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BOLZA PROBLEMS WITH GENERAL TIME CONSTRAINTS
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Abstract. This work provides necessary conditions for optimality in problems of optimal
control expressed as instances of the Generalized Problem of Bolza, with the added feature that the

fundamental planning interval is allowed to vary. A central product of the analysis is a generalization

of the conservation-of-Hamiltonian condition for problems on either fixed or variable intervals. The
results allow for unprecedented generality in the problem data, and apply also in the presence of

unilateral state constraints. They are derived from known results for fixed-interval problems under

the hypothesis that the time-dependence of the objective integrand has the same modest level of
regularity as the state-dependence.
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1. Overview. This paper provides necessary conditions for optimality in a gen-
eral optimal control problem where the endpoints of the underlying time interval are
choice variables. The problem is to choose a nondegenerate interval [a, b] and an
absolutely continuous function (or arc) x: [a, b] → IRn in such a way as to

(P)
minimize l(a, x(a), b, x(b)) +

∫ b

a

L(t, x(t), ẋ(t)) dt

subject to x(t) ∈ X(t) ∩ Ωt ∀t ∈ [a, b].

The usefulness of this simple-looking model is directly correlated with the mildness of
the hypotheses under which conclusive results can be obtained. In the current work,
both the endpoint cost l and the integrand L are allowed to be nondifferentiable and
even to take the value +∞. These features allow for enormous flexibility in modelling
applied problems—in particular, a wide range of differential and endpoint constraints
can be introduced implicitly by encoding them in l and L. The only explicit constraint
in problem (P) involves two time-varying sets: Ωt, an open set, is introduced to allow
us to make statements about local optimality; X(t), a closed set, imposes a unilateral
constraint on allowed state values at time t.
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The introduction of extended-real-valued functionals as practical modelling tools
in dynamic optimization can be traced to the early work of Rockafellar [19] in the
convex case. Many authors have addressed the technical challenges raised in this
context since the 1970’s: we mention in particular Rockafellar [20, 21] and Clarke [4,
5]. The hypotheses in this paper are in some respects weaker than those of Clarke [5],
and moreover allow for a variable time interval. We handle this additional complication
here by using the classical Erdmann transform to reduce our problem to a fixed-time
problem in which the time plays the role of an additional state variable. This forces
us to assume a time-dependence of the problem data whose regularity matches what
we require on the state-dependence. Clarke, Loewen, and Vinter [8], using other
methods, have discussed optimality conditions for related problems in which the time-
dependence is merely measurable.

Our most general assertions about minimizers in problem (P) are presented in
Theorem 3.1 below, which is based on the five hypotheses we state in subsection 1.2.
In order to demonstrate the power and scope of the main result, however, we devote
the paper’s first two sections to a discussion of its consequences for some familiar
model problems arising in applications.

1.1. Subgradients and Normals. The hypotheses under which we will present
necessary conditions for optimality in problem (P) allow for problem data that lie well
beyond the scope of classical first-order approximations. Indeed, even the formulation
of these hypotheses relies on certain basic elements of nonsmooth analysis. In this
work, the symbols ∂f(x) and ∂∞f(x) describe the sets of limiting proximal subgradi-
ents and singular limiting proximal subgradients associated with an extended-valued
function f : IRm → IR ∪ {∞} at a point x such that f(x) is finite and the epigraph
of f is locally closed near (x, f(x)). We write NS (s) for the set of limiting proximal
normals associated with a set S at a point s ∈ S near which S is locally closed.
For simplicity, we refer to these objects simply as “subgradients,” “singular subgradi-
ents,” and “normals”; further discussion of these constructions and their relationships
to other fundamental objects is now widely available ([6], [12], [17], [25]). However,
we will later refer to the basic relationships

(1.1)
∂f(x) = {ξ : (ξ,−1) ∈ Nepi f (x, f(x)) } ,

∂∞f(x) = {ξ : (ξ, 0) ∈ Nepi f (x, f(x)) } .

Throughout the paper we write IB for the closed unit ball centred at the origin in
various Euclidean spaces distinguished by the context.

1.2. Hypotheses. An arc x is given, together with its associated interval of
definition

[
a, b
]
; one has b− a > 0. For some ρ > 0, the open set

(1.2) Ω =
{
(t, x) : |(t, x)− (r, x(r))| < ρ for some r ∈ [a, b]

}
,

with sections Ωt = {x : (t, x) ∈ Ω}, is one in which the data of problem (P) satisfy
hypotheses (H1)–(H5) below. In these conditions, and throughout the paper, a key
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ingredient is the Hamiltonian H: Ω× IRn → IR ∪ {∞}, defined by

(1.3) H(t, x, p) := sup {〈p , v〉 − L(t, x, v) : v ∈ IRn} .

In (H4) and throughout the sequel, we use the simplifying notation L(t) := L
(
t, x(t), ẋ(t)

)
.

(H1) The endpoint cost l: IR × IRn × IR × IRn → IR ∪ {∞} is lower semicontinuous
on the set

{
(a, x, b, y) : |(a, x)− (a, x(a))| < ρ,

∣∣(b, y)− (b, x(b))
∣∣ < ρ

}
.

(H2) For each fixed (t, x) in Ω, the function v 7→ L(t, x, v) is convex on IRn.

(H3) The function L is lower semicontinuous on Ω × IRn and epi-continuous in
(t, x): that is, for any point (t, x, v) in Ω × IRn where L(t, x, v) is finite, and
any sequence (tk, xk) → (t, x), there exists a sequence vk → v along which
L(tk, xk, vk) → L(t, x, v).

(H4) There are positive constants δ and κ such that the following statement is true
for almost every t in

[
a, b
]
: for every point (r, x, v) in Ω × IRn satisfying the

three conditions

(i) |(r, x)−(t, x(t)) | < ρ,

(ii)
∣∣v − ẋ(t)

∣∣ < δ
[
1 +

∣∣ẋ(t)∣∣],
(iii)

∣∣L(r, x, v)− L(t, x(t), ẋ(t))
∣∣ < δ

[
1 +

∣∣L(t, x(t), ẋ(t))
∣∣],

one has the subgradient inequality

|(u,w)| ≤ κ[1 + |p|+ |H(r, x, p)|] ∀(u,w, p) ∈ ∂L(r, x, v).

(H5) The state constraint multifunction X:
[
a− ρ, b+ ρ

]→→ IRn has closed graph.

The key to understanding hypotheses (H2)–(H4) lies in a geometric interpretation
of problem (P) in terms of the multifunction E: Ω→→ IRn × IR defined by

E(t, x) := epiL(t, x, · ) = {(v, γ) : γ ≥ L(t, x, v)} .

Note that a scalar arc y obeys y(t) ≥ y(a) +
∫ t

a
L(r, x(r), ẋ(r)) dr if and only if

(ẋ(t), ẏ(t)) ∈ E(t, x(t)) a.e. This observation furnishes a link between the objective
values in (P) and the endpoint values of trajectories for the differential inclusion based
on E: this reformulation, detailed in [15], makes the geometry easier to appreciate.

Hypothesis (H2), together with the lower semicontinuity part of (H3), ensures
that the set E(t, x) is closed and convex for every (t, x)—an important condition in
the existence theory for problem (P).

Hypothesis (H3) is equivalent to the requirement that the multifunction E be
continuous on Ω, in the sense that for every (t, x) in Ω,

(1.4) lim inf
(t′,x′)→(t,x)

E(t′, x′) ⊇ E(t, x) ⊇ lim sup
(t′,x′)→(t,x)

E(t′, x′) .
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As a consequence of Wijsman’s theorem, which asserts that the correspondence be-
tween Lagrangian and Hamiltonian under the Legendre-Fenchel transform preserves
epi-continuity, we can express (H3) in three equivalent ways:

(i) The set epiL(t, x, · ) depends continuously on (t, x) in Ω;

(ii) The set epiH(t, x, · ) depends continuously on (t, x) in Ω;

(iii) The function H is lower semicontinuous on Ω×IRn, and epi-continuous in (t, x):
that is, for any point (t, x, p) in Ω× IRn at which H is finite, and any sequence
(tk, xk) → (t, x), there is a sequence pk → p along which H(tk, xk, pk) →
H(t, x, p).

(Rockafellar [24, Prop. 2.1] provides details.) This equivalence reveals an appealing
symmetry between the requirements on L and H, and is the key to establishing the
continuity of the function t 7→ H(t, x(t), p(t)) implicit in conclusion (b) of Theorem 1.4.

Hypothesis (H4) is a subgradient sufficient condition for a graphical localization
of E around the points

(
t, x(t), ẋ(t), L(t)

)
to display a type of Lipschitz continuity. The

continuity property we require was introduced for general multifunctions by Aubin [3];
in our context, we require that the graph of x have a neighbourhood in which, for some
constants R and K, one has

E(s, x) ∩
((
ẋ(t), L(t)

)
+RIB

)
⊆ E(t, y) +K|(s, x)− (t, y)|IB.

Mordukhovich [16] has shown that a necessary and sufficient condition for the validity
of this “Aubin continuity property” to hold near a given point

(
t, x(t), ẋ(t), L(t)

)
is

that |(u,w)| ≤ K|(p,−λ)| for all vectors (u,w, p,−λ) normal to the set gphE = epiL
at points near

(
t, x(t), ẋ(t), L(t)

)
. The subgradient inequality in (H4) arises from

just such considerations (compare (1.1)), weakened somewhat thanks to a change of
variable we introduce in the proofs.

Another helpful perspective on (H4) is available if we consider the slightly stronger
hypothesis obtained by omitting the Hamiltonian term from the right side of the
central inequality. For any integrand L that satisfies the resulting hypothesis with
respect to x, the same hypothesis holds (with a larger coefficient κ) for any integrand
L+G1 involving a functionG1 that is Lipschitz with respect to (t, x). This insensitivity
to Lipschitzian perturbations reveals that the real job of (H4) is to regulate the non-
Lipschitz dependence on (t, x) near the nominal trajectory.

It is important to note that both (H3) and (H4) can be checked easily for several
classes of integrand L. We describe some of these reductions in the discussion of
special cases below, and treat this matter more generally in Section 4.

