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Abstract. The variational modulus of convexity at a pair in the graph of the subgradient mapping for a generally4
nonconvex extended-real-valued function captures in a single number the degree of variational convexity, uniform quadratic5
growth, and subdifferential monotonicity seeded at that location. It has fundamental implications for understanding local6
optimality and variational stability, but its behavior with respect to taking Moreau envelopes is explored here for the7
first time, the motivation being the importance of those envelopes in smoothing and proximal-point methodology. This8
exploration results in an exact second-order transmission rule reflecting a rational attenuation together with recovery in the9
limit of vanishing smoothing. The attenuation law is applied to produce a diagnostic, computable from proximal-oracle10
schemes, for selecting a smoothing parameter while maintaining explicit guarantees of admissibility and inner accuracy.11
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1. Introduction. Moreau envelopes are important for smoothing, or at least enhancing, functions15
that lack classically demanded properties of differentiability, or even continuity. They are employed for16
that in many areas such as signal and image processing, PDE regularization, and numerical optimization.17
But they are valuable also as tools in second-order variational analysis, the setting for this paper. They18
provide a route to global dualization beyond global convexity that will be seen to bring out, and make19
more available for use in applications, the infinitesimally local properties associated with variational20
convexity.21

For an extended-real-valued and lower semicontinuous (lsc) function f on Rn that is proper (nowhere
−∞ and not the constant function with value ∞), and any λ > 0, the Moreau envelope at level λ is the
function eλf defined by

eλf(x) := inf
y∈Rn

{
f(y) + 1

2λ‖y − x‖
2
}
.

The set-valued mapping Pλf given by

Pλf(x) := arg min
y∈Rn

{
f(y) + 1

2λ‖y − x‖
2
}

is the corresponding proximal mapping. Moreau himself looked only at λ = 1 and convex f , although22
in a Hilbert space instead of Rn [9, 10], but the concepts were extended to general λ and f in [12] in23
initializing the topic of prox-regularity. Deep ties to second-order theory can be seen in overview there24
and in [19], with more about smoothing in [2], and much can also be articulated in infinite dimensions .25
Here, though, we keep to Rn because infinite-dimensional counterparts are, so far, not available for a26
number of results about variational convexity that will be essential to our developments.27

Global dualization as an interpretation comes from viewing the Moreau envelope formula in the28
framework of generalized conjugacy [19, Chap. 11] as −eλf(x) = supy{ [x, y]λ − f(y) } for the “pairing”29

[x, y]λ := − 1
2λ‖x− y‖

2 and −eλf(x) as a function of (x, λ) on Rn × (0,∞). As long as that function on30
Rn × (0,∞) isn’t ≡ ∞, the case of f being prox-bounded (admitting a quadratic minorant) [19, Ex. 1.24],31
the generalized biconjugate in this pairing framework is again f . (More simply, in fact, f(x) is the limit32
of eλf(x) as λ decreases to 0.) Therefore, every first-order or second-order aspect of f is transferred over33
and retained when passing to Moreau envelopes and, in principle, can be recovered from them. This is34
our central theme, with a particular focus that will be described next.35

Prox-regularity, which marks the threshold for stable behaviors in variational analysis [12, 13, 15],
furnishes a class of proper lsc functions f that exhibits quadratic support uniformly around a pair (x̄, v̄),
where v̄ is a subgradient of f at x̄ in the general (limiting, Mordukhovich) sense, v̄ ∈ ∂f(x̄). It makes v̄
be, more specifically, a proximal subgradient. It can be studied in terms of the second-order difference
functions associated with pairs (x, v) in gph ∂f , the graph of the subdifferential mapping ∂f , that are
given by

∆2
τf(x | v)(ξ) =

2

τ2

(
f(x+ τξ)− f(x)− τ〈v, ξ〉

)
, τ > 0.
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Taking the lower limit as τ ↓ 0 and ξ′ → ξ defines the basic second subderivative

d2f(x | v)(ξ) := lim inf
τ↓0
ξ′→ξ

∆2
τf(x | v)(ξ′).

The strict second subderivative d2
∗f(x̄ | v̄) featured in [18] is obtained instead by also requiring that the

pair (x, v) ∈ gph ∂f approach (x̄, v̄) attentively, i.e., with f(x) → f(x̄). Prox-regularity of f at x̄ for
v̄ ∈ ∂f(x̄) fails [18] if and only if the function d2

∗f(x̄ | v̄) fails to be proper, which is detectable as

d2
∗f(x̄ | v̄)(0) = −∞.

Here, our interest in the strict second subderivative is directed at the formula in [18, Thm. 2.2] that36
it gives for the variational modulus of convexity , namely37

(1.1) cnvf(x̄ | v̄) = inf
‖w‖=1

d2
∗f(x̄ | v̄)(w).38

The modulus cnvf(x̄ | v̄), taken up further in Section 2.3, simultaneously captures “curvature” properties39
of f in their presence relative to (x̄, v̄) from several different angles. At the level s̄ ∈ R, cnvf(x̄ | v̄) is the40
upper bound of the interval of s-values for which f is variationally s-convex, but also the upper bound of41
the interval of s-values for which f has uniform quadratic growth at level s and the upper bound of the42
interval of s-values for which ∂f is s-monotone in an f -attentive localization (see [18, (1.12), Def. 1.2]).43
In this it builds on an earlier modulus of Gfrerer [1] for the first of these intervals. Through the formula44
(1.1), which we deem to be a spectral characterization (and also present a new self-contained proof in45
Theorem A.2 in Appendix A), cnvf(x̄ | v̄), it acts moreover as a generalized minimal eigenvalue for f at46
(x̄, v̄). It thus encodes a range of information about the second-order structure of f at x̄ for v̄, along with47
prox-regularity as identified with having cnvf(x̄ | v̄) > −∞.48

A fundamental question then arises: how does this variational modulus of convexity behave when49
passing to Moreau envelopes, and what might it say about such regularization? In the convex case, the50
relationship between f and eλf follows classical interactions when taking conjugates in convex analysis51
(see, for example, [19, Chap. 1-2]). Beyond the convex case, the duality supporting that is unavailable and52
the broader conjugacy outlined above has to be faced instead. The way in which information is preserved53
or transformed by the envelope requires then a kind of analysis that relies on prox-regularity, which54
has long been understood anyway as the appropriate setting for second-order structure in nonsmooth55
and nonconvex contexts, as in [19, Chap. 13]). Constructs like generalized double differentiability and56
quadratic bundles, have already been developed for prox-regular functions and linked to the differentiability57
properties of Moreau envelopes (see, for example, [2, 3, 4, 17]).58

Main contribution. For a proper lsc function f that is prox-bounded and prox-regular at x̄ for
v̄ ∈ ∂f(x̄), we prove that

d2
∗
[
eλf

]
(xλ | v̄) = eλ/2

[
d2
∗f(x̄ | v̄)

]
, xλ = x̄+ λv̄,

for all λ > 0 sufficiently small. From this commutation formula, we derive the rational law

cnv(eλf ;xλ) =
cnvf(x̄ | v̄)

1 + λ cnvf(x̄ | v̄)
, with 1 + λ cnvf(x̄ | v̄) > 0,

together with the recovery formula59

(1.2) cnvf(x̄ | v̄) =
cnv(eλf ;xλ)

1− λ cnv(eλf ;xλ)
.60

The variational modulus of convexity of f at (x̄, v̄) is thus modified by a rational rescaling of the variational61
modulus of convexity of eλf for (xλ, v̄). In some situations, eλf is of class C1,1 locally around xλ, and62
(1.2) can be used to estimate cnvf(x̄ | v̄) numerically.63

When f is variationally strongly convex with modulus σ > 0 (the meaning of which will be recalled64
in Section 2.3), this result recovers the result of Khahn, Mordukhovich, and Phat in [3, Thm. 4.4] as65
a particular case (see Corollary 3.7 and Remark 3.8 for more details). Here, however, f may only be66
variationally hypoconvex, and the proof by way of the commutation formulas follows a different track,67
different from [3] by using the new tool, the strict second subderivative, introduced in [18].68

Computational interpretation. Even though our approach is variational, the attenuation-recovery69
law (1.2) gives a concrete criterion for choosing the regularization parameter λ in proximal computations for70
nonsmooth, possibly nonconvex, models. When (1 +λ cnvf(x̄ | v̄)) ↓ 0, the recovery map is ill-conditioned,71
so λ must be kept within an interval buffered from such degeneracy. This leads to a curvature estimation72
based on a proximal oracle: the curvature is deduced from numerical evaluations of the envelope gradient,73
carried by (1.2), and used to select λ under an explicit admissibility condition. Proposition 5.1 quantifies74
this envelope-based curvature estimation and the recovery of the base-pair modulus. Proposition 5.475
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justifies the secant accuracy assumption a posteriori in the model example, in both the exact and inexact76
settings. We discuss this novel development in Section 5.77

Organization of the paper. Section 2 fleshes out details of the concepts in our second-order78
framework. Section 3 establishes the commutation formula and associated recovery formulas under79
Moreau regularization. In Section 4, we offer a worked-out set of examples involving smooth to nonsmooth80
and nonconvex functions which illustrate the interaction between the strict second subderivative, the81
variational modulus of convexity, and the Moreau envelopes. In Section 5, as an application from the82
perspective of proximal computations, we develop a curvature estimation procedure based on a proximal83
oracle and accompany it with an explicit admissibility rule for the regularization parameter. The paper84
ends in Section 6 with a summary of the main contributions and suggestions for further research.85

2. Second-Order Tools and Variational Structure. In what follows, Rn is equipped with its86
Euclidean structure and, unless otherwise stated, the functions f : Rn → (−∞,+∞] are taken to be87
proper and lsc. All constructions are local in a neighborhood of a base pair (x̄, v̄) ∈ gph ∂f = {(x, v) ∈88
Rn × Rn : v ∈ ∂f(x)} with v̄ being a proximal subgradient. For background on general and proximal89
subgradients, we refer to the books [8, 19].90

2.1. Prox-regularity and resolvent representation. The function f is prox-regular at x̄ for v̄ if91
f is finite and locally lsc at x̄ with v̄ ∈ ∂f(x̄), and there exists ε > 0 and r ∈ R such that92

(2.1) f(x′) ≥ f(x) + 〈v, x′ − x〉 − r

2
‖x′ − x‖2 for all x′ ∈ B(x̄, ε),93

whenever v ∈ ∂f(x), ‖v − v̄‖ < ε, ‖x− x̄‖ < ε, and f(x) < f(x̄) + ε. When this holds for all v̄ ∈ ∂f(x̄),94
f is said to be prox-regular at x̄. (This ε-ball formulation is equivalent to the f -attentive neighborhood95
formulation in the paper [18, (1.3)-(1.4)] frequently cited below.)96

For ε > 0, the canonical f-attentive ε-localization of ∂f around (x̄, v̄) is the set-valued mapping97
Tε : Rn ⇒ Rn defined by98

(2.2) Tε(x) :=

{
{ v ∈ ∂f(x) | ‖v − v̄‖ < ε }, if ‖x− x̄‖ < ε and f(x) < f(x̄) + ε,

∅, otherwise.
99

Equivalently,100

(2.3) gphTε =
{

(x, v) ∈ gph ∂f
∣∣∣ x ∈ x̄+ εB, v ∈ v̄ + εB, f(x) < f(x̄) + ε

}
.101

In taking λ > 0 sufficiently small and setting

xλ := x̄+ λv̄, Uλ := rge(I + λTε),

we get, according to Lemma 3.1 coming below, a neighborhood Uλ of xλ and which the proximal mapping
Pλf and Moreau envelope eλf in Section 1 satisfy

Pλf = (I + λTε)
−1 and ∇eλf = λ−1(I− Pλf) = (λI + T−1

ε )−1.

Therefore, ∇eλf(xλ) = v̄.102

2.2. Strict second subderivative. The precise expression for the subderivative d2
∗f(x̄ | v̄) described103

in Section 1, as defined in [18, Def. 2.1], is104

(2.4) d2
∗f(x̄ | v̄)(ξ) := lim inf

ξ′→ξ, τ↓0
(x,v)→(x̄,v̄), f(x)→f(x̄)

∆2
τf(x | v)(ξ′).105

When the function f is of class C1, we have v̄ = ∇f(x̄), in this case we note simply d2
∗f(x̄)(ξ).106

Strict-admissible quadruples. For a given (x̄, v̄) ∈ gph ∂f and ξ ∈ Rn, we say that a quadruple
(xk, vk, τk, ξk)k∈N is strict-admissible for d2

∗f(x̄ | v̄)(ξ) iff there exists N ∈ N such that, for all k ≥ N ,

vk ∈ ∂f(xk), (xk, vk)→ (x̄, v̄), f(xk)→ f(x̄), τk ↓ 0, and ξk → ξ as k → +∞.
When f is C2 around x̄ and v̄ = ∇f(x̄), according to [18], we have107

(2.5) d2f(x̄ | v̄)(ξ) = d2
∗f(x̄ | v̄)(ξ) = 〈∇2f(x̄)ξ, ξ〉, for every ξ ∈ Rn.108

The form of the limit in the definition ensures that the function q(ξ) := d2
∗f(x̄ | v̄)(ξ) is lsc and positively109

2-homogeneous, in the sense that q(tξ) = t2q(ξ) (t > 0). Here q may take the value −∞ and is therefore110
not necessarily proper. The potential lack of properness of q, and in particular the occurrence of the value111
−∞, reflects the failure of prox-regularity at x̄ for v̄ ∈ ∂f(x̄). The condition q(0) > −∞ is equivalent, on112
the other hand, to such prox-regularity. This follows directly from [18, Cor. 1.3, Thm. 2.2], together with113
q being lsc and positively 2-homogeneous.114
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2.3. Variational modulus of convexity. For a given s ∈ R, a function f : Rn → (−∞,+∞] is said115
to be s-convex if f − s

2‖ · ‖
2 is convex. Positive values of s signal strong convexity, while hypoconvexity116

allows s to be negative. In the terminology of [17], f is variationally s-convex at x̄ for v̄ ∈ ∂f(x̄) if, for117

some convex neighborhood U × V of (x̄, v̄) and ε > 0, there is an lsc proper s-convex function f̂ such118
that, in the notation Uε := {x ∈ U | f(x) < f(x̄) + ε },119

f̂ ≤ f on U with [U × V] ∩ gph ∂f̂ = [Uε × V] ∩ gph ∂f120

and f̂(x) = f(x) at all x such that (x, v) belongs to the joint intersection.121122

This is variational strong convexity at level s when s > 0, plain variational convexity when s = 0, but123
only variational hypoconvexity when s < 0.124

