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VARIATIONAL MODULUS OF CONVEXITY UNDER MOREAU ENVELOPES:
ATTENUATION, RECOVERY, AND ORACLE TUNING

SAMIR ADLY* AND R. TYRRELL ROCKAFELLAR'

Abstract. The variational modulus of convexity at a pair in the graph of the subgradient mapping for a generally
nonconvex extended-real-valued function captures in a single number the degree of variational convexity, uniform quadratic
growth, and subdifferential monotonicity seeded at that location. It has fundamental implications for understanding local
optimality and variational stability, but its behavior with respect to taking Moreau envelopes is explored here for the
first time, the motivation being the importance of those envelopes in smoothing and proximal-point methodology. This
exploration results in an exact second-order transmission rule reflecting a rational attenuation together with recovery in the
limit of vanishing smoothing. The attenuation law is applied to produce a diagnostic, computable from proximal-oracle
schemes, for selecting a smoothing parameter while maintaining explicit guarantees of admissibility and inner accuracy.
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1. Introduction. Moreau envelopes are important for smoothing, or at least enhancing, functions
that lack classically demanded properties of differentiability, or even continuity. They are employed for
that in many areas such as signal and image processing, PDE regularization, and numerical optimization.
But they are valuable also as tools in second-order variational analysis, the setting for this paper. They
provide a route to global dualization beyond global convexity that will be seen to bring out, and make
more available for use in applications, the infinitesimally local properties associated with variational
convexity.

For an extended-real-valued and lower semicontinuous (Isc) function f on R™ that is proper (nowhere
—oo and not the constant function with value oo), and any A > 0, the Moreau envelope at level A is the
function ey f defined by

N 2
exf(@) = it {f)+ gy al*}.
The set-valued mapping P, f given by

P = argmin Ly — x|
\f(@) = argmin {£() + 5l — o]}

is the corresponding proximal mapping. Moreau himself looked only at A = 1 and convex f, although
in a Hilbert space instead of R™ [9, 10|, but the concepts were extended to general A and f in [12] in
initializing the topic of prox-regularity. Deep ties to second-order theory can be seen in overview there
and in [19], with more about smoothing in [2], and much can also be articulated in infinite dimensions .
Here, though, we keep to R™ because infinite-dimensional counterparts are, so far, not available for a
number of results about variational convexity that will be essential to our developments.

Global dualization as an interpretation comes from viewing the Moreau envelope formula in the
framework of generalized conjugacy [19, Chap. 11] as —ex f(z) = sup,{ [z, y]x — f(y) } for the “pairing”
[z, y]x := —55 ||z — y||* and —e, f() as a function of (z,A) on R™ x (0,00). As long as that function on
R™ x (0,00) isn’t = oo, the case of f being proxz-bounded (admitting a quadratic minorant) [19, Ex. 1.24],
the generalized biconjugate in this pairing framework is again f. (More simply, in fact, f(z) is the limit
of ey f(z) as A decreases to 0.) Therefore, every first-order or second-order aspect of f is transferred over
and retained when passing to Moreau envelopes and, in principle, can be recovered from them. This is
our central theme, with a particular focus that will be described next.

Prox-regularity, which marks the threshold for stable behaviors in variational analysis [12, 13, 15],
furnishes a class of proper lsc functions f that exhibits quadratic support uniformly around a pair (Z, 7),
where ¥ is a subgradient of f at Z in the general (limiting, Mordukhovich) sense, v € f(Z). It makes ©
be, more specifically, a prozimal subgradient. It can be studied in terms of the second-order difference
functions associated with pairs (z,v) in gph df, the graph of the subdifferential mapping df, that are
given by

N2 f@|0)€) = 5 (4O~ [@) ~r(0,8),  7>0
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Taking the lower limit as 7 | 0 and £’ — £ defines the basic second subderivative

(] 0)(€) = liminf A2f(w|0)(€).
g'—¢
The strict second subderivative d2 f(z | v) featured in [18] is obtained instead by also requiring that the
pair (z,v) € gphdf approach (z,v) attentively, i.e., with f(z) — f(Z). Prox-regularity of f at = for
v € Of (%) fails [18] if and only if the function d2f(Z |v) fails to be proper, which is detectable as

a2 f(z]9)(0) = —oc.

Here, our interest in the strict second subderivative is directed at the formula in [18, Thm. 2.2| that
it gives for the variational modulus of converity, namely
(1.1) cenvf(Z|0) = | iﬂfldif(j‘@)(w)'

wl|=

The modulus cnv f(Z | 7), taken up further in Section 2.3, simultaneously captures “curvature” properties
of f in their presence relative to (Z,?) from several different angles. At the level 5 € R, cnv f(z|v) is the
upper bound of the interval of s-values for which f is variationally s-convex, but also the upper bound of
the interval of s-values for which f has uniform quadratic growth at level s and the upper bound of the
interval of s-values for which df is s-monotone in an f-attentive localization (see [18, (1.12), Def. 1.2]).
In this it builds on an earlier modulus of Gfrerer [1] for the first of these intervals. Through the formula
(1.1), which we deem to be a spectral characterization (and also present a new self-contained proof in
Theorem A.2 in Appendix A), cuvf(Z|9), it acts moreover as a generalized minimal eigenvalue for f at
(Z,v). It thus encodes a range of information about the second-order structure of f at Z for v, along with
prox-regularity as identified with having envf(Z|v) > —oo.

A fundamental question then arises: how does this variational modulus of convexity behave when
passing to Moreau envelopes, and what might it say about such regularization? In the convex case, the
relationship between f and ey f follows classical interactions when taking conjugates in convex analysis
(see, for example, [19, Chap. 1-2]). Beyond the convex case, the duality supporting that is unavailable and
the broader conjugacy outlined above has to be faced instead. The way in which information is preserved
or transformed by the envelope requires then a kind of analysis that relies on prox-regularity, which
has long been understood anyway as the appropriate setting for second-order structure in nonsmooth
and nonconvex contexts, as in [19, Chap. 13]). Constructs like generalized double differentiability and
quadratic bundles, have already been developed for prox-regular functions and linked to the differentiability
properties of Moreau envelopes (see, for example, [2, 3, 4, 17]).

Main contribution. For a proper Isc function f that is prox-bounded and prox-regular at x for
v € 0f (&), we prove that

a3 [exf](za]0) = exp2[d2f(z]D)], Ty =T+ AU,
for all A > 0 sufficiently small. From this commutation formula, we derive the rational law
cnv(eyf;ay) = m, with 1+ Acnvf(z| o) > 0,
together with the recovery formula

- cnv(exf;oa)
(1.2) envf(Z|0) = T henv(esfron)’
The variational modulus of convexity of f at (Z, ¥) is thus modified by a rational rescaling of the variational
modulus of convexity of ey f for (zx, ). In some situations, ey f is of class C! locally around z, and
(1.2) can be used to estimate cnv f(Z | ¥) numerically.

When f is variationally strongly convex with modulus o > 0 (the meaning of which will be recalled
in Section 2.3), this result recovers the result of Khahn, Mordukhovich, and Phat in [3, Thm. 4.4] as
a particular case (see Corollary 3.7 and Remark 3.8 for more details). Here, however, f may only be
variationally hypoconvex, and the proof by way of the commutation formulas follows a different track,
different from [3] by using the new tool, the strict second subderivative, introduced in [18].

Computational interpretation. Even though our approach is variational, the attenuation-recovery
law (1.2) gives a concrete criterion for choosing the regularization parameter A in proximal computations for
nonsmooth, possibly nonconvex, models. When (1 + Aenvf(Z|9)) | 0, the recovery map is ill-conditioned,
so A must be kept within an interval buffered from such degeneracy. This leads to a curvature estimation
based on a proximal oracle: the curvature is deduced from numerical evaluations of the envelope gradient,
carried by (1.2), and used to select A\ under an explicit admissibility condition. Proposition 5.1 quantifies
this envelope-based curvature estimation and the recovery of the base-pair modulus. Proposition 5.4
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justifies the secant accuracy assumption a posteriori in the model example, in both the exact and inexact
settings. We discuss this novel development in Section 5.

Organization of the paper. Section 2 fleshes out details of the concepts in our second-order
framework. Section 3 establishes the commutation formula and associated recovery formulas under
Moreau regularization. In Section 4, we offer a worked-out set of examples involving smooth to nonsmooth
and nonconvex functions which illustrate the interaction between the strict second subderivative, the
variational modulus of convexity, and the Moreau envelopes. In Section 5, as an application from the
perspective of proximal computations, we develop a curvature estimation procedure based on a proximal
oracle and accompany it with an explicit admissibility rule for the regularization parameter. The paper
ends in Section 6 with a summary of the main contributions and suggestions for further research.

2. Second-Order Tools and Variational Structure. In what follows, R" is equipped with its
Euclidean structure and, unless otherwise stated, the functions f : R” — (—o0,400] are taken to be
proper and lIsc. All constructions are local in a neighborhood of a base pair (Z,7) € gphdf = {(z,v) €
R™ x R™ : v € 0f(x)} with v being a proximal subgradient. For background on general and proximal
subgradients, we refer to the books [8, 19].

2.1. Prox-regularity and resolvent representation. The function f is proz-reqular at = for v if
f is finite and locally lsc at Z with © € 0f(Z), and there exists € > 0 and r € R such that

(2.1) F(@) > f(@) + (v, 2/ — ) — g o’ — 2| for all z’ € B(%,¢),

whenever v € 3f(z), |[v—12| <e, ||z —Z|| <&, and f(z) < f(Z) + . When this holds for all v € 9f(z),
f is said to be prox-regular at Z. (This e-ball formulation is equivalent to the f-attentive neighborhood
formulation in the paper [18, (1.3)-(1.4)] frequently cited below.)

For € > 0, the canonical f-attentive e-localization of Of around (T,7v) is the set-valued mapping
T. : R = R"™ defined by
22) (@) m {{v €df(@) | v—ull <e}, if [lo—a| <ecand f(z) < f(z) +e,

0, otherwise.
Equivalently,
(2.3) gpthz{(x,v)egphaf xET+eB, vev+eB, f(x)<f(§:)+£}.
In taking A > 0 sufficiently small and setting
Ty =T+ A0, Uy :=rge(I+ \T,),

we get, according to Lemma 3.1 coming below, a neighborhood Uy of z) and which the proximal mapping
P, f and Moreau envelope e f in Section 1 satisfy

Pyf =T+ AT.)"" and Veyf=A"1I—-Pyf) = (N+T1-H7L
Therefore, Ve f(xy) = .

2.2. Strict second subderivative. The precise expression for the subderivative d2 f(z | v) described
in Section 1, as defined in [18, Def. 2.1], is
(2.4) EfE|o)©) = lminf  AZf(|0)(E).

¢ —¢€, 710
(z,0)=(2,0), f(z)—=f(Z)

When the function f is of class C1, we have o = V f(Z), in this case we note simply d?f(z)(€).

Strict-admissible quadruples. For a given (Z,9) € gphdf and £ € R™, we say that a quadruple
(g, Vi, T, €k ren 18 strict-admissible for d2f(z|v)(€) iff there exists N € N such that, for all £ > N,

vk € Of (z), (k,v) = (2,0), f(xe) = f(Z), 7 L0, and § — § as k — +oo.
When f is C? around 7 and v = Vf(Z), according to [18], we have

(2.5) d*f(z]0)(€) = dif(z|0)(§) = (V*f(2)¢,€), for every £ € R™.

The form of the limit in the definition ensures that the function q(§) := d2f(z | v)(€) is Isc and positively
2-homogeneous, in the sense that q(t&) = t2q(¢) (t > 0). Here ¢ may take the value —co and is therefore
not necessarily proper. The potential lack of properness of ¢, and in particular the occurrence of the value
—o0, reflects the failure of prox-regularity at Z for © € 9f(Z). The condition ¢(0) > —oc is equivalent, on
the other hand, to such prox-regularity. This follows directly from [18, Cor. 1.3, Thm. 2.2], together with
q being lsc and positively 2-homogeneous.
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2.3. Variational modulus of convexity. For a given s € R, a function f : R"” — (—o0, +00] is said
to be s-convez if f — || -||* is convex. Positive values of s signal strong convexity, while hypoconvexity
allows s to be negative. In the terminology of [17], f is variationally s-convex at Z for v € 0 f(Z) if, for
some convex neighborhood U x V of (Z,7) and € > 0, there is an lsc proper s-convex function f such
that, in the notation U :={z e U | f(x) < f(T) + ¢},

f < fonlU with U x V] Ngphdf = [U. x V] Ngphdf
and f(x) = f(x) at all z such that (z,v) belongs to the joint intersection.