1.3. Regularity Issues. The minimization problem we state as (P) allows an
open competition between all absolutely continuous functions x. With notation bor-
rowed from distribution theory, we might call it “the W 1,1 problem,” to distinguish it
from “the W 1,∞ problem,” in which the same objective functional is to be minimized
over all arcs x for which ẋ ∈ L∞. There are smooth classical examples in which these
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two problems have different infima, and both are attained. However, it often happens
that the solution to the W 1,1 problem is indeed Lipschitzian, and consequently solves
the W 1,∞ problem too. In this situation, our results are particularly simple to state:
our hypotheses simplify—the term

∣∣ẋ(t)∣∣ can be dropped from the right-hand side
of (H4)(ii), and our conclusions improve—we can assert the identity in the first line
of Theorem 1.4(b) for all t, rather than just for the set of t with full measure de-
scribed somewhat more explicitly in the full statement of Theorem 3.1. The question
of whether the necessary conditions presented here actually apply to all solutions of
the W 1,∞ problem (even when the W 1,1 problem has a smaller infimum) is beyond
the scope of our current investigation. (It is addressed implicitly in Ioffe and Rockafel-
lar [11].) A related line of research involves the search for general hypotheses which
will guarantee that all solutions to the W 1,1 problem actually lie in W 1,∞: here there
remains much to be done, although significant progress under stronger hypotheses has
been reported by Clarke and Vinter [9, 10] (see also Clarke and Loewen [7], Ambrosio,
Ascenzi, and Buttazzo [1]).

Dual to the issue of regularity for the minimizing arc x is the question of smooth-
ness for the adjoint quantities (h, p) arising in the necessary conditions. To treat
the full version of problem (P), these must be allowed to jump (see Section 3, and
Rockafellar [22]); however, they turn out to be absolutely continuous in the impor-
tant class of problems where state constraints are not involved. These are covered by
the present formulation simply by setting X(t) = IRn, which is perfectly consistent
with (H5). More generally, a state constraint will be called inactive along the arc x if
the graph of x lies in the interior of the graph of X, i.e.,

(1.5)
{
(t, x(t)) : t ∈

[
a, b
] }

⊆ int
{
(t, x) : t ∈

[
a, b
]
, x ∈ X(t)

}
.

Under this condition, the specialization of Theorem 3.1 to Lipschitzian minimizers
takes the following form.

1.4. Theorem. Let the arc x with interval
[
a, b
]

provide the minimum in prob-
lem (P). In addition to (H1)–(H5), suppose that x is Lipschitzian, and that the state
constraint is inactive along x. Then some absolutely continuous function (h, p) with
values in IR × IRn satisfies either the normal conditions or the singular conditions
below.

[Normal Conditions]:

(a)
(
ḣ(t), ṗ(t)

)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ ∂L

(
t, x(t), ẋ(t)

) }
= co

{
(u,w) :

(
u,−w, ẋ(t)

)
∈ ∂H

(
t, x(t), p(t)

) }
a.e. t ∈

[
a, b
]
.

(b) h(t) = H(t, x(t), p(t)) ∀t ∈
[
a, b
]
;

h(t) =
〈
p(t) , ẋ(t)

〉
− L

(
t, x(t), ẋ(t)

)
a.e. t ∈

[
a, b
]
.

(c)
(
−h(a), p(a), h(b),−p(b)

)
∈ ∂l

(
a, x(a), b, x(b)

)
.

[Singular Conditions]: One has |(h(t), p(t))| > 0 for all t in
[
a, b
]
, and
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(a∞) (−ḣ(t), ṗ(t)) ∈ co
{
(u,w) : (u,w, p(t)) ∈ ∂∞L(t, x(t), ẋ(t))

}
a.e. t ∈ [a, b],

(b∞) h(t) =
〈
p(t) , ẋ(t)

〉
a.e. t ∈

[
a, b
]
,

(c∞)
(
−h(a), p(a), h(b),−p(b)

)
∈ ∂∞l

(
a, x(a), b, x(b)

)
.

In particular, if the only function pair (h, p) satisfying conditions (a∞)–(c∞) is iden-
tically zero, then the normal conditions are satisfied.

Before undertaking a technical justification of Theorem 1.4, whose proof is in
Section 5, we pause to discuss some of its useful implications.

1.5. Conservation of the Hamiltonian. Although the general formulation
of our problem allows for a variable time interval, the results also apply in situations
where the fundamental interval is fixed in advance. Consider, for example, the problem
of choosing an arc x in AC([0, 1]; IRn) with graph in Ω so as to minimize

l̃(x(0), x(1)) +
∫ 1

0

L(t, x(t), ẋ(t)) dt.

The simple redefinition

l(a, x, b, y) := l̃(x, y) + Ψ{0}(a) + Ψ{1}(b)

puts this problem into the form we are calling (P). The hypotheses imposed on l̃ and
L through (H1)–(H5) in this paper are slightly stronger than those of our related
work [15] on the fixed-time problem, but here the conclusions are stronger too. Under
the extra regularity conditions we are now assuming for the time-dependence of L, we
obtain in the normal case of Theorem 1.4 a generalization of the classical equation

(1.6) ḣ(t) = Ht(t, x(t), p(t)) , where h(t) = H(t, x(t), p(t)) .

In particular, if the integrand L is free of explicit dependence on t, then the Hamilto-
nian must be constant along normal extremal trajectories—a conclusion that recalls
the law of conservation of energy in classical mechanics, or the Second Weierstrass-
Erdmann Condition in the calculus of variations. This condition is often useful in
simplifying the solution of problems on a preassigned interval, and it remains valid
even in the more general setting of problems with variable time. The difference is
that in the fixed-time case, the transversality condition in Theorem 1.4(c) involves
the right side

∂l(0, x(0), 1, x(1)) =
{

(r, α, s, β) : r, s ∈ IR, (α, β) ∈ ∂l̃(x(0), x(1))
}
,

and therefore gives no information about the numerical values of h(0) and h(1). In
variable-time problems, condition 1.4(c) is richer, and provides a nontrivial algebraic
condition linking these values with other ingredients of the extremal system.
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1.6. Maximization Conditions. Through the definition of H, conclusion (b)
of Theorem 1.4 encodes the maximization condition

(1.7)
〈
p(t) , ẋ(t)

〉
− L

(
t, x(t), ẋ(t)

)
= max

v∈IRn
{〈p(t) , v〉 − L(t, x(t), v) } a.e. t ∈

[
a, b
]
.

Under the convexity hypothesis (H2), this is equivalent to p(t) ∈ ∂vL
(
t, x(t), ẋ(t)

)
,

whose dual formulation as ẋ(t) ∈ ∂pH(t, x(t), p(t)) can be expressed as

(1.8)
〈
p(t) , ẋ(t)

〉
−H(t, x(t), p(t)) = max

q∈IRn

{〈
q , ẋ(t)

〉
−H(t, x(t), q)

}
a.e. t ∈

[
a, b
]
.

The equivalent assertions (1.7)–(1.8) can be viewed as consequences of the adjoint
inclusion in Theorem 1.4(a). Indeed, that inclusion implicitly asserts the nonemptiness
of the first set on the right side for almost all t. Thus, for almost all t, there are points
(u,w) such that

(1.9) (−u,w, p(t)) ∈ ∂L
(
t, x(t), ẋ(t)

)
.

Rockafellar [24, Prop. 2.2] shows that under our hypotheses on L, this inclusion implies
the partial-subgradient relation p(t) ∈ ∂vL

(
t, x(t), ẋ(t)

)
. (Clarke [4, Prop. 2.5.3] has

the same result for Lipschitz L.) The definition of the convex subgradient allows this
inclusion to be expressed as shown in (1.7). Thus inclusion (1.9) implies

(1.10)
〈
p(t) , ẋ(t)

〉
− L

(
t, x(t), ẋ(t)

)
= H(t, x(t), p(t)) .

This derivation of (1.10) from (1.9) proceeds equally well for more general evaluation
points than those used here, and its more general form will be used repeatedly in
the proofs presented in Section 5. As an illustration, we note that the subgradient
inequality stated in (H4) is equivalent to

(1.11) |(u,w)| ≤ κ[1 + |p|+ |〈p , v〉 − L(r, x, v)|] ∀(u,w, p) ∈ ∂L(r, x, v).

2. Problems with Explicit Velocity Constraints. The fully intrinsic formu-
lation of (P) has the conceptual advantage of a simple statement and a rich heritage
of classical antecedents. On the other hand, its importance in practice comes from
its applicability to problems with velocity and endpoint constraints beyond the scope
of its classical forebears. An example arising frequently in practice is the problem of
choosing an interval [a, b] and an arc x on [a, b] in order to

(2.1)

minimize Γ[a, b;x] := g1(a, x(a), b, x(b)) +
∫ b

a

G1(t, x(t), ẋ(t)) dt

subject to ẋ(t) ∈ F (t, x(t)) a.e. t ∈ [a, b],
(a, x(a), b, x(b)) ∈ S,
x(t) ∈ Ω(t) ∀t ∈ [a, b].
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This problem can be recognized as an instance of (P) with endpoint cost l = g1 + ΨS ,
integrand L = G1+Ψgph F , and state constraintX = IRn. (Nontrivial state constraints
can be treated by the same methods.) Suitable hypotheses of Lipschitz continuity on g1
and G1, together with mild conditions on the multifunction F , will not only establish
(H1)–(H5) for l and L, but also allow us to derive from the conclusions of Theorem 1.4
the usual dichotomy between the normal and abnormal forms of standard necessary
conditions. To express this concisely, we write for any λ ≥ 0

(2.2)

lλ(a, x, b, y) := λg1(a, x, b, y) + ΨS(a, x, b, y),
Lλ(t, x, v) := λG1(t, x, v) + Ψgph F (t, x, v),
Hλ(t, x, p) := sup

v∈IRn
{〈p , v〉 − Lλ(t, x, v)}

= sup {〈p , v〉 − λG1(t, x, v) : v ∈ F (t, x)} .

The hypotheses in question are as follows. Again we state them in terms of a given
arc x with associated interval

[
a, b
]

assumed to solve the given problem, and a fixed
open set Ω containing the graph of x. We assume that x is Lipschitzian.

(h1) The target set S is closed, and the endpoint cost g1 is Lipschitzian on the set{
(a, x, b, y) : |(a, x)− (a, x(a))| < ρ,

∣∣(b, y)− (b, x(b))
∣∣ < ρ

}
.

(h2) For each fixed (t, x) in Ω, both the function v 7→ L(t, x, v) and the set F (t, x)
are convex.

(h3) The function G1 is finite-valued and continuous on Ω× IRn. The multifunction
F is continuous on Ω, in the sense that (1.4) holds for E = F , at every point
(t, x) in Ω.

(h4) There are positive constants δ and R for which almost all t in (a−ρ, b+ρ) have
this property: for every point (r, x, v) in Ω× IRn satisfying the three conditions

|(r, x)−(t, x(t)) | < ρ,
∣∣v − ẋ(t)

∣∣ < δ, v ∈ F (r, x),

both subgradient estimates below are valid:

|(u1, w1, p1)| ≤ R

|(uν , wν)| ≤ R[1 + |pν |]
∀(u1, w1, p1) ∈ ∂G1(r, x, v),
∀(uν , wν , pν) ∈ Ngph F (r, x, v) .

