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LINEAR-QUADRATIC PROGRAMMING
AND OPTIMAL CONTROLA
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1, Introduction. lIr linite dimensional optinlization a great inrporLal)ce is at-

te ,,,,1 to probl€ms of lincar and quadratic progranming. Strch problems servc as

m i:i,'ilratical models for a large number of applications. They arr rclalivcly casy Lo

w,:r,ithandposscssdualitypropertiesthatyicl<lvalrralleilsiglrtsi )(l ar(r tlrc llir"lis

fo .,: :ry special algorithlns. They are useful iu methods ofsolving rrrorc gclreral prolr'

le , or instance, in connection with sequeDtial approximation or tlircc|ion-filrding
sr i,r i,.,ines. For such prrrposes they caD be extended beyon<l tradil:orral forrlrrrla

ti,,,. o adlnit piecewise linear<lrrallratic objectives and pr:nalty r(rpr.s( Irlalions (if

c( ,.r I ints, although this possibility has not yet fully been utilizcd.
rL optimal control there ha^s not becn a comparable elnph&sis c,n a "lii!ar-

qr::'1i rtic" class of problems. The linear-quadralic regulator problen fits thc picture

tc .,r'.e degree but is virtually unconstrained The contiruous-tinle linear prograrrL-

m r .,roblems first introduced a-s "bottleneck" problems by Bellnan {ll inrlrrdc certairr

ty ,r', of coutrol proh)cms with constraints on statcs anrl controls (possil)ly rrrixc{l),

l)r i ey carry lro provisiolr for quadratic ternrs in the olieclivc anrl irrc rrrry Irarrow

in i rtr rr treatment of inilial aDd terminal conditions. Continrous- Lirne lirrci.r prograttt

m .! problems do elljoy a stroug dualil,y theory, thanks to efiorl,s of Tyn't.lll [2], [:]1.

L, ,, rson l4], Grinold {51, [6], Schecter [7], Reiland [8], Meidan and I'erold [l)1, and oth-

er,. Colrtinuous-time nonlinear programming has also beelt illvestigatcrl, r'Liclly for

dr..:r ty; cf. Hanson 1101, Haasorl and Mond Ull, Grinokl [12], liarr arrd f]anson ll3l,
R it ud and Ilanson ll4l, Reiland [15] This nonlinear literalurc covcrs ccrlain cl:Lsscs

ol , : I mal control problcnrs with quadratic tcrms, sul)ject to tho sanrc lirr'it:rti'r's "r'
t| . ,;:atnent of illilial and icrntillal states llowever, thc quadralic c;r-str I u not lten
w, k(d out to take advarltage of its special nature, and, iD alry casc, thc rr:srrlls are

b:..',J on a Lagrange rrrrrltiplier approach that docs Dot yield evcrr irr firritc ilitrrtrrsi''rrq

a juality tlcory as lrroarl arrii {lexiLle as nray ctrrrcrrtly lxr ncrrLrl.
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Orrr gonl ir t his I)aprr is tl) develop a the{)ry of lilroar-quadnrtic progranrnril)g typc
prtbI(.rrrs slxr itir ally a(lapte(l to thc optimal cortrol sclting arr(l caprll)le eventrrally of
lrcing rrstrl irr rcw cotnl'rrialiorriJ schcntts, a.s well ;x directly.

S,rrrr ol tlx rxn.ivaliolr colrts frtrnt Innth{'rDali(nl rrrrx['ling l,irl:ar qrrurL:rric

rrxxltls rlr rrol al4xrar lo havc lrcrr rrscd so far to thcir full potcDti l. An obslack'
rray lio in thc lirrrnat irr which tilritr-dilnensioDal prol)lelns in lilrear progratrrrning and

ttuarhati{ l,ri)gnrrnrirrg trc olrlilr:rrily t)resct)l((i. IIr lhis ft)rrrrat it is }Iard to d.ll
wilh lriccrrviv. lirrcar or picccwise quurlratic frrnctiorrs, such :u oft.rt rirc itrl)ort tl
irL peralty rcl)rcsentati(tls, cx(q)l by refornllrlations thai disrupt tll€ fllndalnental
rclaliorships, cspecially dualily.