This is variational strong convexity at level s when s > 0, plain variational convexity when s = 0, but
only variational hypoconvezity when s < 0.

Variational s-convexity entails variational s’-convexity for all s’ < s, so the s-values for this property
at T for ¥ form an interval in R that’s unbounded from below (but nonempty under prox-regularity),
although higher values may require smaller neighborhoods in the definition. The upper bound for that
interval, possibly oo, is the modulus of convexity cnv f(Z|v) in [18, Def. 1.2]. That upper bound had
already been designated by Girerer in [1] as the modulus of variational convexity, but the contribution in
[18, (1.12)-(1.15)] was recognizing that the upper bound of that interval coincides with the the upper
bounds from the intervals associated with several other “curvature” properties of f localized to (Z, 7).
Rather than have several different names for the same value, the idea was to have a single name that
covers them all and indicates, quantitatively, the infinitesimally local manifestation there of degree of
convexity. For more about this, see Appendix A.

3. Moreau-spectral recovery via a commutation identity. In this section, we show that the
Moreau envelope and the strict second subderivative of f commute at the transported pair, in a way that
the second-order information of f is transmitted to its envelope. Throughout the paper, convergence of
sequences is understood as k — +o0, we write simply zr — z.

3.1. Commutation of the Moreau envelope with the strict second subderivative. As
before, let f : R™ — (—o00, +00] be proper, lsc and prox-bounded. We fix a base pair (Z,7) € gphdf, and
assume that f is prox-regular at Z for v. Fix € R and € > 0 as in the prox-regularity inequality (2.1).
In what follows, we choose A > 0 sufficiently small so that ¢ > r. Then (2.1) gives the estimate

(3.1 f@) > flx)+ (v, 2’ —z) — % |2’ —z||? for all 2’ € B(z,¢),

whenever v € 0f(z), ||lv — 7| <e, ||z — Z|| <e, and f(z) < f(T) +e.
The following lemma records local properties of Py f and ey f around the shifted point x) = = + v,
for small A > 0.

LEMMA 3.1 (Tilt lemma). Let f : R® — R be proper, lsc, and prox-bounded, as well as f is
proz-reqular at T for U € Of(Z). Then there exist € > 0 and Ao > 0 such that, for every A € (0, ), there
s a neighborhood V) of ) := T + A\v satisfying:

(a) P\f is single-valued and Lipschitz on V), with Py f(xz)) = Z.

(b) exf € CHY (Vi) and Venf(u) = A7 (u — Prf(u)) for all u € Vy, hence Vey f(zy) = 0.

(c) Let T be the canonical f-attentive e-localization of Of around (Z,v) defined in (2.2), and set

Uy :=rge(I+ MT.). Then Uy is a neighborhood of x, and on Uy, we have

Pof = I+ M) and Veyf=N+To1)

Proof. Tt is a tilt reduction of [19, Prop 13.37]. Parts (a) and (b) follow from straightforward
algebraic manipulations, while (c) is more technical. The subtle point is the meaning of “ f-attentive
localization,” which is defined topologically in [19, pp. 611-612] while we work with the canonical mapping
T, in (2.2). For this reason, in (c) we verify directly that Uy = rge(I + AT%) is a neighborhood of z,, and
that the resolvent identities hold on Uy. For completeness, the full proof is given in Appendix B. O

Next we pin down how gph df links with gph Ve, f in passing from (z,v) to (x + Av,v).

LEMMA 3.2 (Local chart at (Z,0)). Let f : R® — (—o0,+00]| be proper, lsc, prox-bounded, and
prox-reqular at T for © € Of(T). Then there exist € > 0 and neighborhoods U of T and V' of v such that,
for sufficiently small A > 0, there is a neighborhood Uy of x) := T + A\v such that:

(i) The proximal mapping Py f is single-valued and Lipschitz on the neighborhood Uy, and ey f is of

class CH1 on Uy with Veyf(y) = A’l(y — P,\f(y)), y € Uy.

(ii) The mapping ®y : (z,v) — (x4 M, v) is a bijection between

gph0f N (U x V) and gphVexfN(UyxV), here U*:={zxeU]| f(z) < f(Z)+e}.
4
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If (x,v) € gph0f N (U x V) and y = x + Av, then P\ f(y) = x and Veyf(y) = v. On the other hand, if
(y,v) € gph Vexf N (Ux x V), then x := P\ f(y) satisfies (x,v) € gphdf N (U x V) and y = z + Av.

Proof. By Lemma 3.1-(c), there exist € > 0 and a canonical f-attentive e-localization T, of 9f around
(z,v) such that, for every A > 0 sufficiently small, we can take

Uy = rge(I + \T}), Verf =[MN+T-7" on Uy.

Set U :=Z+eB, V:i=0+eB, Ut :={x € U|f(x) < f(Z) +e}. From (2.3) we have gphT, =
gphof N (U x V).

(i) Fix A > 0 sufficiently small. By Lemma 3.1-(c), for A small enough the set Uy = rge(I+ A\T;) is a
neighborhood of z, and on U, we have

Pyf =1+ MT.)"' and Veyf=N+T7.1H)"h

By Lemma 3.1-(a)-(b), the mapping P f is Lipschitz on Uy and that ey f € CY1(Uy), with

Vexf(y) =A""(y—Paf(y))  (yeUs).
(ii) Define @ (x,v) := (x + Av,v). We prove that @, is a bijection between gph 7. and gph Ve, f N
(Uy x V). Take (z,v) € gphT. and set y := x + Av. Then y € rge(I+ A\T.) = Uy. Since z € T *(v), we
get y € (Al + T 1)(v). This means that
ve N+ y) = Veaf(y),
and hence (y,v) € gph Ve, f N (Ux x V). By (i),

Pyf(y) =y—AVexfly) =y — v =z
Conversely, take (y,v) € gph Ve f N (Uy x V) and set x := Py f(y). By (i),
v=Vexf(y) =" (y—=x), so y=x+\v.
Since y € Uy and Veyf = [\l + T 17! on Uy, we have y € (Al + T 1)(v), so there exists 2/ € T 1(v)
such that y = 2’ 4+ Av. Comparing with y = 2+ \v gives 2’ = z, hence x € T *(v), that is, (x,v) € gph 7.
Thus (x,v) € gphdf N (U® x V) and y = x 4+ A\v. This proves (ii). 0
LEMMA 3.3 (Commutation identity). ! Let f : R™ — (—o0, +0oc] be proper, Isc, proz-bounded, and

proz-reqular at T for v € 9f(Z). Fiz X\ > 0 sufficiently small and set x\ := T + A\v. Then, for every
& e R, we have

(3.2) A2 [exf](zx 1) () = expa [d2f (2] )] ().

Proof. Fix A > 0 sufficiently small so that Lemma 3.2 applies and 1/\ > r. Let ¢ > 0, U, V, and U,
be the corresponding elements. For (x,v) € gphdf N (U® x V) with y := 2 + Av € Uy, Lemma 3.2 gives
Pyf(y) =z and Ve, f(y) = v. We have also ex f(y) = f(z) + o[z — yl* = f(z) + 3 |v[*.

Take (x,v) € gphdf N (U x V) and set y := x + Av € Uy. For 7 > 0 and £ € R", by definition of
exf, we get

exfly+7€) = int {F@+ )+ ol = o+ - O,

Expanding the square and using ey f(y) = f(z) + 3|v/|* and Ve, f(y) = v gives, for all T > 0,
(33) AZerflly|0)©) = inf {AZf( o)) + 1€ = ).

We first prove “>"in (3.2). Fix £ € R™ and consider any strict-admissible quadruple (yg, wi, 7k, k) —
(xx,,0,&) in the definition of d2[ex f](zx | 0)(€). For k large, yx € Uy and yj+ 71, € Uy. Since ey f is O!
on Uy, wi = Ve f(yx) for k large. Set vy, := wy, and zy := Py f(yx). Then (zg,vx) € gphof N (U x V),
Yo = o + vy, and exf(yr) = f(zx) + 3llokl|®. Since (yr,vr) — (2x,0) and exf(ys) — exf(z) =
f(@) + 3|92, it follows that f(z) — f(Z), hence (zy,vy) — (2,0) is f-attentive.

Define uy, := Py f(yx + 7k&k) and ny, := (up — xx) /7. Applying (3.3) at (zx, vi) with (7, &) = (7%, &)
and using that the infimum is attained at n = n; gives

1
(3.4) AL [exf1(yr o) (€r) = AF, f @k | vr) (k) + ek = %
Because Py f is Lipschitz on Uy, the sequence (n) is bounded. Passing to a subsequence (not relabeled)
such that
A7, eIk | ve) (Er) — lim inf A2 [exf)(ys | v5)(&)),

ISince ey f is C1! near xx, one could write d2 (e f)(xx)(€). We keep the pair (xy,%) in the notation to track the base
point.
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and extracting again if needed, we may assume 7, — 7. Passing to the liminf in (3.4), we obtain

iminf A7 exf](ys | vs) (§) = Timinf A7 £ (zx | o) () + %Hﬁ — .
Since (g, vk, Tk, k) — (Z,,0,7) is strict-admissible for d2 f(z | v)(n),
d:f(@|0)(n) <Timinf A7, f(wy | o) (),
and therefore lim infj, A2 [ex f](yx | ve) (&) = d2f(2|0)(n) + 1 ]|€ — n||*>. Taking the infimum over n € R™
and then over all admissible quadruples gives
(3.5) Bleafea10)©) > inf {21 |0)m) + 51—l } = era [ D] (©).
We now prove “<” in (3.2). Set q(n) := d2f(z|v)(n) and

. 1 2
0(©) = inf {a(n)+ 5llE = nl*} = exsala©).
From the prox-regularity at Z for 7, (2.1) gives the uniform estimate

q(n) = —rlnll*, n € R",
hence, since 1/X > r, the function 1+ q(n) + $[|€ — n||? is coercive and () € R. Fix § > 0 and choose
7 € R™ such that

a0) + 116 7l < () + 5.

By the definition of ¢(7), there exist an f-attentive sequence (xy,vi) — (Z,7) with v, € df(zx) and
f(zr) — f(Z), a sequence 7 |} 0, and directions 1, — 7 such that

lim nf A2, (i | 06) ) < ) + 6
Set yr = xx + Avg. For k large, yr € Uy and (yg,vr) € gphVenf N (Uy x V), and ey f(yr) =

f(xr) + 3 llvkl|> = exf(xx). Define & = nx + (€ —177), s0 & — € and & —nx = € — 7. Applying (3.3) at
(zk,vr) with (7,€) = (7, &) and evaluating at n = 7y, gives

A2 [exf)(ye | o) (&) < AZ, fan | vr) () + %Hf —7ll%.

Taking lim inf and using the choice of the sequences, we obtain

lerf)(ea19)(€) < alm) + 5 I~ 2 +5 < (€) + 25
Letting § | 0 gives
1
(3.6) Eleaf)(aal9)(€) < inf {27 9)(n) + ;e = nl}.
Combining the two inequalities (3.5)-(3.6), we obtain (3.2). ad

Using Lemma 3.3, we have the following spectral recovery formula for cnv.

THEOREM 3.4 (Moreau-spectral recovery of the variational modulus of convexity). Let f:R" —
(=00, +00] be proper, lsc, prox-bounded, and proz-regular at T for v € Of(Z). For each sufficiently small
A >0, set x) =T+ AU and define

m:=cnvf(z|v) = inf d2f(z|0)(w).

flwll=1
Assume that m € R. Then, for every sufficiently small A\ > 0 such that 1+ Am > 0, we have

(3.7) envieafiz) = inf dfeafl(mal D)w) = 5

)

and therefore
limenv(eyf;zy) = cavf(z|v
300 V( /\fa )\) Vf( | )7
with monotone convergence as \ | 0.