Variational s-convexity entails variational s′-convexity for all s′ < s, so the s-values for this property125
at x̄ for v̄ form an interval in R that’s unbounded from below (but nonempty under prox-regularity),126
although higher values may require smaller neighborhoods in the definition. The upper bound for that127
interval, possibly ∞, is the modulus of convexity cnvf(x̄ | v̄) in [18, Def. 1.2]. That upper bound had128
already been designated by Gfrerer in [1] as the modulus of variational convexity, but the contribution in129
[18, (1.12)-(1.15)] was recognizing that the upper bound of that interval coincides with the the upper130
bounds from the intervals associated with several other “curvature” properties of f localized to (x̄, v̄).131
Rather than have several different names for the same value, the idea was to have a single name that132
covers them all and indicates, quantitatively, the infinitesimally local manifestation there of degree of133
convexity. For more about this, see Appendix A.134

3. Moreau-spectral recovery via a commutation identity. In this section, we show that the135
Moreau envelope and the strict second subderivative of f commute at the transported pair, in a way that136
the second-order information of f is transmitted to its envelope. Throughout the paper, convergence of137
sequences is understood as k → +∞, we write simply zk → z.138

3.1. Commutation of the Moreau envelope with the strict second subderivative. As139
before, let f : Rn → (−∞,+∞] be proper, lsc and prox-bounded. We fix a base pair (x̄, v̄) ∈ gph ∂f , and140
assume that f is prox-regular at x̄ for v̄. Fix r ∈ R and ε > 0 as in the prox-regularity inequality (2.1).141
In what follows, we choose λ > 0 sufficiently small so that 1

λ > r. Then (2.1) gives the estimate142

(3.1) f(x′) ≥ f(x) + 〈v, x′ − x〉 − 1

2λ
‖x′ − x‖2 for all x′ ∈ B(x̄, ε),143

whenever v ∈ ∂f(x), ‖v − v̄‖ < ε, ‖x− x̄‖ < ε, and f(x) < f(x̄) + ε.144
The following lemma records local properties of Pλf and eλf around the shifted point xλ = x̄+ λv̄,145

for small λ > 0.146

Lemma 3.1 (Tilt lemma). Let f : Rn → R be proper, lsc, and prox-bounded, as well as f is147
prox-regular at x̄ for v̄ ∈ ∂f(x̄). Then there exist ε > 0 and λ0 > 0 such that, for every λ ∈ (0, λ0), there148
is a neighborhood Vλ of xλ := x̄+ λv̄ satisfying:149

(a) Pλf is single-valued and Lipschitz on Vλ, with Pλf(xλ) = x̄.150
(b) eλf ∈ C1,1(Vλ) and ∇eλf(u) = λ−1

(
u− Pλf(u)

)
for all u ∈ Vλ, hence ∇eλf(xλ) = v̄.151

(c) Let Tε be the canonical f-attentive ε-localization of ∂f around (x̄, v̄) defined in (2.2), and set
Uλ := rge(I + λTε). Then Uλ is a neighborhood of xλ, and on Uλ, we have

Pλf = (I + λTε)
−1 and ∇eλf = (λI + T−1

ε )−1.

Proof. It is a tilt reduction of [19, Prop 13.37]. Parts (a) and (b) follow from straightforward152
algebraic manipulations, while (c) is more technical. The subtle point is the meaning of “f -attentive153
localization,” which is defined topologically in [19, pp. 611-612] while we work with the canonical mapping154
Tε in (2.2). For this reason, in (c) we verify directly that Uλ = rge(I + λTε) is a neighborhood of xλ, and155
that the resolvent identities hold on Uλ. For completeness, the full proof is given in Appendix B.156

Next we pin down how gph ∂f links with gph∇eλf in passing from (x, v) to (x+ λv, v).157

Lemma 3.2 (Local chart at (x̄, v̄)). Let f : Rn → (−∞,+∞] be proper, lsc, prox-bounded, and158
prox-regular at x̄ for v̄ ∈ ∂f(x̄). Then there exist ε > 0 and neighborhoods U of x̄ and V of v̄ such that,159
for sufficiently small λ > 0, there is a neighborhood Uλ of xλ := x̄+ λv̄ such that:160

(i) The proximal mapping Pλf is single-valued and Lipschitz on the neighborhood Uλ, and eλf is of161
class C1,1 on Uλ with ∇eλf(y) = λ−1

(
y − Pλf(y)

)
, y ∈ Uλ.162

(ii) The mapping Φλ : (x, v) 7→ (x+ λv, v) is a bijection between

gph ∂f ∩ (Uε × V ) and gph∇eλf ∩ (Uλ × V ), here Uε := {x ∈ U | f(x) < f(x̄) + ε}.
4
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If (x, v) ∈ gph ∂f ∩ (Uε × V ) and y = x+ λv, then Pλf(y) = x and ∇eλf(y) = v. On the other hand, if163
(y, v) ∈ gph∇eλf ∩ (Uλ × V ), then x := Pλf(y) satisfies (x, v) ∈ gph ∂f ∩ (Uε × V ) and y = x+ λv.164

Proof. By Lemma 3.1-(c), there exist ε > 0 and a canonical f -attentive ε-localization Tε of ∂f around
(x̄, v̄) such that, for every λ > 0 sufficiently small, we can take

Uλ = rge(I + λTε), ∇eλf = [λI + T−1
ε ]−1 on Uλ.

Set U := x̄ + εB, V := v̄ + εB, Uε := {x ∈ U | f(x) < f(x̄) + ε}. From (2.3) we have gphTε =165
gph ∂f ∩ (Uε × V ).166

(i) Fix λ > 0 sufficiently small. By Lemma 3.1-(c), for λ small enough the set Uλ = rge(I + λTε) is a
neighborhood of xλ, and on Uλ we have

Pλf = (I + λTε)
−1 and ∇eλf = (λI + T−1

ε )−1.

By Lemma 3.1-(a)-(b), the mapping Pλf is Lipschitz on Uλ and that eλf ∈ C1,1(Uλ), with

∇eλf(y) = λ−1
(
y − Pλf(y)

)
(y ∈ Uλ).

(ii) Define Φλ(x, v) := (x+ λv, v). We prove that Φλ is a bijection between gphTε and gph∇eλf ∩
(Uλ × V ). Take (x, v) ∈ gphTε and set y := x+ λv. Then y ∈ rge(I + λTε) = Uλ. Since x ∈ T−1

ε (v), we
get y ∈ (λI + T−1

ε )(v). This means that

v ∈ [λI + T−1
ε ]−1(y) = ∇eλf(y),

and hence (y, v) ∈ gph∇eλf ∩ (Uλ × V ). By (i),

Pλf(y) = y − λ∇eλf(y) = y − λv = x.

Conversely, take (y, v) ∈ gph∇eλf ∩ (Uλ × V ) and set x := Pλf(y). By (i),

v = ∇eλf(y) = λ−1(y − x), so y = x+ λv.

Since y ∈ Uλ and ∇eλf = [λI + T−1
ε ]−1 on Uλ, we have y ∈ (λI + T−1

ε )(v), so there exists x′ ∈ T−1
ε (v)167

such that y = x′+λv. Comparing with y = x+λv gives x′ = x, hence x ∈ T−1
ε (v), that is, (x, v) ∈ gphTε.168

Thus (x, v) ∈ gph ∂f ∩ (Uε × V ) and y = x+ λv. This proves (ii).169

Lemma 3.3 (Commutation identity). 1 Let f : Rn → (−∞,+∞] be proper, lsc, prox-bounded, and170
prox-regular at x̄ for v̄ ∈ ∂f(x̄). Fix λ > 0 sufficiently small and set xλ := x̄ + λv̄. Then, for every171
ξ ∈ Rn, we have172

(3.2) d2
∗
[
eλf

]
(xλ | v̄)(ξ) = eλ/2

[
d2
∗f(x̄ | v̄)

]
(ξ).173

Proof. Fix λ > 0 sufficiently small so that Lemma 3.2 applies and 1/λ > r. Let ε > 0, U , V , and Uλ174
be the corresponding elements. For (x, v) ∈ gph ∂f ∩ (Uε × V ) with y := x+ λv ∈ Uλ, Lemma 3.2 gives175
Pλf(y) = x and ∇eλf(y) = v. We have also eλf(y) = f(x) + 1

2λ‖x− y‖
2 = f(x) + λ

2 ‖v‖
2.176

Take (x, v) ∈ gph ∂f ∩ (Uε × V ) and set y := x+ λv ∈ Uλ. For τ > 0 and ξ ∈ Rn, by definition of
eλf , we get

eλf(y + τξ) = inf
η∈Rn

{
f(x+ τη) +

1

2λ
‖ − λv + τ(η − ξ)‖2

}
.

Expanding the square and using eλf(y) = f(x) + λ
2 ‖v‖

2 and ∇eλf(y) = v gives, for all τ > 0,177

(3.3) ∆2
τ [eλf ](y | v)(ξ) = inf

η∈Rn

{
∆2
τf(x | v)(η) +

1

λ
‖ξ − η‖2

}
.178

We first prove “≥” in (3.2). Fix ξ ∈ Rn and consider any strict-admissible quadruple (yk, wk, τk, ξk)→179
(xλ, v̄, 0, ξ) in the definition of d2

∗[eλf ](xλ | v̄)(ξ). For k large, yk ∈ Uλ and yk+τkξk ∈ Uλ. Since eλf is C1,1180
on Uλ, wk = ∇eλf(yk) for k large. Set vk := wk and xk := Pλf(yk). Then (xk, vk) ∈ gph ∂f ∩ (Uε × V ),181
yk = xk + λvk, and eλf(yk) = f(xk) + λ

2 ‖vk‖
2. Since (yk, vk) → (xλ, v̄) and eλf(yk) → eλf(xλ) =182

f(x̄) + λ
2 ‖v̄‖

2, it follows that f(xk)→ f(x̄), hence (xk, vk)→ (x̄, v̄) is f -attentive.183
Define uk := Pλf(yk + τkξk) and ηk := (uk − xk)/τk. Applying (3.3) at (xk, vk) with (τ, ξ) = (τk, ξk)184

and using that the infimum is attained at η = ηk gives185

(3.4) ∆2
τk

[eλf ](yk | vk)(ξk) = ∆2
τk
f(xk | vk)(ηk) +

1

λ
‖ξk − ηk‖2.186

Because Pλf is Lipschitz on Uλ, the sequence (ηk) is bounded. Passing to a subsequence (not relabeled)
such that

∆2
τk

[eλf ](yk | vk)(ξk)→ lim inf
j

∆2
τj [eλf ](yj | vj)(ξj),

1Since eλf is C1,1 near xλ, one could write d2∗(eλf)(xλ)(ξ). We keep the pair (xλ, v̄) in the notation to track the base
point.
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and extracting again if needed, we may assume ηk → η. Passing to the lim inf in (3.4), we obtain

lim inf
k

∆2
τk

[eλf ](yk | vk)(ξk) ≥ lim inf
k

∆2
τk
f(xk | vk)(ηk) +

1

λ
‖ξ − η‖2.

Since (xk, vk, τk, ηk)→ (x̄, v̄, 0, η) is strict-admissible for d2
∗f(x̄ | v̄)(η),

d2
∗f(x̄ | v̄)(η) ≤ lim inf

k
∆2
τk
f(xk | vk)(ηk),

and therefore lim infk ∆2
τk

[eλf ](yk | vk)(ξk) ≥ d2
∗f(x̄ | v̄)(η) + 1

λ‖ξ − η‖
2. Taking the infimum over η ∈ Rn187

and then over all admissible quadruples gives188

(3.5) d2
∗[eλf ](xλ | v̄)(ξ) ≥ inf

η∈Rn

{
d2
∗f(x̄ | v̄)(η) +

1

λ
‖ξ − η‖2

}
= eλ/2

[
d2
∗f(x̄ | v̄)

]
(ξ).189

We now prove “≤” in (3.2). Set q(η) := d2
∗f(x̄ | v̄)(η) and

ψ(ξ) := inf
η∈Rn

{
q(η) +

1

λ
‖ξ − η‖2

}
= eλ/2[q](ξ).

From the prox-regularity at x̄ for v̄, (2.1) gives the uniform estimate
q(η) ≥ −r‖η‖2, η ∈ Rn,

hence, since 1/λ > r, the function η 7→ q(η) + 1
λ‖ξ − η‖

2 is coercive and ψ(ξ) ∈ R. Fix δ > 0 and choose
η̄ ∈ Rn such that

q(η̄) +
1

λ
‖ξ − η̄‖2 ≤ ψ(ξ) + δ.

By the definition of q(η̄), there exist an f -attentive sequence (xk, vk) → (x̄, v̄) with vk ∈ ∂f(xk) and
f(xk)→ f(x̄), a sequence τk ↓ 0, and directions ηk → η̄ such that

lim inf
k

∆2
τk
f(xk | vk)(ηk) ≤ q(η̄) + δ.

Set yk := xk + λvk. For k large, yk ∈ Uλ and (yk, vk) ∈ gph∇eλf ∩ (Uλ × V ), and eλf(yk) =
f(xk) + λ

2 ‖vk‖
2 → eλf(xλ). Define ξk := ηk + (ξ − η̄), so ξk → ξ and ξk − ηk = ξ − η̄. Applying (3.3) at

(xk, vk) with (τ, ξ) = (τk, ξk) and evaluating at η = ηk gives

∆2
τk

[eλf ](yk | vk)(ξk) ≤ ∆2
τk
f(xk | vk)(ηk) +

1

λ
‖ξ − η̄‖2.

Taking lim inf and using the choice of the sequences, we obtain

d2
∗[eλf ](xλ | v̄)(ξ) ≤ q(η̄) +

1

λ
‖ξ − η̄‖2 + δ ≤ ψ(ξ) + 2δ.

Letting δ ↓ 0 gives190

(3.6) d2
∗[eλf ](xλ | v̄)(ξ) ≤ inf

η∈Rn

{
d2
∗f(x̄ | v̄)(η) +

1

λ
‖ξ − η‖2

}
.191

Combining the two inequalities (3.5)-(3.6), we obtain (3.2).192

Using Lemma 3.3, we have the following spectral recovery formula for cnv.193

Theorem 3.4 (Moreau-spectral recovery of the variational modulus of convexity). Let f : Rn →
(−∞,+∞] be proper, lsc, prox-bounded, and prox-regular at x̄ for v̄ ∈ ∂f(x̄). For each sufficiently small
λ > 0, set xλ := x̄+ λv̄ and define

m := cnvf(x̄ | v̄) = inf
‖w‖=1

d2
∗f(x̄ | v̄)(w).

Assume that m ∈ R. Then, for every sufficiently small λ > 0 such that 1 + λm > 0, we have194

(3.7) cnv(eλf ;xλ) = inf
‖w‖=1

d2
∗[eλf ](xλ | v̄)(w) =

m

1 + λm
,195

and therefore
lim
λ↓0

cnv(eλf ;xλ) = cnvf(x̄ | v̄),

with monotone convergence as λ ↓ 0.196

Proof. Fix λ > 0 sufficiently small so that Lemma 3.3 and Lemma 3.2 apply, and 1/λ > r. Set
q(·) := d2

∗f(x̄ | v̄)(·). By prox-regularity (2.1), there exist ε > 0 and r ∈ R such that, along any
strict-admissible (xk, vk, τk, ξk)→ (x̄, v̄, 0, ξ),

∆2
τk
f(xk | vk)(ξk) ≥ −r‖ξk‖2.