Notice that the conditions on F imposed by (h3)–(h4) amount to nothing more
than continuity in general together with a sort of uniform Aubin property near the
minimizing arc of interest. Since the arc x is Lipschitzian, the first subgradient in-
equality in (h4) will be satisfied (for some R) by any locally Lipschitzian integrand
G1, while a sufficient condition for the second is the qualification condition

(u,w, 0) ∈ ∂L0

(
t, x(t), ẋ(t)

)
=⇒ (u,w) = (0, 0), a.e. t ∈

[
a, b
]
.
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(This follows from Theorem 4.2 below, and the special structure of L.) In particu-
lar, there is no requirement that F be bounded or compact-valued—the next result
applies even when F ≡ IRn and (2.1) reduces to a standard variational problem with
Lipschitzian data and a general target set.

2.1. Theorem. Let the arc x with interval
[
a, b
]

provide the minimum in prob-
lem (2.1). Assume ẋ ∈ L∞

([
a, b
]
; IRn

)
, along with (h1)–(h4). Then there exist a

scalar λ ∈ {0, 1} and an absolutely continuous pair (h, p):
[
a, b
]
→ IR × IRn, with

λ+ |(h(t), p(t))| > 0 for all t in
[
a, b
]
, such that

(a)
(
ḣ(t), ṗ(t)

)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ ∂Lλ

(
t, x(t), ẋ(t)

) }
= co

{
(u,w) : (u,−w, ẋ(t)) ∈ ∂Hλ(t, x(t), p(t))

}
a.e. t ∈

[
a, b
]
.

(b) h(t) = Hλ(t, x(t), p(t)) ∀t ∈
[
a, b
]
;

h(t) =
〈
p(t) , ẋ(t)

〉
− λG1

(
t, x(t), ẋ(t)

)
a.e. t ∈

[
a, b
]
.

(c)
(
−h(a), p(a), h(b),−p(b)

)
∈ ∂lλ

(
a, x(a), b, x(b)

)
.

Again, we stress that condition (b) in the statement of Theorem 2.1 expresses
two (equivalent) maximization conditions valid almost everywhere:

(2.3)
ẋ(t) ∈ ∂pHλ(t, x(t), p(t)) = arg max

v∈IRn
{〈p(t) , v〉 − Lλ(t, x(t), v)} ,

p(t) ∈ ∂vLλ(t, x(t), ẋ(t)) = arg max
q∈IRn

{〈
q , ẋ(t)

〉
−Hλ(t, x(t), q)

}
.

Proof. We reduce to an application of Theorem 1.4, by choosing l = l1 and
L = L1. It is evident that (h1) and (h2) imply that these functions satisfy (H1) and
(H2); checking that (h3) implies (H3) is an easy exercise. To recognize (H4) as a
consequence of (h4), use the constant R provided by (h4) to define

κ = R2 + 2R.

Then consider any point (r, x, v) of the sort described in (H4)(i)–(iii) and any sub-
gradient (u,w, p) ∈ ∂L(r, x, v). Conditions (H4)(i)–(ii) imply that (h4)(i)–(ii) hold
for the evaluation point (r, x, v); condition (H4)(iii) certainly requires the finiteness of
L(r, x, v), so that (h4)(iii) must follow. With the three prerequisites of (h4) in place,
we observe that the given subgradient has a decomposition as

(u,w, p) = (u1, w1, p1) + (uν , wν , pν)

for some (u1, w1, p1) ∈ ∂G1(r, x, v) and some (uν , wν , pν) ∈ Ngph F (r, x, v). Conse-
quently the two estimates in (h4) give the second inequality in the otherwise elemen-
tary estimate

|(u,w)| ≤ |(u1, w1)|+ |(uν , wν)|
≤ R+R[1 + |pν |]
≤ R+R[1 + |p1 + pν |+ |−p1|]
≤ R+R[1 + |p|] +R2

≤ κ[1 + |p|] .
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In the last step we have used the choice κ = R2 + 2R mentioned above. The resulting
inequality confirms (H4).

We may now apply Theorem 1.4 to x on
[
a, b
]
. If the conclusions of Theorem 1.4

hold in normal form, then conditions (a)–(c) follow immediately, with λ = 1. The
nontriviality condition is evident. Suppose, therefore, that we have only the singu-
lar conditions of Theorem 1.4, satisfied by some nonvanishing pair (h, p). Again the
nontriviality condition is immediate, but now the special form of l and L allows con-
clusions (a∞)–(c∞) to be simplified considerably. The key observation is that, since
the endpoint cost g1 and integrand G1 are locally Lipschitz near the evaluation points
of interest, we have

∂∞l
(
a, x(a), b, x(b)

)
= NS

(
a, x(a), b, x(b)

)
= ∂l0

(
a, x(a), b, x(b)

)
,

∂∞L
(
t, x(t), ẋ(t)

)
= Ngph F

(
t, x(t), ẋ(t)

)
= ∂L0

(
t, x(t), ẋ(t)

)
.

Thus the transversality inclusion (c) with λ = 0 follows directly from condition (c∞)
of Theorem 1.4, while condition (a∞) of that result gives

(∗)
(
ḣ(t), ṗ(t)

)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ ∂L0

(
t, x(t), ẋ(t)

) }
a.e. t ∈

[
a, b
]
.

Apply to this inclusion the results of Rockafellar [24, Thm. 1.1], as they pertain to
the function L0 = Ψgph F . Hypothesis (h3) implies that L0 is lower semicontinu-
ous and has the required epicontinuity property. Furthermore, any point (u,w, 0) ∈
∂∞L0

(
t, x(t), ẋ(t)

)
= Ngph F

(
t, x(t), ẋ(t)

)
must satisfy

α(u,w, 0) ∈ Ngph F

(
t, x(t), ẋ(t)

)
∀α > 0,

whereupon (h4) requires α|(u,w)| ≤ R for all α > 0, i.e., |(u,w)| = 0. Thus the
calculus qualification of [24] is in force, and we may conclude that

co
{
(u,w) : (−u,w, p(t)) ∈ ∂L0

(
t, x(t), ẋ(t)

) }
= co

{
(u,w) :

(
u,−w, ẋ(t)

)
∈ ∂H0(t, x(t), p(t))

}
a.e. t ∈

[
a, b
]
.

In conjunction with (∗) above, this equation establishes conclusion (a) with λ = 0.

Turning finally to the maximum condition, we note that inclusion (∗) implies
p(t) ∈ ∂vL0

(
t, x(t), ẋ(t)

)
= NF (t,x(t))

(
ẋ(t)

)
. (See Remark 1.6.) In particular,

〈
p(t) , ẋ(t)

〉
≥

〈p(t) , v〉 for all v in F (t, x(t)), which can be restated as
〈
p(t) , ẋ(t)

〉
= H0(t, x(t), p(t)).

We already have h(t) =
〈
p(t) , ẋ(t)

〉
from conclusion (b∞), so conclusion (b) holds for

almost all t. The first line can be upgraded to an equation valid for all t by applying
Corollary 3.6, below.

2.2. Minimum-Time Problems. The problem of steering the state trajectory
from the origin at time 0 to a moving target set C in least time, subject to given
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differential constraints, can be expressed as follows:

(2.4)

minimize Λ[x] := b

subject to b > 0, x ∈ AC([0, b], IRn) ,
ẋ(t) ∈ F (t, x(t)) a.e. t ∈ [a, b],
x(0) = 0, x(b) ∈ C(b),
x(t) ∈ Ωt ∀t ∈ [a, b].

This fits the pattern of the case just discussed, with

G1 ≡ 0, g1(a, x, b, y) = b, S = {(0, 0)} × gphC.

Thus (h1) will hold for any target multifunction C whose graph is closed, (h2) reduces
to a convexity requirement on the velocity sets F (t, x), (h3) changes only slightly, and
the first of the subgradient estimates in (h4) becomes self-evident. In addition, one
has Lλ = Ψgph F = L0, and hence Hλ = H0, for all λ ≥ 0. Thus a Lipschitzian
minimizer x with interval

[
0, b
]

must have an associated scalar λ ∈ {0, 1} and arc
(h, p):

[
0, b
]
→ IR× IRn, not both zero, such that

(a)
(
ḣ(t), ṗ(t)

)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ Ngph F

(
t, x(t), ẋ(t)

) }
= co

{
(u,w) : (u,−w, ẋ(t)) ∈ ∂H0(t, x(t), p(t))

}
a.e. t ∈

[
0, b
]
.

(b) h(t) = H0(t, x(t), p(t)) ∀t ∈
[
a, b
]
;

h(t) =
〈
p(t) , ẋ(t)

〉
a.e. t ∈

[
a, b
]
.

(c)
(
− h(0), p(0), h(b),−p(b)

)
∈ λ(0, 0, 1, 0) + IR× IRn ×Ngph C

(
b, x(b)

)
.

Here the normality indicator λ shows up only in the transversality condition, which
reduces to

(c′)
(
h(b)− λ,−p(b)

)
∈ Ngph C

(
b, x(b)

)
.

In the case where the target set multifunction t 7→7→C(t) is actually single-valued, and
moves smoothly with time, this condition says(

h(b)− λ,−p(b)
)
∈
(
1, C ′(b)

)⊥
, i.e., h(b)−

〈
p(b) , C ′(b)

〉
= λ,

in perfect harmony with the classical case.

Another possibility is that the target is stationary, so that C(t) = C for all
t > 0. In this case gphC(·) = IR×C, so condition (c′) reduces to a pair of decoupled
conditions relating the terminal value of the Hamiltonian to the normality indicator
λ, and asserting that the final value of the adjoint arc is associated with a generalized
normal to the fixed target set:

h(b) = λ, −p(b) ∈ NC

(
x(b)

)
.
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In the further special case where the velocity sets F (t, x) actually have no explicit
dependence on t, it follows from conditions (a)(b) that the Hamiltonian must be
constant along extremal trajectories, with the fixed value λ = 1 for normal problems
and λ = 0 for singular ones.

3. Problems with Explicit State Constraints. We return to problem (P) in
its full generality, and concentrate on the case where the state constraint x(t) ∈ X(t) is
active at some times along the optimal trajectory. Loosely speaking, the natural space
in which to impose this constraint is the space of continuous functions on

[
a− ρ, b+ ρ

]
:

thus we can expect the corresponding multipliers to lie in the dual of this space, which
is a space of measures. An equivalent viewpoint, which harmonizes the notation
nicely with the simpler cases studied above, is that we must now consider the adjoint
quantities h and p to have bounded variation, rather than asserting their absolute
continuity as we have done in the absence of state constraints.