Proof. Fix A > 0 sufficiently small so that Lemma 3.3 and Lemma 3.2 apply, and 1/\ > r. Set
q(-) := d?f(z|v)(-). By prox-regularity (2.1), there exist ¢ > 0 and r € R such that, along any
strict-admissible (zg, vk, 7%, &) — (Z,7,0,€),

AL flak|ve)(€r) = —rliél.
Taking lim inf gives
(3.8) () > —rllel* (€ eR"),

6



205
206

hence m = inf), =1 ¢(w) > —oo.
The mapping ¢ is Isc and positively 2-homogeneous. By Lemma 3.3,

diexfl(xx[0)(€) = expalal(€) (£ €R™),

and therefore

(39) int 2fexf](@r [)(w) = int - inf {g(n) + 5w — P}

flwll=1 [w]=1 ner™

We first prove “>" in (3.7). By 2-homogeneity and the definition of m, q(n) > m||n||? for all n (with
~+oo allowed). Hence, for ||w| =1,

1
> i 24 lw—nl?}.
exjslal(w) = inf {mlnll*+ 5w~}

If 1 + Am > 0, the right-hand side is a coercive quadratic and a direct minimization gives

1 m
inf { 2 Ly 2}: .
it {mllnl? + Sl = 0} = 5
Consequently,
m
3.10 inf >
( ) |\1};r|\1=1 6,\/2[‘1}(1‘)) 15w

We now prove “<” in (3.7). Fix 6 > 0 and choose ws with ||ws|| = 1 and g(ws) < m + 6. Then

expalal(ws) < inf {a%g(ws) + 11— )?}.

For § small, 1 + Ag(ws) > 0 and the minimizer o = (1 + Aq(ws)) " is feasible, hence

q(ws) m+ 0
exvzlal(ws) < 77 N(ws) = T+ Am10)

Taking inf,,—; and letting ¢ | 0 gives

3.11 inf < :
(3.11) (it enzlal(w) < 7=

Combining (3.10)-(3.11) with (3.9) gives

] B m
ot dileafle [0)(w) = 5

By Lemma 3.2(i), exf is Cb! near xy, hence d(exf)(zy) = {Verf(zx)} = {¢}. Applying Theorem A.2
to g:=-exf at (xx,0) gives

m
env(eaf;xy) = inf d2[e Ty |v = ,
viefion) = inf | Eleaf)(or|9)w) = 5
which is (3.7). The map A — m/(1+ Am) is nonincreasing on { A > 0: 1+ Am > 0} and converges to m
as A | 0, so the convergence is monotone. 0

Remark 3.5. The assumption m := cnv f(Z | ) € R in Theorem 3.4 is used only to state the
attenuation law in its standard real-valued form. The case m = 400 admits a natural extended-real
interpretation. Indeed, under the assumptions of Theorem 3.4 and for every sufficiently small A > 0 for
which the commutation identity holds, we set ¢ := d2f(Z | v). If inf)¢=1 ¢(§) = +o00, then ¢(&§) = +oo for
every ||€]| = 1. By the positive 2-homogeneity of ¢, it follows that ¢(n) = +oo for every n # 0. Moreover,
prox-regularity gives ¢(0) > 0, while the constant admissible sequence in the definition of the strict second
subderivative gives ¢(0) < 0. Hence ¢(0) = 0. Therefore, the commutation identity (3.2) yields

1 1
Z(exf)(zx | 0)(€) = ex2q(§) = nieann {Q(W) + X”g — 772} _ XH§H2
Consequently,
nv(erfsa) = inf def)a | D)) = 5.

This agrees with the formal limit
m 1

lim = —.
m—4oo 1 4+ Am A
The inverse recovery formula is then understood in the limiting sense
li Cx
im
exti/a 1l — /\C,\
7
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Remark 3.6 (Curvature estimation from proximal evaluations). Fix A > 0 admissible at xx = Z + A0
and set ¢y := cnv(ey f;zy). The transmission rule (3.7) gives
C
1-— /\C>\7
Thus estimating the variational modulus m reduces to estimating cy for the C''! Moreau envelope at .
Moreover, by Lemma 3.2,

m=cuvf(Z|v) = 1—Xcy > 0.

Verf(z) = X' (z — Paf(z)) near zy,
so finite differences of Ve, f are directly accessible from proximal evaluations and provide a practical
diagnostic for choosing the smoothing parameter \ while keeping explicit admissibility and inner-accuracy
control (we refer to Section 5 for more details).

3.2. Recovering the variational modulus of convexity via the Moreau envelope. The
attenuation formula (3.7) describes curvature under Moreau regularization and recovers the base-pair
modulus from cnv(ey f; ). By the characterization [3, Thm. 3.2], f is variationally convex at T for
v € 9f(Z) iff it is prox-regular there and ey f is locally convex around z) = T + A¢ for all sufficiently
small A > 0.

COROLLARY 3.7 (Inverse spectral recovery). Let f : R™ — (—o0,400] be proper, lsc, and proz-
bounded. Assume that f is variationally convex at T for v € Of(Z) and that

m:=cnvf(Z|v) < +oo.

For X\ > 0 sufficiently small set x) := T + A0 and define ¢y := cnv(eyf;xy). Then, for all sufficiently
small A > 0,

- m o C)

“Tram 0 T ioaan

In particular, 0 < ¢y < 1/X and the function A — cy is nonincreasing.

Cx

Proof. Using [3, Thm. 3.2], we know that variational convexity of f at (Z,v) implies prox-regularity
at T for ¥ and local convexity of ey f around x for all A > 0 small. Hence ¢y = cnv(eyf;zy) > 0.
Moreover, s = 0 is admissible at (Z,7), so m = cavf(Z| @) > 0, and m < 400 by assumption. In this
case, Theorem 3.4 applies and gives, for A > 0 sufficiently small, ¢y = Toam - 1o particular 0 < cx <m
and ¢y < 1/A. Solving for m gives m = ﬁ, and the function A — ¢, is nonincreasing. ]

Remark 3.8 (Strong variational convexity). Assume that f is variationally strongly convex at z for
v € 9f(Z) with modulus o > 0. By [3, Thm. 4.4], for every sufficiently small A > 0 the envelope e, f is

locally strongly convex around z) = Z + Av with modulus o/(1 + o). In particular,

o

: > .
env(exfian) > T o
On the other hand, Theorem 3.4 gives the exact identity

cenv(eyf;ay) = , with m = covf(z|v),

m
1+ Am
and in the variationally strongly convex case one has m > o, so the above bound follows (and is sharpened
when o = m).

3.3. Smooth perturbations and spectral transmission. We consider a C? perturbation f =
fi1+ fo. When f, € C? near 7, the strict second subderivative obeys the addition rule of [18, Prop. 2.3].
Combined with Theorem 3.4, this gives a spectral response bound for envelope moduli; see Proposition 3.9.

PROPOSITION 3.9 (Moreau-spectral response for a C? decomposition). Let fi : R™ — (—o00, +00] be

proper, lsc, proz-bounded, and proz-regular at T for v, € df1(Z), and let fo € C? in a neighborhood of .
Set

f=h+/, v:=101 + Vfa(2),
so that v € 0f () = 0f1(Z) + V f2(Z). Define
my := cuv f1(Z | v1), m = cnv f(T|v), H := V?fy(2).
Then:
(a) For all € € R",
d2f(z]0)(€) = &2 f1(z | 01)(€) + (HE, E),
and, in particular,
(312) m 2 mi + )\min(H)-
8
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(b) Assume, in addition, that Theorem 3.4 applies to f1 at (Z,v1) and to f at (Z,0). Set
T} 1= T + Aoy, Ty =T + M.

For all sufficiently small X\ > 0 such that 14+ Amq >0, 14+ Am > 0, and

(3.13) L4+ A(m1 + Amin(H)) >0,
one has
cnv(eAfl;sci): #)xlml’ env(exf;ay) = 1+m)\m7

and, in particular,

) my + )\min(H)
(3.14) SN 2 TN i+ A (D)

Proof. (a) By [18, Prop. 2.3|, with 91 := v — Vfao(Z) € 8f1(Z) and H := V2 f5(2),
A2 f(z]0)(€) = difi(@|01)(€) + (HEE)  (E€R™).
Taking inf) =1 gives

which is (3.12).
(b) By Theorem 3.4, for all sufficiently small A > 0 with 1+ Am; > 0 and 1+ Am > 0,

env(eyfi;zh) = 1_317)\1%7 env(eyf; ) = 1 +m)\m.
Under (3.13), the map ¢ — t/(1 + At) is increasing on {t: 14 At > 0}. Using (3.12),
) oom M1 + Amin (H)
CIlV(e)\fvx)\) -1 Fam — 1+)\(m1 T )\min(H))’
which is (3.14). |

4. Worked-out examples: smooth, nonsmooth, and nonconvex. This section collects some
examples, covering smooth, nonsmooth, and prox-regular nonconvex models. When the strict second
subderivative d2 f(Z | ) is available in closed form, we compute it in order to make the local second-order
geometry concrete and to validate the spectral attenuation-recovery identity (3.7) of Theorem 3.4 on
transparent test cases. We then use this theorem to describe the local behavior of the Moreau envelope
exf near the transported point z) = T + A0, without requiring an explicit formula.

The examples below illustrate complementary aspects of the theory. The one-dimensional ¢!-quadratic
example shows that, at a kink, the choice of the base subgradient may determine whether the variational
modulus is finite or equal to +00. The nonsmooth nonconvex example shows that negative curvature
is also transmitted by the Moreau envelope, according to the same rational law. Finally, the spectral
examples show that, when extreme eigenvalues are not simple, obtaining a closed-form expression for
the strict second subderivative may become difficult, which motivates the proximal-oracle diagnostic
developed in Section 5.

4.1. A one-dimensional /'-quadratic example. Consider the function f: R — R, z + f(z),
defined by
f(z) = alz| + &(z — 20)?, a>0, peR,
where xg € R is a fixed shift. Let (Z,7) be a base pair, i.e. € 9f(Z), and set

:@—M(.’i‘—l‘o)

o
Then 5 € 9| - |(Z) and, for every & € R,

(4.1) d2f(7|0)(€) = adZ] - [(2]5)(6) + ne™.

We note that f is prox-bounded since it admits a quadratic minorant; see [19, Ex. 1.24]. Moreover, f is
prox-regular at Z for ¥ (in the sense of (2.1)): indeed |- | is convex (hence prox-regular with r = 0), and

prox-regularity is stable under addition of a C? function (see [19, Ex. 13.35]).
In this example, three regimes occur at the kink: the smooth case (Z # 0) and the aligned extreme case
(Z =0, v+ pxo = ta) give a finite modulus env f(Z | 9) = p and hence cnv(ey f;zx) = /(14 Ap), whereas
the interior case (Z = 0, |0 + pzo| < @) gives d2f(0]v)(&) = +oo for € # 0, hence cnv f(0| ) = +oo. The
extended-real interpretation in Remark 3.5 then gives cnv(ey f; Av) = 1/X (cf. Figures 1-2).
9
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Fig. 1: The three regimes in Proposition 4.1 for f(z) = alz| + £(z — 20)*: (i) z # 0; (ii) = 0 and
¥+ pxo = Fao; (iil) 2 = 0 and |0 + pxo| < o (in which case d2f(0|v)(£) = +oo for £ # 0).