Taking lim inf gives197

(3.8) q(ξ) ≥ −r‖ξ‖2 (ξ ∈ Rn),198
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hence m = inf‖w‖=1 q(w) > −∞.
The mapping q is lsc and positively 2-homogeneous. By Lemma 3.3,

d2
∗[eλf ](xλ | v̄)(ξ) = eλ/2[q](ξ) (ξ ∈ Rn),

and therefore199

(3.9) inf
‖w‖=1

d2
∗[eλf ](xλ | v̄)(w) = inf

‖w‖=1
inf
η∈Rn

{
q(η) +

1

λ
‖w − η‖2

}
.200

We first prove “≥” in (3.7). By 2-homogeneity and the definition of m, q(η) ≥ m‖η‖2 for all η (with
+∞ allowed). Hence, for ‖w‖ = 1,

eλ/2[q](w) ≥ inf
η∈Rn

{
m‖η‖2 +

1

λ
‖w − η‖2

}
.

If 1 + λm > 0, the right-hand side is a coercive quadratic and a direct minimization gives

inf
η∈Rn

{
m‖η‖2 +

1

λ
‖w − η‖2

}
=

m

1 + λm
.

Consequently,201

(3.10) inf
‖w‖=1

eλ/2[q](w) ≥ m

1 + λm
.202

We now prove “≤” in (3.7). Fix δ > 0 and choose wδ with ‖wδ‖ = 1 and q(wδ) ≤ m+ δ. Then

eλ/2[q](wδ) ≤ inf
α≥0

{
α2q(wδ) +

1

λ
(1− α)2

}
.

For δ small, 1 + λq(wδ) > 0 and the minimizer α = (1 + λq(wδ))
−1 is feasible, hence

eλ/2[q](wδ) ≤
q(wδ)

1 + λq(wδ)
≤ m+ δ

1 + λ(m+ δ)
.

Taking inf‖w‖=1 and letting δ ↓ 0 gives203

(3.11) inf
‖w‖=1

eλ/2[q](w) ≤ m

1 + λm
.204

Combining (3.10)-(3.11) with (3.9) gives

inf
‖w‖=1

d2
∗[eλf ](xλ | v̄)(w) =

m

1 + λm
.

By Lemma 3.2(i), eλf is C1,1 near xλ, hence ∂(eλf)(xλ) = {∇eλf(xλ)} = {v̄}. Applying Theorem A.2
to g := eλf at (xλ, v̄) gives

cnv(eλf ;xλ) = inf
‖w‖=1

d2
∗[eλf ](xλ | v̄)(w) =

m

1 + λm
,

which is (3.7). The map λ 7→ m/(1 + λm) is nonincreasing on {λ > 0 : 1 + λm > 0 } and converges to m205
as λ ↓ 0, so the convergence is monotone.206

Remark 3.5. The assumption m := cnv f(x̄ | v̄) ∈ R in Theorem 3.4 is used only to state the
attenuation law in its standard real-valued form. The case m = +∞ admits a natural extended-real
interpretation. Indeed, under the assumptions of Theorem 3.4 and for every sufficiently small λ > 0 for
which the commutation identity holds, we set q := d2

∗f(x̄ | v̄). If inf‖ξ‖=1 q(ξ) = +∞, then q(ξ) = +∞ for
every ‖ξ‖ = 1. By the positive 2-homogeneity of q, it follows that q(η) = +∞ for every η 6= 0. Moreover,
prox-regularity gives q(0) ≥ 0, while the constant admissible sequence in the definition of the strict second
subderivative gives q(0) ≤ 0. Hence q(0) = 0. Therefore, the commutation identity (3.2) yields

d2
∗(eλf)(xλ | v̄)(ξ) = eλ/2q(ξ) = inf

η∈Rn

{
q(η) +

1

λ
‖ξ − η‖2

}
=

1

λ
‖ξ‖2.

Consequently,

cnv(eλf ;xλ) = inf
‖ξ‖=1

d2
∗(eλf)(xλ | v̄)(ξ) =

1

λ
.

This agrees with the formal limit

lim
m→+∞

m

1 + λm
=

1

λ
.

The inverse recovery formula is then understood in the limiting sense

lim
cλ↑1/λ

cλ
1− λcλ

= +∞.
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Remark 3.6 (Curvature estimation from proximal evaluations). Fix λ > 0 admissible at xλ = x̄+λv̄
and set cλ := cnv(eλf ;xλ). The transmission rule (3.7) gives

m = cnvf(x̄ | v̄) =
cλ

1− λcλ
, 1− λcλ > 0.

Thus estimating the variational modulus m reduces to estimating cλ for the C1,1 Moreau envelope at xλ.
Moreover, by Lemma 3.2,

∇eλf(x) = λ−1
(
x− Pλf(x)

)
near xλ,

so finite differences of ∇eλf are directly accessible from proximal evaluations and provide a practical207
diagnostic for choosing the smoothing parameter λ while keeping explicit admissibility and inner-accuracy208
control (we refer to Section 5 for more details).209

3.2. Recovering the variational modulus of convexity via the Moreau envelope. The210
attenuation formula (3.7) describes curvature under Moreau regularization and recovers the base-pair211
modulus from cnv(eλf ;xλ). By the characterization [3, Thm. 3.2], f is variationally convex at x̄ for212
v̄ ∈ ∂f(x̄) iff it is prox-regular there and eλf is locally convex around xλ = x̄ + λv̄ for all sufficiently213
small λ > 0.214

Corollary 3.7 (Inverse spectral recovery). Let f : Rn → (−∞,+∞] be proper, lsc, and prox-
bounded. Assume that f is variationally convex at x̄ for v̄ ∈ ∂f(x̄) and that

m := cnvf(x̄ | v̄) < +∞.
For λ > 0 sufficiently small set xλ := x̄ + λv̄ and define cλ := cnv(eλf ;xλ). Then, for all sufficiently
small λ > 0,

cλ =
m

1 + λm
⇐⇒ m =

cλ
1− λ cλ

.

In particular, 0 ≤ cλ < 1/λ and the function λ 7→ cλ is nonincreasing.215

Proof. Using [3, Thm. 3.2], we know that variational convexity of f at (x̄, v̄) implies prox-regularity216
at x̄ for v̄ and local convexity of eλf around xλ for all λ > 0 small. Hence cλ = cnv(eλf ;xλ) ≥ 0.217
Moreover, s = 0 is admissible at (x̄, v̄), so m = cnvf(x̄ | v̄) ≥ 0, and m < +∞ by assumption. In this218
case, Theorem 3.4 applies and gives, for λ > 0 sufficiently small, cλ = m

1+λm . In particular 0 ≤ cλ ≤ m219
and cλ < 1/λ. Solving for m gives m = cλ

1−λcλ , and the function λ 7→ cλ is nonincreasing.220

Remark 3.8 (Strong variational convexity). Assume that f is variationally strongly convex at x̄ for
v̄ ∈ ∂f(x̄) with modulus σ > 0. By [3, Thm. 4.4], for every sufficiently small λ > 0 the envelope eλf is
locally strongly convex around xλ = x̄+ λv̄ with modulus σ/(1 + σλ). In particular,

cnv(eλf ;xλ) ≥ σ

1 + σλ
.

On the other hand, Theorem 3.4 gives the exact identity

cnv(eλf ;xλ) =
m

1 + λm
, with m = cnvf(x̄ | v̄),

and in the variationally strongly convex case one has m ≥ σ, so the above bound follows (and is sharpened221
when σ = m).222

3.3. Smooth perturbations and spectral transmission. We consider a C2 perturbation f =223
f1 + f2. When f2 ∈ C2 near x̄, the strict second subderivative obeys the addition rule of [18, Prop. 2.3].224
Combined with Theorem 3.4, this gives a spectral response bound for envelope moduli; see Proposition 3.9.225

Proposition 3.9 (Moreau-spectral response for a C2 decomposition). Let f1 : Rn → (−∞,+∞] be
proper, lsc, prox-bounded, and prox-regular at x̄ for v̄1 ∈ ∂f1(x̄), and let f2 ∈ C2 in a neighborhood of x̄.
Set

f := f1 + f2, v̄ := v̄1 +∇f2(x̄),

so that v̄ ∈ ∂f(x̄) = ∂f1(x̄) +∇f2(x̄). Define

m1 := cnvf1(x̄ | v̄1), m := cnvf(x̄ | v̄), H := ∇2f2(x̄).

Then:226
(a) For all ξ ∈ Rn,

d2
∗f(x̄ | v̄)(ξ) = d2

∗f1(x̄ | v̄1)(ξ) + 〈Hξ, ξ〉,
and, in particular,227

(3.12) m ≥ m1 + λmin(H).228

8

This manuscript is for review purposes only.



(b) Assume, in addition, that Theorem 3.4 applies to f1 at (x̄, v̄1) and to f at (x̄, v̄). Set

x1
λ := x̄+ λv̄1, xλ := x̄+ λv̄.

For all sufficiently small λ > 0 such that 1 + λm1 > 0, 1 + λm > 0, and229

(3.13) 1 + λ
(
m1 + λmin(H)

)
> 0,230

one has
cnv(eλf1;x1

λ) =
m1

1 + λm1
, cnv(eλf ;xλ) =

m

1 + λm
,

and, in particular,231

(3.14) cnv(eλf ;xλ) ≥ m1 + λmin(H)

1 + λ
(
m1 + λmin(H)

) .232

Proof. (a) By [18, Prop. 2.3], with v̄1 := v̄ −∇f2(x̄) ∈ ∂f1(x̄) and H := ∇2f2(x̄),

d2
∗f(x̄ | v̄)(ξ) = d2

∗f1(x̄ | v̄1)(ξ) + 〈Hξ, ξ〉 (ξ ∈ Rn).

Taking inf‖w‖=1 gives

m = inf
‖w‖=1

d2
∗f(x̄ | v̄)(w) ≥ inf

‖w‖=1
d2
∗f1(x̄ | v̄1)(w) + inf

‖w‖=1
〈Hw,w〉 = m1 + λmin(H),

which is (3.12).233
(b) By Theorem 3.4, for all sufficiently small λ > 0 with 1 + λm1 > 0 and 1 + λm > 0,

cnv(eλf1;x1
λ) =

m1

1 + λm1
, cnv(eλf ;xλ) =

m

1 + λm
.

Under (3.13), the map t 7→ t/(1 + λt) is increasing on {t : 1 + λt > 0}. Using (3.12),

cnv(eλf ;xλ) =
m

1 + λm
≥ m1 + λmin(H)

1 + λ
(
m1 + λmin(H)

) ,
which is (3.14).234

4. Worked-out examples: smooth, nonsmooth, and nonconvex. This section collects some235
examples, covering smooth, nonsmooth, and prox-regular nonconvex models. When the strict second236
subderivative d2

∗f(x̄ | v̄) is available in closed form, we compute it in order to make the local second-order237
geometry concrete and to validate the spectral attenuation-recovery identity (3.7) of Theorem 3.4 on238
transparent test cases. We then use this theorem to describe the local behavior of the Moreau envelope239
eλf near the transported point xλ = x̄+ λv̄, without requiring an explicit formula.240

The examples below illustrate complementary aspects of the theory. The one-dimensional `1-quadratic241
example shows that, at a kink, the choice of the base subgradient may determine whether the variational242
modulus is finite or equal to +∞. The nonsmooth nonconvex example shows that negative curvature243
is also transmitted by the Moreau envelope, according to the same rational law. Finally, the spectral244
examples show that, when extreme eigenvalues are not simple, obtaining a closed-form expression for245
the strict second subderivative may become difficult, which motivates the proximal-oracle diagnostic246
developed in Section 5.247

4.1. A one-dimensional `1-quadratic example. Consider the function f : R → R, x 7→ f(x),
defined by

f(x) := α|x|+ µ
2 (x− x0)2, α > 0, µ ∈ R,

where x0 ∈ R is a fixed shift. Let (x̄, v̄) be a base pair, i.e. v̄ ∈ ∂f(x̄), and set

s̄ :=
v̄ − µ(x̄− x0)

α
.

Then s̄ ∈ ∂| · |(x̄) and, for every ξ ∈ R,248

(4.1) d2
∗f(x̄ | v̄)(ξ) = αd2

∗| · |(x̄ | s̄)(ξ) + µξ2.249

We note that f is prox-bounded since it admits a quadratic minorant; see [19, Ex. 1.24]. Moreover, f is250
prox-regular at x̄ for v̄ (in the sense of (2.1)): indeed | · | is convex (hence prox-regular with r = 0), and251
prox-regularity is stable under addition of a C2 function (see [19, Ex. 13.35]).252

In this example, three regimes occur at the kink: the smooth case (x̄ 6= 0) and the aligned extreme case253
(x̄ = 0, v̄+µx0 = ±α) give a finite modulus cnvf(x̄ | v̄) = µ and hence cnv(eλf ;xλ) = µ/(1+λµ), whereas254
the interior case (x̄ = 0, |v̄ + µx0| < α) gives d2

∗f(0 | v̄)(ξ) = +∞ for ξ 6= 0, hence cnvf(0 | v̄) = +∞. The255
extended-real interpretation in Remark 3.5 then gives cnv(eλf ;λv̄) = 1/λ (cf. Figures 1-2).256
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(i) x̄ ̸= 0, d2
∗f(x̄ | v̄)(ξ) = µξ2

supporting line x

y

(ii) x̄ = 0, extreme, d2
∗f(0 | v̄)(ξ) = µξ2

extreme support
x

y

(iii) x̄ = 0, interior

interior support
x

y

Fig. 1: The three regimes in Proposition 4.1 for f(x) = α|x| + µ
2 (x − x0)2: (i) x̄ 6= 0; (ii) x̄ = 0 and

v̄ + µx0 = ±α; (iii) x̄ = 0 and |v̄ + µx0| < α (in which case d2
∗f(0 | v̄)(ξ) = +∞ for ξ 6= 0).

Proposition 4.1. (i) If x̄ 6= 0, then

s̄ = sign(x̄), d2
∗| · |(x̄ | s̄)(ξ) = 0, ∀ ξ ∈ R, and therefore d2

∗f(x̄ | v̄)(ξ) = µξ2.

(ii) If x̄ = 0, then s̄ = (v̄ + µx0)/α ∈ [−1, 1] and257

(4.2) d2
∗f(0 | v̄)(ξ) =


µξ2, if v̄ + µx0 = ±α,
0, if |v̄ + µx0| < α and ξ = 0,

+∞, if |v̄ + µx0| < α and ξ 6= 0.