Au altcnrative approacll irl liuitc dilnelsions, whitl wc havc folk*ed recently

in work on alta(Jrithnrs in stochaitic prograrttrning [lfr], [17], 118], is to give prinra{y

to arr urrderlyirrg saddlc poilrt problorn (rlinilrra-x problern). Thus wc think of finite
rlirnenskrnal lincar-quarlratic progrannring il a nrore general s€nse than usual as col-

responding to finding a saddlc point of a convcx-concavc quadratic (or linear) frrnction

on a product of polyhcdral c()rvcx sels. Atry such sarldle point prol)lem generates a

prirnal problcnr of nriniroization ard a rlual problenr of llraxitnization- The classical

ciure of lincar and quittlratic l)rograrlrtlilrg drlality is the one where the polyhedral

conv(:x scts arc orth:Ints.
'l'lrc probk'rns irr lhc gcrrlral casc coul{l l-,e reducrl irxlividually to the cldssical

ca"sr, lrrrl lry workirrg rlircctly irr the broadcr fornrat ooc gains $everal advaltsS0s. The

urost sigri0(aIrt is thc pcr(( l)t.ion that bounds carl rea3onably be introduced lor drral

variables a-s wr:ll &s prirnal voriables, lI(l noroover tllat this anxnnLts to passing frortl
oxa.( t ft l'rrsrr)l{ti(nrs of certailr constr;rints to pcnalty represcntations.

!Vr: tregin in $2 and $3 by explaining this rrnconventional approach to finil.{-
rlirrrcrrsional lincar-rluatlratic I)rogranlltrilrg and the kitrds of problenr forms it handles.

A part.i(ular airl is thc clucidatitrrr of airculnstan{rcs rtrxlor which a nxrdel itrvolvilrg
bounrls rrn lxtth prirnal and drral variables is appropri:rte, at least for comptltation
'lhel irr $4 ruul $5 wc introducc crrrrospondillg prol)lcnls in oplimal control, of a sort
vie (^ll Lnterltfitpord hnear quoLLratic progranrmtng. 'I'he nrajrr results are oblained in

E6. 'th{ y c{nrsir{t ()f tho()retns on existolrcc, duality, alrd the characterizatiol o[ optinlal
coDtrols. 'l'lri'y arc ti(xl to alr irrlillitc.rliurensiotral sad(llc poinl represcltlation iD ternts

of a convcx (oncavc qlladratic furrcliotral on a prodltcl, of gencralized polyhedral sets.

Our problcms in optinral control have dynatlrics that are essentially linear, al'
Lhough "polylurlral differentiol inclusions" arc also utconrp,!9sed by the forrnulation
Thc cxpression of the objective and constraitrts involves, irr general, terms that may

Lc lricccwisr. lirrcar qua(lratic. 'lb clari[y thr ntrturc of su(h t(rrllls in this ilrlroduction
!l(ul(l lake us too [ar. A lrrirrf description <rf one of lhc ba.sic lineor Inodels covercd

l)y our the('ry is fc:usiblc, ltorvcvcr, alr(l rnay he\) to Put thc approach and r|sults iIr

persl)e(tive.
Ovcr a lixcri tinrt inlcrvtl 116, t1l wc corrsider a dynartrical systelrr

l_rNr'r,\R'_tr{rrft..\1t(fRr)(;r(,\\tMIN(;ANt)otllIt'^t.(r)N- t()t. irt

lor thc lJillir lirrr,;rr crrs| in qu(,stior, tlLc JrlolrlcrD wI russrrirLlr'!vi1lr tlll stslr'r
( I , akes llx. frrrrrr

I ltrt n',t ,ttt t t)l'lt t'. u, ,, rr/r

' .,rlif rr,, lll)\\'rr), ('(1)r(/) I /)(l) (tl .q(/), ri(/) .t).

(',.J\tt) t l), ,..:1h.. r, tt.

..iscrrssirrrr of llx'rxact techlli(al a-sslllill)tions is postporrcd urrtil lil. Ol)sr,rv(',
l'..'r, ll)rt thc IrnDulat i(rr ;Jlows for c{nrstrairls only (nr {hcc(nrlr(ils (n)$ s ol ('(/)
c,:,, s ing t;f {J's),.(nrstrai ts only or thc slates (rows oI 1)(l) crrnsistirr'{ of {) s), rrrrrl
r.'r, r coDslraints T|c ctulpoint r,orrditions allow for any slstelrr of filitcly nraly
L.r ;.r cquali(us or irrlqualitits to lr inrprxrrl on tho l)air .r(lr)). r(1r ) {:rs cxplairrrrl irr
< r.t.,,i in Exanrples 5.1 anrl 5.2 in $5).