PROPOSITION 4.1. (i) If T # 0, then
5 = sign(z), d2| - |(2]5)(€) =0, VE € R, and therefore d2f(z|7)(€) = ue2.
257 (ii) If 2 =0, then 5 = (0 + pxo)/a € [-1,1] and

puE?,  if v+ pxe = +a,
258 (4.2) d2f(0]v)(€) = X0, if |0+ pzo| < @ and £ =0,
+o0, if |0+ pxo| < a and £ # 0.
Moreover, for all A > 0 sufficiently small such that 1+ Ap > 0,

cnv(eAf; iJr/\T)) =7 +'u)\u,

259 in the cases T # 0 or T = 0 with v + prg = *«
260 Proof. Write f = ag + h with g(z) = |z| and h(z) = §(z — 29)*. Then h € C?, h/(z) = p(x — o),
261 and d2h(z | W' (Z))(€) = p&?. Since v € Of(T) = adg(T) + h'(Z), the scalar 5 := (v — h/(Z))/«a belongs to
262 9g(Z) and ¥ = a8 + h/(Z). By [18, Prop. 2.3], d2f(Z|0)(¢) = ad?g(Z|5)(€) + pu&?, which is (4.1).

For g(x) = |z|, we have

0, Z # 0 and 5 = sign(z),
o 0, =0, 5€{£1},
dig(z]35)(€) = _ _
0, z=0, |5 <1, £€=0,
+oo, =0, ‘§‘<17£7é03

263 hence (i) and (4.2) follow from (4.1).
In the cases T # 0 or = 0 with 0+ puzg = +a, one has d2 f(Z | v)(€) = p&?, hence env f(Z|0) = p € R

and Theorem 3.4 gives
1

T (A > 0 sufficiently small, 1+ A > 0).

cnv(e,\f; T+ )\17) =

Remark 4.2 (Degenerate interior case at the kink). Assume Z = 0 and

|0+ pao| < o equivalently s = w e (-1,1).
Then
d] - [(0]s)(€) = +oo (£#0),  di]-|(0]s)(0) =0,
and (4.1) gives
EF0])(€) = +00 (€ #0).

Hence
\|§i\1|1f1d§f(0|6)(£) = +o00, S0 cnv f(0]0) = 4o0.
264 In this interior regime, the condition m € R in Theorem 3.4 fails, so its standard real-valued

265 formulation does not apply. Nevertheless, Remark 3.5 gives cnv(ey f; Av) = % for every sufficiently small
266 A > 0. Thus the modulus is transmitted in the extended-real sense.

10
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Fig. 2: Moreau transmission of the modulus for f(z) = alz| + 4(z — z¢)*: myx = p/(1 + M) on
{A>0: 1+ Au>0}. Left: p=1 (blue). Right: p = —2 (red), A € (0,3) and my — —oc as A 1 1.

p=1: my=

4.2. A nonsmooth, nonconvex example with negative curvature. Consider f : R" - R, = —
f(x) == ||z|| — sin (||z[|*), and a base pair (z,v) = (0,7) with v € d]| - ||(0) =B(0,1) and ||v]| = 1. Let’s
write f = g + h with g(x) := ||z|| and h(z) := —sin(||z]|?).

In this example, d2 f(0 | v) is finite only on the active line R v: there the C? term gives a negative quadratic
curvature, while transverse directions are excluded by the norm term. This gives a negative variational
modulus of convexity, and Theorem 3.4 transmits it to ey f.

LEMMA 4.3. Let g(z) = ||z|| on R™. Fiz (z,v) = (0,v) with ||0|| = 1. Then, for every w € R",
0, ifwe R,
d29(0]7)(w) = { .
400, otherwise.
Proof of Lemma 4.3. Recall
2
A2g(z|v)(¢) = = (Jla + 7ell = ol = 7(v,))-
Since g is convex, ||z + 7&|| > ||z|| + 7(v, &) for v € dg(z), hence
A2g(z[0)(€) 20 (r>0),

- Case w € Ro. Write w = av. Take ry | 0, set xy := ry0 # 0, vy := 2 /||zk]| = 7, and
Tk

T = = w.
(el + 1) S
Then zy + 7€ = (rg + 7Ra)v with 7, + 7,a > ri /2, so
ok + el = N2kl + 7o (v, &),

and A2 g(xy | v) (&) = 0. Thus d2g(0|v)(w) < 0, and the previous nonnegativity gives d2g(0|v)(w) = 0.
- Case w ¢ Rv. Let ¢ := || PyLw| > 0. Consider any strict-admissible choice of (¢/, 7, z,v) for d2¢(0|v)(w)
such that ¢ — w, 710, (z,v) — (0,9), with v € dg(x) and g(x) — 0. If z = 0, then v € dg(0) = B(0, 1)
and AZg(0|v)(&) = 2(||€]| — (v,&')). Since § := |Jw|| — (v,w) > 0, for (v,&’) close to (U, w) one has
1€'] = (v,€") = 6/2, hence A2g(0]v)(¢') — +00.

If x # 0, then v = x/||z|| and

J:+T§’ — x| =T v,§’ = Y .
| 1= 1=l < > e+ 7| + [z + 7(v, &)

Therefore,
2 Pvi§/|2 Pvifl 2
Ag(a|n)(€) = bl T E
2+ 7&N + [lzll + 7(v, &)~ ]l + 7lI€’]]
Along the net, v — v and & — w, so || P, €| — ¢ > 0, while ||z|+7]|¢'|| = 0, hence A2g(x |v)(£') — +oo.
Thus every strict-admissible net gives A2g(x|v)(£') = +o00, so d2g(0|v)(w) = +oc. 0

PROPOSITION 4.4. Fiz a base pair (Z,9) = (0,0) with ||v]| = 1. Set x5 := T+ Ao = Av. Then
_ =2|w|?, ifweRw,
d2f(0]7)(w) = {

400, otherwise,
and therefore cnv f(0]0) = —2. Moreover, for every A > 0 sufficiently small such that 1 — 2\ > 0,

—2
cnv(eAf; :cA) =T and cav(eyfixyn) /=2 as A|0.
11
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Proof. Write f = g + h with g(z) = |z| and h(z) = —sin(||z[|?). One has VA(0) = 0 and
V2h(0) = —2I, hence
d2n(0]0)(w) = (V2h(0)w,w) = =2[lw|?*  (w e R™).
Fix (0,7) with ||o]| = 1. By Lemma 4.3,
d%g(0|v)(w) =0if w € R7, d?g(0]v)(w) = +oo otherwise.
Since h € C2 near 0, the C? addition rule [18, Prop. 2.3] gives
) - ) - ) —2||lwl||?, w e R,
df(0|v)(w) = dig(0]v)(w) + dih(0]0)(w) = ,
400, otherwise.
Hence inf =1 d2 f(0|7)(w) = =2, so ecnv f(0|0) = —2.
Moreover, —sin(||[z[|?) > —1 gives f(z) > [lz| =1 > —3|z||> — 2, so f is prox-bounded. Prox-
regularity of f at (0, ) follows from convexity of g and C? stability; see [19, Ex. 13.35]. Thus Theorem 3.4
applies with m = —2 and z, = A7, and for A > 0 small with 1 — 2\ > 0,

m =2
T+am  1-2X\
Therefore cnv(eyf;xx) /' —2as A} 0. ad

Remark 4.5. This example shows that the variational modulus of convexity can be strictly negative
at a base pair, and it is transmitted to the Moreau envelope by Theorem 3.4.

cuv(eyfixy) =

4.3. A double-well minimum of quadratics and its soft-min regularization. Consider the
pointwise minimum of two quadratic wells f : R™ — R defined by

f@) = min{zlle —ull?, 3llz+ul?}, uweR™\{0}.
An equivalent closed form is given by
1 1

(43) Fl2) = el + Sl = 1z, w)l
For any = € R™, the limiting subdifferential of f at x is given by

{z + u}, if (z,u) <0,
(4.4) of(x) =< {z — u}, if (x,u) >0,

{r+u, x —u}, if (x,u) =0.
Let’s choose & = 0, in this case by (4.4), we have Jf(0) = {—u, u}. Let’s choose & = u (the case v = —u
is symmetric). The function f is proper, lsc, prox-bounded and locally Lipschitz, but it fails to be
prox-regular at Z = 0 for v = u.
In this example, the switching across the hyperplane {(z,u) = 0} creates unboundedly negative strict
second-order behavior at the admissible base pairs (0,4u): d?f(0|u) is quadratic on the half-space

{{u,&) < 0} but drops to —oo as soon as (u,&) > 0, hence cnv f(0|u) = —oo and no spectral transmission
for ey f is available (see Figure 3 for the regularized proxy below).

PROPOSITION 4.6. For every £ € R™, we have

€%, if (u, &) <0,

. d2 u =
(4.5) f(0]u)(E) { o, if (w.€) >0,

Consequently,

w010 = it EF0]w(E) = —oc,
so f is not proxz-regular at T =0 for v = u € f(0) and the Moreau spectral attenuation law (3.7) does
not apply at this pair.

Proof. For 7 >0 and ¢ € R™, using (4.3) and f(0) = 3||ul|?, we have

(4.6) A25(01u)(€) = el ~ 2 (1w, &)+ (w,©)).

Set b := (u, &).
If b > 0, then (4.6) gives AZf(0]u)(¢) = [|¢]|* — % — —oc0 as 7 | 0, hence d2 f(0 | u)(§) = —o0.
If b=0, let @ :=u/|ul|, take & =& + 1@ — & and 7, := k=2 | 0. Then (u,&) = |lull/k > 0 and
(4.6) gives A2 f(0[u)(&x) = &[> — 4flull k — —o0, hence d2 f(0 | u)(§) = —co.
12
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If b < 0. For the constant admissible choice (z,v) = (0, u) one gets from (4.6) that A2 £(0]u)(&) = ||€]|?
for all 7 > 0, so d2f(0|u)(&) < ||€]|*. Let now (zg, vk, 7k, &k) — (0,u,0,€) be strict-admissible, i.e.
vg € Of (zr) and f(zr) — f(0). Set ay := (u, &) and by := (xy,u). For k large, ar, < 0. Moreover, (4.4)
and vy — u give by <0 and vy = 2 + u. A direct expansion using (4.3) gives

A2, fon 1) (€)= Ik I” + 25 (~1on -+ muan] + [oe] = mha).
T

For k large, by, < 0 and aj, < 0 imply by + 7pax < 0, hence |by + Trar| = —(br + Trag) and |bg| = —bg, so
the parenthesis is 0. Thus A2 f(x |vk) (&) = [|&k|? for k large, and lim infy 0 AZ f(xy | vk) (&) = [I€]1?.
Since the strict-admissible sequence is arbitrary, d2f(0|u)(¢) > ||€]|?, hence d2f(0]u)(€) = ||€]|* when
(1,) < 0.

This proves (4.5). Taking wo := u/||ul| gives d2f(0|u)(wo) = —o0, hence infj,|=1 d2f(0|u)(w) =
—00, L.e. envf(0]u) = —oo. By [18, Cor. 1.3], f is not prox-regular at (0,u), so Theorem 3.4 cannot be
applied at this base pair. O

Remark 4.7 (Geometry of the kink (limiting subdifferential)). At z = 0 the function f = min{q, g2}
switches across the hyperplane {{z,u) = 0}. On each open half—spaee it coincides with a smooth quadratic
with Hessian I, but the switch creates the singular term —2 (|(u, ¢)| + (u, ¢)) in the second-order quotient
at the base pair (0, u), active exactly when (u, ) > 0.

In the limiting setting, 9f(0) = {£u}, so (0,0) is not an admissible base pair. For any admissible
base pair (0,7) with o € {£u}, Proposition 4.6 gives

cnvf(0|0) = | ir”1f 1dif(O |7)(w) = —o0.
wll=
Thus the local second-order behavior is quadratic on each side, but becomes unboundedly negative as
soon as directions cross the switching side: (u,w) > 0 for (0,u), and {(u,w) < 0 for (0, —u).

In this regularization, the double-well geometry is preserved while the curvature at the origin becomes
finite and explicitly computable, so the spectral attenuation law applies at the admissible smooth base
pair (0,0) (see Figure 3).