258

Moreover, for all λ > 0 sufficiently small such that 1 + λµ > 0,

cnv
(
eλf ; x̄+ λv̄

)
=

µ

1 + λµ
,

in the cases x̄ 6= 0 or x̄ = 0 with v̄ + µx0 = ±α259

Proof. Write f = αg + h with g(x) = |x| and h(x) = µ
2 (x− x0)2. Then h ∈ C2, h′(x) = µ(x− x0),260

and d2
∗h(x̄ |h′(x̄))(ξ) = µξ2. Since v̄ ∈ ∂f(x̄) = α∂g(x̄) + h′(x̄), the scalar s̄ := (v̄ − h′(x̄))/α belongs to261

∂g(x̄) and v̄ = αs̄+ h′(x̄). By [18, Prop. 2.3], d2
∗f(x̄ | v̄)(ξ) = αd2

∗g(x̄ | s̄)(ξ) + µξ2, which is (4.1).262
For g(x) = |x|, we have

d2
∗g(x̄ | s̄)(ξ) =


0, x̄ 6= 0 and s̄ = sign(x̄),

0, x̄ = 0, s̄ ∈ {±1},
0, x̄ = 0, |s̄| < 1, ξ = 0,

+∞, x̄ = 0, |s̄| < 1, ξ 6= 0,

hence (i) and (4.2) follow from (4.1).263
In the cases x̄ 6= 0 or x̄ = 0 with v̄+µx0 = ±α, one has d2

∗f(x̄ | v̄)(ξ) = µξ2, hence cnvf(x̄ | v̄) = µ ∈ R
and Theorem 3.4 gives

cnv
(
eλf ; x̄+ λv̄

)
=

µ

1 + λµ
(λ > 0 sufficiently small, 1 + λµ > 0).

Remark 4.2 (Degenerate interior case at the kink). Assume x̄ = 0 and

|v̄ + µx0| < α equivalently s :=
v̄ + µx0

α
∈ (−1, 1).

Then
d2
∗| · |(0 | s)(ξ) = +∞ (ξ 6= 0), d2

∗| · |(0 | s)(0) = 0,

and (4.1) gives
d2
∗f(0 | v̄)(ξ) = +∞ (ξ 6= 0).

Hence
inf
‖ξ‖=1

d2
∗f(0 | v̄)(ξ) = +∞, so cnvf(0 | v̄) = +∞.

In this interior regime, the condition m ∈ R in Theorem 3.4 fails, so its standard real-valued264
formulation does not apply. Nevertheless, Remark 3.5 gives cnv(eλf ;λv̄) = 1

λ for every sufficiently small265
λ > 0. Thus the modulus is transmitted in the extended-real sense.266
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0.5 1

0.5

1
m0 = 1

mλ ↘ 0

λ

mλ

µ = 1 : mλ =
1

1 + λ

0.25

−10

−8

−6

−4

−2.5 λ = 1
2

m0 = −2

mλ → −∞ as λ ↑ 1
2

λ
mλ

µ = −2 : mλ =
−2

1− 2λ

spectral attenuation: mλ =
µ

1 + λµ

Fig. 2: Moreau transmission of the modulus for f(x) = α|x| + µ
2 (x − x0)2: mλ = µ/(1 + λµ) on

{λ > 0 : 1 + λµ > 0 }. Left: µ = 1 (blue). Right: µ = −2 (red), λ ∈ (0, 1
2 ) and mλ → −∞ as λ ↑ 1

2 .

4.2. A nonsmooth, nonconvex example with negative curvature. Consider f : Rn → R, x 7→267
f(x) := ‖x‖ − sin

(
‖x‖2

)
, and a base pair (x̄, v̄) = (0, v̄) with v̄ ∈ ∂‖ · ‖(0) = B(0, 1) and ‖v̄‖ = 1. Let’s268

write f = g + h with g(x) := ‖x‖ and h(x) := − sin(‖x‖2).269
In this example, d2

∗f(0 | v̄) is finite only on the active line R v̄: there the C2 term gives a negative quadratic270
curvature, while transverse directions are excluded by the norm term. This gives a negative variational271
modulus of convexity, and Theorem 3.4 transmits it to eλf .272

Lemma 4.3. Let g(x) = ‖x‖ on Rn. Fix (x̄, v̄) = (0, v̄) with ‖v̄‖ = 1. Then, for every w ∈ Rn,

d2
∗g(0 | v̄)(w) =

{
0, if w ∈ R v̄,

+∞, otherwise.

Proof of Lemma 4.3. Recall

∆2
τg(x | v)(ξ) =

2

τ2

(
‖x+ τξ‖ − ‖x‖ − τ〈v, ξ〉

)
.

Since g is convex, ‖x+ τξ‖ ≥ ‖x‖+ τ〈v, ξ〉 for v ∈ ∂g(x), hence
∆2
τg(x | v)(ξ) ≥ 0 (τ > 0).

- Case w ∈ R v̄. Write w = av̄. Take rk ↓ 0, set xk := rkv̄ 6= 0, vk := xk/‖xk‖ = v̄, and

τk :=
rk

2(|a|+ 1)
, ξk := w.

Then xk + τkξk = (rk + τka)v̄ with rk + τka ≥ rk/2, so
‖xk + τkξk‖ = ‖xk‖+ τk〈vk, ξk〉,

and ∆2
τk
g(xk | vk)(ξk) = 0. Thus d2

∗g(0 | v̄)(w) ≤ 0, and the previous nonnegativity gives d2
∗g(0 | v̄)(w) = 0.273

- Case w /∈ R v̄. Let c := ‖Pv̄⊥w‖ > 0. Consider any strict-admissible choice of (ξ′, τ, x, v) for d2
∗g(0 | v̄)(w)274

such that ξ′ → w, τ ↓ 0, (x, v)→ (0, v̄), with v ∈ ∂g(x) and g(x)→ 0. If x = 0, then v ∈ ∂g(0) = B(0, 1)275
and ∆2

τg(0 | v)(ξ′) = 2
τ

(
‖ξ′‖ − 〈v, ξ′〉

)
. Since δ := ‖w‖ − 〈v̄, w〉 > 0, for (v, ξ′) close to (v̄, w) one has276

‖ξ′‖ − 〈v, ξ′〉 ≥ δ/2, hence ∆2
τg(0 | v)(ξ′)→ +∞.277

If x 6= 0, then v = x/‖x‖ and

‖x+ τξ′‖ − ‖x‖ − τ〈v, ξ′〉 =
τ2‖Pv⊥ξ′‖2

‖x+ τξ′‖+ ‖x‖+ τ〈v, ξ′〉
.

Therefore,

∆2
τg(x | v)(ξ′) =

2‖Pv⊥ξ′‖2

‖x+ τξ′‖+ ‖x‖+ τ〈v, ξ′〉
≥ ‖Pv⊥ξ′‖2

‖x‖+ τ‖ξ′‖
.

Along the net, v → v̄ and ξ′ → w, so ‖Pv⊥ξ′‖ → c > 0, while ‖x‖+τ‖ξ′‖ → 0, hence ∆2
τg(x | v)(ξ′)→ +∞.278

Thus every strict-admissible net gives ∆2
τg(x | v)(ξ′)→ +∞, so d2

∗g(0 | v̄)(w) = +∞.279

Proposition 4.4. Fix a base pair (x̄, v̄) = (0, v̄) with ‖v̄‖ = 1. Set xλ := x̄+ λv̄ = λv̄. Then

d2
∗f(0 | v̄)(w) =

{
−2 ‖w‖2, if w ∈ R v̄,
+∞, otherwise,

and therefore cnvf(0 | v̄) = −2. Moreover, for every λ > 0 sufficiently small such that 1− 2λ > 0,

cnv
(
eλf ; xλ

)
=

−2

1− 2λ
, and cnv(eλf ;xλ)↗ −2 as λ ↓ 0.
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Proof. Write f = g + h with g(x) = ‖x‖ and h(x) = − sin(‖x‖2). One has ∇h(0) = 0 and
∇2h(0) = −2I, hence

d2
∗h(0 | 0)(w) = 〈∇2h(0)w,w〉 = −2‖w‖2 (w ∈ Rn).

Fix (0, v̄) with ‖v̄‖ = 1. By Lemma 4.3,

d2
∗g(0 | v̄)(w) = 0 if w ∈ R v̄, d2

∗g(0 | v̄)(w) = +∞ otherwise.

Since h ∈ C2 near 0, the C2 addition rule [18, Prop. 2.3] gives

d2
∗f(0 | v̄)(w) = d2

∗g(0 | v̄)(w) + d2
∗h(0 | 0)(w) =

{
−2‖w‖2, w ∈ R v̄,

+∞, otherwise.

Hence inf‖w‖=1 d
2
∗f(0 | v̄)(w) = −2, so cnvf(0 | v̄) = −2.280

Moreover, − sin(‖x‖2) ≥ −1 gives f(x) ≥ ‖x‖ − 1 ≥ − 1
2‖x‖

2 − 3
2 , so f is prox-bounded. Prox-

regularity of f at (0, v̄) follows from convexity of g and C2 stability; see [19, Ex. 13.35]. Thus Theorem 3.4
applies with m = −2 and xλ = λv̄, and for λ > 0 small with 1− 2λ > 0,

cnv(eλf ;xλ) =
m

1 + λm
=
−2

1− 2λ
.

Therefore cnv(eλf ;xλ)↗ −2 as λ ↓ 0.281

Remark 4.5. This example shows that the variational modulus of convexity can be strictly negative282
at a base pair, and it is transmitted to the Moreau envelope by Theorem 3.4.283

4.3. A double-well minimum of quadratics and its soft-min regularization. Consider the
pointwise minimum of two quadratic wells f : Rn → R defined by

f(x) := min
{

1
2‖x− u‖

2, 1
2‖x+ u‖2

}
, u ∈ Rn \ {0}.

An equivalent closed form is given by284

(4.3) f(x) =
1

2
‖x‖2 +

1

2
‖u‖2 − |〈x, u〉|.285

For any x ∈ Rn, the limiting subdifferential of f at x is given by286

(4.4) ∂f(x) =


{x+ u}, if 〈x, u〉 < 0,

{x− u}, if 〈x, u〉 > 0,

{x+ u, x− u}, if 〈x, u〉 = 0.

287

Let’s choose x̄ = 0, in this case by (4.4), we have ∂f(0) = {−u, u}. Let’s choose v̄ = u (the case v̄ = −u288
is symmetric). The function f is proper, lsc, prox-bounded and locally Lipschitz, but it fails to be289
prox-regular at x̄ = 0 for v̄ = u.290
In this example, the switching across the hyperplane {〈x, u〉 = 0} creates unboundedly negative strict291
second-order behavior at the admissible base pairs (0,±u): d2

∗f(0 |u) is quadratic on the half-space292
{〈u, ξ〉 < 0} but drops to −∞ as soon as 〈u, ξ〉 ≥ 0, hence cnvf(0 |u) = −∞ and no spectral transmission293
for eλf is available (see Figure 3 for the regularized proxy below).294

Proposition 4.6. For every ξ ∈ Rn, we have295

(4.5) d2
∗f(0 |u)(ξ) =

{
‖ξ‖2, if 〈u, ξ〉 < 0,

−∞, if 〈u, ξ〉 ≥ 0,
296

Consequently,
cnvf(0 |u) = inf

‖ξ‖=1
d2
∗f(0 |u)(ξ) = −∞,

so f is not prox-regular at x̄ = 0 for v̄ = u ∈ ∂f(0) and the Moreau spectral attenuation law (3.7) does297
not apply at this pair.298

Proof. For τ > 0 and ξ ∈ Rn, using (4.3) and f(0) = 1
2‖u‖

2, we have299

(4.6) ∆2
τf(0 |u)(ξ) = ‖ξ‖2 − 2

τ

(
|〈u, ξ〉|+ 〈u, ξ〉

)
.300

Set b := 〈u, ξ〉.301
If b > 0, then (4.6) gives ∆2

τf(0 |u)(ξ) = ‖ξ‖2 − 4b
τ → −∞ as τ ↓ 0, hence d2

∗f(0 |u)(ξ) = −∞.302
If b = 0, let û := u/‖u‖, take ξk := ξ + 1

k û → ξ and τk := k−2 ↓ 0. Then 〈u, ξk〉 = ‖u‖/k > 0 and303
(4.6) gives ∆2

τk
f(0 |u)(ξk) = ‖ξk‖2 − 4‖u‖ k → −∞, hence d2

∗f(0 |u)(ξ) = −∞.304
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If b < 0. For the constant admissible choice (x, v) = (0, u) one gets from (4.6) that ∆2
τf(0 |u)(ξ) = ‖ξ‖2

for all τ > 0, so d2
∗f(0 |u)(ξ) ≤ ‖ξ‖2. Let now (xk, vk, τk, ξk) → (0, u, 0, ξ) be strict-admissible, i.e.

vk ∈ ∂f(xk) and f(xk)→ f(0). Set ak := 〈u, ξk〉 and bk := 〈xk, u〉. For k large, ak < 0. Moreover, (4.4)
and vk → u give bk ≤ 0 and vk = xk + u. A direct expansion using (4.3) gives

∆2
τk
f(xk | vk)(ξk) = ‖ξk‖2 +

2

τ2
k

(
−|bk + τkak|+ |bk| − τkak

)
.

For k large, bk ≤ 0 and ak < 0 imply bk + τkak < 0, hence |bk + τkak| = −(bk + τkak) and |bk| = −bk, so305
the parenthesis is 0. Thus ∆2

τk
f(xk | vk)(ξk) = ‖ξk‖2 for k large, and lim infk→∞∆2

τk
f(xk | vk)(ξk) = ‖ξ‖2.306

Since the strict-admissible sequence is arbitrary, d2
∗f(0 |u)(ξ) ≥ ‖ξ‖2, hence d2

∗f(0 |u)(ξ) = ‖ξ‖2 when307
〈u, ξ〉 < 0.308

This proves (4.5). Taking w0 := u/‖u‖ gives d2
∗f(0 |u)(w0) = −∞, hence inf‖w‖=1 d

2
∗f(0 |u)(w) =309

−∞, i.e. cnvf(0 |u) = −∞. By [18, Cor. 1.3], f is not prox-regular at (0, u), so Theorem 3.4 cannot be310
applied at this base pair.311

Remark 4.7 (Geometry of the kink (limiting subdifferential)). At x = 0 the function f = min{q1, q2}312
switches across the hyperplane {〈x, u〉 = 0}. On each open half-space it coincides with a smooth quadratic313
with Hessian I, but the switch creates the singular term − 2

τ

(
|〈u, ζ〉|+ 〈u, ζ〉

)
in the second-order quotient314

at the base pair (0, u), active exactly when 〈u, ζ〉 ≥ 0.315
In the limiting setting, ∂f(0) = {±u}, so (0, 0) is not an admissible base pair. For any admissible

base pair (0, v̄) with v̄ ∈ {±u}, Proposition 4.6 gives

cnvf(0 | v̄) = inf
‖w‖=1

d2
∗f(0 | v̄)(w) = −∞.

