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Suppose we are asked to find the integral
∫ b

a
x4 dx using the limit definition. We start to compute∫ b

a

x4 dx = lim
n→∞

n∑
i=1

(
a + i

b− a

n

)4
b− a

n

= lim
n→∞

b− a

n

n∑
i=1

(
a4 + 4a3

b− a

n
i + 6a2

(
b− a

n

)2

i2 + 4a

(
b− a

n

)3

i3 +

(
b− a

n

)4

i4

)

= lim
n→∞

b− a

n

(
a4

n∑
i=1

1 + 4a3
b− a

n

n∑
i=1

i + 6a2
(
b− a

n

)2 n∑
i=1

i2 + 4a

(
b− a

n

)3 n∑
i=1

i3 +

(
b− a

n

)4 n∑
i=1

i4

)
;

and we know
∑n

i=1 1 = n,
∑n

i=1 i = n(n+1)
2 ,

∑n
i=1 i

2 = n(n+1)(2n+1)
6 , and

∑n
i=1 i

3 = n2(n+1)2

4 , but you may

not know what the formula for
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Let me verify the formula for the case k = 3:
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