INTEGRATING RATIONAL FUNCTIONS

(Last edited November 24, 2013 at 9:17pm.)

This document gives a summary of how to find antiderivatives of rational functions. (You can also look

at Section 7.4 in the textbook.) Recall that a rational function is a function of the form

where p(z) and ¢(z) are polynomials. We can always assume that the leading coefficient of ¢(x) is 1, by

dividing the numerator and denominator of f(z) by the leading coefficient of ¢(z).

If q(z) is constant. If ¢(z) is a (nonzero) constant, then f(x) is a polynomial, and you can use the power
rule (backwards).

Ezample 1. Find an antiderivative of f(x) = %

Solution. Write f(z) = 12> + 2 — 2. So [ f(z) do = }a® + J2* — 22+ C, where C is a constant. O

If ¢(z) is linear. If ¢(x) = x — a for some a, then you can use polynomial long division to write f(z) as the

sum of a polynomial and a fraction I—fa where b is a constant. Then integrate the polynomial as above and
b

r—a

integrate the fraction using the substitution ©v = x — a.

x274:v+1

Ezample 2. Find an antiderivative of f(z) = *—=%

Solution. Polynomial long division gives 2? — 4z + 1 = (z — 3)(z — 1) — 2, hence f(z) = (z — 1) + 3.
We have [2 —1dx = %mQ —z+Cy and [ % dx = —2In(z — a) + Cs, where Cy, Co are constants. Thus
[ f(z) dz = §2* — 2 — 2In(z — a) + C where C is a constant. O

If g(z) is quadratic. If () = 22 + ax + b for some constants a, b, then you can use polynomial long

cx+d
x2+ax+b

the polynomial as usual. We're left with the task of integrating the term xf_f;;ib. The method depends

on whether 22 + ax + b factors into linear terms or not. Recall that 2 + ax + b factors into linear terms

division to write f(z) as the sum of a polynomial and a fraction where ¢, d are constants. Integrate

(i.e. has a solution) if and only if its discriminant is nonnegative (i.e. a? —4b > 0). If the discriminant is
positive, then the two solutions of 2 + ax + b are distinct; if the discriminant is 0, then the two solutions of
2% 4+ ax + b are the same and z2 + ax + b is a perfect square.
Suppose a? —4b > 0. Then 22 + ax + b = (x — r1)(x — ro) where r; # ro. You can use partial fraction
decomposition to write
cr+d 51 a

= + (1)

(x —r1)(x —72) rT—Tr T —17T2

(i.e. there exist constants a1, as such that (1) is true for all 2). How do we find a1, as? Multiply both sides

of (1) by (x — r1)(x — r2) and rearrange terms to get
cx+d= (a1 + a2)x + (—ayrs —azry) . (2)
Equating coefficients of x and 1 in (2), we get

c=a1+as; d=—airs — asry (3)
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which you can solve for a1, as (recall that c,d,r1,rs are kmown).1 Then you can integrate each term on the

RHS of (1) using the substitutions u =  — r; and u = & — ro, respectively.

2z—1

Ezample 3. Find an antiderivative of f(z) = ;75 .

Solution. The denominator factors as 22 — 3z + 2 = (z — 1)(z — 2). Write % = 5 + %25 where
a1, as are constants. Let’s find a; and ay. Multiplying both sides by (z — 1)(z — 2) and rearranging terms
gives 2z — 1 = (a1 + az2)x + (—2a1 — ag). This implies a1 + as = 2 and —2a; — as = —1, which implies
a1 = —1 and a9 = 3. Thus

/Qxldx/< -1, 3 )dzln(z1)+3ln(:c2)+c.

22 — 32+ 2 r—1 x-2

O

Suppose a? —4b = 0. Then 22 +ax + b = (x —r)? for some r. Then you can use polynomial long division
to write
cr+d ay a

(x —1)? :x—r+(x—r)2

and you can integrate _*-- by the substitution v = x — r and (zfizr)z by the power rule.

3x+1

Ezample 4. Find an antiderivative of f(x) = P e

Solution. The denominator factors as x? — 4z +4 = (z — 2)?. We have 3z +1 = (z —2)(3) + 7 so

3z +1 C [3@-2)+7 3 7 B 7
[EEre e e dz/(x—fr(x—z)?) do=3n(e =2) =5+ 0

Suppose a? — 4b < 0. This is the most complicated case. Write

cx+d ¢ 2x+a n d— %
22 4+ar+b 2224ar+b 22+axr+b’
Integrate the term ggcff;;ﬂb using the substitution v = 2% + ax + b. The second term % needs more

work. We can complete the square in 22 + azx + b to get

2

9 a\? a
x® +azr + m+2 + 1

where b — % > 0. Let’s define three new constants

a

ay = —5

to simplify computations. Then
as

ac a3 1
d— 5 as a% as as

R e R A e

r—aj .
az :

1 ’
‘/%‘172 dx = / @ W g0 [ du =22 arctan(u) + C = 93 arctan <x a1> +C

ag (Fo2)2 +1 azu? +1 azu? +1 as as az

where you can integrate the last expression using the substitution u =

where the step marked () uses the Substitution Rule.

INotice that the solution for a1, a2 is not unique (or even may not exist) if r1 = ra.
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If ¢(z) has degree greater than 2. (Here it gets really nasty. I'm going to give you less detail than you
might hope for. You shouldn’t need to know this for the final.) If g(z) has degree greater than 2, then it
will factor as a product of linear and quadratic polynomials:

q(z) = (a1(2)) -+ (am (@) (br(2)) " - (ba())

where the a;(x) are linear, the b;(x) are quadratic, and the e;, f; are positive integers. As above, you can
use polynomial long division to assume that p(z) has degree strictly less than that of ¢(x). Then there exist
polynomials ¢1(z), ..., cm(x),d1(x),...,d,(x) such that
m d dy,
o) ol L el dl0) L die)
q(z)  (ax(z))™ (am(z))em — (br(x))r (bp(z))In

and ¢;(x) has degree strictly less than that of (a;(x))¢ for all i = 1,...,m and d;(z) has degree strictly less

than that of (b;(x))’ for all i = 1,...,n. Then you'll get a system of equations in the coefficients of the

¢i(z) and d;(x). Solve for the ¢;(z) and d;(z). Using polynomial long division, write each (a°z§5§eL in the

form
ci(z) _ (constant) - (constant)
(ai(x))e a;(z) (ai(x))e
and integrate using the substitution v = a;1(x) for the first term and the power rule for the rest. Use (a
modified version of) polynomial long division to write each (bi?g))fn as
di(z)  (linear) (linear)
G~ bl T @)
so it suffices to integrate terms like %. By a substitution

a
T—3

)
_ a2
4

From here you can use the fact that

u =

cx+d
we can reduce to the case (RS

1 /_ —2nx and T _ —2n+1 n 2n
(22 + 1) B (z2 4+ 1) (22 4+ 1) o (z24+ 1) (224 1)ntL

Your final answer will involve linear combinations of terms of the form 0

ﬁl)n, ﬁ (for varying n), and

arctan(x).