PROPOSITION 4.8 (Soft-min regularization). For e > 0, define the smooth approzimation

1 1
folz) = 7610g(6—g\|m—u||2 + e—g\lwul\z)_

Then f. € C*(R"™), is even, and satisfies f-(z) T f(x) for every reR ase | 0.
At (z,7) = (0,0) one has Vf-(0) = 0 and V2f.(0) = I — L (uu"), where uu" denotes the rank-one
operator w — (u, w) u. Consequently,

1
d2f-(010)(&) = (V?£(0)¢,¢), env f(0]0) = Amin(V2f2(0)) =1 — gllull2 > —oo.
In particular, the spectral attenuation law applies at (0,0):

cnv f-(0]0)
14+ Aenvfe(0]0)°

cuv(ey fe;0) = 1+ Aenvf(0]0) >0

Proof. For i = 1,2, set

) o @)/
a(@) = sle—ull’, @) =gle+ul?,  Z@)=e@@F pem e pir) = 7@
Let m(x) := min{qi(z), g2(2)}. Since e=™@)/e < Z(x) < 2 ™@)/¢ we have
m(z) —elog2 < f.(x)=—clogZ(x) < m(x)= f(z) (x € R™).
For fixed x, set
. . 1

a(m) = (e—(ll(l)76—<12(l))7 pi= =
Then f.(x) = —log|la(z)|p- Since p — ||a(z)||, is nonincreasing and |la(z)|l, — ||a(z)|lc as p — 400, it
follows that f.(x) 1 f(x) as €] 0.
Since f. = —elog Z, one has

V(> sz ) Vai(z) =: g(x),

and differentiating gives

v2fs sz qi(w) — *sz VQZ g(m)) (ti(l‘) —g(.%'))

13
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Fig. 3: Soft-min regularization (u = 1). The functions f. are smooth, even, and satisfy f. 1 f as e | 0.

At 2 =0, f/(0) =0and f/(0) =1—¢"1.

At z = 0 we have ¢1(0) = ¢2(0) = %||u||2, hence p1(0) = p2(0) = %, and
Vi(0) =-u,  Vg((0)=u, g0)=0, Vq(0)=V3g(0) =1,

SO

VE100) = Y0 V2a(0) = 2 3 pil0) Va0 Vai(0)T =1 2w

Therefore V2 f.(0) has eigenvalue 1 on ut and eigenvalue 1 — ||u||?/e on span{u}, hence
1
env fo(00) = Amin( V2 £2(0)) =1 — g||u||2.

Since f. € C*, it is prox-regular at 0 for Vf.(0) = 0, and
d2f(010)(§) = (V2£-(0)¢,€) (£ €R™).

Moreover, from f. > f — clog2 and the fact that f admits a quadratic minorant, f. is prox-bounded.

Applying Theorem 3.4 with m = cuv f.(0]0) gives, for all A > 0 small with 1 + Am > 0,

m
cnv(ey fe;0) = T

Remark 4.9 (Limit as € | 0). As e | 0, the matrix V2f.(0) = I — e ! (uu") has eigenvalue 1 — ||ul|?/c
on span{u} and eigenvalue 1 on u*. Hence
2
env fo(00) = Amin( V2 f=(0)) =1 — @ — -0 (£10).

For the nonsmooth limit f, one has 9f(0) = {£u}, so (0,0) ¢ gphdf and (0,0) is not an admissible base
pair. For each admissible base pair (0,%) with © € {fu}, Proposition 4.6 gives

cnvf(0] ) = | ir”1f 1d3f(0 |9)(w) = —o0.
Fix € > 0. For every A > 0 such that 1+ Acnvf.(0|0) > 0, Theorem 3.4 gives

v fe(0]0)
1+ Aenvf(0]0)
Thus, for each fixed € > 0, the smooth function f. admits the base pair (0,0) with finite variational

modulus of convexity, while the limit function f admits only the base pairs (0, &u) at the origin and the
corresponding modulus equals —oo.

CHV(B)\fE; O)

4.4. Spectral functions on §": a nonconvex prox-regular example. Let S™ denote the space
of real symmetric n x n matrices, endowed with the Frobenius inner product (X,Y) = tr(XY') and the
associated norm || - ||r. When the extreme eigenvalues of the reference matrix X are simple, the local
second-order behavior can be written in closed-form. We prove that cnvF, o(X | V) = —p and hence, for
A small with 1 — Ap > 0, the transmitted envelope modulus cnv(exF, o; Xz) = —p/(1 — Ap).

PROPOSITION 4.10. Fiz parameters p > 0 and o > 0, and define

Fpa(X) = Anax(X) + 0 Amax(=X) = S X[}, X eS™

Let X € 8" and V € 8Fp7a()?) such that Apax(X) and Amin(X) are simple eigenvalues. Then the
following assertions hold.

14



331

334

336
337

(a) F, o is prox-bounded with proz-threshold 1/p, and it is proz-regular at X forV.
(b) The strict second subderivative satisfies

A Fp o (X |V)(H) 2 —pl|H|} for all H € S™,
and equality holds for directions H commuting with X .

(¢) The variational modulus of conveity is given by cnvF, o(X |V) = —p.
(d) For every X € (0,1/p) small enough, setting X = X + AV, the Moreau envelope satisfies

—p
X .

cnv(exFy a;

Proof. (a) Write
P
Fpo= Ga — 5“ ) ”%» Go(X) = AmaX(X) + a)‘maX(_X) = AmaX(X) — @ Amin(X).
For « > 0, the scalar function f,(A\) = max; \; + amax;(—\;) is symmetric, convex, and lsc on R". By
Corollary 2.4 in [5], the induced spectral function
Ga(X) = fa(A(X)) = Amax(X) + & Amax(—X)
is a proper lsc convex function on S8™. Moreover, for every X € 8™,
[Amax (X)| < | X2 < | X][r and [Amax(=X)| < [[X]l2 < [ X]|F,
hence
(4.7) 1Ga(X)| < (1 +a)[[X]|p. O
Consider, for A > 0,
1o 1/1 )
FpalX) + 35 IXI} = Ga(X) + 5 (5 = 2) IX I
If 0 <A < 1/p, then a:= 3(5 — p) > 0 and by (4.7),
(1+a)?
da
where the last inequality is the elementary bound at? — bt > —% with t = || X||r and b = 1 4+ . Thus

infx (Fp,a(X)+ 35| X]|%) > —oo for every A € (0,1/p).

If )\ > 1/p, then (5 — p) < 0. Taking X = tI with t — +oo gives | X||% = nt? and G, (tI) =

Amax () + @ Apax(—t) =t — at = (1 —a)t, so

1
Fpa(X) + 551X 1F 2 =(1+ o) X]|r + al X7 > —

(tI)+—||tI||F7( )t + = (i p)tQ%foo.

Hence infx (F,q(X) + %HXH%) = —oo for every A > 1/p. Therefore, F, . is prox-bounded and its
prox—threshold is exactly 1/p.

Since G|, is proper Isc and convex, it is prox-regular at X for every Vg € 0G4 (X) (with parameter r = 0).
Moreover, ¢(X) := —£| X||% is C>°, hence C? around X. Because ¢ is C', we have the subdifferential
sum rule

0(Ga + 0)(X) = 0Ga(X) + V(X),
so for V € OF, o(X) there exists Vg € 0G4 (X) such that V = Vi + Vé(X). Applying the stability of
prox-regularity under C? perturbations [19, Ex. 13.35| gives that F, p.a = Go + ¢ is prox-regular at X for
V.
(b) Second-order structure. Let ui, ..., u, be an orthonormal eigenbasis of X with eigenvalues

)\1>>\2>"'>>\n 1>An,
50 that Amax(X) = A1 and Apin(X) = A, are simple. Then the subdifferential reduces to singletons,
8)\max(X) = {wu, }, Mmin(X) = {unu, },
.

and therefore V = uju{ — au,u, — pX, see [6, Cor. 10].
Under the simplicity assumpt1ons Amax and Ay, are twice continuously differentiable in a neighborhood
of X, and hence so is Gy; see [7, Thm. 4.2]. Consequently, F,qis C? near X. In this case, the strict
second subderivative coincides with the classical second directional derivative at (X, V). Moreover, the
second-order perturbation formula for simple eigenvalues gives

§ <ujv H u1>2

7>\maxX tH )
3 Amax(X o+ LH) VDY

=2
dt

t=0 j>1
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and an analogous expression holds for Apin; see [7, Thm. 3.3 and Section 5, p. 385].
Combining these expansions with the exact second derivative of the quadratic term, we obtain

(u; Hu1 (uj, Hup)?
CF, (X |V)(H)=2) ~L2——1 42 ~Dm || H| R
2Fp (X | SIS D R -y
j<n
Each spectral sum is nonnegative, hence
2F, (X |V)(H) > —p||H||%  for all H € S™.
If H commutes with X, then each eigenspace of X is H-invariant. Since Amax(X) = A1 and Apin(X) = A,
are simple, we have Hu; € span{u;} and Hu, € span{u,}, hence (u;, Hu;) = 0 for j # 1 and
(uj, Hup) = 0 for j # n. Therefore both spectral sums vanish and
A2 Fp (X |V)(H) = —p| H][}-
(¢) variational modulus of converxity. Taking the Rayleigh infimum over ||H| p = 1 and using (b) gives
envF, (X | V) > —p.
Choosing any commuting H # 0 and normalizing to ||H|r = 1 gives cnvF) o(X |V) < —p, hence
envF, (X |V)=—
(d) Spectral attenuation. We view S™ as a Euclidean space RY, N = n(n + 1)/2, endowed with the
Frobenius inner product. By part (a), F), o is proper, lsc, prox-bounded, and prox-regular at X for

V € 0F, o(X). By part (c), m := cnvF, o(X |V) = —p € R. Therefore, Theorem 3.4 applies: for all
A > 0 sufficiently small such that 1 4+ Am > 0 (equivalently 1 — Ap > 0), with X = X + AV,

m_ . =p
L+dm  1-Xp

cnv(exFp, o; Xa) =

Remark 4.11 (When the extreme eigenvalues are not simple). The simplicity of Apax(X) and

)\min()_( ) are assumed only to keep Proposition 4.10 fully explicit. It ensures that G4 = Amax — @Amin
is C2 near X and allows the classical second-order eigenvalue expansions in part (b); see [7]. Without
simplicity, the active eigenspaces have dimension > 1 and the spectral subdifferentials are no longer
singletons: aAmax(X ) and OApin (X ) are convex hulls of rank-one prOJectors on the corresponding active
eigenspaces [6]. In this regime, G, is typically not differentiable at X, hence there is no classical Hessian
to read off the curvature. More importantly for our purposes, the strict second-order object d2G o (X | W)
depends on the choice of W € 0G,(X) and on the geometry of the active eigenspaces, so the value of
env G (X | W) is no longer given by a simple eigenvalue formula. This is precisely a situation where the
attenuation-recovery identity (3.7) in Theorem 3.4 becomes useful: instead of attempting a closed-form
computation of cnvF, (X | V) at a nonsmooth base pair, we can estimate it from proximal oracle. Indeed,
for A > 0 small enough (and in particular A < 1/p so that [}, , is prox-bounded), we can form a base
pair (X,V) € gph 0F), , and its transported point X, = X + AV, compute the envelope curvature
proxy cy = cnv(e)\pra,X A), and then recover a proxy for the base-pair modulus by the inverse map
m & cy/(1 — Acy), keeping a fixed margin away from the barrier 1 — Acy = 0.

How e, F), , enters the estimation. In the nonsimple-eigenvalue regime we do not attempt a closed-
form evaluation of cnvF, (X | V). Instead, we follow Section 5: assuming access to proximal evaluations
(equivalently, to VeyF, , on the local chart), we estimate the envelope modulus cnv(eyF), o; X) from
directional secants of the envelope gradient, and then recover a proxy of the base-pair modulus through the
inverse attenuation map. The goal here is not an exact spectral formula, but a practical local curvature
diagnostic when A is small and kept away from the barrier (see Section 5 for more details about the
curvature estimation).

5. Curvature estimation from Moreau envelopes and admissible smoothing. This section
gives an operational use of the attenuation-recovery identity in Theorem 3.4. Starting from a base pair
(z,v) € gph 9f, our goal is to extract local curvature information from the Moreau envelopes ey f by using
proximal evaluations. Rather than computing cnv f(Z | ¥) directly, we first estimate the variational modulus
of convexity of the envelope at the transported point x) = Z + Av, and then recover an approximation of
the modulus at the base pair through the inverse recovery formula. Subsection 5.1 develops the directional
proxy and its safeguards, while Subsection 5.2 tests them on a nonconvex composite model and quantifies
exact and inexact secant errors.