The costate vector (−h, p) is allowed to jump only at instants when (t, x(t)) lies
on the boundary of gphX; at such times, the jump direction must be an outward
normal to gphX at the point (t, x(t)). To formulate this principle precisely, we must
use the Clarke normal cone [4] to gphX, characterized by

Ngph X(t, x) = cl coNgph X (t, x) ∀(t, x) ∈ gphX.

In what follows, we will deal only with points (t, x) in gphX where the coneNgph X (t, x)
is ‘pointed’, i.e., points for which any finite collection of nonzero normal vectors has
a nonzero sum. At any such point, the closure operation on the right side above is
superfluous and Clarke’s cone Ngph X (t, x) is pointed as well. This situation is known
to arise if and only if the Clarke tangent cone to gphX at (t, x) has nonempty interior.
(See [4] for this characterization and more discussion.)

The Lebesgue-Stieltjes theory establishes a correspondence between vector-valued
measures on a real interval [a, b] and (equivalence classes of) functions of bounded
variation. (Two functions f and g in BV ([a, b]; IRn) are equivalent when f(t−) = g(t−)
and f(t+) = g(t+) for all t in [a, b]; here we define f(a−) = f(a) and f(b+) = f(b).) We
recall that for any multifunction N : [a, b]→→ IRn whose values are closed convex cones,
the statement that a given measure df is “N(t)-valued” means that df is absolutely
continuous with respect to some nonnegative measure µ on [a, b], and the Radon-
Nikodym derivative ν = df/dµ satisfies ν(t) ∈ N(t) for µ-almost all t in [a, b].

We now state our main result. The formulation involves the block-structured
(1 + n)× (1 + n) matrix

(3.1) A =
[
−1 0
0 I

]
.

3.1. Theorem. Let the arc x with interval
[
a, b
]

provide the minimum in prob-
lem (P). Assume (H1)–(H5). Under the constraint qualification

(CQ) the normal cone Ngph X (t, x(t)) is pointed for all t in [a, b],
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there is a function (h, p) of bounded variation on [a, b], with values in IR × IRn, for
which the singular part of the measure (−dh, dp) is Ngph X (t, x(t))-valued, and in
particular whose support is a subset of{

t : Ngph X (t, x(t)) 6= {0}
}

=
{
t ∈ [a, b] : (t, x(t)) ∈ bdy gphX(t)

}
.

This function satisfies either the normal conditions or the singular conditions below.

[Normal Conditions]:

(a)
(
ḣ(t), ṗ(t)

)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ ∂L

(
t, x(t), ẋ(t)

) }
+ANgph X (t, x(t))

= co
{
(u,w) :

(
u,−w, ẋ(t)

)
∈ ∂H

(
t, x(t), p(t)

) }
+ANgph X (t, x(t))

a.e. t ∈
[
a, b
]
.

(b) h(t) = H(t, x(t), p(t)) a.e. t ∈
[
a, b
]

(see also Prop. 3.5);

h(t) =
〈
p(t) , ẋ(t)

〉
− L

(
t, x(t), ẋ(t)

)
a.e. t ∈

[
a, b
]
.

(c)
(
−h(a), p(a), h(b),−p(b)

)
∈ ∂l

(
a, x(a), b, x(b)

)
.

[Singular Conditions]: The pair (h, p) is not identically zero, and

(a∞) (ḣ(t), ṗ(t)) ∈ co
{
(u,w) : (−u,w, p(t)) ∈ ∂∞L(t, x(t), ẋ(t))

}
+ANgph X (t, x(t))

a.e. t ∈ [a, b],

(b∞) h(t) =
〈
p(t) , ẋ(t)

〉
a.e. t ∈

[
a, b
]
.

(c∞) (−h(a), p(a), h(b),−p(b)) ∈ ∂∞l(a, x(a), b, x(b)).

In particular, if the only function pair (h, p) satisfying conditions (a∞)–(c∞) is iden-
tically zero, then the normal conditions are satisfied.

3.2. Remarks.

(i) The equation in conclusion (a) conceals somewhat a sharper assertion that
can be made in the normal case. In fact the same measurable selection ofNgph X (t, x(t))
can be used on both sides of the equation—that is, there is some measurable (f(t), y(t)) ∈
Ngph X (t, x(t)) for which

(3.2)

(
ḣ(t) + f(t), ṗ(t)− y(t)

)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ ∂L

(
t, x(t), ẋ(t)

) }
= co

{
(u,w) :

(
u,−w, ẋ(t)

)
∈ ∂H

(
t, x(t), p(t)

) }
a.e. t ∈

[
a, b
]
.

(ii) As before, conclusion (b) implies the following (equivalent) maximization
conditions for almost all t:

(3.3)
ẋ(t) ∈ ∂pHλ(t, x(t), p(t)) = arg max

v∈IRn
{〈p(t) , v〉 − Lλ(t, x(t), v)} ,

p(t) ∈ ∂vLλ(t, x(t), ẋ(t)) = arg max
q∈IRn

{〈
q , ẋ(t)

〉
−Hλ(t, x(t), q)

}
.
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3.3. Costate Jumps. The appearance of the Clarke normal cone on the right
sides of the adjoint inclusions of Theorem 3.1 signals the possibility that the costate
vector(− h(t), p(t)) might jump—or, more generally, depart from absolute continuity—
at instants when the state constraint is active: such jumps must drive the vector
(−h, p) in a direction outward normal to gphX at the point (t, x(t)) as understood in
the sense of Clarke [4].

Note that if the state constraint is inactive along the solution x, i.e., if (t, x(t)) ∈
int( gphX) for all t in

[
a, b
]
, then we have

Ngph X (t, x(t)) = {0} ∀t ∈
[
a, b
]
.

This evidently confirms (CQ), but also forces the measure (−dh, dp) to have a {0}-
valued singular part. In other words, the function pair (−h, p) must be indistinguish-
able from an absolutely continuous pair, and thus we recover the main conclusions of
Theorem 1.4 as corollaries of this result, provided x is Lipschitz.

A second special case of interest arises when X(t) = X is a fixed closed set
independent of t. In this case gphX(·) = IR×X, so we have

Ngph X (t, x(t)) = {0} ×NX (x(t)) ∀t ∈
[
a, b
]
.

In this setting (CQ) requires only that the convex cone NX (x(t)) be pointed in IRn for
all t; under this condition the function hmust be absolutely continuous and the adjoint
inclusions (in normal form) assert that the singular part of dp is NX (x(t))-valued,
while(

ḣ(t), ṗ(t)
)
∈ co

{
(u,w) : (−u,w, p(t)) ∈ ∂L

(
t, x(t), ẋ(t)

) }
+ {0} ×NX (x(t))

= co
{
(u,w) :

(
u,−w, ẋ(t)

)
∈ ∂H

(
t, x(t), p(t)

) }
+ {0} ×NX (x(t))

a.e. t ∈
[
a, b
]
.

(A similar reformulation applies to the singular conclusion.)

3.4. Hamiltonian Continuity. Since the adjoint process (−h, p) in Theorem 3.1
is a function of bounded variation, it has finite one-sided limits at every point t in[
a, b
]
. (Recall that by convention, we insist on h(a−) = h(a) and h(b

+
) = h(b),

for example.) This observation, together with the epi-continuity of H described in
Remark 1.6, allows us to sharpen conclusion (b) of Theorem 3.1. This is the point of
our next result, in which m denotes Lebesgue measure and we write

I+ =
⋃

R>0

I+
R , I− =

⋃
R>0

I−R , where

I+
R =

{
t ∈
[
a, b
)

: ∀ε > 0, m{s ∈ [t, t+ ε] :
∣∣ẋ(s)∣∣ ≤ R} > 0

}
,

I−R =
{
t ∈
(
a, b
]

: ∀ε > 0, m{s ∈ [t− ε, t] :
∣∣ẋ(s)∣∣ ≤ R} > 0

}
.
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3.5. Proposition. If the statements in Theorem 3.1(b) hold for an arc x and
a pair (h, p) of bounded variation on

[
a, b
]
, then one has

(a) h(t+) = H(t, x(t), p(t+)) ∀t ∈ I+,

(b) h(t−) = H(t, x(t), p(t−)) ∀t ∈ I−.

Proof. We prove only (a), since (b) is similar.

Fix any t in I+. Since h and p have bounded variation on
[
a, b
]
, their right limits

h(t+) and p(t+) exist finitely, and can moreover be realized along any sequence sk →
t+. But t ∈ I+

R for some R > 0, so each interval [t, t+ 1/k] contains a set of positive
measure in which

∣∣ẋ(s)∣∣ ≤ R. We may therefore choose a sequence sk → t+ along
which ẋ(sk) exists, the two equations in Theorem 3.1(b) hold, and supk

∣∣ẋ(sk)
∣∣ ≤ R.

Now H is lower semicontinuous on Ω × IRn by Remark 1.6, so we have the in-
equality

(∗) h(t+) = lim inf
k→∞

H(sk, x(sk), p(sk)) ≥ H(t, x(t), p(t+)) .

On the other hand, H is epicontinuous on Ω. Line (∗) shows that (t, x(t), p(t+)) is a
point where H is finite, and we have a sequence(sk, x(sk)) converging to(t, x(t)). Thus
there must be a sequence qk → p(t+) along which H(sk, x(sk), qk) → H(t, x(t), p(t+)).
The maximum condition (3.3) then supplies the inequality

(∗∗)

h(t+) = lim
k→∞

H(sk, x(sk), p(sk))

≤ lim inf
k→∞

[
H(sk, x(sk), qk)−

〈
qk − p(sk) , ẋ(sk)

〉]
= H(t, x(t), p(t+))− 0.

Combining (∗) and (∗∗) gives h(t+) ≤ H(t, x(t), p(t+)) ≤ h(t+), as required.

The consequences of Proposition 3.4 are strongest when x is Lipschitzian. In this
case, I+ =

[
a, b
)

and I− =
(
a, b
]
, so the following corollary is immediate. We have

applied this result in the statements of Theorems 1.4 and 2.1.

3.6. Corollary. If x is a Lipschitzian arc for which the statements of Theo-
rem 3.1(b) hold for some pair (h, p) of bounded variation on

[
a, b
]
, then one has

(a) h(t+) = H(t, x(t), p(t+)) ∀t ∈
[
a, b
)
,

(b) h(t−) = H(t, x(t), p(t−)) ∀t ∈
(
a, b
]
.