I r rlrralizing (.Pl) rve pruss 1o tlrc rlyrraruical syslcrn

(i,lr i(l) ..1'(/)u(i) r (''(r)r(t) r ('(r), y(t, ) ( :,,, r ,.,
\ )r, r r V(/) {. R" is tL. stat{r. r,(l) € llf is t|(' iDstant,i rt,ous (orlrol.;uri r,,. , llL is 1l11]

{,)rl) )int crtrtrr)l; llxrir.slclisk+rkrrollslLclrarrsposeofarrratrix.'l'Ict]rrrrl lrrrrLLrn
( r r hc syslrrn (1.2) is

rrr,rrrrrriz, / l,/lr) ,(/) l,(r) y(r)lli I lq. ,, n. dr,til
It,

(;r 
s,,r,j,!r r,, (12) \ill' /,;(r)r(r) r ,D'(/)r,(r) . rr(r). ,.(/r .0.

Il, u(Ir) t l);t,, .: p, , r,, {)

Altho'rgh (.D: ) arrrl {y11) havc lr|err lr ritk 
'r 

rvitl' ir({tu lil} (rnrslrairrs r)ul.r. rlrr.rc
i ro dillicrtlty aborrt cxre <ling th(' f()rmlrlati(rrr Lo includc {,(|latiors in tll(,rri llror
I"rrrrliarinlillcarprogranrrning.Thus,forcxampk',tlrcconrlirior(l(l)-r(/)tr(t)u(t) ,
,.iil ll (.q)can lx'r.orrvert0rl to ('(l)r(t) I 1)(t)u(t) - q(l) l4 rlnlrlrirrg rlrl' collrliriorr
r t) ) {) irr (Q1).

III contrilst to (P1) arrrl (Q 1) tLc cr;rrtirrrrots,tirrre liru'ar progrrLrrrrrrirrI prolrI rrrs

ri,?ntiorcd rarlior t^kc tho primal fi)rtr

rrrirrrrr,iu, l t l tltttt
J t,

.rrl,J,'r r,, I htr.tt,'t,t,t, Itl)tttt t tttt ,ttt. tt
.t t,,

:, ! tlrr: drr;Ll Iirrrrr

ltt
rrr;rrrrliz' l ,tttt tttl,lt

.,rl,lfl rr,, I 1,,'t;.rttt;),lt I l,.tt)t\tt t,|t. ,t/r
tl

..r'o tLr rrirlrix l(l.r) is s(n|( kurrrr']" \tillr lrallstx,$ 1i'(i.r). llrs(,nr( ,'i
:'. sarill yrroblrus,)f(,t'lirral crnrtrol lrrrt lxtoruo so irr cluxsing

(l.l ) ;(l) - l(,)-r(l) I D(l)r(l)+ t(r), r(lo) - B.u. + b.,

wher('r(r) c ll" is t.lxr stato, r(t) € tl" is the instalrtirlreous control and !. a Rt' is

arr arLlitnrrurl v(,(tor t() l)e clursen, arr "enrlpoitrt colltrol-" 'llIe iDcorporation ofsuch
a vertor u. nray scenr odd rolative lo thc crlstomary pattorns in control theory, brlt
it grcatly airls in dualizilrg v{rious (:olrditi(rns. Ol coLrrse u. could be trivialized hy

takiltg thc dinrcnsion t. tobe0 (th{rlr '(to) = 
'. 

in (t l)) Another case to Doto is tho

one rrl ;r frco iritial poirt: B. = I, b. .. 0 (then r(16) : t" in (1.1)). The subscript c

will corrsistcrrllr lx'us|d irr orrr notatiou frx clcl eDls r:(xnnictc(l wilh endpoitrts /((r.r) ( (i)rl(i ),{(,) r8(r)



with .{(f) the fundamental matrix corresponding to the differential equation (1 1) (i e ,

l(r)ro is the unique solution to t(t) = 14(f)t(t), r(to) : to), and oetting

Then one gcls the ca^se of (P1) arrd (Q1) where b(t) : o, c(t) :0, and all the e t€rms

trivialize: thc primal has r(to) = 0 but r(tr) free, whereas the dual has v(tl) :0 but

9(t1) free.
h the work that has been done on special corDputational methodg in continuous-

time linear programming, e.g. Perold [19], [20], Anstreicher 1211, atteDtion has typicallv
been lirnited further to the case where the kernel I{ is a coristdtr, fiIatrix In optinral
control this corrcsponds not r erely to having A(t), B(r) and C(t) constant, but ,4(t) =
0, a sevcre restriction.