5.1. A general framework based on proximal evaluations. For an admissible A > 0, set
) := T + A\v. Theorem 3.4 also requires the feasibility condition 1 + Am > 0, which cannot be certified
since m is unknown. We therefore use two safeguards: a proxy feasibility check based on my (see (5.6)),
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and an independent conditioning check based on ¢, (see (5.7)). By Lemma 3.2, for each admissible A, the
envelope ey f is C1! near x and the proximal map P, f is single-valued and Lipschitz there. Theorem 3.4
gives
m
14 Am’
We estimate ¢y from proximal evaluations, invert the relation to get a proxy for m (the base-pair
variational modulus of convexity), and then choose A under (5.7).
Prox-oracle and access to Ve, f. Given (z, ), an exact prox-oracle returns

ya(2) = Prf(2) € argmin{ f(y) + 3 Iy - 2[*}.

In many nonsmooth models, yy(z) is obtained by an inner iterative scheme, hence an inezact oracle
returns y5 (), possibly together with an inner iteration count. Once such a proximal point is available,
the envelope gradients satisfy

Vel (@) = 3 (o= 3a(@), and Veif(@) = (@~ 15 (0)).

so the construction relies only on proximal evaluations; see [20] for related envelope-based approaches in
nonconvex settings.

Curvature estimation by directional secants. Fix a stepsize ¢t > 0 and a unit direction w. At
the transported point x, define the centered secant slope of the Lipschitz gradient by
(5.2) a\(w) == 2%<w,Ve>\f(a?>\+tw)fVeAf(xA—tw))
If ey f is twice differentiable at x, then ¢)(w) is the standard centered finite-difference approximation of
(w,VZ2ey f(zx)w) from gradient values; see, e.g., [11, Ch. 7, Eq. (7.10)]. In general (with the assumption
of Lemma 3.2), ey f is only Ob!) we view ¢)(w) as a directional curvature proxy based on secants of
Ve, f; see [14] for envelope regularity and second-order structure under prox-regularity. Since Ve, f is
locally Lipschitz near xy, ¢)(w) is well-defined and locally bounded. Given a finite set of unit directions
W C S"~1 (the unit sphere in R"), define the aggregated proxy

(5.3) Cy = J)Iél)glv/c\)\(w)

(5.1) exi=cav(erf;zy) = m =cnvf(Z|v), with 1+ Am > 0.

We choose W as a finite random set and take the minimum as a conservative proxy for worst-case
curvature. The aim is not to approximate the exact smallest eigenvalue of V2ey f(zy), but to detect when
the inverse map in (5.6) becomes ill-conditioned. It reflects the most negative directional curvature of
exf near x) revealed by these secants.

Scope of the directional oracle diagnostic. The estimate above is deterministic and therefore
requires the finite set W C S”~! to approximate the unit sphere through its covering radius. Consequently,
the number of directions needed for a uniform guarantee may grow rapidly with the dimension. For this
reason, the present oracle-based procedure should be viewed primarily as a local diagnostic in low or
moderate dimension, or as a diagnostic restricted to a prescribed family of meaningful directions.

In order to link quantitatively the directional proxy ¢, to cnv(eyf;zy), we have the following
proposition. For a given ¢ > 0, a set YW C S"~! is an e-cover of the unit sphere if Vw € S*~!, 3% € W
such that |jw — || < e. We note that by compactness of S"~!, we can always choose W finite.

PROPOSITION 5.1 (Accuracy of the directional secant proxy). Adopt the setting of Lemma 3.2. Fix
A > 0 small and let Uy be the neighborhood of x\ = T + A\ given by Lemma 3.2. Choose t > 0 such that
xy +tw € Uy for all w € S*~ 1. Define: q(w) := d2[exf](xx|0)(w), w € S"~1. Let e >0 and W C S !
be a finite e-cover of the unit sphere. Assume that, for the chosen stepsize t > 0,

(5.4) max "c}\(w) — q(w)| < w(t), w(t) >0,

where ¢\ (w) is defined in (5.2) and €y = inf,ew Ex(w) as in (5.3). Then there exists Ly > 0 such that
(5.5) ’/c\,\ —cnv(eyf; x,\)‘ <w(t)+2Lye.
Proof. By Lemma 3.2, ey f is of class C! on Uy and © = Vey f(xy). Hence Ve, f is Lipschitz on Uy:
there exists L) > 0 such that
([Vexrf(u) — Vexf()|| < Lilju — v Vu,v € Uy.

Moreover, fix any € Uy and any 7 > 0. Assume that « + 7w; € Uy (i = 1,2). Assume in addition that
the whole segment {x + 7((1 — s)w; + swsz) : s € [0,1] } is contained in Uy (which holds for 7 > 0 small
enough since Uy contains a convex ball around z). Then, for any w,ws € S*~!, an integral argument
shows that the maps w — AZ2[ey f](z | Ven f(z))(w) are 2Ly-Lipschitz on S*~!, uniformly in (z,7). Hence,
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by stability of Lipschitz constants under liminf, ¢ is 2L ,-Lipschitz on S"~!. Using (5.4) and taking the
minimum over w € W, it is easy to check that —w(t) <€\ — ¢y, with ¢y := cnv(ex f; 2x) = inf) =1 ¢(w)
as defined in (5.1). On the other hand, fix any n > 0. By the definition of the infimum, there exists
w € S"1 such that: q(w) < ¢y +n. Since, W C S~ ! be an e-cover of the unit sphere, there exists @ € W
with ||@ — w]|| < e. Since q is 2L-Lipschitz on S*~1, we get q() < q(w) + 2Ly ||w — w|| < ex + 1+ 2Lxé.
Using (5.4) at @ € W and passing to the minimum over w € W, we get: ¢y < cx + 1+ 2Lxe + w(t).
Letting 1 | 0 gives ¢\ — ¢\ < 2Lye + w(t). Therefore, (5.5) is satisfied. 0

Remark 5.2. In practice, (5.4) is only required on the sampled directions w € W. It should be
understood as a discretization/inexactness model for the directional secant proxy, summarized by the
error bound w(t) (typically small for small ¢). In Proposition 5.4, we give a concrete example (double-
well-¢1) where (5.4) is satisfied with an explicit w(t) in both exact and inexact prox (see (5.11) and
(5.12)).

Inverse recovery and a margin condition. We apply the inverse recovery map only when
1 — X¢y > 0. We recover a proxy of the base-pair variational modulus of convexity via

_ B
5.6 =,
(5.6) A 1 — Xcy
which is the inverse of ¢y = m/(1 + Am). The barrier 1 + Am > 0 corresponds to 1 — Acy > 0. We have
1
1 )\A = —,
A 1-— )\C)\

and enforce the margin condition
(5.7) 1+ my <671, 5€(0,1),

Under this positivity condition, this is equivalent to 1 — Acy > §. To keep a fixed margin away from the
theorem feasibility threshold when the recovered proxy is negative, we also impose

(5.8) 14+ Amy >4, whenever m) < 0,

equivalently A < (1 — §)/|m| when my < 0. This safeguard is different from (5.7): (5.8) keeps A\ away
from the boundary 1+ Am = 0, while (5.7) keeps the inverse map (5.6) well conditioned. In computations,
we replace ¢ by ¢ from (5.3) and impose (5.7). We also restrict 0 < A < A\pax to avoid poorly conditioned
proximal subproblems. Since the quadratic term 35 ||y —z[|* adds curvature of size 1/, this effect becomes
weaker when \ increases. As a result, the proximal subproblems are usually harder to solve and may
need more inner iterations. The choice of Ay.x depends on the application. Starting from a current
value of A, we update A + min{7\, Apax} and then enforce the safeguards. If my < 0, we first apply the
feasibility safeguard (5.8), i.e., A <= min{\, (1 — §)/|m.|}. We then enforce the conditioning safeguard
(5.7), equivalently 1 — A¢) > 4. In the numerical illustration, we fix ¢ > 0 and restrict A € (0, Apax] 80O
that z) 4 tw stays in the local chart of Lemma 3.2 for every w € W.

Remark 5.3. (i) Assume that, at the points used in the finite differences, ||y5(z) — ya(2)]] < €prox.
Then

]‘ rox
IVes.fz) = Vexf(@)ll = llyx(z) —ya(2)ll < Zhrox,
|

A
and for [|w]| =1, [&5(w) — &x(w)| < == So a small error in the proximal point gives a controlled error
in the gradient secants.
(ii) Let Ry(p) := p/(1 — Ap). On the set {u: 1 — Ay > 0} we have |R\(u)] = (1 — )2 < 572
Hence, |Ry(u1) — Ra(p2)| < 672|u1 — pe|. In particular, on (—o00,0] the map R, is 1-Lipschitz. This
means: if we keep the margin 1 — Ay > §, the inverse recovery step cannot amplify errors too much.

5.2. Numerical illustration for a composite model. We illustrate Section 5.1 on the composite
model

(5.9) f(z) = ¢(Bx) + aljzll;,  zeR", a>0,
where ¢ is smooth and nonconvex (double-well type). In this setting the base-pair modulus m = cnv f(Z | )
may be negative. We work at a base pair (Z,7) € gphdf and at the transported point z) = & + \v. We
report the quantities defined in (5.2)-(5.7), computed from proximal evaluations.

Numerical proximal solver and restriction on A. Given z and A > 0, we compute yx(z) = Py f(x)
by approximately solving

1
. B L2
min ¢(By) + allyll + 5y lly — =]

with an inner proximal-gradient method (backtracking and soft-thresholding), initialized at y = x. Each
call returns the computed proximal point and the associated inner iteration count, used as a cost indicator.
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We restrict 0 < A < Apax, Where Apax is chosen from a local smoothness estimate of V(¢ o B) on the
region explored by the inner solver.

Directional curvature estimate and recovered modulus. Directional curvature is evaluated
at x) via (5.2) with stepsize t = 10~* and aggregated by (5.3) using N,, random unit directions. The
base-pair modulus is then recovered through (5.6). We repeat the construction for two inner stopping
tolerances (for instance 1075 and 10~®) and report ¢y, My, the margin indicator in (5.7), and the average
inner iteration count. In practice we take ¢ small, but not extremely small. In our tests, ¢, changes very
little when we replace ¢t by 10¢ or by ¢/10.

Estimated envelope curvature and recovered modulus. Figure 4 shows ¢, together with the
margin indicator in (5.7) as A varies in (0, Apax], and the recovered proxy 7y in (5.6). In this experiment,
C) is negative and |¢)| increases with A. The curves obtained with the two stopping tolerances are
essentially identical, suggesting that the proximal accuracy is sufficient at this scale.

Selection of A under the margin constraint. Starting from A\; > 0, we generate a smoothing
sequence by a multiplicative increase and a projection step enforcing A < A\pax together with (5.7). When
My <0, (5.8) gives A < (=5

Numerical example and parameters. We illustrate numerically the local attenuation-recovery
and its characteristics. For the figures, we take n = 300 and m = 200, and we draw B € R™*" with i.i.d.
standard Gaussian entries rescaled as B;; ~ N(0,1/n), with a fixed random seed. We set o = 0.6 and,
for the illustrative nonconvex potential, we use the smooth double-well

(5.10) ¢(z) = gll=l* = l=l”, p=20,

together with its explicit gradient in the inner solver. The admissible range of A is restricted by a cap
Ammax = 0.90 (ul| BII?) ™",
where ||B|| is estimated by 80 steps of power iteration, and we sample A on a grid of Ny = 40 values in
[)\miny )\max]a )\min =0.02 )\max~

Directional secants use stepsize t = 10~* and an aggregated minimum over N,, = 25 random unit
directions. The margin parameter is 6 = 0.20. The proximal subproblems are solved by a proximal-
gradient method with backtracking, with a maximum of 4000 inner iterations. We report two inner
stopping tolerances, 107% and 1078, to assess the sensitivity of the recovered quantities to proximal
accuracy. The inner tolerance refers to the stopping rule of the proximal-gradient solver (relative iterate
change and prox-gradient mapping), and it is used only to assess the sensitivity of ¢) and M to inexact
proximal points. For the sequence of smoothing parameters, we start from Ay = 0.20 Apax, apply a
multiplicative growth factor 1.25, and project back onto the constraints A < Apax and (5.7) over K = 20
steps.