In particular, at any point t in
[
a, b
]

where p(t−) = p(t+), the redefinitions

p(t) = p(t−), h(t) = H(t, x(t), p(t))

render both p and h continuous at t.
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4. Simplified Continuity Conditions. Both the epicontinuity condition (H3)
and the Aubin continuity hypothesis (H4) follow from more elementary assumptions
when the integrand L has suitable structure. We discuss some of these reductions in
this section, paying particular attention to simplifications available when the function
L(t, x, v) is convex in (x, v) for each fixed t.

Our first result is a sufficient condition for the Aubin continuity property (H4).
A simplified version appears as Theorem 4.2 below.

4.1. Proposition. Suppose ẋ and L are essentially bounded. Then, upon re-
ducing ρ > 0 if necessary, hypothesis (H4) holds whenever there exists a multifunction
Γ: IR× IRn × IRn→→ IR with these three properties:

(a) The graph of Γ is a compact subset of epiL; the images of Γ are compact
convex sets.

(b) If Γ(t, x, v) 6= ∅ then L(t, x, v) ∈ Γ(t, x, v); moreover, Γ
(
t, x(t), ẋ(t)

)
6= ∅ for

almost all t in
[
a, b
]
.

(c) One has

(4.1) ∀γ ∈ Γ(t, x, v), (u,w, 0, 0) ∈ Nepi L (t, x, v, γ) =⇒ (u,w) = (0, 0).

Conditions (a)–(b) require, among other things, that the graph of Γ be a compact
superset of the ‘curve’

{
(t, x(t), ẋ(t), L

(
t, x(t), ẋ(t)

)
: t ∈ [a, b]

}
. This curve will admit

a compact superset if and only if both ẋ and L are essentially bounded, which we have
emphasized by making it an explicit hypothesis in the statement above. In the case
where both ẋ and L are continuous, the curve in question is itself compact, and
conditions (a)–(b) are satisfied by the multifunction

(4.2) Γ(t, x, v) =
{
{L(t, x, v)} , if (t, x, v) =

(
t, x(t), ẋ(t)

)
, t ∈

[
a, b
]
,

∅, otherwise.

Somewhat more generally, suppose there is a compact set Γ0 in IR×IRn×IRn containing
almost all points

(
t, x(t), ẋ(t)

)
and enjoying the additional property that the restriction

L|Γ0
is continuous. In this case a multifunction satisfying (a)–(b) is

(4.3) Γ(t, x, v) =
{
{L(t, x, v)} , if (t, x, v) ∈ Γ0,
∅, otherwise.

In both the simple cases just mentioned, and more generally at any point where
Γ(t, x, v) = {L(t, x, v)}, the key condition (4.1) can be rewritten in terms of singular
subgradients using (1.1):

(4.4) (u,w, 0) ∈ ∂∞L(t, x, v) =⇒ (u,w) = (0, 0).

The discrepancy between (4.1) and (4.4) shows up only when (4.1) refers to normals
to epiL at points (r, x, v, γ) where γ > L(r, x, v). For convex integrands, the two
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conditions are equivalent, and can indeed be simplified further, as we will show later
in this section.

Proof of Proposition 4.1. The essential boundedness of ẋ and L allow the right
sides in (H4)(ii)–(iii) to be replaced by δ. This is the form of (H4) we will confirm.

The first step is local analysis. Fix any point (t, x, v, γ) in gph Γ. We claim that
there exists M > 0 so large that the following geometrical inequality holds near the
given point:

|(r, x, v)− (t, x, v)| < 1/M,

γ < γ + 1/M

}
=⇒

|(u,w)| ≤M [|p|+ |q|] ∀(u,w, p, q) ∈ Nepi L (r, x, v, γ) . (∗)

Indeed, if this claim were false, then it would have to fail for every positive integer
m. In this case each m would give rise to a point (rm, xm, vm, γm) satisfying the
antecedent inequalities in (∗), but associated with a normal vector (um, wm, pm, qm)
in Nepi L (rm, xm, vm, γm) for which

(†) 1
R
|(um, wm)| > [|pm|+ |qm|] , |(um, wm, pm, qm)| = 1.

In particular, we have (rm, xm, vm) → (t, x, v) and γm ≥ L(rm, xm, vm), whereupon

γ ≥ lim sup
m→∞

γm ≥ lim sup
m→∞

L(rm, xm, vm)

≥ lim inf
m→∞

L(rm, xm, vm)

≥ L(t, x, v) (by lower semicontinuity).

Conditions (a)–(b) imply that all the limit points of the sequence γm lie in the compact
interval Γ(t, x, v); by passing to a subsequence if necessary, we may assume that γm →
γ̂, where L(t, x, v) ≤ γ̂ ≤ γ, and γ̂ ∈ Γ(t, x, v). Along a further subsequence, the given
normals converge to a unit vector (u,w, p, q) with the property that

0 ≥ |p|+ |q|, (u,w, p, q) ∈ Nepi L (t, x, v, γ̂) .

Thus we arrive at a contradiction to condition (4.1). This proves the claim involv-
ing (∗).

The second step is to harness the compact-graph condition (a). Fix any point
(t, x, v, γ) in gphΓ. The previous paragraph provides a constant M = M(t, x, v, γ)
with the properties specified in (∗). Use this constant to define an open set in
IR1+n+n+1:

Ω(t, x, v, γ) = {(r, x, v, γ) : |(r, x)− (t, x)| < 1/M, |v − v| < 1/M, γ < γ + 1/M} .
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Now as (t, x, v, γ) runs through gphΓ, the open sets Ω(t, x, v, γ) cover gphΓ. Thus we
can extract a finite list of points (ti, xi, vi, γi), i = 1, . . . , N , in gphΓ, such that

(∗∗) gph Γ ⊆
N⋃

i=1

Ω(ti, xi, vi, γi).

Since the left side is compact and the right side is open, we can enlarge the left side
by adding an open ball of small radius while maintaining the indicated inclusion.
Thus there is a positive constant δ such that any point (r, x, v, γ) satisfying the three
conditions below for some point (t, x, v, γ) in gph Γ will lie in the right side of (∗∗):

|(r, x)− (t, x)| < δ, |v − v| < δ, γ < γ + δ.

In particular, fix any time t in
[
a, b
]

at which the inclusion in (b) holds. Then the
point (t, x, v, γ) =

(
t, x(t), ẋ(t), L

(
t, x(t), ẋ(t)

))
lies in gphΓ, so the three hypotheses

below are enough to situate the point (r, x, v, L(r, x, v)) in the right side of (∗∗):

(i) |(r, x)− (t, x(t))| < δ,

(ii)
∣∣v − ẋ(t)

∣∣ < δ,

(iii) L(r, x, v) < L(t, x(t), ẋ(t)) + δ

This means that there is some index i for which (r, x, v, L(r, x, v)) lies in Ω(ti, xi, vi, γi),
and hence that any vector (u,w, p, q) in Nepi L (r, x, v, L(r, x, v)) obeys

|(u,w)| ≤Mi[|p|+ |q|] ≤ M̂ [|p|+ |q|] ,

where M̂ = max {M1, . . . ,MN}. To summarize, conditions (i)–(iii) imply

(u,w, p) ∈ ∂L(r, x, v) =⇒ |(u,w)| ≤ M̂ [1 + |p|] .

This completes the proof of (H4)—in fact it gives a sharper estimate than we need;
the required constants are δ and M̂ .

4.2. Theorem. Suppose both ẋ and L are essentially bounded. Then, upon
reducing ρ > 0 if necessary, the following condition implies (H4): there exists δ > 0
so small that for almost all t ∈

[
a, b
]
, the three inequalities

|(r, x)− (t, x(t))| < δ,
∣∣v − ẋ(t)

∣∣ < δ,
∣∣γ − L(t)

∣∣ < δ

imply the geometrical condition

(4.5) (u,w, 0, 0) ∈ Nepi L (t, x, v, γ) =⇒ (u,w) = (0, 0).
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Proof. Since the geometrical condition in (4.5) is identical to the one in (4.1), it
suffices to construct a multifunction Γ satisfying conditions (a)–(b) of Proposition 4.1,
such that any quadruple (r, x, v, γ) satisfying the three inequalities above automati-
cally lies in gph Γ. Intermediate figures in our definition of Γ are the ‘essential value’
multifunctions

V (t) :=
{
v ∈ IRn : ∀ε > 0, 0 < m

{
s ∈ [t− ε, t+ ε] ∩

[
a, b
]

:
∣∣v − ẋ(s)

∣∣ < ε
}}

,

I(t) :=
{
γ ∈ IR : ∀ε > 0, 0 < m

{
s ∈ [t− ε, t+ ε] ∩

[
a, b
]

:
∣∣γ − L(s)

∣∣ < ε
}}

.

(See [8].) Elementary measure theory implies that both gphV and gph I are compact,
while ẋ(t) ∈ V (t) and L(t) ∈ I(t) for almost all t. It follows that for any constant
δ0 ∈ (0, δ), the set

G := {(r, x, v, γ) : for some t in
[
a, b
]
, one has

|(r, x)− (t, x(t))| ≤ δ0,

v ∈ V (t) + δ0IB,
γ ∈ co I(t) + δ0IB}

is compact, contains almost all the points (t, x(t), ẋ(t), L(t)) for t in
[
a, b
]
, and has con-

vex sections in the last variable. Thus we can define Γ by gphΓ = G to obtain a mul-
tifunction satisfying conditions 4.1(a)–(b). For almost all t, any quadruple (r, x, v, γ)
obeying the three inequalities in the theorem statement will satisfy γ ∈ Γ(r, x, v).
Thus condition (4.5) implies (4.1), and the result follows.

The Convex Case. Necessary (and sufficient) conditions for the fixed-time case
of problem (P) in which the Lagrangian is a convex function of (x, v) for each fixed t
have been known for some time: see [19, 20, 21] for example. These early results have
a role not only in the direct solution of applied problems, but also as test cases for
the correctness of further generalizations. Thus we seek to confirm that our results
in this paper represent faithful generalizations of the convex theory. The key issue,
of course, is the extent to which convex problems can be expected to satisfy our
standing hypotheses (H3)–(H4). Let us label our convexity condition, and incorporate
an assumption that requires any state constraints to be introduced explicitly through
the multifunction X, rather than implicitly through extended values in L:

(H2)c For each fixed t in
(
a− ρ, b+ ρ

)
, the function (x, v) 7→ L(t, x, v) is convex on

Ωt × IRn. Furthermore, one has domL(t, x, ·) 6= ∅ for each (t, x) in Ωt.