Thus the local second-order behavior is quadratic on each side, but becomes unboundedly negative as316
soon as directions cross the switching side: 〈u,w〉 ≥ 0 for (0, u), and 〈u,w〉 ≤ 0 for (0,−u).317

In this regularization, the double-well geometry is preserved while the curvature at the origin becomes318
finite and explicitly computable, so the spectral attenuation law applies at the admissible smooth base319
pair (0, 0) (see Figure 3).320

Proposition 4.8 (Soft-min regularization). For ε > 0, define the smooth approximation

fε(x) := −ε log
(
e−

1
2ε‖x−u‖

2

+ e−
1
2ε‖x+u‖2).

Then fε ∈ C∞(Rn), is even, and satisfies fε(x) ↑ f(x) for every x ∈ Rn as ε ↓ 0.
At (x̄, v̄) = (0, 0) one has ∇fε(0) = 0 and ∇2fε(0) = I − 1

ε (uu>), where uu> denotes the rank-one
operator w 7→ 〈u,w〉u. Consequently,

d2
∗fε(0 | 0)(ξ) = 〈∇2fε(0)ξ, ξ〉, cnvfε(0 | 0) = λmin

(
∇2fε(0)

)
= 1− 1

ε
‖u‖2 > −∞.

In particular, the spectral attenuation law applies at (0, 0):

cnv(eλfε; 0) =
cnvfε(0 | 0)

1 + λ cnvfε(0 | 0)
, 1 + λ cnvfε(0 | 0) > 0.

Proof. For i = 1, 2, set

q1(x) = 1
2‖x− u‖

2, q2(x) = 1
2‖x+ u‖2, Z(x) = e−q1(x)/ε + e−q2(x)/ε, pi(x) =

e−qi(x)/ε

Z(x)
.

Let m(x) := min{q1(x), q2(x)}. Since e−m(x)/ε ≤ Z(x) ≤ 2e−m(x)/ε, we have

m(x)− ε log 2 ≤ fε(x) = −ε logZ(x) ≤ m(x) = f(x) (x ∈ Rn).

For fixed x, set

a(x) :=
(
e−q1(x), e−q2(x)

)
, p :=

1

ε
.

Then fε(x) = − log ‖a(x)‖p. Since p 7→ ‖a(x)‖p is nonincreasing and ‖a(x)‖p → ‖a(x)‖∞ as p→ +∞, it
follows that fε(x) ↑ f(x) as ε ↓ 0.
Since fε = −ε logZ, one has

∇fε(x) =

2∑
i=1

pi(x)∇qi(x) =: ḡ(x),

and differentiating gives

∇2fε(x) =

2∑
i=1

pi(x)∇2qi(x)− 1

ε

2∑
i=1

pi(x)
(
∇qi(x)− ḡ(x)

)(
∇qi(x)− ḡ(x)

)>
.
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x

f(x), fε(x)f(x)

fε(x), ε = 1

fε(x), ε = 1
2

fε(x), ε = 1
3

fε(x), ε = 1
5

fε(x), ε = 1
10

Fig. 3: Soft-min regularization (u = 1). The functions fε are smooth, even, and satisfy fε ↑ f as ε ↓ 0.
At x = 0, f ′ε(0) = 0 and f ′′ε (0) = 1− ε−1.

At x = 0 we have q1(0) = q2(0) = 1
2‖u‖

2, hence p1(0) = p2(0) = 1
2 , and

∇q1(0) = −u, ∇q2(0) = u, ḡ(0) = 0, ∇2q1(0) = ∇2q2(0) = I,

so

∇2fε(0) =

2∑
i=1

pi(0)∇2qi(0)− 1

ε

2∑
i=1

pi(0)∇qi(0)∇qi(0)> = I− 1

ε
uu>.

Therefore ∇2fε(0) has eigenvalue 1 on u⊥ and eigenvalue 1− ‖u‖2/ε on span{u}, hence

cnvfε(0 | 0) = λmin

(
∇2fε(0)

)
= 1− 1

ε
‖u‖2.

Since fε ∈ C∞, it is prox-regular at 0 for ∇fε(0) = 0, and

d2
∗fε(0 | 0)(ξ) = 〈∇2fε(0)ξ, ξ〉 (ξ ∈ Rn).

Moreover, from fε ≥ f − ε log 2 and the fact that f admits a quadratic minorant, fε is prox-bounded.
Applying Theorem 3.4 with m = cnvfε(0 | 0) gives, for all λ > 0 small with 1 + λm > 0,

cnv(eλfε; 0) =
m

1 + λm
.

Remark 4.9 (Limit as ε ↓ 0). As ε ↓ 0, the matrix ∇2fε(0) = I− ε−1(uu>) has eigenvalue 1−‖u‖2/ε
on span{u} and eigenvalue 1 on u⊥. Hence

cnvfε(0 | 0) = λmin

(
∇2fε(0)

)
= 1− ‖u‖

2

ε
−→ −∞ (ε ↓ 0).

For the nonsmooth limit f , one has ∂f(0) = {±u}, so (0, 0) /∈ gph ∂f and (0, 0) is not an admissible base
pair. For each admissible base pair (0, v̄) with v̄ ∈ {±u}, Proposition 4.6 gives

cnvf(0 | v̄) = inf
‖w‖=1

d2
∗f(0 | v̄)(w) = −∞.

Fix ε > 0. For every λ > 0 such that 1 + λ cnvfε(0 | 0) > 0, Theorem 3.4 gives

cnv(eλfε; 0) =
cnvfε(0 | 0)

1 + λ cnvfε(0 | 0)
.

Thus, for each fixed ε > 0, the smooth function fε admits the base pair (0, 0) with finite variational321
modulus of convexity, while the limit function f admits only the base pairs (0,±u) at the origin and the322
corresponding modulus equals −∞.323

4.4. Spectral functions on Sn: a nonconvex prox-regular example. Let Sn denote the space324
of real symmetric n× n matrices, endowed with the Frobenius inner product 〈X,Y 〉 = tr(XY ) and the325
associated norm ‖ · ‖F . When the extreme eigenvalues of the reference matrix X̄ are simple, the local326
second-order behavior can be written in closed-form. We prove that cnvFρ,α(X̄ | V̄ ) = −ρ and hence, for327
λ small with 1− λρ > 0, the transmitted envelope modulus cnv(eλFρ,α;Xλ) = −ρ/(1− λρ).328

Proposition 4.10. Fix parameters ρ > 0 and α ≥ 0, and define

Fρ,α(X) := λmax(X) + αλmax(−X)− ρ

2
‖X‖2F , X ∈ Sn.

Let X̄ ∈ Sn and V̄ ∈ ∂Fρ,α(X̄) such that λmax(X̄) and λmin(X̄) are simple eigenvalues. Then the329
following assertions hold.330
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(a) Fρ,α is prox-bounded with prox-threshold 1/ρ, and it is prox-regular at X̄ for V̄ .331
(b) The strict second subderivative satisfies

d2
∗Fρ,α(X̄ | V̄ )(H) ≥ −ρ‖H‖2F for all H ∈ Sn,

and equality holds for directions H commuting with X̄.332
(c) The variational modulus of convexity is given by cnvFρ,α(X̄ | V̄ ) = −ρ.333
(d) For every λ ∈ (0, 1/ρ) small enough, setting Xλ = X̄ + λV̄ , the Moreau envelope satisfies

cnv(eλFρ,α;Xλ) =
−ρ

1− λρ
.

Proof. (a) Write

Fρ,α = Gα −
ρ

2
‖ · ‖2F , Gα(X) := λmax(X) + αλmax(−X) = λmax(X)− αλmin(X).

For α ≥ 0, the scalar function fα(λ) = maxi λi + αmaxi(−λi) is symmetric, convex, and lsc on Rn. By
Corollary 2.4 in [5], the induced spectral function

Gα(X) = fα(λ(X)) = λmax(X) + αλmax(−X)

is a proper lsc convex function on Sn. Moreover, for every X ∈ Sn,
|λmax(X)| ≤ ‖X‖2 ≤ ‖X‖F and |λmax(−X)| ≤ ‖X‖2 ≤ ‖X‖F ,

hence334

(4.7) |Gα(X)| ≤ (1 + α)‖X‖F .335

Consider, for λ > 0,

Fρ,α(X) +
1

2λ
‖X‖2F = Gα(X) +

1

2

( 1

λ
− ρ
)
‖X‖2F .

If 0 < λ < 1/ρ, then a := 1
2 ( 1
λ − ρ) > 0 and by (4.7),

Fρ,α(X) +
1

2λ
‖X‖2F ≥ −(1 + α)‖X‖F + a‖X‖2F ≥ −

(1 + α)2

4a
,

where the last inequality is the elementary bound at2 − bt ≥ − b2

4a with t = ‖X‖F and b = 1 + α. Thus336
infX

(
Fρ,α(X) + 1

2λ‖X‖
2
F

)
> −∞ for every λ ∈ (0, 1/ρ).337

If λ > 1/ρ, then 1
2 ( 1
λ − ρ) < 0. Taking X = tI with t → +∞ gives ‖X‖2F = nt2 and Gα(tI) =

λmax(tI) + αλmax(−tI) = t− αt = (1− α)t, so

Fρ,α(tI) +
1

2λ
‖tI‖2F = (1− α)t+

n

2

( 1

λ
− ρ
)
t2 → −∞.

Hence infX
(
Fρ,α(X) + 1

2λ‖X‖
2
F

)
= −∞ for every λ > 1/ρ. Therefore, Fρ,α is prox-bounded and its

prox-threshold is exactly 1/ρ.
Since Gα is proper lsc and convex, it is prox-regular at X̄ for every VG ∈ ∂Gα(X̄) (with parameter r = 0).
Moreover, φ(X) := −ρ2‖X‖

2
F is C∞, hence C2 around X̄. Because φ is C1, we have the subdifferential

sum rule
∂(Gα + φ)(X̄) = ∂Gα(X̄) +∇φ(X̄),

so for V̄ ∈ ∂Fρ,α(X̄) there exists VG ∈ ∂Gα(X̄) such that V̄ = VG +∇φ(X̄). Applying the stability of
prox-regularity under C2 perturbations [19, Ex. 13.35] gives that Fρ,α = Gα + φ is prox-regular at X̄ for
V̄ .
(b) Second-order structure. Let u1, . . . , un be an orthonormal eigenbasis of X̄ with eigenvalues

λ1 > λ2 ≥ · · · ≥ λn−1 > λn,

so that λmax(X̄) = λ1 and λmin(X̄) = λn are simple. Then the subdifferential reduces to singletons,

∂λmax(X̄) = {u1u
>
1 }, ∂λmin(X̄) = {unu>n },

and therefore V̄ = u1u
>
1 − αunu>n − ρX̄, see [6, Cor. 10].

Under the simplicity assumptions, λmax and λmin are twice continuously differentiable in a neighborhood
of X̄, and hence so is Gα; see [7, Thm. 4.2]. Consequently, Fρ,α is C2 near X̄. In this case, the strict
second subderivative coincides with the classical second directional derivative at (X̄, V̄ ). Moreover, the
second-order perturbation formula for simple eigenvalues gives

d2

dt2
λmax(X̄ + tH)

∣∣∣∣
t=0

= 2
∑
j>1

〈uj , Hu1〉2

λ1 − λj
,
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and an analogous expression holds for λmin; see [7, Thm. 3.3 and Section 5, p. 385].
Combining these expansions with the exact second derivative of the quadratic term, we obtain

d2
∗Fρ,α(X̄ | V̄ )(H) = 2

∑
j>1

〈uj , Hu1〉2

λ1 − λj
+ 2α

∑
j<n

〈uj , Hun〉2

λj − λn
− ρ ‖H‖2F .

Each spectral sum is nonnegative, hence

d2
∗Fρ,α(X̄ | V̄ )(H) ≥ −ρ‖H‖2F for all H ∈ Sn.

If H commutes with X̄, then each eigenspace of X̄ is H-invariant. Since λmax(X̄) = λ1 and λmin(X̄) = λn
are simple, we have Hu1 ∈ span{u1} and Hun ∈ span{un}, hence 〈uj , Hu1〉 = 0 for j 6= 1 and
〈uj , Hun〉 = 0 for j 6= n. Therefore both spectral sums vanish and

d2
∗Fρ,α(X̄ | V̄ )(H) = −ρ‖H‖2F .

(c) variational modulus of convexity. Taking the Rayleigh infimum over ‖H‖F = 1 and using (b) gives

cnvFρ,α(X̄ | V̄ ) ≥ −ρ.
Choosing any commuting H 6= 0 and normalizing to ‖H‖F = 1 gives cnvFρ,α(X̄ | V̄ ) ≤ −ρ, hence
cnvFρ,α(X̄ | V̄ ) = −ρ.
(d) Spectral attenuation. We view Sn as a Euclidean space RN , N = n(n + 1)/2, endowed with the
Frobenius inner product. By part (a), Fρ,α is proper, lsc, prox-bounded, and prox-regular at X̄ for
V̄ ∈ ∂Fρ,α(X̄). By part (c), m := cnvFρ,α(X̄ | V̄ ) = −ρ ∈ R. Therefore, Theorem 3.4 applies: for all
λ > 0 sufficiently small such that 1 + λm > 0 (equivalently 1− λρ > 0), with Xλ = X̄ + λV̄ ,

cnv(eλFρ,α;Xλ) =
m

1 + λm
=
−ρ

1− λρ
.