Because of thcsc distinctioN and the desirability of being able to treat discrete

tirne analogxes rrnder the same heading, we ohall refer to (P1) and (Qr) at problems

of "iltcrtemporal linear prograrnming" (in continuous time) rather than "continuous_

tlne linear programming."
The possiblity of mixed constraints on states and controls is important irr a.com_

modatjng many applications of an economic nature, involving planned activities with
cufinrlative efie(ts. But it also puts problerns like 1pt) and (Qr) beyond the range

of the l'ontryagin maximum principle. Mixed constraints can be readily handled,

however. il the vcrsions of optimal coltrol end variational calculus that have been

developed over the years in the conccptual framework of convex analysis and, more

recently, nonsmooth analysis in the s€nse of Clarke [22].
The theory of convex problems of Bolza type, developed by the author in [23]-

{29], is specifically applicable to problems (P1), (Qr) and then quadmtic prograrnming

counterparts aftcr a transformation which expresses everything through the trajectc
ries :r and g, as outlined in [30]. By this route it would be possible, with a degree

of technical elaboration, to derive sha,rp duality theorems that characterize aolutions

and the circumstances in which they exist. tr\ll justice to constraints involving states

would, however, require us in the context of such duality to pass beyond tbe formu-
lation of our primal and dual problems in terms of control lurlctions u and o to one

in which "irnpulse controls" may occur. An extension along thos€ lines is indeed ap
propriate, ald for the basic linear programming case nr (P1), (Q 1), it ha.e b€en carried

out by Murray [31] urrder a somewhat different choice of endpoint expressions-

For the present purpose we are able to postpone working with such an extension.

We follow a different path and sidestep the difliculties posed by state coDstraintg

by appeali g instead to alternative problem formulations where the constraints tnay

be enforced by linear or pic'cewise linear-quadtatic penslty expressions. We argue

that as a practical matter of mathematical modeling and computation this is aD oftes

reasonable tactic which can be served by a much simpler theory where solutions always

exist zLnd strong duality always holds. The supporting results in finitedimeDsional
linear'quadratic prograrnming provided in $$2 and 3 are critical in understanding

this.
The saddle point rcpresentation furnished in $6 for the duality between our two

infinitedimensional problems of intertemporal liaear-quadratic programming is of a
kind not prcviously seen in optimal control. Moreover the represeltation has a s€pa-

rate decompcgition property irr ea.h srgume[t that may open the way to new saddle

point tcchniques for computation such al extensions of the finite gener&tion method

LINT'AR Q(]ADRATI'] PRO(]RAMI\IIN(] AND OPTIMAI, (]oN'I'IIOI,

d ,usr.1 by R.J.-B. Wets and the author iD a sirnilar setting in stocharjtic progral nrilrg

I i . )ecomposition of the intertemporal saddle point conditjon leads to a character'

ir ,,1.,,.r of optinrality in tcrnrs of a "instantaneorts" satldle poirrt conditiolt satisfi'd ^t
e.\'ii r rn)e I and an "cndpoillt" saddle point condition This is a sort of "nrilrimaxirtrrrrn
p irr, i-rle" which hzr-s solne precedent in continuous_time linear progranrrriog (()rinrrltl

[l ;:.a6]) and Lhe tlrcory ofBolza problerns (Rockafellar [23, TLrrr. Uj) l;rLt is r"w rrr

t ii- { )ntext of optinral control.

:'. Linear-quadratic programming in ffnite dimensions. 'fhe jlrlinitc

d roer',sional control problenrs that arc the subjecl of this paper, arrd orrr approaclr

t. !lr.rn, will better be urlderstood after a brief treatnrellt ol the fornnllirtinn 'rr{l
d r.l, y properties of linite-dilnensional lilrear_quadratic progranrrrring lrroblern' i" t l'r
g:rrr., alized sense. Such a treatrnent will also ilrlroduce facts aDd colr(:cl)ts llrat t;ll
l:': r'- eded in later scctions.