We will show that for autonomous problems, both (H3) and (H4) follow from (H2)c,
and more generally, that assuming (H2)c allows (H3)–(H4) to be derived from their
weakened analogues below, in which only the t-dependence is involved:

(H3)c The function L is lower semicontinuous on Ω× IRn and epicontinuous in t: that
is, for any point (t, x, v) in Ω× IRn where L(t, x, v) is finite, and any sequence
tk → t, there exists a sequence (xk, vk) → (x, v) along which L(tk, xk, vk) →
L(t, x, v).



20 p. d. loewen and r. t. rockafellar

(H4)c Both ẋ and L are essentially bounded, and there are positive constants δ and κ
such that for almost all t in

[
a, b
]
, every point (r, x, v, γ) in Ω× IRn× IR obeying

the three inequalities

|(r, x)− (t, x(t))| < ρ,
∣∣v − ẋ(t)

∣∣ < δ,
∣∣γ − L(t)

∣∣ < δ,

satisfies the normal inequality condition

(u, 0, 0, 0) ∈ Nepi L (r, x, v, γ) =⇒ u = 0.

Both (H3)c and (H4)c hold trivially if L has no explicit dependence on t, provided
both ẋ and L are essentially bounded. Notice that (H4)c is a geometrical sufficient
condition for the uniform Aubin continuity of the multifunction t 7→7→ epiL(t, ·, ·) near
the optimal trajectory.

We deal first with the epicontinuity conditions (H3) and (H3)c, starting from a
technical lemma.

4.3. Lemma. Let x0, . . . , xn be points of IRn such that

(4.6) 0 ∈ int co {x0, . . . , xn} .

For each j = 0, . . . , n, let
{
xk

j

}
k

be a sequence converging to xj. Given any se-
quence wk → 0 in IRn, there exists for each index k sufficiently large a collection
λk

0 , λ
k
1 , . . . , λ

k
n ≥ 0 such that

(i) wk =
n∑

j=0

λk
jx

k
j , (ii)

 n∑
j=0

λk
j

→ 0 as k →∞.

Proof. Condition (4.6) allows us to fix σ > 0 so small that co {x0, . . . , xn} contains
2σIB. It follows that for all k sufficiently large, the set Sk := co

{
xk

0 , . . . , x
k
n

}
contains

the smaller ball σIB. In particular, σwk/|wk| lies in Sk for all such k, and therefore
has a representation in terms of scalars µk

j ≥ 0,
∑n

j=0 µ
k
j = 1:

σ
wk

|wk|
=

n∑
j=0

µk
jx

k
j , i.e., wk =

n∑
j=0

(
µk

j |wk|
σ

)
xk

j .

Choosing λk
j = σ−1µk

j |wk| gives the representation asserted by conclusion (i), and also
satisfies (ii) because

n∑
j=0

λk
j = σ−1|wk|

n∑
j=0

µk
j = |wk|/σ → 0 as k →∞.
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Here is an abstract result concerning epicontinuity, phrased in notation that will
make its application to our problem particularly straightforward.

4.4. Theorem. Let L: IR × IRn × IRn → IR ∪ {∞} be lower semicontinuous at
every point in

{
(t, x)

}
× IRn, and suppose that for some η > 0, the function (x, v) 7→

L(t, x, v) is convex for each fixed t obeying
∣∣t− t

∣∣ ≤ η. Assume further that

(i) domL(t, x, ·) 6= ∅ for all x where |x− x| ≤ η;

(ii) L is epicontinuous in t at the point t = t.

Then L is epicontinuous in (t, x) at the point (t, x).

Proof. Without loss of generality, take t = 0 and x = 0. Fix unit vectors
û0, . . . , ûn such that 0 ∈ int co {û0, . . . , ûn}. Then let xj = ηûj (j = 0, . . . , n): note
that domL(0, xj , ·) 6= ∅ by (i), so there exists vj where L(0, xj , vj) <∞.

Now fix any v in domL(0, 0, ·), and let any sequence (tk, xk) → (0, 0) be given.
We must construct a sequence vk → v along which L(tk, xk, vk) → L(0, 0, v). To do
this, we apply the epicontinuity property (ii) n+2 times: once to generate a sequence

(∗) (x∗k, v
∗
k) → (0, v) along which L(tk, x∗k, v

∗
k) → L(0, 0, v),

and n+ 1 more times to find for each j = 0, . . . , n a sequence

(∗∗) (xk
j , v

k
j ) → (xj , vj) along which L(tk, xk

j , v
k
j ) → L(0, xj , vj),

Now apply Lemma 4.3 to the null sequence wk = xk − x∗k, using the moving simplex{
xk

j − x∗k : j = 0, . . . , n
}
. This produces sequences of scalars λk

j ≥ 0 (j = 0, . . . , n)
such that both

xk − x∗k =
n∑

j=0

λk
j

(
xk

j − x∗k
)
, i.e., xk =

n∑
j=0

λk
jx

k
j +

1−
n∑

j=0

λk
j

x∗k,

and
∑n

j=0 λ
k
j → 0 as k →∞. We use these scalars to define

vk =
n∑

j=0

λk
j v

k
j +

1−
n∑

j=0

λk
j

 v∗k.

For each k, the convexity of the function L(tk, ·, ·) now yields

L(tk, xk, vk) = L
(
tk,
∑n

j=0 λ
k
j (xk

j , v
k
j ) +

(
1−

∑n
j=0 λ

k
j

)
(x∗k, v

∗
k)
)

≤
n∑

j=0

λk
jL(tk, xk

j , v
k
j ) +

1−
n∑

j=0

λk
j

L(tk, x∗k, v
∗
k).
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On the right side of this estimate, each of the sequences L(tk, xk
j , v

k
j ) in the first

term is bounded, by (∗∗). The sequence L(tk, x∗k, v
∗
k) in the second term converges to

L(0, 0, v), by (∗). The construction of the coefficient sequences λk
j therefore implies

that the right side above converges to L(0, 0, v). This gives the first inequality in the
estimate

L(0, 0, v) ≥ lim sup
k→∞

L(tk, xk, vk)

≥ lim inf
k→∞

L(tk, xk, vk) ≥ L(0, 0, v).

The second inequality is obvious, and the third follows from the lower semicontinuity
of L. Taken together, they show that L(tk, xk, vk) → L(0, 0, v), as required.

4.5. Corollary. Together (H2)c and (H3)c imply (H3).

Proof. It suffices to show that (H2)c and (H3)c imply conditions (i)–(ii) of The-
orem 4.4 at every point (t, x) in Ω. This is obvious.

The autonomous case of Theorem 4.4 is of independent interest.

4.6. Corollary. Let g: IRm × IRn → IR ∪ {∞} be lower semicontinuous and
jointly convex. Let (x, v) be a point where g is finite. Then the following statements
are equivalent:

(a) There exists η > 0 such that dom g(x, ·) 6= ∅ for all x with |x− x| < η.

(b) g is epicontinuous in x at the point x = x.

Proof. If (a) holds, then Theorem 4.4 applies to L(t, x, v) = g(x, v) to estab-
lish (b). Conversely, if (b) holds, then the definition of epicontinuity implies that for
every sequence xk → x, one has dom g(xk, ·) 6= ∅. This clearly implies (a).

Now we turn from epicontinuity to the Aubin property.

4.7. Theorem. Together (H2)c–(H4)c imply (H4).

Proof. We set up an application of Theorem 4.2. The central point is a simple
sufficient condition for (4.5) available in the presence of convexity. Consider the indi-
cator function ψ(t, x, v, γ) := Ψepi L(t, x, v, γ). It follows from (H3)c that the function
ψ is both lower semicontinuous and epicontinuous in t. Meanwhile, (H2)c implies
that for each fixed t, the function (x, v, γ) 7→ ψ(t, x, v, γ) is convex. Thus we have
(Rockafellar [24, Prop. 2.2]) the inclusion

Nepi L (t, x, v, γ) = ∂ψ(t, x, v, γ)
⊆ IR× ∂x,v,γψ(t, x, v, γ) = IR×Nepi L(t,·,·) (x, v, γ) .

It follows that any point (u,w, 0, 0) normal to epiL at (t, x, v, γ) will have a projection
(w, 0, 0) normal to epiL(t, ·, ·) at (x, v, γ). But the latter relation concerns a closed
convex set, for which normality has a simple characterization by inequalities:

0 ≥ 〈(w, 0, 0) , (x′, v′, γ′)− (x, v, γ)〉 = 〈w , x′ − x〉 ∀(x′, v′, γ′) ∈ epiL(t, ·, ·).
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Evidently any x′ for which domL(t, x′, ·) 6= ∅ must satisfy the inequality above; in
view of (H2)c, this includes all x′ in the neighbourhood Ωt of x. Thus w = 0. It
follows that the key condition (4.5) of Theorem 4.2 can be rewritten as

∀γ ∈ Γ(t, x, v), (u, 0, 0, 0) ∈ Nepi L (t, x, v, γ) =⇒ u = 0.

This is precisely the condition supplied by (H4)c.

Lipschitzian Perturbations of Convex Problems. The various formulations
of (H3) and (H4) described above are all designed to regulate non-Lipschitz behaviour
in the (t, x)-dependence of the integrand L. Perhaps the easiest way to see this is
to note that if (H3) and (H4) hold for a given integrand L, then they also hold for
the integrand L + G1, under the sole hypothesis that G1 is Lipschitzian of constant
rank on some neighbourhood of gph

(
x, ẋ

)
. It follows that the simplified conditions

outlined in Corollary 4.5 and Theorem 4.7 apply not just to convex integrands, but
equally well to Lipschitzian perturbations of convex integrands. An interesting family
of such functions has the form L(t, x, v) = G1(t, x, v) + k(t, v − A(t)x), where G1 is
locally Lipschitzian on IR × IRn × IRn, and k(t, ·) is a lower semicontinuous, proper
convex function for each fixed t. If we deal with a Lipschitzian arc x along which L
is essentially bounded, conditions (H3)–(H4) for L are consequences of (H3)c–(H4)c

for the integrand K(t, x, v) = k(t, v − A(t)x). Here Corollary 4.5 and Theorem 4.7
apply directly, under the additional assumption that the matrix-valued function A is
Lipschitzian, to show that (H3)–(H4) hold whenever k is epi-continuous in t and one
has the Aubin continuity condition

(u, 0, 0) ∈ Nepi k (t, v −A(t)x, γ) =⇒ u = 0

on a suitable neighbourhood of the points (t, x(t), ẋ(t), L(t)).

5. Proofs of the Main Results. The proofs of Theorems 1.4 and 3.1 take up
this whole section; in particular, hypotheses (H1)–(H5) are in force throughout. The
unifying idea is a classical one. We formulate an autonomous fixed-time problem for
which a relative of x provides the solution, and then deduce the main result from the
fixed-time theory of Loewen and Rockafellar [15].