Remark 4.11 (When the extreme eigenvalues are not simple). The simplicity of λmax(X̄) and338

λmin(X̄) are assumed only to keep Proposition 4.10 fully explicit. It ensures that Gα = λmax − αλmin339
is C2 near X̄ and allows the classical second-order eigenvalue expansions in part (b); see [7]. Without340
simplicity, the active eigenspaces have dimension > 1 and the spectral subdifferentials are no longer341
singletons: ∂λmax(X̄) and ∂λmin(X̄) are convex hulls of rank-one projectors on the corresponding active342
eigenspaces [6]. In this regime, Gα is typically not differentiable at X̄, hence there is no classical Hessian343
to read off the curvature. More importantly for our purposes, the strict second-order object d2

∗Gα(X̄ | W̄ )344
depends on the choice of W̄ ∈ ∂Gα(X̄) and on the geometry of the active eigenspaces, so the value of345
cnv Gα(X̄ | W̄ ) is no longer given by a simple eigenvalue formula. This is precisely a situation where the346
attenuation-recovery identity (3.7) in Theorem 3.4 becomes useful: instead of attempting a closed-form347
computation of cnvFρ,α(X̄ | V̄ ) at a nonsmooth base pair, we can estimate it from proximal oracle. Indeed,348
for λ > 0 small enough (and in particular λ < 1/ρ so that Fρ,α is prox-bounded), we can form a base349
pair (X̄, V̄ ) ∈ gph ∂Fρ,α and its transported point Xλ = X̄ + λV̄ , compute the envelope curvature350
proxy cλ ≈ cnv(eλFρ,α;Xλ), and then recover a proxy for the base-pair modulus by the inverse map351
m ≈ cλ/(1− λcλ), keeping a fixed margin away from the barrier 1− λcλ = 0.352

How eλFρ,α enters the estimation. In the nonsimple-eigenvalue regime we do not attempt a closed-353
form evaluation of cnvFρ,α(X̄ | V̄ ). Instead, we follow Section 5: assuming access to proximal evaluations354
(equivalently, to ∇eλFρ,α on the local chart), we estimate the envelope modulus cnv(eλFρ,α;Xλ) from355
directional secants of the envelope gradient, and then recover a proxy of the base-pair modulus through the356
inverse attenuation map. The goal here is not an exact spectral formula, but a practical local curvature357
diagnostic when λ is small and kept away from the barrier (see Section 5 for more details about the358
curvature estimation).359

5. Curvature estimation from Moreau envelopes and admissible smoothing. This section360
gives an operational use of the attenuation-recovery identity in Theorem 3.4. Starting from a base pair361
(x̄, v̄) ∈ gph ∂f , our goal is to extract local curvature information from the Moreau envelopes eλf by using362
proximal evaluations. Rather than computing cnvf(x̄ | v̄) directly, we first estimate the variational modulus363
of convexity of the envelope at the transported point xλ = x̄+ λv̄, and then recover an approximation of364
the modulus at the base pair through the inverse recovery formula. Subsection 5.1 develops the directional365
proxy and its safeguards, while Subsection 5.2 tests them on a nonconvex composite model and quantifies366
exact and inexact secant errors.367

5.1. A general framework based on proximal evaluations. For an admissible λ > 0, set368
xλ := x̄+ λv̄. Theorem 3.4 also requires the feasibility condition 1 + λm > 0, which cannot be certified369
since m is unknown. We therefore use two safeguards: a proxy feasibility check based on m̂λ (see (5.6)),370
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and an independent conditioning check based on ĉλ (see (5.7)). By Lemma 3.2, for each admissible λ, the371
envelope eλf is C1,1 near xλ and the proximal map Pλf is single-valued and Lipschitz there. Theorem 3.4372
gives373

(5.1) cλ := cnv(eλf ;xλ) =
m

1 + λm
, m = cnvf(x̄ | v̄), with 1 + λm > 0.374

We estimate cλ from proximal evaluations, invert the relation to get a proxy for m (the base-pair375
variational modulus of convexity), and then choose λ under (5.7).376

Prox-oracle and access to ∇eλf . Given (x, λ), an exact prox-oracle returns

yλ(x) := Pλf(x) ∈ arg min
y

{
f(y) + 1

2λ‖y − x‖
2
}
.

In many nonsmooth models, yλ(x) is obtained by an inner iterative scheme, hence an inexact oracle
returns yελ(x), possibly together with an inner iteration count. Once such a proximal point is available,
the envelope gradients satisfy

∇eλf(x) =
1

λ

(
x− yλ(x)

)
, and ∇eελf(x) :=

1

λ

(
x− yελ(x)

)
,

so the construction relies only on proximal evaluations; see [20] for related envelope-based approaches in377
nonconvex settings.378

Curvature estimation by directional secants. Fix a stepsize t > 0 and a unit direction w. At379
the transported point xλ, define the centered secant slope of the Lipschitz gradient by380

(5.2) ĉλ(w) :=
1

2t

〈
w,∇eλf(xλ + tw)−∇eλf(xλ − tw)

〉
.381

If eλf is twice differentiable at xλ, then ĉλ(w) is the standard centered finite-difference approximation of382
〈w,∇2eλf(xλ)w〉 from gradient values; see, e.g., [11, Ch. 7, Eq. (7.10)]. In general (with the assumption383
of Lemma 3.2), eλf is only C1,1, we view ĉλ(w) as a directional curvature proxy based on secants of384
∇eλf ; see [14] for envelope regularity and second-order structure under prox-regularity. Since ∇eλf is385
locally Lipschitz near xλ, ĉλ(w) is well-defined and locally bounded. Given a finite set of unit directions386
W ⊂ Sn−1 (the unit sphere in Rn), define the aggregated proxy387

(5.3) ĉλ := min
w∈W

ĉλ(w).388

We choose W as a finite random set and take the minimum as a conservative proxy for worst-case389
curvature. The aim is not to approximate the exact smallest eigenvalue of ∇2eλf(xλ), but to detect when390
the inverse map in (5.6) becomes ill-conditioned. It reflects the most negative directional curvature of391
eλf near xλ revealed by these secants.392

Scope of the directional oracle diagnostic. The estimate above is deterministic and therefore393
requires the finite setW ⊂ Sn−1 to approximate the unit sphere through its covering radius. Consequently,394
the number of directions needed for a uniform guarantee may grow rapidly with the dimension. For this395
reason, the present oracle-based procedure should be viewed primarily as a local diagnostic in low or396
moderate dimension, or as a diagnostic restricted to a prescribed family of meaningful directions.397

In order to link quantitatively the directional proxy ĉλ to cnv(eλf ;xλ), we have the following398
proposition. For a given ε > 0, a set W ⊂ Sn−1 is an ε-cover of the unit sphere if ∀w ∈ Sn−1, ∃w̃ ∈ W399
such that ‖w − w̃‖ ≤ ε. We note that by compactness of Sn−1, we can always choose W finite.400

Proposition 5.1 (Accuracy of the directional secant proxy). Adopt the setting of Lemma 3.2. Fix401
λ > 0 small and let Uλ be the neighborhood of xλ = x̄+ λv̄ given by Lemma 3.2. Choose t > 0 such that402
xλ ± tw ∈ Uλ for all w ∈ Sn−1. Define: q(w) := d2

∗[eλf ](xλ | v̄)(w), w ∈ Sn−1. Let ε > 0 and W ⊂ Sn−1403
be a finite ε-cover of the unit sphere. Assume that, for the chosen stepsize t > 0,404

(5.4) max
w∈W

∣∣ĉλ(w)− q(w)
∣∣ ≤ ω(t), ω(t) ≥ 0,405

where ĉλ(w) is defined in (5.2) and ĉλ := infw∈W ĉλ(w) as in (5.3). Then there exists Lλ > 0 such that406

(5.5)
∣∣ĉλ − cnv(eλf ;xλ)

∣∣ ≤ ω(t) + 2Lλ ε.407

Proof. By Lemma 3.2, eλf is of class C1,1 on Uλ and v̄ = ∇eλf(xλ). Hence ∇eλf is Lipschitz on Uλ:
there exists Lλ > 0 such that

‖∇eλf(u)−∇eλf(v)‖ ≤ Lλ‖u− v‖ ∀u, v ∈ Uλ.
Moreover, fix any x ∈ Uλ and any τ > 0. Assume that x+ τwi ∈ Uλ (i = 1, 2). Assume in addition that408
the whole segment {x+ τ((1− s)w1 + sw2) : s ∈ [0, 1] } is contained in Uλ (which holds for τ > 0 small409
enough since Uλ contains a convex ball around x). Then, for any w1, w2 ∈ Sn−1, an integral argument410
shows that the maps w 7→ ∆2

τ [eλf ](x | ∇eλf(x))(w) are 2Lλ-Lipschitz on Sn−1, uniformly in (x, τ). Hence,411
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by stability of Lipschitz constants under lim inf, q is 2Lλ-Lipschitz on Sn−1. Using (5.4) and taking the412
minimum over w ∈ W, it is easy to check that −ω(t) ≤ ĉλ − cλ, with cλ := cnv(eλf ;xλ) = inf‖w‖=1 q(w)413
as defined in (5.1). On the other hand, fix any η > 0. By the definition of the infimum, there exists414
w̄ ∈ Sn−1 such that: q(w̄) ≤ cλ+η. Since, W ⊂ Sn−1 be an ε-cover of the unit sphere, there exists w̃ ∈ W415
with ‖w̃− w̄‖ ≤ ε. Since q is 2Lλ-Lipschitz on Sn−1, we get q(w̃) ≤ q(w̄) + 2Lλ‖w̃− w̄‖ ≤ cλ + η+ 2Lλε.416
Using (5.4) at w̃ ∈ W and passing to the minimum over w ∈ W, we get: ĉλ ≤ cλ + η + 2Lλε + ω(t).417
Letting η ↓ 0 gives ĉλ − cλ ≤ 2Lλε+ ω(t). Therefore, (5.5) is satisfied.418

Remark 5.2. In practice, (5.4) is only required on the sampled directions w ∈ W. It should be419
understood as a discretization/inexactness model for the directional secant proxy, summarized by the420
error bound ω(t) (typically small for small t). In Proposition 5.4, we give a concrete example (double-421
well-`1) where (5.4) is satisfied with an explicit ω(t) in both exact and inexact prox (see (5.11) and422
(5.12)).423

Inverse recovery and a margin condition. We apply the inverse recovery map only when424
1− λĉλ > 0. We recover a proxy of the base-pair variational modulus of convexity via425

(5.6) m̂λ :=
ĉλ

1− λĉλ
,426

which is the inverse of cλ = m/(1 + λm). The barrier 1 + λm > 0 corresponds to 1− λcλ > 0. We have

1 + λm̂λ =
1

1− λĉλ
,

and enforce the margin condition427

(5.7) 1 + λm̂λ ≤ δ−1, δ ∈ (0, 1),428

Under this positivity condition, this is equivalent to 1− λĉλ ≥ δ. To keep a fixed margin away from the429
theorem feasibility threshold when the recovered proxy is negative, we also impose430

(5.8) 1 + λ m̂λ ≥ δ, whenever m̂λ < 0,431

equivalently λ ≤ (1− δ)/|m̂λ| when m̂λ < 0. This safeguard is different from (5.7): (5.8) keeps λ away432
from the boundary 1 +λm = 0, while (5.7) keeps the inverse map (5.6) well conditioned. In computations,433
we replace cλ by ĉλ from (5.3) and impose (5.7). We also restrict 0 < λ ≤ λmax to avoid poorly conditioned434
proximal subproblems. Since the quadratic term 1

2λ‖y−x‖
2 adds curvature of size 1/λ, this effect becomes435

weaker when λ increases. As a result, the proximal subproblems are usually harder to solve and may436
need more inner iterations. The choice of λmax depends on the application. Starting from a current437
value of λ, we update λ← min{τλ, λmax} and then enforce the safeguards. If m̂λ < 0, we first apply the438
feasibility safeguard (5.8), i.e., λ← min{λ, (1− δ)/|m̂λ|}. We then enforce the conditioning safeguard439
(5.7), equivalently 1− λĉλ ≥ δ. In the numerical illustration, we fix t > 0 and restrict λ ∈ (0, λmax] so440
that xλ ± tw stays in the local chart of Lemma 3.2 for every w ∈ W.441

Remark 5.3. (i) Assume that, at the points used in the finite differences, ‖yελ(x)− yλ(x)‖ ≤ εprox.
Then

‖∇eελf(x)−∇eλf(x)‖ =
1

λ
‖yελ(x)− yλ(x)‖ ≤ εprox

λ
,

and for ‖w‖ = 1,
∣∣ĉελ(w)− ĉλ(w)

∣∣ ≤ εprox

λt . So a small error in the proximal point gives a controlled error442
in the gradient secants.443

(ii) Let Rλ(µ) := µ/(1 − λµ). On the set {µ : 1 − λµ ≥ δ} we have |R′λ(µ)| = (1 − λµ)−2 ≤ δ−2.444
Hence, |Rλ(µ1) − Rλ(µ2)| ≤ δ−2|µ1 − µ2|. In particular, on (−∞, 0] the map Rλ is 1-Lipschitz. This445
means: if we keep the margin 1− λµ ≥ δ, the inverse recovery step cannot amplify errors too much.446

5.2. Numerical illustration for a composite model. We illustrate Section 5.1 on the composite447
model448

(5.9) f(x) = φ(Bx) + α‖x‖1, x ∈ Rn, α > 0,449

where φ is smooth and nonconvex (double-well type). In this setting the base-pair modulusm = cnvf(x̄ | v̄)450
may be negative. We work at a base pair (x̄, v̄) ∈ gph ∂f and at the transported point xλ = x̄+ λv̄. We451
report the quantities defined in (5.2)-(5.7), computed from proximal evaluations.452

Numerical proximal solver and restriction on λ. Given x and λ > 0, we compute yλ(x) = Pλf(x)
by approximately solving

min
y∈Rn

φ(By) + α‖y‖1 +
1

2λ
‖y − x‖2

with an inner proximal-gradient method (backtracking and soft-thresholding), initialized at y = x. Each453
call returns the computed proximal point and the associated inner iteration count, used as a cost indicator.454
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We restrict 0 < λ ≤ λmax, where λmax is chosen from a local smoothness estimate of ∇(φ ◦ B) on the455
region explored by the inner solver.456

Directional curvature estimate and recovered modulus. Directional curvature is evaluated457
at xλ via (5.2) with stepsize t = 10−4 and aggregated by (5.3) using Nw random unit directions. The458
base-pair modulus is then recovered through (5.6). We repeat the construction for two inner stopping459
tolerances (for instance 10−6 and 10−8) and report ĉλ, m̂λ, the margin indicator in (5.7), and the average460
inner iteration count. In practice we take t small, but not extremely small. In our tests, ĉλ changes very461
little when we replace t by 10t or by t/10.462

Estimated envelope curvature and recovered modulus. Figure 4 shows ĉλ together with the463
margin indicator in (5.7) as λ varies in (0, λmax], and the recovered proxy m̂λ in (5.6). In this experiment,464
ĉλ is negative and |ĉλ| increases with λ. The curves obtained with the two stopping tolerances are465
essentially identical, suggesting that the proximal accuracy is sufficient at this scale.466

Selection of λ under the margin constraint. Starting from λ1 > 0, we generate a smoothing467
sequence by a multiplicative increase and a projection step enforcing λ ≤ λmax together with (5.7). When468
m̂λ < 0, (5.8) gives λ ≤ 1−δ

|m̂λ| .469

Numerical example and parameters. We illustrate numerically the local attenuation-recovery470
and its characteristics. For the figures, we take n = 300 and m = 200, and we draw B ∈ Rm×n with i.i.d.471
standard Gaussian entries rescaled as Bij ∼ N (0, 1/n), with a fixed random seed. We set α = 0.6 and,472
for the illustrative nonconvex potential, we use the smooth double-well473

(5.10) φ(z) = 1
4‖z‖

4 − µ
2 ‖z‖

2, µ = 2.0,474

together with its explicit gradient in the inner solver. The admissible range of λ is restricted by a cap

λmax = 0.90
(
µ‖B‖2

)−1
,

where ‖B‖ is estimated by 80 steps of power iteration, and we sample λ on a grid of Nλ = 40 values in
[λmin, λmax], λmin = 0.02λmax.

