THE SUBSTITUTION RULE

FRI, NOV 15, 2013

(Last edited November 18, 2013 at 3:46pm.)

Theorem 1 (Substitution Rule for Definite Integrals, page 411). If ¢’ is continuous on [a,b] and f is

continuous on the range of g(x), then

b g(b)
/ Fg(2))g (@)dz = / f(x)dz (1)
a g(a)

Ezercise 1 (Section 5.5, #27). Find an antiderivative of the function f(x) = (22 + 1)(z® + 3z)%.
Solution. Set u(z) = x3 + 3x. Then «/(z) = 3(x? + 1). Thus
1, .
/(x2 +1)(2% + 32)* do = /g(x‘3 + 32)*(32% + 3) dx

1
:/7u4 du
3

1

_ 1.5
= 15u +c
_ 13 5
= 15(33 +3x)° +ec.
O
Ezercise 2 (Section 5.5, #32). Find an antiderivative of the function f(z) = Sm(iinz)
Solution. Set u(x) =Inz. Then u/(z) = L. Thus
3 l
/de:/sinudu
x
= —cos(u) + ¢
= —cos(lnz) +c.
]

FEzercise 3 (Section 5.5, #36). Find an antiderivative of the function f(z) = %

Solution. Set u(x) = 2% 4+ 3. Then «/(z) = (In2)2*. Thus
27 1 1
= [ ———((In2)2”
/2w+3dm mage 3 (22 dr
11

o 1n2udu

1
—mlnu—i—c

1 xT
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Egercise 4 (Section 5.5, #48). Find an antiderivative of the function f(z) = 7%.
Solution. Set u(z) = x2. Then «/(z) = 2z. Thus
x 1 1
P de= | i (20)d
/1+x4 * /21+(x2)2( z) de
1 1
— [ 5
21+ u?
1
=3 arctan(u) 4 ¢
1 2
=3 arctan(z”) + ¢ .
FEzercise 5 (Section 5.5, #60). Evaluate the definite integral
1
2
/ xe ¥ dx .
0
Solution. Set f(x)ze=*". We have f(z) = —2e"u/ where u(z) = —a?. Thus —1le" =

antiderivative of f(z). By the Fundamental Theorem of Calculus, we have

1
1 1 1 1
/0 ze ™ dx = (—26_12> - (—26_02> = —56_1 + 3

Ezercise 6 (Section 5.5, #69). Evaluate the definite integral

4

¢ 1
dx .
/e zvInx

—ze

_$2

is an

Solution. Set f(z) = ——. We have f(z) = —u’ where u(z) = Inz. Thus 2¢/u = 2V/Inx is an antideriva-

zvVInz ' Vu
tive of f(z). By the Fundamental Theorem of Calculus, we have

/e 1 dz = (2VInet) — (2VIne) = (2-2) — (2-1) = 2.

zvInzx

Exercise 7 (Section 5.5, #86). If f is continuous and f09 f(x) dx = 4, find fos xf(2?) dx.

Solution. Set h(x) = zf(2?). Then h(z) = % f(g(z))g' (z) where g(x) = 2%. Thus

3 31 ) AR 1 1,
| #ieydo= [ o) do - / /@ de=3 [ fe)de=ga=2.

Ezercise 8 (Section 5.5, #89). If a and b are positive numbers, show that

1 1
/ (1 —z)b da::/ 22(1 — ) dz .
0 0
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Proof. Set f(z) = 2%(1 — ). Let g(x) =1 — x. Then

1 g(1)
/ (1 — ) do = —/ (1 — ) da
0 9(0)

O

Ezercise 9 (Section 5.5, #90,91). If f is continuous on [0, 7], use the substitution © = 7 — x to show that

/ xf(sinz) d / f(sinz) d
0
/ rsinz de
o 1+ cos?zx
Solution. We have

T w(m)
/ xf(sinx) dx:—/ xf(sinx) dx
0 u(0)

=— /Oﬂ(w —z) f(sin(r — 2))(-1) dx

Use this to evaluate the integral

= / (m — ) f(sinx) dx since sin(m —x) = sinz
0

= 71'/07r f(sinz) dx — /Oﬂxf(sina:) dx

/waf(sinx) dx = ;T/O7r f(sinz) dx
Set f(xz) = . Then

4 si T xs si
/ _LAmE 1na2: dx:/ sing / f(sinx) dz—f/ BT e
o l+cos?zx 0 2—smx o 1+ cos?zx
We can compute the last integral by substitution. Set u(x) = cosx. Then
s s
-1
J A L T
o 1+cos?x o 1+ (cosx)?

u ()
/ —arctanu du
u(0)

/ arctan u du
1

T

27

SO

Thus

/’T rsinx T\ 2
_USMT g (7) .
o 1+ cos?zx 2