The Erdmann Transform. There is a standard method for transforming prob-
lem (P) and its solution x on [a, b] into a fixed-time problem solved by an arc related
to x. (See, for example, Clarke [4, Section 3.6].) We use Greek characters to describe
states and costates in the latter problem, for which the underlying time interval is
[0, 1], and the state is a vector (θ, ξ) in IR × IRn. Here ξ is a transformed version of
the original state x, while θ is a new state which keeps track of the variable time in
problem (P).

Choose any constant m such that 0 < m < b− a. The transformed problem is to

(Π)
minimize l(θ(0), ξ(0), θ(1), ξ(1)) +

∫ 1

0

L̃(θ(τ), ξ(τ), θ′(τ), ξ′(τ)) dτ

subject to (θ(τ), ξ(τ)) ∈ Ξ(τ) ∩ Ω̃τ ∀τ ∈ [0, 1].
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Here the appropriate integrand L̃, domain Ω̃, and state constraint multifunction Ξ are
given by

(5.1)
L̃(θ, ξ, θ′, ξ′) =

{
θ′L(θ, ξ, ξ′/θ′), if θ′ ≥ m,
+∞, otherwise,

Ω̃ := [0, 1]× Ω, Ξ(τ) := gphX.

Comparing the objective functional in problem (Π) with that in problem (P) provides
the key to understanding this reduction, as the following Lemma reveals.

5.1. Lemma. The following arc solves the problem (Π):

(5.2) θ(τ) = a+ τ(b− a), ξ(τ) = x
(
θ(τ)

)
.

Proof. Consider any pair (x, [a, b]) admissible for (P), with b − a ≥ m. Define
θ(τ) := a + τ(b − a) and ξ(τ) = x(θ(τ)). Notice that (θ(τ), ξ(τ)) ∈ Ω̃τ = Ω and
(θ(τ), ξ(τ)) ∈ Ξ(τ) for all τ ∈ [0, 1], so this pair satisfies the explicit constraints in
(Π). The chain rule implies that on some subset of [0, 1] with full Lebesgue measure,
ξ′(τ) = ẋ(θ(τ))θ′(τ). Thus the substitution t = θ(τ) yields both∫ b

t=a

L(t, x(t), ẋ(t)) dt =
∫ 1

τ=0

L(θ(τ), ξ(τ), ξ′(τ)/θ′(τ)) θ′(τ) dτ

and
(a, x(a), b, x(b)) = (θ(0), ξ(0), θ(1), ξ(1)).

It follows that the cost of (x, [a, b]) in problem (P) equals the cost of (θ, ξ) in prob-
lem (Π). If we apply these observations to the optimal pair (x, [a, b]) in (P), we find
that

(5.3)
inf(Π) ≤ l(θ(0), ξ(0), θ(1), ξ(1)) +

∫ 1

0

L̃(θ(τ), ξ(τ), θ
′
(τ), ξ

′
(τ)) dτ

= l(a, x(a), b, x(b)) +
∫ b

a

L(t, x(t), ẋ(t)) dt = inf (P).

Conversely, consider any arc (θ, ξ) admissible for (Π). One has θ′(τ) ≥ m for all
τ ∈ [0, 1], so the function θ is strictly increasing, hence invertible. Define a = θ(0),
b = θ(1), and let x(t) = ξ(θ−1(t)) for t ∈ [a, b]. Evidently x(t) ∈ X(t) ∩ Ωt for all t in
[a, b], while the same substitution as before gives both∫ 1

τ=0

L̃(θ(τ), ξ(τ), θ′(τ), ξ′(τ)) dτ =
∫ b

t=a

L(t, x(t), ẋ(t)) dt.

and
(θ(0), ξ(0), θ(1), ξ(1)) = (a, x(a), b, x(b)).
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Thus the pair (x, [a, b]) is admissible for (P), where it is assigned the same objective
value as the pair (θ, ξ) receives in (Π). In particular, inf (P) ≤ inf(Π). Thus equality
holds throughout in (5.3) above, and the lemma follows.

Verification of Hypotheses. The fixed-time problem (Π), with its solution
(θ, ξ), has the form to which the necessary conditions of Loewen and Rockafellar [15]
may be applied. The first step is to confirm the hypotheses. It is evident that the
endpoint cost in problem (Π) is lower semicontinuous, and that the (autonomous)
integrand L̃ is lower semicontinuous, hence Borel measurable. Also, for each fixed
(θ, ξ), the mapping (θ′, ξ′) 7→ L̃(θ, ξ, θ′, ξ′) is convex on the set (0,∞)×IRn—the proof
is a standard exercise in convex analysis. Finally, the state constraint multifunction
τ 7→7→ gphX is constant with a closed image, so the lower semicontinuity condition of [15,
(H6)] is obvious. Only two of the requirements of [15] remain to check.

First, we must verify the epi-continuity of L̃. To do this, let τ in [0, 1], and
fix a point (θ̂, ξ̂, θ̂′, ξ̂′) in Ω × IR1+n where L̃ is finite and

∣∣∣(θ̂, ξ̂)− (θ(τ), ξ(τ))
∣∣∣ < ρ.

Consider any sequence (θk, ξk) → (θ̂, ξ̂). Then the finiteness of L̃ implies that θ̂′ > m,
so L(θ̂, ξ̂, ξ̂′/θ̂′) is finite; also

∣∣∣(θ̂, ξ̂)−(t, x(t))
∣∣∣ < ρ for t = θ(τ). Taking v̂ = ξ̂′/θ̂′,

we recognize this as a situation to which (H3) applies: that hypothesis provides a
sequence vk → v̂ along which L(θk, ξk, vk) → L(θ̂, ξ̂, v̂). Upon defining θ̂′k = θ̂′ and
ξ′k = θ̂′vk, we deduce that L̃(θk, ξk, θ′k, ξ

′
k) → L̃(θ̂, ξ̂, θ̂′, ξ̂′), as required.

Second, we must verify the differential inequality in [15, (H5)]. This requires us
to produce nonnegative functions δ̃ and κ̃ in L1[0, 1], with κ̃/δ̃ in L∞[0, 1], such that
for almost all τ in [0, 1], the three conditions

(i)
∣∣(θ, ξ)− (θ(τ), ξ(τ))

∣∣ < ρ,

(ii)
∣∣∣(θ′, ξ′)− (θ

′
(τ), ξ

′
(τ))

∣∣∣ < δ̃(τ),

(iii)
∣∣∣L̃(θ, ξ, θ′, ξ′)− L̃(θ(τ), ξ(τ), θ

′
(τ), ξ

′
(τ))

∣∣∣ < δ̃(τ),

imply the subgradient inequality

(5.4) |(u,w)| ≤ κ̃(τ)[1 + |p|+ |q|] ∀(u,w, q, p) ∈ ∂L̃(θ, ξ, θ′, ξ′).

Recalling that
L̃(θ, ξ, θ′, ξ′) = θ′L(θ, ξ, ξ′/θ′) + Ψ[m,+∞)(θ′),

we can estimate the subgradient set appearing in (5.4) using the calculus rules of
Rockafellar [23, Cor. 7.1.2]: for evaluation points where θ′ > m, this gives

(5.5) ∂L̃(θ, ξ, θ′, ξ′) ⊆
{
(uθ′, wθ′,−H(θ, ξ, p), p) : (u,w, p) ∈ ∂L(θ, ξ, ξ′/θ′)

}
.

(A direct application of the cited chain rule produces a third component of the
form L(θ, ξ, ξ′/θ′) − 〈p , ξ′/θ′〉 on the right side. However, the inclusion (u,w, p) ∈
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∂L(θ, ξ, ξ′/θ′) implies that this expression equals −H(θ, ξ, p), as explained in Re-
mark 1.6.)

It follows that a sufficient condition for (5.4) (at least when θ′ > m) is the
inequality

(5.6) |(u,w)| ≤ κ̃(τ)
θ′

[1 + |p|+ |H(θ, ξ, p)|] ∀(u,w, p) ∈ ∂L(θ, ξ, ξ′/θ′).

Let us prove that under our assumption (H4), conditions (i)–(iii) imply both θ′ > m
and (5.6), using the constant functions

(5.7) κ̃ =
(
θ
′
(τ) +m

)
κ, δ̃ = min

{
mδ, θ

′
(τ)−m, m

}
.

(Recall that θ
′
(τ) = b− a is constant, so this proof will establish [15, (H5)].)

Indeed, fix τ in [0, 1] and a point (θ, ξ, θ′, ξ′) obeying (i)–(iii). Inequality (ii) and
our choice of δ̃ imply

(5.8) m ≤ θ
′
(τ)− δ̃ < θ′ < θ

′
(τ) + δ̃ < θ

′
(τ) +m,

so we have θ′ > m as required. Next, using the triangle inequality with condition (ii),
we have

(5.9)

∣∣∣∣∣ξ′θ′ − ξ
′
(τ)

θ
′
(τ)

∣∣∣∣∣ =
∣∣∣∣∣ξ′ − ξ

′
(τ)

θ′
+ ξ

′
(τ)

(
θ
′
(τ)− θ′

θ
′
(τ)θ′

)∣∣∣∣∣
≤ 1
θ′

∣∣∣ξ′ − ξ
′
(τ)
∣∣∣+ ∣∣∣∣∣ξ

′
(τ)

θ
′
(τ)

∣∣∣∣∣
∣∣∣θ′(τ)− θ′

∣∣∣
θ′

≤ 1
m

[
1 +

∣∣∣∣∣ξ
′
(τ)

θ
′
(τ)

∣∣∣∣∣
]
δ̃.

Likewise, consider condition (iii). Expanding the definition of L̃, and using the
shorthand L = L(θ, ξ, ξ′/θ′) and L = L(θ(τ), ξ(τ), ξ

′
(τ)/θ

′
(τ)), we derive∣∣∣θ′L− θ

′
L
∣∣∣ ≥ θ′

∣∣L− L
∣∣− ∣∣∣(θ′(τ)− θ′

)
L
∣∣∣

≥ m
∣∣L− L

∣∣− ∣∣∣θ′ − θ
′
(τ)
∣∣∣∣∣L∣∣.

This implies

(5.10)
∣∣L− L

∣∣ ≤ δ̃

m

[
1 +

∣∣L∣∣] .
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Now for κ̃ and δ̃ as shown in (5.7) above, we have δ̃/m ≤ δ. Thus, with the
change of variable t = θ(τ), under which

(5.11) τ = θ
−1

(t), ξ(τ) = x(t), ξ
′
(τ)/θ

′
(τ) = ẋ(t),

and the parallel change of notation

(5.12) r = θ, ξ = x, ξ′/θ′ = v,

condition (i) states

(i′) |(r, x)− (t, x(t))| < ρ.