Directional secants use stepsize t = 10−4 and an aggregated minimum over Nw = 25 random unit475
directions. The margin parameter is δ = 0.20. The proximal subproblems are solved by a proximal-476
gradient method with backtracking, with a maximum of 4000 inner iterations. We report two inner477
stopping tolerances, 10−6 and 10−8, to assess the sensitivity of the recovered quantities to proximal478
accuracy. The inner tolerance refers to the stopping rule of the proximal-gradient solver (relative iterate479
change and prox-gradient mapping), and it is used only to assess the sensitivity of ĉλ and m̂λ to inexact480
proximal points. For the sequence of smoothing parameters, we start from λ1 = 0.20λmax, apply a481
multiplicative growth factor 1.25, and project back onto the constraints λ ≤ λmax and (5.7) over K = 20482
steps.483

We can justify a posteriori the hypothesis (5.4) on the secant error in this composite model. The484
following proposition is in this sense and establishes an explicit bound (in exact and inexact prox) under485
a strict complementarity condition. Adopt the model in (5.9) with (5.10) (with parameter µ > 0), and486
denote its smooth part by g(x) := φ(Bx), so that f(x) = g(x) + α‖x‖1.487

Proposition 5.4 (Directional secant accuracy for the double-well-`1 model). Assume 0 < λ <
(µ‖B‖2)−1 and fix (x̄, v̄) ∈ gph ∂f , set xλ := x̄+ λv̄, and denote yλ(x) := Pλf(x), yλ := yλ(xλ),

rλ := ∇g(yλ) + 1
λ (yλ − xλ), I0 := {i : (yλ)i = 0}, S := {i : (yλ)i 6= 0}.

Assume the following strict complementarity condition: ∃κ, η > 0 such that
|(rλ)i| ≤ α− κ ∀i ∈ I0, |(yλ)i| ≥ η ∀i ∈ S.

Then ∃ a neighborhood U of xλ such that eλf ∈ C2,1(U) and, for ‖w‖ = 1,
q(w) := d2

∗[eλf ]
(
xλ | v̄

)
(w) = 〈∇2eλf(xλ)w,w〉.

Let W ⊂ Sn−1 be finite and choose t > 0 such that xλ + sw ∈ U for all |s| ≤ t and w ∈ W. With ĉλ(w)
defined by (5.2), set

R := max
w∈W

max
|s|≤t

‖B yλ(xλ + sw)‖, Le :=
6R ‖B‖3(

1− λµ‖B‖2
)3 .

Then488

(5.11) max
w∈W

∣∣ĉλ(w)− q(w)
∣∣ ≤ Le

2
t.489

If, at xλ ± tw, an inexact oracle returns yελ(x) with ‖yελ(x)− yλ(x)‖ ≤ εprox, and ĉελ(w) is the associated490
secant proxy, then491

(5.12) max
w∈W

∣∣ĉελ(w)− q(w)
∣∣ ≤ Le

2
t+

εprox

λt
.492
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Proof. Since v̄ ∈ ∂f(x̄) and xλ = x̄+ λv̄, we have 0 ∈ ∂f(x̄) + 1
λ (x̄− xλ). Equivalently, x̄ satisfies the493

first-order optimality condition for the proximal subproblem miny∈Rn
{
f(y) + 1

2λ‖y− xλ‖
2
}
. We have for494

all x ∈ Rn,495

(5.13) ∇2g(x) = B>∇2φ(Bx)B � −µB>B � −µ‖B‖2I.496

Fix x ∈ Rn and consider: y 7→ Fx(y) := g(y) + 1
2λ‖y − x‖

2 + α‖y‖1. The Hessian of the smooth part in
Fx is given by: ∇2g(y) + λ−1I � (λ−1 − µ‖B‖2)I =: σI with σ > 0. Hence, Fx is σ-strongly convex (as
the sum of a strongly convex and a convex function). Therefore, yλ(x) = Pλf(x) is uniquely defined.
Applying this with x = xλ, and using the optimality condition established above at x̄, we deduce by
uniqueness that Pλf(xλ) = x̄. Choose x, x′ and set y = yλ(x), y′ = yλ(x′). Select s ∈ ∂‖ · ‖1(y) and
s′ ∈ ∂‖ · ‖1(y′) such that

∇g(y) + 1
λ (y − x) + αs = 0 and ∇g(y′) + 1

λ (y′ − x′) + αs′ = 0.

Subtracting the last equalities and taking the inner product with y − y′, we have

〈∇g(y)−∇g(y′), y − y′〉+ 1
λ‖y − y

′‖2 + α〈s− s′, y − y′〉 = 1
λ 〈x− x

′, y − y′〉.
Using the monotonicity of ∂‖ · ‖1 and (5.13), we obtain

〈∇g(y)−∇g(y′), y − y′〉 ≥ −µ‖B‖2‖y − y′‖2.
Therefore,(

1
λ − µ‖B‖

2
)
‖y − y′‖2 ≤ 1

λ‖x− x
′‖ ‖y − y′‖ ⇒ ‖yλ(x)− yλ(x′)‖ ≤ 1

1− λµ‖B‖2
‖x− x′‖.

Consequently, yλ(·) is k-Lipschitz with k = (1− λµ‖B‖2)−1. Now set yλ := yλ(xλ) and rλ := ∇g(yλ) +
λ−1(yλ − xλ). Since yλ = Pλf(xλ), by the definition of the proximal mapping, this is equivalent
to write that: −rλ ∈ α∂‖ · ‖1(yλ). This means that for each i, (yλ)i 6= 0 ⇒ |(rλ)i| = α, while
(yλ)i = 0⇒ |(rλ)i| ≤ α. For x in a neighborhood of xλ, let us define

r(x) := ∇g
(
yλ(x)

)
+ 1

λ

(
yλ(x)− x

)
.

Since yλ(·) and ∇g are continuous, r(·) is also continuous. By the strict complementarity assumption at
yλ and the continuity of yλ(·) and r(·) at xλ, there exists a neighborhood U of xλ such that for all x ∈ U ,

|(r(x))i| ≤ α− κ
2 ∀i ∈ I0, |(yλ(x))i − (yλ)i| ≤ η

2 ∀i ∈ S.
If i ∈ I0 and (yλ(x))i 6= 0, then optimality at x forces |(r(x))i| = α, contradiction; hence (yλ(x))i = 0
for all i ∈ I0. If i ∈ S, the second inequality implies (yλ(x))i 6= 0 and the sign is fixed on U . In fact, for
i ∈ S we have

|(yλ(x))i| ≥ |(yλ)i| − |(yλ(x))i − (yλ)i| ≥ η −
η

2
=
η

2
> 0.

Hence the `1-subdifferential is single-valued on the S-coordinates and constant on U . Setting σS :=
sign

(
(yλ)S

)
∈ {−1, 1}|S|, we have ∂‖ · ‖1

(
yλ(x)

)
S

= {σS}, ∀x ∈ U. Thus, on U , the `1 subdifferential
is locally single-valued on S (a constant sign vector), and the optimality system reduces on S. Let
PS : Rn → R|S| denote the canonical coordinate projection, PSx = xS . Since (yλ(x))I0 = 0 on U , we
define the reduced smooth function

gS : R|S| → R, ξ 7→ gS(ξ) := g(ξ, 0I0).

Then the reduced optimality equation on S reads

∇gS(yλ,S(x)) + 1
λ

(
yλ,S(x)− xS

)
+ ασS = 0.

Its Jacobian with respect to the variable yλ,S is

∇2gS(yλ,S(x)) + λ−1I|S| = ∇2
SSg(yλ(x)) + λ−1I|S| � σI|S|,

hence invertible. By the implicit function theorem, the map x 7→ yλ,S(x) is C1 on U . Since (yλ(x))i = 0
for all i ∈ I0 and all x ∈ U , it follows that x 7→ yλ(x) is C1 on U . On U , the standard envelope identities
give

∇eλf(x) = 1
λ

(
x− yλ(x)

)
and ∇2eλf(x) = 1

λ

(
I −Dyλ(x)

)
,

so eλf ∈ C2(U) and

q(w) = d2
∗[eλf ]

(
xλ | v̄

)
(w) = 〈∇2eλf(xλ)w,w〉 (‖w‖ = 1).

Moreover, since ∇2g is locally Lipschitz on bounded sets and yλ(·) is Lipschitz on U , the map x 7→
∇2gS(yλ,S(x)) is locally Lipschitz on U ,and differentiating the reduced equation on S gives(

I|S| + λ∇2gS(yλ,S(x))
)
Dyλ,S(x) = PS .
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Hence,
Dyλ,S(x) =

(
I|S| + λ∇2gS(yλ,S(x))

)−1
PS .

Since ∇2gS(yλ,S(x)) = ∇2
SSg(yλ(x)) on U , we equivalently have

Dyλ,S(x) =
(
I|S| + λ∇2

SSg(yλ(x))
)−1

PS .

Therefore, Dyλ(·) is locally Lipschitz on U and eλf ∈ C2,1(U). Since U is open and W is finite, we may
choose t > 0 so that xλ + sw ∈ U for all w ∈ W and all |s| ≤ t. Set R := maxw∈W max|s|≤t ‖B yλ(xλ +
sw)‖. If ‖z‖, ‖z′‖ ≤ R, then ‖∇2φ(z)−∇2φ(z′)‖ ≤ 6R‖z − z′‖. We can then deduce that

‖∇2g(u)−∇2g(u′)‖ ≤ 6R ‖B‖3 ‖u− u′‖ whenever ‖Bu‖, ‖Bu′‖ ≤ R.
On U , differentiating the reduced optimality equation on S gives

Dyλ,S(x) =
(
I|S| + λHS(x)

)−1
PS

with HS(x) = ∇2
SSg(yλ(x)) and∥∥(I|S| + λHS(x)

)−1∥∥ ≤ (1− λµ‖B‖2)−1.

Using A−1 −B−1 = A−1(B −A)B−1, the above Lipschitz bound on ∇2g, and the Lipschitz bound on
yλ(·), one obtains on each sampled segment {xλ + sw : |s| ≤ t},

‖∇2eλf(x)−∇2eλf(x′)‖ ≤ Le ‖x− x′‖, Le :=
6R ‖B‖3

(1− λµ‖B‖2)3
.

Fix w ∈ W and define ψ(s) := 〈w,∇eλf(xλ + sw)〉 for |s| ≤ t. Then ψ′(s) = 〈w,∇2eλf(xλ + sw)w〉 and
|ψ′(s)− ψ′(0)| ≤ Le|s|. Since ĉλ(w) = 1

2t

(
ψ(t)− ψ(−t)

)
, we get

|ĉλ(w)− ψ′(0)| = 1

2t

∣∣∣∣∫ t

−t
(ψ′(s)− ψ′(0)) ds

∣∣∣∣ ≤ 1

2t

∫ t

−t
Le|s| ds =

Le
2
t.

As ψ′(0) = 〈w,∇2eλf(xλ)w〉 = q(w), this gives exactly (5.11) after taking maxw∈W .497
For the inexact oracle, if ‖yελ(x)− yλ(x)‖ ≤ εprox at x = xλ ± tw, then define gελ(x) := 1

λ

(
x− yελ(x)

)
.

Then
‖gελ(x)−∇eλf(x)‖ = 1

λ‖y
ε
λ(x)− yλ(x)‖ ≤ εprox

λ ,

and, writing the exact and inexact secant proxies at the two points xλ ± tw, we get498

|ĉελ(w)− ĉλ(w)| ≤ 1

2t

(
‖gελ(xλ + tw)−∇eλf(xλ + tw)‖+ ‖gελ(xλ − tw)−∇eλf(xλ − tw)‖

)
499

≤ 1

2t

(εprox

λ
+
εprox

λ

)
=
εprox

λt
.500

501

Combining with (5.11) gives (5.12).502

Remark 5.5. The bound (5.12) highlights a classical trade-off. The truncation term Let/2 decreases,
while the inexactness term εprox/(λt) increases when t is small. By minimizing the right hand side in
(5.12) for t > 0, we obtain the optimal choice

t? =

√
2 εprox

λLe
, and the corresponding error is of order

√
2Le εprox

λ
.

Decreasing t is meaningful only if we also reduce εprox at the same time.503
The numerical experiment on the example (5.9)-(5.10), shows that the strict complementarity condition504
in Proposition 5.4 is satisfied uniformly on the sampled λ-grid with |I0| = 90 et |S| = 210, and the margin505
κ̂λ and η̂λ are positive. This strict complementarity assumption could be replaced by other assumptions506
(polyhedral error bounds of Hoffman type, or metric regularity), in order to obtain stability of the active507
set. For the double-well-`1 example, it would be interesting to treat the general C1,1 regime by replacing508
the classical Hessian with appropriate nonsmooth second-order objects.509

Figure 5(a) displays the resulting sequence (λk)k and the margin indicator, while Figure 5(b) reports510
the average inner iteration count as a function of λ (for the two inner tolerances). This illustrates the511
balance between conditioning, controlled by (5.7), and inner cost as λ increases.512

6. Conclusion. The results obtained in this paper clarify the second-order role of Moreau envelopes513
in the variational geometry of epigraphs. Beyond smoothing, the passage to an envelope carries out514
a precisely quantified transformation of local curvature. At the level of strict second subderivatives515
this is captured by a commutation formula, while at the scalar level it is manifested in an explicit516
attenuation-recovery law for the variational modulus of convexity. A direct means of transporting and517
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recovering curvature data under Moreau regularization has thereby been provided, including under smooth518
C2 perturbations.519

From a practical standpoint, the attenuation-recovery law also suggests a quantitative rule for selecting520
the smoothing scale in prox-based nonconvex contexts. Section 5 illustrates this idea in an oracle-driven521
setting, where curvature information is inferred from proximal evaluations through the envelope gradient522
and used to enforce an admissible choice of λ.523

Several analytical questions remain open. In one directions, there is the potential for extensions of the524
spectral framework beyond the Euclidean Moreau envelope, for instance to Bregman-type regularizations525
or other proximal constructions adapted to nonquadratic geometries. In another direction there is526
perhaps the incorporation of these curvature identities into the analysis of proximal algorithms, where527
the attenuated modulus naturally enters stability and rate estimates. A still further possibility is viewing528
the envelope as a numerical probe of local curvature in nonsmooth and nonconvex problems. In that529
context, the numerical evaluation of the Moreau envelope and of its gradient in prox-regular, nonconvex530
settings needs a better understanding beyond the local chart, so as to encompass the effect of inexact531
proximal solvers and finite-difference approximations on curvature estimates. All these are promising532
topics for follow-up research.533

Appendix A. A self-contained proof of the modulus formula.534
Throughout this appendix, let f : Rn → (−∞,+∞] be proper and lsc, and fix (x̄, v̄) ∈ gph ∂f with535

f(x̄) ∈ R. The objects ∆2
τf(x | v) and d2

∗f(x̄ | v̄) are defined in Subsection 2.2. We give here an alternative536
proof of the spectral identity of [18, Thm 2.2]. We use a direct approach combined with the compactness537
of the unit sphere in Rn.538

In [18, Def 1.2], the variational modulus cnvf(x̄ | v̄) is defined as a common value associated with539
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several equivalent formulations (1.12)-(1.13)-(1.14) and (1.15) (with opposite sign). The equivalences are540
guaranteed by [18, Thm 1.1]. In order to lighten the presentation, we adopt here the formulation (1.14)541
based on uniform quadratic growth. The next definition is in this sense.542

Definition A.1 (variational modulus of convexity at (x̄, v̄)). A number s ∈ R is said to be admissible543
at (x̄, v̄) ∈ gph ∂f if there exist α > f(x̄), neighborhoods X of x̄ and V of v̄ such that544

(A.1) f(x′) ≥ f(x) + 〈v, x′ − x〉+
s

2
‖x′ − x‖2545

for all (x, v) ∈ (Xα
f × V ) ∩ gph ∂f and all x′ ∈ X, where Xα

f := {x ∈ X : f(x) < α}. The variational
modulus of convexity of f at (x̄, v̄) is

cnvf(x̄ | v̄) := sup{ s ∈ R : s is admissible at (x̄, v̄) },
with the convention sup ∅ = −∞.546

We note that the s-admissibility does not affect (A.1) if we add the condition ‖x′ − x‖ ≤ β for some547
β > 0. It is implied by the condition ∀x′ ∈ X, and conversely, for ‖x′ − x‖ ≤ β, we shrink X (e.g.548
X̃ ⊂ X ∩ B(x̄, β/2) such that ‖x′ − x‖ ≤ β is satisfied for every x, x′ ∈ X̃, which gives ∀x′ ∈ X̃). This549
reparametrization of the localization by a radius β ↓ 0 was used in (2.6) and (2.7) in [18].550

Theorem A.2 (Modulus formula from strict second subderivatives). One has

cnvf(x̄ | v̄) = inf
‖w‖=1

d2
∗f(x̄ | v̄)(w).