We can justify a posteriori the hypothesis (5.4) on the secant error in this composite model. The
following proposition is in this sense and establishes an explicit bound (in exact and inexact prox) under
a strict complementarity condition. Adopt the model in (5.9) with (5.10) (with parameter y > 0), and
denote its smooth part by g(z) := ¢(Bx), so that f(z) = g(x) + aflz||;-

PROPOSITION 5.4 (Directional secant accuracy for the double-well-¢* model). Assume 0 < X <
(|| B|I*)~! and fiz (Z,0) € gphOf, set x) := T + AU, and denote yx(z) := Prf(xz), yr := yr(z)),

rxi=Vglya) + 5 (n—xx),  Toi={i:(ya)i =0}, S:={i:(yr): #0}.
Assume the following strict complementarity condition: Ik,n > 0 such that
[(ra)il <a—k Vi€ Iy, [(yr)il = n Vies.
Then 3 a neighborhood U of x such that exf € C*Y(U) and, for |w| =1,
q(w) = dZ[exf] (x| 7) (w) = (VZerf(zr)w, w).
Let W C S be finite and choose t > 0 such that x) + sw € U for all |s| <t and w € W. With ¢y (w)
defined by (5.2), set

6R | B|?
R := max max [|[Byx(x) + sw)]l, = %
weW |s|<t (]—_)\,UHB||2)
Then
_ L.
5.11 _ < =y
(5:11) ma 2 (1) — q(w)| < 5

If, at x) £ tw, an inezact oracle returns y5 (z) with ||y5(x) — yr(@)]] < eprox, and & (w) is the associated
secant proxy, then
L 3
5.12 5 — < S PE
(5.12) max |65 (w) — q(w)| < Z- ¢+ =5
19
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Proof. Since v € 0f(z) and x5 = Z + AD, we have 0 € 9f(Z) + 1 (Z — x»). Equivalently, Z satisfies the

first-order optimality condition for the proximal subproblem min,cgn { fy)+ % lly — x,\||2}. We have for
all z € R™,
(5.13) V?g(x) = BTV?¢(Bx) B = —uBT B = —u||B|*I.
Fix z € R™ and consider: y — F,(y) := g(y) + 55y — #||* + a|ly||1. The Hessian of the smooth part in
F, is given by: VZg(y) + A7 = (A=t — u||B||*)I =: oI with o > 0. Hence, F), is o-strongly convex (as
the sum of a strongly convex and a convex function). Therefore, yy(xz) = Py f(z) is uniquely defined.
Applying this with z = x, and using the optimality condition established above at T, we deduce by
uniqueness that Py f(zy) = Z. Choose z,z’ and set y = yx(x), ¥’ = yr(z'). Select s € 9| - ||1(y) and
s € 0| -1 (y’") such that
Vy(y) + 3y —z)+as=0 and Vg(y')+ 1y —2') + as’ = 0.
Subtracting the last equalities and taking the inner product with y — ', we have
(V) = Vo )y —y) + xlly =y IP +als = sy —o/) = 3{z —2',y —o/).
Using the monotonicity of 9] - ||; and (5.13), we obtain
(Vg(y) = Vg(y')y —y') = —ullBI*ly — /|1
Therefore,

1
1 2 /112 1 / ! / 1
x — 1Bl )IIy—yII Sxlz=2Nlly=vll = @) =@ € 7w e -2l
(A A 1 — A\u||BJ)?

Consequently, y(-) is k-Lipschitz with k = (1 — Au||BJ||?)~!. Now set y := ya(zx) and 7y := Vg(y) +
A Y(yx — xy). Since yn = Prf(z)), by the definition of the proximal mapping, this is equivalent
to write that: —ry € ad| - ||1(yx). This means that for each i, (yr); # 0 = |(ra)i| = «, while
(yrn)i = 0= |(rx);| < a. For z in a neighborhood of z, let us define

r(z):= Vg(yk(x)) + %(y)\(:c) — :r)
Since yy(-) and Vg are continuous, r(-) is also continuous. By the strict complementarity assumption at
yx and the continuity of yx(:) and r(-) at x,, there exists a neighborhood U of x such that for all x € U,
((r(@))il <a—5 Viel,  [(ya(@))i—(y)il < 3§ Vies.

If i € Iy and (ya(x)); # 0, then optimality at = forces |(r(z));| = «, contradiction; hence (yx(z)); = 0
for all i € Iy. If i € S, the second inequality implies (yx(z)); # 0 and the sign is fixed on U. In fact, for
1 € 5 we have

(@il = 1)l = @) = il 2 n -3 = I >0,

Hence the ¢'-subdifferential is single-valued on the S-coordinates and constant on U. Setting og :=
sign((yx)s) € {—1,1}5!, we have 9| - l1(ya(z)) g = {os}, Vo € U. Thus, on U, the ¢! subdifferential
is locally single-valued on S (a constant sign vector), and the optimality system reduces on S. Let
Ps : R" — RIS! denote the canonical coordinate projection, Pz = xg. Since (ya(z));, = 0 on U, we
define the reduced smooth function

g5 R 5 R, € gs(€) = g(€, 0rp)-

Then the reduced optimality equation on S reads
Vgs(yrs(@)) + 5 (yrs(z) — zs) + aos = 0.
Its Jacobian with respect to the variable y, g is
V2gs(yrs(2)) + A" jg) = Vigg(ya(2)) + A~ g = oljg),

hence invertible. By the implicit function theorem, the map z +— yy g(x) is C! on U. Since (yx(z)); =0
for all i € Iy and all z € U, it follows that = — yy(x) is C! on U. On U, the standard envelope identities
give

Verf(z) = +(z —ya(z)) and VZeyrf(z) = 1 (I — Dy(z)),
so exf € C?(U) and

g(w) = dZleaf](zx |0) (w) = (Vierf(zx)w,w)  (Jw] =1).
Moreover, since V?2g is locally Lipschitz on bounded sets and yy(-) is Lipschitz on U, the map x +
V2gs(yx s()) is locally Lipschitz on U,and differentiating the reduced equation on S gives

(Iis| + AV2gs(yx,s(x))) Dys,s(2) = Ps.
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Hence,
-1
Dyxs(z) = (Is) + AV7gs(yr,s(z)))  Ps.
Since V2gs(yxs(z)) = Vigg(yr(z)) on U, we equivalently have
~1
Dyxs(x) = (Iis] + AVZsg(ya(z)))  Ps.

Therefore, Dy (-) is locally Lipschitz on U and ey f € C*!(U). Since U is open and W is finite, we may
choose t > 0 so that x) + sw € U for all w € W and all |s| <t. Set R := maxyew max|s<¢ [|[Byx(zx +
sw)|l. I ||z]l, |#’]| € R, then |[|[VZ¢(2) — V2¢(2)|| < 6R|z — 2||. We can then deduce that

IV2g(u) = V2g(u')| < 6R|B|*lu — /|| whenever ||Bull,||Bu'|| < R.
On U, differentiating the reduced optimality equation on S gives
-1
Dy)\,g(a:) = (I|5‘ + )\Hs(.r)) Ps
with Hs(z) = VZgg(yx(z)) and
(1) + AHs (@) || < (1= MBI

Using A=! — B! = A=}(B — A)B~!, the above Lipschitz bound on VQg, and the Lipschitz bound on
yx(+), one obtains on each sampled segment {xz) + sw: |s| < t},

6R|B|*
2 - V2 N < Lel|lx — 2 L. := .

Fix w € W and define ¢ (s) = (w, Ve)\f(xA + sw)) for |s| < t. Then ¢/(s) = (w, VZeyf(zy + sw)w) and
[¥/(5) = ¥'(0)] < Lels|. Since €\(w) = 5; (1(t) — P(—t)), we get

N I L.
< _ = — 1.
oy (w) — ‘/ W(0)ds| < o /_tLe|s|ds ot

As ¥/(0) = (w, VZeyx f(zy)w) = q(w), this gives exactly (5.11) after taking max,cyy.
For the inexact oracle, if ||y5(2) — ya(@)| < eprox at & = x5 + tw, then define g5 (z) := § (z — y5(2)).
Then

l95(2) = Vexf(@)ll = 3 llv5 (=) — ya(@)l] < 5=,
and, writing the exact and inexact secant proxies at the two points x) £ tw, we get

25.) — ()] < o (lg5 o + 1) — Vea f(a + tu)| + g3 (ea — ) — Ve fax — tu))

< l (Eprox 5prox) _ 5prox.
T 26\ A A At
Combining with (5.11) gives (5.12). |

Remark 5.5. The bound (5.12) highlights a classical trade-off. The truncation term L.t/2 decreases,
while the inexactness term eprox/(At) increases when t is small. By minimizing the right hand side in
(5.12) for t > 0, we obtain the optimal choice

& on 2L.¢e
t /\}zox, and the corresponding error is of order %.
€

Decreasing t is meaningful only if we also reduce ep,0x at the same time.

The numerical experiment on the example (5.9)-(5.10), shows that the strict complementarity condition
in Proposition 5.4 is satisfied uniformly on the sampled A-grid with |I5| = 90 et |S| = 210, and the margin
K and 7, are positive. This strict complementarity assumption could be replaced by other assumptions
(polyhedral error bounds of Hoffman type, or metric regularity), in order to obtain stability of the active
set. For the double-well-/! example, it would be interesting to treat the general C''>! regime by replacing
the classical Hessian with appropriate nonsmooth second-order objects.

Figure 5(a) displays the resulting sequence (\g)x and the margin indicator, while Figure 5(b) reports
the average inner iteration count as a function of A (for the two inner tolerances). This illustrates the
balance between conditioning, controlled by (5.7), and inner cost as X increases.

6. Conclusion. The results obtained in this paper clarify the second-order role of Moreau envelopes
in the variational geometry of epigraphs. Beyond smoothing, the passage to an envelope carries out
a precisely quantified transformation of local curvature. At the level of strict second subderivatives
this is captured by a commutation formula, while at the scalar level it is manifested in an explicit
attenuation-recovery law for the variational modulus of convexity. A direct means of transporting and
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Fig. 5: Margin-constrained selection of the smoothing scale and computational cost.

recovering curvature data under Moreau regularization has thereby been provided, including under smooth
C? perturbations.

From a practical standpoint, the attenuation-recovery law also suggests a quantitative rule for selecting
the smoothing scale in prox-based nonconvex contexts. Section 5 illustrates this idea in an oracle-driven
setting, where curvature information is inferred from proximal evaluations through the envelope gradient
and used to enforce an admissible choice of A.

Several analytical questions remain open. In one directions, there is the potential for extensions of the
spectral framework beyond the Euclidean Moreau envelope, for instance to Bregman-type regularizations
or other proximal constructions adapted to nonquadratic geometries. In another direction there is
perhaps the incorporation of these curvature identities into the analysis of proximal algorithms, where
the attenuated modulus naturally enters stability and rate estimates. A still further possibility is viewing
the envelope as a numerical probe of local curvature in nonsmooth and nonconvex problems. In that
context, the numerical evaluation of the Moreau envelope and of its gradient in prox-regular, nonconvex
settings needs a better understanding beyond the local chart, so as to encompass the effect of inexact
proximal solvers and finite-difference approximations on curvature estimates. All these are promising
topics for follow-up research.

Appendix A. A self-contained proof of the modulus formula.

Throughout this appendix, let f : R™ — (—o0, +00] be proper and lsc, and fix (Z,7) € gph df with
f(z) € R. The objects A2 f(x |v) and d? f(z | v) are defined in Subsection 2.2. We give here an alternative
proof of the spectral identity of [18, Thm 2.2]. We use a direct approach combined with the compactness
of the unit sphere in R”™.

In [18, Def 1.2], the variational modulus cnv f(Z | 7) is defined as a common value associated with
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several equivalent formulations (1.12)-(1.13)-(1.14) and (1.15) (with opposite sign). The equivalences are
guaranteed by [18, Thm 1.1]. In order to lighten the presentation, we adopt here the formulation (1.14)
based on uniform quadratic growth. The next definition is in this sense.