Meanwhile, condition (ii) implies, through (5.9), that

(ii′)
∣∣v − ẋ(t)

∣∣ ≤ δ
[
1 +

∣∣ẋ(t)∣∣].
Finally, estimate (5.10)—a consequence of (iii)—becomes

(iii′)
∣∣L(r, x, v)− L(t, x(t), ẋ(t))

∣∣ ≤ δ
[
1 +

∣∣L(t, x(t), ẋ(t))
∣∣] .

These are precisely the conditions under which (H4) implies

|(u,w)| ≤ κ[1 + |p|+ |H(r, x, p)|] ∀(u,w, p) ∈ ∂L(r, x, v).

Our choice of κ̃ and inequality (5.8) imply that κ = κ̃/
(
θ
′
(τ) +m

)
< κ̃/θ′ for all

points of interest, so inequality (5.6) follows. This completes the verification of [15,
(H5)].

Proof of Theorem 1.4. Having confirmed the hypotheses of [15], we may now
use its conclusions. In the case of Theorem 1.4, where we have

(
θ(τ), ξ(τ)

)
∈ int Ξ(τ)

for all τ , these are expressed most clearly in [15, Theorem 2.1]. They assert the
existence of an absolutely continuous function (η, π): [0, 1] → IR×IRn satisfying adjoint
equations of either normal or singular type.

In the normal conditions, we have the transversality relation

(5.13) (η(0), π(0),−η(1),−π(1)) ∈ ∂l
(
θ(0), ξ(0), θ(1), ξ(1)

)
and the Euler-Lagrange inclusion

(5.14) (η′(τ), π′(τ)) ∈ co
{
(α, β) : (α, β, η(τ), π(τ)) ∈ ∂L̃(θ(τ), ξ(τ), θ

′
(τ), ξ

′
(τ))

}
for almost all τ in [0, 1]. The subgradient estimate (5.5) reveals that the inclusion
(α, β, η(τ), π(τ)) ∈ ∂L̃(θ(τ), ξ(τ), θ

′
(τ), ξ

′
(τ)) in the latter condition implies that for

some (u,w, p) in ∂L(θ(τ), ξ(τ), ξ
′
(τ)/θ

′
(τ)), one has α = uθ

′
(τ), β = wθ

′
(τ), η(τ) =

−H
(
θ(τ), ξ(τ), p

)
, and π(τ) = p. Consequently the Euler-Lagrange inclusion implies

(η′(τ), π′(τ)) ∈ co
{(
uθ

′
(τ), wθ

′
(τ)
)

: (u,w, π(τ)) ∈ ∂L
(
θ(τ), ξ(τ), ξ

′
(τ)/θ

′
(τ)
)
,

η(τ) = −H
(
θ(τ), ξ(τ), π(τ)

)}
.
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In particular, the definitions h(t) = −η
(
θ
−1

(t)
)

and p(t) = π
(
θ
−1

(t)
)

produce abso-

lutely continuous functions satisfying, for almost all t in [a, b],(
− ḣ(t), ṗ(t)

)
∈ co{(u,w) : (u,w, p(t)) ∈ ∂L(t, x(t), ẋ(t)),

h(t) = H(t, x(t), p(t))}.

The second condition defining the set on the right side places no restrictions on the
points (u,w) in this set, but it does serve to make the set empty at every time t
where the condition fails. Thus the indicated inclusion can be split apart to give the
Euler-Lagrange inclusion stated in Theorem 1.4(a) and the identity

(5.15) h(t) = H(t, x(t), p(t)) a.e. t ∈
[
a, b
]
.

The Hamiltonian form of the set on the right in Theorem 1.4(a) is provided by Rock-
afellar [24]. Conclusion (b) of Theorem 1.4 follows from (5.15), as explained in Re-
mark 1.6.

In the singular case, the transversality relation states

(5.16) (η(0), π(0),−η(1),−π(1)) ∈ ∂∞l
(
θ(0), ξ(0), θ(1), ξ(1)

)
and the Euler-Lagrange inclusion is replaced by

(η′(τ), π′(τ)) ∈ co
{
(α, β) : (α, β, η(τ), π(τ)) ∈ ∂∞L̃(θ(τ), ξ(τ), θ

′
(τ), ξ

′
(τ))

}
for almost all τ in [0, 1]. The analysis of this statement parallels the developments in
the normal case line by line, starting with an estimate of the singular subgradients of
L̃ again furnished by [23, Cor. 7.1.2]:

(5.17) ∂∞L̃(θ, ξ, θ′, ξ′) ⊆
{
(uθ′, wθ′,−〈p , ξ′/θ′〉 , p) : (u,w, p) ∈ ∂∞L(θ, ξ, ξ′/θ′)

}
.

As before, the subgradient estimate leads to the conclusion that h(t) = −η
(
θ
−1

(t)
)

and p(t) = π
(
θ
−1

(t)
)

are arcs satisfying, for almost all t in [a, b],(
− ḣ(t), ṗ(t)

)
∈ co{(u,w) : (u,w, p(t)) ∈ ∂∞L(t, x(t), ẋ(t)),

h(t) =
〈
p(t) , ẋ(t)

〉
}.

The latter inclusion implies both the Euler-Lagrange inclusion stated as conclusion (a∞)
of Theorem 1.4 and the identity

(5.18) h(t) =
〈
p(t) , ẋ(t)

〉
a.e. t ∈

[
a, b
]

of conclusion (b∞).
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Nontriviality in Theorem 1.4. A direct application of [15, Theorem 2.1] yields
an apparently weaker nontriviality assertion than the one made in Theorem 1.4, in
that the singular conditions of [15] refer to an adjoint arc that is not the zero function,
whereas those in the present paper assert that it is a function that never takes the value
zero. Under our hypotheses, these two properties are actually equivalent—although
the second, being more explicit, is clearly preferable. We justify this claim in the
context of our earlier paper [15], so as to sharpen the results in that work at the same
time that we note their consequences for our current investigation. No generality is
lost in working on the fixed time interval [0, 1].

Assume [15, (H5)], which provides two positive-valued functions κ, δ ∈ L1[0, 1]
such that κ/δ ∈ L∞[0, 1] and the three inequalities

(5.19) |x− x(t)| < ρ,
∣∣v − ẋ(t)

∣∣ < δ(t),
∣∣L(t, x, v)− L

(
t, x(t), ẋ(t)

) ∣∣ < δ(t)

imply the subgradient inequality

(5.20) |w| ≤ κ(t)[1 + |p|] ∀(w, p) ∈ ∂L(t, x, v).

(Here the subgradient is taken only with respect to the pair (x, v).) We claim that
the same three inequalities also imply the singular subgradient estimate

(5.21) |w| ≤ κ(t)|p| ∀(w, p) ∈ ∂∞L(t, x, v).

Indeed, fix (t, x, v) according to (5.19) and (w, p) ∈ ∂∞L(t, x, v). By definition, there
are sequences sk → 0+, (xk, vk)−−−−−−→

L(t,·,·) (x, v), and (wk, pk) ∈ ∂L(t, xk, vk) such that
(w, p) = limk→∞ sk(wk, pk). Since the three inequalities concerning the chosen point
(x, v) in (5.19) are strict, they are valid also for all the points (xk, vk) with k sufficiently
large. Thus (5.20) gives an estimate relating wk to pk. Multiplying this by sk yields

|skwk| ≤ κ(t)[sk + |skpk|] .

Now taking the limit as k →∞ produces (5.21), as required.

Now suppose the arc p satisfies the singular Euler-Lagrange inclusion of [15, The-
orem 2.1], i.e.,

ṗ(t) ∈ co
{
w : (w, p(t)) ∈ ∂∞L

(
t, x(t), ẋ(t)

) }
a.e. t ∈ [0, 1].

Then for almost all t, one has scalars λj ≥ 0,
∑
λj = 1, such that

ṗ(t) =
∑

λjwj , (wj , p(t)) ∈ ∂∞L
(
t, x(t), ẋ(t)

)
.

From (5.21) we get

(5.22) |ṗ(t)| ≤
∑

λj |wj | ≤
∑

λj [κ(t)|p(t)|] = κ(t)|p(t)|.
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Under (5.22), the statements, “p(t) 6= 0 for all t ∈ [0, 1]” and “p(t) 6= 0 for some
t ∈ [0, 1]” are known to be equivalent, in consequence of Gronwall’s lemma.

Proof of Theorem 3.1. Theorem 3.1, like Theorem 1.4, follows from a cor-
responding result for fixed-time problems through a careful application of the Erd-
mann transformation. The reductions described above apply without change to the
state-constrained case, until we reach the subsection headed, “Known Necessary Con-
ditions.” At this point it is necessary to appeal to [15, Thm. 6.1] instead of to [15,
Thm. 2.1], but then the adjoint inclusions, maximum condition, and transversality
condition follow from the corresponding statements in [15] very much as described
above. The additional complication in the state-constrained case concerns the man-
agement of the jump direction cone. The main thing to notice in this regard is that [15,
(6.1)] introduces special notation for this cone, which, when applied to the data of
problem (Π), amounts to

NΞ(τ, θ, ξ) = cl co
{
ν ∈ IRn : ν = lim

k→∞
νk for some sequences

νk ∈ ̂̂NΞ(τk) (θk, ξk) , (τk, θk, ξk)−−−−→
gph Ξ

(τ, θ, ξ)
}
.

In the current context, the multifunction Ξ is constant, with the value gphX. Thus

NΞ(τ, θ, ξ) = cl co
{
ν ∈ IRn : ν = lim

k→∞
νk for some sequences

νk ∈ ̂̂Ngph X (θk, ξk) , (θk, ξk)−−−−−→
gph X

(θ, ξ)
}
.

The latter expression reveals NΞ(τ, θ, ξ) as a closed convex cone independent of τ ,
formed by taking the closed convex hull of all limiting proximal normals associated
with the closed set gphX at the point (θ, ξ). This is precisely the Clarke normal
cone—see [4, Prop. 2.5.7]. Treating functions η and π of bounded variation instead of
their absolutely continuous namesakes is essentially the same as what we have done
above, and the linear change of variables relating t and τ allows the statements about
the support of the indicated measures to be drawn immediately from the corresponding
assertions of [15, Thm. 6.1].

Nontriviality in Theorem 3.1. It seems difficult to come up with a pointwise-
in-t condition of nontriviality comparable to the one asserted in the state-constraint-
free context of Theorem 1.4. This is especially true in problems where the state
constraint is active at one of the optimal endtimes a or b: here the recent work of
Arutyunov and Aseev [2] is highly pertinent.
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