Proof. Let us set
m := inf

‖w‖=1
d2
∗f(x̄ | v̄)(w) ∈ [−∞,+∞].

We first show that m ≥ cnvf(x̄ | v̄). Consider an arbitrary admissible value s ∈ R at (x̄, v̄), so that (A.1)
holds on some (Xα

f × V ) ∩ gph ∂f , for neighborhoods X and V that we may assume open without loss of
generality. Fix w ∈ Rn such that ‖w‖ = 1 and consider arbitrary sequences

ξk → w, τk ↓ 0, (xk, vk)→ (x̄, v̄), vk ∈ ∂f(xk), and f(xk)→ f(x̄).

For k sufficiently large, we have (xk, vk) ∈ (Xα
f × V ) ∩ gph ∂f and xk + τkξk ∈ X. Applying (A.1) with

x′ = xk + τkξk, we get
∆2
τk
f(xk | vk)(ξk) ≥ s ‖ξk‖2.

Taking the lim inf as k → +∞ in the last inequality, we obtain d2
∗f(x̄ | v̄)(w) ≥ s. Which implies that551

m ≥ s. Since s was an arbitrary admissible value, we conclude552

(A.2) m ≥ cnvf(x̄ | v̄).553

Let us show now that m ≤ cnvf(x̄ | v̄). The case m = −∞ being obvious, we assume m ∈ R∪ {+∞}
and fix s < m. We prove that s is admissible at (x̄, v̄). Suppose by contradiction that this last claim is
not true. Then, for every α,X, V as in Definition A.1, there exist (x, v) ∈ (Xα

f × V )∩ gph ∂f and x′ ∈ X
violating (A.1). Since (A.1) is an equality when x′ = x, any violating point must satisfy x′ 6= x. Hence
τ = ‖x′ − x‖ > 0, and let us define w = 1

τ (x′ − x). It is clear that x′ = x+ τw, ‖w‖ = 1 and

∆2
τf(x | v)(w) < s.

Let us choose Xk = B(x̄, 1/k), Vk = B(v̄, 1/k), and αk = f(x̄) + 1/k. This gives a sequence (xk, vk) ∈
((Xk)αkf × Vk) ∩ gph ∂f and x′k ∈ Xk such that, setting τk := ‖x′k − xk‖ and wk := (x′k − xk)/τk,

∆2
τk
f(xk | vk)(wk) < s, ‖wk‖ = 1.

By construction, we have τk → 0, (xk, vk)→ (x̄, v̄), and f(xk)→ f(x̄) (since f is lsc and xk ∈ (Xk)αkf ).
Passing to a further subsequence if necessary, we may assume that τk ↓ 0. By compactness of the unit
sphere in Rn, along a subsequence still denoted by wk, with ‖wk‖ = 1, we have wk → w. Hence, the
quadriplet (xk, vk, τk, wk) is strict-admissible for d2

∗f(x̄ | v̄)(w). Consequently,

d2
∗f(x̄ | v̄)(w) ≤ lim inf

k→∞
∆2
τk
f(xk | vk)(wk) ≤ s,

which gives m ≤ s, contradicting s < m. Hence every s < m is admissible at (x̄, v̄), and so cnvf(x̄ | v̄) ≥ m.554
Combining this last inequality with (A.2), we conclude that cnvf(x̄ | v̄) = m.555

Appendix B. Proof of Lemma 3.1.556

Proof. We consider the tilt function x 7→ g(x) := f(x)− 〈v̄, x− x̄〉. Then g is proper, lsc, and prox-
bounded. In this case, we have ∂g(x) = ∂f(x)− v̄, which means that (x̄, 0) ∈ gph ∂g. It is clear that g is
prox-regular at x̄ for 0. By [19, Prop. 13.37], there exists λRW > 0 such that, for every λ ∈ (0, λRW), there
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exist an g-attentive localization (in the sense of [19, page 611]) S of ∂g around (x̄, 0) and a neighborhood
Ugλ = rge(I + λS) of x̄ on which Pλg is single-valued and Lipschitz, eλg is of class C1,1, and

∇eλg = λ−1
[
I− Pλg

]
= [λI + S−1]−1 on Ugλ .

Fix λ ∈ (0, λRW), and consider any z, u ∈ Rn,557

f(u) +
1

2λ
‖u− z‖2 = g(u) + 〈v̄, u− x̄〉+

1

2λ
‖u− z‖2558

= g(u) +
1

2λ
‖u− (z − λv̄)‖2 + 〈v̄, z − x̄〉 − λ

2
‖v̄‖2.(B.1)559

560

By taking arg min and inf in u in (B.1), we obtain for every z,561

(B.2) Pλf(z) = Pλg(z − λv̄) and eλf(z) = eλg(z − λv̄) + 〈v̄, z − x̄〉 − λ

2
‖v̄‖2.562

By setting Vλ := Ugλ + λv̄, it is clear that Vλ is a neighborhood of xλ := x̄ + λv̄ and z ∈ Vλ implies563
z − λv̄ ∈ Ugλ .564

(a) Let z ∈ Vλ. We have z − λv̄ ∈ Ugλ , so Pλg is single-valued and Lipschitz at z − λv̄. By565
(B.2), Pλf(z) = Pλg(z − λv̄). Which implies that, Pλf is single-valued and Lipschitz on Vλ, and566
Pλf(xλ) = Pλg(x̄) = x̄.567

(b) Let z ∈ Vλ. By the second part of (B.2), eλf is of class C1,1 on Vλ and

∇eλf(z) = ∇eλg(z − λv̄) + v̄.

Using the fact that ∇eλg = λ−1(I− Pλg) on Ugλ , we obtain

∇eλf(z) = λ−1
[
(z − λv̄)− Pλf(z)

]
+ v̄ = λ−1

[
z − Pλf(z)

]
= λ−1

[
I− Pλf

]
(z).

For z = xλ, we get ∇eλf(xλ) = λ−1
[
xλ − Pλf(xλ)

]
= v̄.568

(c) By [19, Prop. 13.37] applied to g at (x̄, 0) and [19, (13.30)], there exist λg > 0 and a g-attentive569
localization S of ∂g around (x̄, 0) such that570

(B.3) g(x′) > g(x) + 〈w, x′ − x〉 − 1

2λg
‖x′ − x‖2, for all x′ 6= x571

holds for every (x,w) ∈ gphS. Since g is lsc at x̄, the sets

Nη := {(x,w) : ‖x− x̄‖ < η, ‖w‖ < η, g(x) < g(x̄) + η}, (η > 0)

form a neighborhood basis of (x̄, 0) for the product topology where w carries the usual topology and
x carries the g-attentive topology (see [19, p. 611]). As S is a g-attentive localization, there exists a
neighborhood N of (x̄, 0) in this topology such that gphS = gph ∂g ∩N . Hence, there exists εg > 0 with
Nεg ⊂ N , and then (B.3) holds for every (x,w) ∈ gph ∂g satisfying

‖x− x̄‖ < εg, ‖w‖ < εg, g(x) < g(x̄) + εg.

Fix ε > 0 such that572

(B.4) ε ≤ εg, (1 + ‖v̄‖)ε ≤ εg,573

and let Tε be the canonical f -attentive ε-localization around (x̄, v̄) as defined in (2.2). Let λpb > 0 be a
prox-boundedness threshold for f as in [19, Ex. 10.32], and let λRW > 0 be the constant already obtained
in parts (a)-(b) (from [19, Prop. 13.37]). We define λ0 > 0 such that

λ0 := min{λRW, λg, λpb}, λ ∈ (0, λ0) and Uλ := rge(I + λTε).

Let u ∈ Uλ, which implies that u = x + λv for some (x, v) ∈ gphTε. Let’s set w := v − v̄. Since
∂g = ∂f − v̄, (x,w) ∈ gph ∂g. On the other hand, ‖x− x̄‖ < ε ≤ εg and ‖w‖ < ε ≤ εg, and by (B.4),

g(x)− g(x̄) = f(x)− f(x̄)− 〈v̄, x− x̄〉 < f(x)− f(x̄) + ‖v̄‖ ‖x− x̄‖ < ε+ ‖v̄‖ε ≤ εg.
Consequently, (B.3) applies at (x,w) and gives, after substituting g = f − 〈v̄, · − x̄〉,

f(x′) > f(x) + 〈v, x′ − x〉 − 1

2λg
‖x′ − x‖2, ∀x′ 6= x.

Since λ < λg, we have

f(x′) > f(x) + 〈v, x′ − x〉 − 1

2λ
‖x′ − x‖2, ∀x′ 6= x.

Since x′ − u = (x′ − x)− λv, we have for every x′ 6= x,

f(x′) +
1

2λ
‖x′ − u‖2 > f(x) +

1

2λ
‖x− u‖2.
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We deduce that x is the unique minimizer of y 7→ f(y) + 1
2λ‖y − u‖

2, so574

(B.5) Pλf(u) = {x}, Pλf(u) = (I + λTε)
−1(u) and (u ∈ Uλ).575

Since (x̄, v̄) ∈ gphTε, we have xλ = x̄+ λv̄ ∈ Uλ and Pλf(xλ) = x̄.576
We check now that that Uλ is a neighborhood of xλ. Because λ < λRW, parts (a)-(b) provide a

neighborhood Vλ of xλ on which Pλf is single-valued and Lipschitz and eλf ∈ C1,1(Vλ), with

∇eλf(u) = λ−1
(
u− Pλf(u)

)
, u ∈ Vλ.

Let us define x(u) := Pλf(u) and v(u) := λ−1(u − x(u)) on Vλ. Then u 7→ x(u) and u 7→ v(u) are577
continuous on Vλ, and578

(B.6) eλf(u) = f(x(u)) +
1

2λ
‖x(u)− u‖2, u ∈ Vλ.579

From (B.6), we deduce that u 7→ f(x(u)) is continuous on Vλ. At u = xλ, we have x(xλ) = x̄ and
v(xλ) = v̄. There exists ρλ > 0 such that B(xλ, ρλ) ⊂ Vλ and, for every u ∈ B(xλ, ρλ),

‖x(u)− x̄‖ < ε, ‖v(u)− v̄‖ < ε, f(x(u)) < f(x̄) + ε.

By the definitions of x(u) and v(u) above, we have v(u) ∈ ∂f(x(u)). Hence, (x(u), v(u)) ∈ gphTε and
u = x(u) + λv(u) ∈ Uλ. Thus B(xλ, ρλ) ⊂ Uλ, and Uλ is a neighborhood of xλ.
Since λ < λpb, applying [19, Ex. 10.32], we deduce that −eλf is strictly continuous and

∂[−eλf ](u) = λ−1
(
conPλf(u)− u

)
.

On Uλ, Pλf(u) is a singleton by (B.5), hence ∂[−eλf ](u) (and so ∂[eλf ](u)) is a singleton. By [19,
Thm. 9.18], eλf is differentiable on Uλ with

∇eλf(u) = λ−1
(
u− Pλf(u)

)
, u ∈ Uλ.

For u ∈ Uλ, set x := Pλf(u) and v := ∇eλf(u) = λ−1(u− x). Then (x, v) ∈ gphTε and u = x+ λv, so
u ∈ (λI + T−1

ε )(v) and hence v ∈ (λI + T−1
ε )−1(u). Therefore,

∇eλf(u) =
(
λI + T−1

ε

)−1
(u), u ∈ Uλ,

together with (B.5).580
In this last part, we prove the Lipschitz and C1,1 properties of eλ on Uλ. For i = 1, 2, let ui ∈ Uλ

and set xi := Pλf(ui) and vi := λ−1(ui − xi), so that (xi, vi) ∈ gphTε and ui = xi + λvi. By applying
the transported form of (B.3) at (x1, v1) with x′ = x2 and at (x2, v2) with x′ = x1, and adding the
inequalities, we obtain 〈v1 − v2, x1 − x2〉 ≥ − 1

λg
‖x1 − x2‖2. Therefore,

〈u1 − u2, x1 − x2〉 = ‖x1 − x2‖2 + λ〈v1 − v2, x1 − x2〉 ≥
(

1− λ

λg

)
‖x1 − x2‖2,

and Cauchy-Schwarz implies

‖x1 − x2‖ ≤
1

1− λ/λg
‖u1 − u2‖.

Consequently, Pλf is Lipschitz on Uλ, and since ∇eλf = λ−1(I− Pλf) on Uλ, ∇eλf is also Lipschitz on581
Uλ, so eλf ∈ C1,1(Uλ), which what we needed to complete the proof of Lemma 3.1.582

Remark B.1. An alternative way to justify the continuity step in the proof of Lemma 3.1(c) is to583
use the localized subdifferential continuity property of prox-regular functions. In fact, Proposition 2.3 in584
[12] ensures that, on the f -attentively truncated graph of ∂f around (x̄, v̄), convergence (xk, vk)→ (x, v)585
with vk ∈ ∂f(xk) and f(xk) uniformly bounded above near f(x̄) forces f(xk) → f(x). In our setting586
this can be applied to the pairs (x(u), v(u)) arising from the proximal relation u = x(u) + λv(u), with587
v(u) = λ−1(u− x(u)), to obtain f(x(u)) → f(x̄) as u → xλ. We preferred the argument based on the588
identity eλf(u) = f(x(u)) + 1

2λ‖x(u) − u‖2, since it gives the same conclusion directly from the local589
single-valuedness of Pλf and the C1,1 regularity of eλf near xλ.590
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