X)-module homomorphism because 6(f'r)=0(f)0(r), and 6(r) —
¥(r) € A'z; hence 8(f'r)=0(f)y(r) (mod U,,,). As vy #0, we have that y(V,/
V..,) is a nonzero 0(X)-submodule of the cyclic 0(X)-module U,/U,.,. Hence,
y(V./V,,,) is necessarily of finite codimension in U,/U,,,. This establishes (a).

(b) We now consider AC A’. The regular elements of A are precisely those
elements not in fA. There exists ¢ € A which is transcendental over k, and
k[€]N fA =0. Hence, k(£) C Fract A. Since A'/A is a finite-dimensional vector
space, there exists 07 p( &) € k[ €] such that A’p(§)C A. As p(€) is a unit in
Fract A, we have A’ C Fract A. This completes the proof of (b). O

Corollary 2.3. There are inclusions of k-algebras
R/f"R C O(X)® k[z]/(z") C Fract(R/f"R)

and RIf"R is of finite codimension in 0(X)® k[2]/(z"). _The map
Spec(O(X) ® k[z]/(z"))— Spec(R/f"R) is the natural projection 7:X— X.



A simple @-module 291

Proof. The inclusion of the k-algebras is obtained from the previous lemma
together with the natural inclusion @(X) C 0(X). The fact that R/f"R is of finite
codimension, follows from the previous lemma, and the fact that 0(X) is of finite
codimension in O(X). The fact that 6:R/f"R— O(X Y® k[z]/(z") induces an
isomorphism after factoring out both these algebras by their nilpotent radicals
ensures that the map on the spectra is as claimed. [J

Proposition 2.4. @(k[z]/(z")) = M (k), the ring of n X n matrices over k.

Proof. Write T = k[z]/(z") and set J, =ker(u,: T ®, T— T), where u, is the
multiplication map. Then J, is generated by 1® z — z®1; hence J3* = 0. Now

@(T) =lim Hom (T ®, T/, T) = Hom (T ®, T, T)

nt

=M (k). O
Proposition 2.5.
POX)® k[2]/(z") = D(X)®, M, (k) .

Proof. Write C = 0(X), T=k[z]/(z"), B= C®, T. Denote by J, J., J, the
kernel of the multiplication maps B®, B— B, C®, C—»C and TQ®, T—>T
respectively. Note that, when we consider C®, C and T®, T as subalgebras of
B®, B, we have J., J, CJ,. Furthermore, since J, is generated by {1®b —
b®1|b € B} it follows that

J,=CRCRJ, +J.RTRT.
Thus for all m €N
JNCCRCRIT+IIQTRTC Iy .
Since, JZT" =0, we have for m =2n,
JyCII®TRTC Iy .
Thus the sequence J'® T ® T is cofinal with the sequence J;. Hence

9(B) = lim Hom,(B® BI(/L@ T®T), B)

m

= lim Hom ., (C® CUZ)® TOT, COT)

m

= lim Hom(C ® C/J%, C) ® Hom (T ® T, T)

m

= (CY®M, (k). O
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Corollary 2.6. The k-algebras B(O(X)®k[z]/(z")) and (X)) are Morita
equivalent. [

Remark. Thus @(0(X)® k[z]/(z")) inherits the ‘good’ properties of P(X); in
particular it is a simple, noetherian ring of global homological dimension 1.

We now consider the inclusion 4 = R/f"RC 0(X)®, k[z]/(z")

Proposition 2.7. Write C = (’T(f( Y k[z]/(z"). The following are equivalent:
(a) D(A) is a simple ring;
(b) @(C, A)xC=A4;
(©) 9(A) =Endg,2(C, A);
(d) D(A) and D(C) are Morita equivalent.

Proof. Exactly the same proof as [7, Proposition 3.3] will work. O

Proposition 2.8. When 7 X— X is injective, then all the equivalent conditions of
Proposition 2.7 are satisfied.

Proof. We shall prove that (b) is satisfied. The proof imitates that of {7, Theorem
3.4].

Consider A = R/f"RC C = O(X)® k[z]/(z"). Let M be a maximal ideal of A,
and let Q be the unique (after Corollary 2.3) maximal ideal of C containing M.
Write S = A\M, and note that these are regular elements of A. Let P be the
maximal ideal of @()? ) sgiven by P=0nN 0(X). Then AsCCs=
O’(X)P® k[2z)/(z"). Set m = P@’(X),, As (@(X)P, m) is a 1- dlmensronal regular
local ring, we may choose ¢ € P such that m = 0(X) p- Let d € Der 0(X) p satisfy
d(¢) = 1. By setting d(z) =0 we may extend 9 to a derivation on C;.