DEFINITION A.1 (variational modulus of convexity at (Z,7)). A number s € R is said to be admissible
at (Z,0) € gphOf if there exist o > f(T), neighborhoods X of T and V of U such that

(A1) f@) 2 f@)+ wa =)+ e —af?

for all (z,v) € (X§ x V)Ngphdf and all 2’ € X, where X¢ :={z € X : f(x) < a}. The variational
modulus of convexity of f at (Z,0) is

cenvf(Z|0) :=sup{s € R: s is admissible at (Z,7) },
with the convention sup () = —oo.
We note that the s-admissibility does not affect (A.1) if we add the condition ||z’ — z| < 8 for some
B > 0. It is implied by the condition Vz’ € X, and conversely, for ||z’ — x| < 3, we shrink X (e.g.
X C X NB(z,/2) such that ||z’ — z|| < S is satisfied for every x,2’ € X, which gives Va’ € X). This
reparametrization of the localization by a radius 8 | 0 was used in (2.6) and (2.7) in [18].

THEOREM A.2 (Modulus formula from strict second subderivatives). One has
envf(z|0) = inf d2f(z|v)(w).

llwll=1
Proof. Let us set

m:= |\3}|sz1 d2f(z | v)(w) € [~o0,4+00].

We first show that m > envf(Z | ¥). Consider an arbitrary admissible value s € R at (Z,7), so that (A.1)
holds on some (X ¢ x V) Ngphdf, for neighborhoods X and V' that we may assume open without loss of
generality. Fix w € R™ such that ||w| =1 and consider arbitrary sequences

& —w, 110, (zk,vr)— (T,0), v € df(xk), and f(zx) — f(T).
For k sufficiently large, we have (zy,vx) € (X¢ x V) Ngphdf and xy, + 7x&, € X. Applying (A.1) with
' = xp + &, we get
A2 F(@k | oe) (&) > s 1€k
Taking the liminf as k — +o00 in the last inequality, we obtain d?f(z | ¥)(w) > s. Which implies that
m > s. Since s was an arbitrary admissible value, we conclude
(A.2) m > cuvf(Z | D).

Let us show now that m < envf(Z | ¥). The case m = —oo being obvious, we assume m € RU {400}
and fix s < m. We prove that s is admissible at (Z,7). Suppose by contradiction that this last claim is
not true. Then, for every a, X, V" as in Definition A.1, there exist (z,v) € (X¢ x V) Ngphdf and e X
violating (A.1). Since (A.1) is an equality when 2/ = z, any violating point must satisfy 2’ # x. Hence
7= ||z’ — x| > 0, and let us define w = (2’ — z). It is clear that 2’ = = + 7w, ||w|| = 1 and

A2f(z | v)(w) < 5.
Let us choose X}, = B(z,1/k), Vi = B(9,1/k), and oy = f(Z) + 1/k. This gives a sequence (zy,vy) €
((Xk)§* x Vi) NgphOf and ) € X}, such that, setting 74 := ||z}, — x| and wy := (2}, — k) /7%,
A7 faw [ op)(we) <, gl = 1.

By construction, we have 7, — 0, (zy,v) = (%,0), and f(z)) — f(Z) (since f is Isc and @5 € (Xi)").
Passing to a further subsequence if necessary, we may assume that 75, | 0. By compactness of the unit
sphere in R™, along a subsequence still denoted by wy, with ||wg| = 1, we have wyp — w. Hence, the
quadriplet (z, vy, T, wy) is strict-admissible for d2 f(z | v)(w). Consequently,

d2f(2 | v)(w) < liminf A2 f(ag | vi)(wi) < s,
k—o00
which gives m < s, contradicting s < m. Hence every s < m is admissible at (Z, ), and so cov f(Z | ©) > m.
Combining this last inequality with (A.2), we conclude that envf(Z | 7) = m. 0
Appendix B. Proof of Lemma 3.1.

Proof. We consider the tilt function z — g(z) := f(z) — (v, — Z). Then g is proper, lsc, and prox-
bounded. In this case, we have dg(z) = df(x) — ¥, which means that (Z,0) € gphdg. It is clear that g is
prox-regular at Z for 0. By [19, Prop. 13.37], there exists Agw > 0 such that, for every A € (0, Agw ), there
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exist an g-attentive localization (in the sense of [19, page 611]) S of dg around (Z,0) and a neighborhood
Uy =rge(I+ AS) of Z on which Pyg is single-valued and Lipschitz, eyg is of class C*!, and

Verg=A""[I— Pyg] =[AI+ S~ on UY.
Fix A € (0, \gw), and consider any z,u € R",

1 2 __ ~ - i _ 2
F) + gyl = 2P = g(w) + (04— 2) + ofju— 2]

1 _ _ A
B.1) = 9(u) + s u— (= = M) + (5,2 — ) ~ 5]
By taking arg min and inf in w in (B.1), we obtain for every z,

A
(B.2) Py f(z) = Pxg(z — \0) and e)f(z) = exg(z — A\0) + (0,2 — T) — §||17H2

By setting V) := Uf + Av, it is clear that V) is a neighborhood of ) := Z + Av and z € V) implies
z— X0 eUj.

(a) Let z € Vi. We have z — Ao € U{, so P\g is single-valued and Lipschitz at z — A\v. By
(B.2), PAf(z) = Prg(z — Av). Which implies that, P\f is single-valued and Lipschitz on V), and
Pyf(zy) = Pag(z) = 2.

(b) Let z € Vy. By the second part of (B.2), ey f is of class C*! on V) and

Vexrf(z) = Vexg(z — \v) + 0.
Using the fact that Veyg = A™!1(I — Pyg) on U{, we obtain
Verf(z) = A7 (z = M) = PAf(2)]| + 0= A"z = Paf(2)] = A1 = Paf](2).

For z = 1y, we get Veyf(zy) = 271 [x,\ - P,\f(zA)] = 0.
(c) By [19, Prop. 13.37] applied to g at (z,0) and [19, (13.30)], there exist Ay > 0 and a g-attentive
localization S of dg around (Z,0) such that

(B.3) g(z") > g(x) + (w, 2’ — |2' — x|, forall 2’ #x

x)— —
2Xg
holds for every (z,w) € gph S. Since g is Isc at Z, the sets
Ny i=A{(,w) [l = 2| <n, wl <n, g(x) <g(z)+n}, (n>0)
form a neighborhood basis of (Z,0) for the product topology where w carries the usual topology and
x carries the g-attentive topology (see [19, p. 611]). As S is a g-attentive localization, there exists a

neighborhood N of (z,0) in this topology such that gph S = gph dg N N. Hence, there exists £, > 0 with
N, C N, and then (B.3) holds for every (z,w) € gph dg satisfying

o —Z|| <eg,  |w|l <eg,  glx) < g(Z)+ey.
Fix € > 0 such that
(B.4) e<eg (Lol <ey,

and let T, be the canonical f-attentive e-localization around (z,v) as defined in (2.2). Let A, > 0 be a
prox-boundedness threshold for f as in [19, Ex. 10.32], and let Agw > 0 be the constant already obtained
in parts (a)-(b) (from [19, Prop. 13.37]). We define Ag > 0 such that

Ao = min{Arw, Ag, Apb }, A € (0, Ag) and Uy :=rge(I+ AT}).

Let w € Uy, which implies that u = x + Mv for some (z,v) € gphT.. Let’s set w := v — . Since
09 =0f — v, (z,w) € gphdg. On the other hand, ||z — Z|| < e < g, and ||w|| < e < g4, and by (B.4),

g(x) —g(z) = f(2) — f(2) = (v,2 — @) < f(z) — f(2) + |9]| [z — 2| <e+[v]le < ey
Consequently, (B.3) applies at (z,w) and gives, after substituting g = f — (7, — Z),

f@) > f(x) + (v, 2’ — x)

- %Hx/ — x|, Vo' # .

Since A < Ay, we have
1
Fa') > [(@) + (v, & — @) = oy lla” = al|?, va' # 2.
Since ' —u = (¢’ — &) — Av, we have for every o’ # z,

/ i /o 2 i _ 2
F@)+ il =l > fl@) + ol =l
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We deduce that z is the unique minimizer of y — f(y) + 55 [ly — u/|?, so
(B.5) Prf(u) = {a}, Paf(u) = (T4+XT2) " (u) and (u € Uy).

Since (z,0) € gphT;, we have zy =T + Av € Uy and Py f(x)) = Z.
We check now that that Uy is a neighborhood of z). Because A < Arw, parts (a)-(b) provide a
neighborhood Vj of ) on which Py f is single-valued and Lipschitz and ey f € C*1(Vy), with

Verf(u) = A" (u—Prf(u)), u€ V.

Let us define x(u) := Pyf(u) and v(u) := A=Y (u — 2(u)) on Vy. Then u +— z(u) and u — v(u) are
continuous on V), and

(B.6) exf(u) = fz(u)) + %IIIE(U) —ull*, ue Vi

From (B.6), we deduce that u — f(2z(u)) is continuous on V). At u = z,, we have z(z)) = T and
v(zy) = 0. There exists py > 0 such that B(zy, px) C Vi and, for every u € B(xy, pa),

[e(u) =2zl <&, Jlv(u) ol <&, flz(u) < f(T) +e.
By the definitions of z(u) and v(u) above, we have v(u) € df(z(u)). Hence, (x(u),v(u)) € gph T, and
u=x(u) + Av(u) € Ux. Thus B(xy, px) C Uy, and U, is a neighborhood of .
Since A < Apb, applying [19, Ex. 10.32], we deduce that —e, f is strictly continuous and
dl—exf](u) = A (con Py f(u) — u).

On Uy, Py f(u) is a singleton by (B.5), hence d[—ey f](u) (and so dlex f](u)) is a singleton. By [19,

Thm. 9.18], e, f is differentiable on Uy with
Vexf(u) = A" (u— Pyf(u)), u€ U,.

For u € Uy, set z := P f(u) and v := Ve, f(u) = A~ (u — x). Then (z,v) € gphT. and u = x + v, so
u € (Al + T 1) (v) and hence v € (AL + 7. 1)1 (u). Therefore,

Veaf(u)= M +T.N) '(w),  wel,,

together with (B.5).

In this last part, we prove the Lipschitz and C'! properties of ey on Uy. For i = 1,2, let u; € Uy
and set x; := Py f(u;) and v; := A" (u; — x;), so that (z;,v;) € gphT. and u; = x; + \v;. By applying
the transported form of (B.3) at (x1,v1) with 2’ = x5 and at (29,v9) with 2’ = z;, and adding the
inequalities, we obtain (v; — va, 21 — x2) > —/%g”xl — 5|2, Therefore,

A
(uy — ug, v1 — x2) = |1 — 22|* + M1 — V9, T — T2) > (1 - )\*)Hfﬁ — @)%,
g

and Cauchy-Schwarz implies

1
|21 — 22| < T, [Jur — ua].
Consequently, Py f is Lipschitz on Uy, and since Veyf = A~1(I — Pyf) on Uy, Ve, f is also Lipschitz on
Uy, so exf € CH1(Uy), which what we needed to complete the proof of Lemma 3.1. d

Remark B.1. An alternative way to justify the continuity step in the proof of Lemma 3.1(c) is to
use the localized subdifferential continuity property of prox-regular functions. In fact, Proposition 2.3 in
[12] ensures that, on the f-attentively truncated graph of 9f around (Z, o), convergence (zy,vr) — (z,v)
with v, € df(zx) and f(zy) uniformly bounded above near f(z) forces f(xr) — f(z). In our setting
this can be applied to the pairs (z(u),v(u)) arising from the proximal relation v = z(u) + Av(u), with
v(u) = A7 (u — 2(u)), to obtain f(z(u)) — f(z) as u — xx. We preferred the argument based on the
identity e f(u) = f(z(u)) + 55|l@(u) — ul|?, since it gives the same conclusion directly from the local
single-valuedness of Py f and the C''! regularity of ey f near zy.
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