After Proposition 2.4, k[z]/(z") is a simple @(k[z]/(z"))-module, so there
exists D, € @(k[z]/(z")) such that D,(1)=1 and D,(z") =0 for 0<i<n. (Ex-
plicitly D, is a scalar multiple of I 1] (z9, — i) where g, is the derivation d/dz).
Extend D to an @(X)P -linear map on Cg, so that D, E D(Cy).

After Corollary 2.3, Ay is of finite codimension in Cg, so for some rEN,
t'CS C A;. Write C;=1"C,DV where V is the k-vector space with basis B =

Pz'|0=j<r,0=i<n}. Consider D,=1I_}(19—j)€ P(Cs). Then D=
D D, € 9(Cy) and satisfies D(t'z') =0 for all t’z'€ B\{1}, and 0# D(1)E k.
Furthermore D('C)C 'Cy. Thus D € B(Cy, Ag) and 1 € D = Cs. There exists
s € S such that sD € 9(C, A), and s€E D= C. Hence D* CZ M. Since M was
arbitrary, it follows that 9(C, A)* C = A as required. O

Corollary 2.9. If w: X — X is injective, then R/f"R is a simple B(R/f"R)-module.
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Proof. After Corollary 2.6 and Propositions 2.7 and 2.8 it has been established
that @2(R/f"R) is Morita equivalent to @(X). Hence 9(R/f'R) is a simple ring.
Consequently R/f"R is a simple 9(R/f"R)-module, because any proper factor
module would have a nonzero annihilator. [

3. The @-module k{x, y] /k[x, y]

Keep the notation of Section 2. Recall the definition of the idealiser in [7, §1.5].
Write & = @(k[x, y]) = @(A?), and define

(2f)={DET|f'DEBf}.

Notice that &f" becomes a two-sided ideal of I(2f"). If k[x, y],/k[x, y] is viewed
as an [(2f")-module, then f "k[x, y]/k[x, y] becomes an I(Zf")-submodule
which is annihilated by @f”.

Lemma 3.1. Suppose that, for all n €N, f"k[x, v]/k[x, y] is a simple (Df")/
Df"-module. Then k[x, y|;/k[x, y] is a simple &-module.

Proof. Suppose that the hypothesis holds and let m, m’ be elements of k[x, y],/
k[x, y] with m #0. For n sufficiently large, m, m' € f "k[x, y]/k[x, y]. Hence
m' ENZf")- m C Pm, and the result follows. O

Notice that there is a k-algebra isomorphism ¢:0(2f")— I(f"P) given by
¢(D) = D', where, for D €(2f"), D' € @ is the element such that f"D = D'f".
One sees that ¢ induces an isomorphism

& UDFYIDE = "DYIF'D

However, recall the following:

Proposition 3.2 (Smith and Stafford [7, (1.6)]). I( f"@)/f"® = B(k[x, y]/(f")).
O

Thus, in a natural way, f "k[x, y]/k[x, y] is given the structure of a left
D(k[x, y]/(f"))-module. The key observation is now:

Lemma 3.3. As a D(k[x, y]/(f"))-module, f "k[x, y]/k[x, y] is isomorphic to
k(x, y1/(f").

Proof. This is routine. Just chase the isomorphisms above together with that in
Proposition 3.2, as presented in [7, §1.6], and combine these with the natural
k[x, y]-module isomorphism k[x, y]/(f")— f "k[x, y]/k[x, y]. O
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Hence we obtain the theorem of the introduction:
Theorem. If mw:X— X is injective, then k[x, yl;/klx, yl is a simple D-module.
Proof. Combine Lemmas 3.1 and 3.3, Proposition 3.2 and Corollary 2.7. O

Remark. In retrospect, the key to the proof is the fact that @(k[x, y]/(f")) is
a simple ring. However, [7,81.5, 1.6] @(k[x, y]/(f")) =End,(2/f"%). Thus
if we had known to start that @/f"9@ were isomorphic to a direct sum of n
copies of P/f%, we would have had at once that D(k[x, y]/(f™) =
D(k[x, y)/(f))®,M,(k), and hence the ring is simple (when 7 is injective).
Although our result does not imply the splitting of &/f"%, we have been informed
by Van den Essen and Van Doorn that they can prove that, if 7: X— X is
injective, then Ext} (D/f®, D/f®)=0. This of course guarantees the splitting of
PIf"%, and so would give a quicker proof of our Corollary 2.7. Their work, to
appear in [8], also shows that k[x, y] /k[x, y] is a simple &-module. The two
approaches are quite different (although they also begin with the Morita equival-
ence of @(X) and P(X) established in [7D.
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