\ sinrple foundatiou for allnost all kinds of duality theory itI opi.irrriztrt,i(nr slarls
vrti a function ./(t,u) on a product set U xV, where J is real-valued or possi|ly

e rl. uded-real-valued. Regardless of the nature of J irnd lhe sets [.] and l (ir-s lolg as

Lr)r latter are nonernpty), there is an associatcd prim{rl problelr)

(i,) mininrize /(t) over U where .f(u) : sup J(u, r,),

a rtl r duol problem

(.r,) nraxinrize 9(t,) over y whcre S(1r) : ,irtf 
./(11, r')

R 'T Ro(]KAF ELLAR

,\n - A(t) l'.Ak) 
| B1')u1,1a,, ut): tQr' 1," A'Q)c'(r),(r)dr'

l iri iollowing facts are well krrown (cf. [32, Thrn. 2l, for cxantple)
lrRoPosrrroN 2.1. It is aluags true that i{(P6) > sup(Qo) I\ttlurnnrc a

i,, it,t) ft o saddlepornt of J onLI xV zJ undonlg{u sol,tes l4l), t, softrcs (Qo),

oro :lirr(P6) : ma-*(Qc,)
;lcre we use thc notatior that inf(P6) is the optimal vahre in (PLl). Irarlrcly thrl

i,iiur,rm of / over l,l. We itllow ourselves to write nrin(Ps) il place ol nrl(A) il tlrl'
r riirrrum is actually attained at some t. Sintilarly lor sup(Qo), ma-r(Qo)

lly fi nit*dimcnsional (piecewise) Iinear' quadratic Ttrograrnming in the gr:rrr:ral

s ',.r we shall mean thc case of problems (P6) and (Qo) whcre l-I is a rnmcmPty

( lilv1x polyhedroD in a space Rt, y is a nonempty convcx polyhrrlron in spactr flr,
a rrl ..t is a convex concave function of the form

1 lre relationshlp between these problerns is tietl to the sadrlle prtinl' ttr ntintmat pro!
Irn for J on U x y, a saddle point beirg by definition a pair (z,t') €llrUsrrch

(r t) ./(,1,ii) : ./(t,t) > .rlt,u) n,r all r € U,u e l'

I t: 'i \ ./(u, r') = p u .l r q + lu Pu lu Qtt r: Ltu,

r i:,,re p € Rr, q € Rl, P € Rtra, Q € fl"i and, € tlrxl, wiilt i' and tJ svrnrn|trit:
zrrri prsitive semr.le6nite- When P : 0 aIId Q : 0, we speak ot (pia:etttise) hnear

t',,ttr mming in thc genoral se se. This includes cl:xsical iincar progralrnrirrg, ol
< ,uri: (cf. llxarrple 3.1 lrtlow).

i a the linear quadratic progranrlning care ihe objectivr fulcl ions j1 ( ft) arrrl (Qo )

t 
' 
lil the foru)

(.tt I\',) -p " ri,, r',, rA0(q 1),i).



l:2.4)

wherc

(2.5 )

(2 6)

s(,) -- q . , lt .Qu py.p(D'tt - p),

Pv,o (s) = suo 1, u - ,t, Ou t,
!€ l'

217,p(r) - srrp{r.r lt Pu}.
ut:Il

Wlrr:rr J) - 0 arrri Q = 0, t|c functiorts pr..e a\d tur.p rcducc to the tupport lunctnns

(2.7) o1 {s) - 9111,, '. or'(.) - srrt' r u.
rev uFt/

L - {i € Rt I n,q(s) < o";

l,tNuAlr Qlr,\t)lti\,fr( rfi()(inANrNilN(l  NI) ol'flNlAl, ( (JN-I f()l t87

( i ' Iy p is convex. ard ils { onjugate

lj i. ) p'(s) = sup {s u p(s)}
v€Bz

i. ., crr by

ri- )

Tht'specilic xature o[ tlcvr variorrs exprcssious will bt'cxplored in thc exanrlrlcs in

$3. The central fa{t is that strong duality always holds ftrr such problenrs.
TIIEoREM 2. 2. ln the case where (Ps) and (Qo) are fintte-dimensionol lineot-

quodretic programtn;ng problems itt the general sense just dcs.ribed, one hos

(F>mb(Po) :max(Q6) > oo,

unless Lhe optimal uohes irrl(Ps) ord sup(Qo) arc both tnflnite. In particulor, ong

finite-dimensional linear quodratic programmiflg problem uith ftnite optimol ualue has
an optimol soluliort.

Theorem 2.2 can easily be derivc,l from knowrr results about rluadratic progranr-
miog in the stamlard sense, specifically the duality theoreur of Dorn l33l and Cottle
l34l and the existcnce crilcrion of f,lank and Wolfc 1351. We have givcl the argument
in hrll nr Il7, Tbrn. 21.

lnci<lentally, the suprerr)a in (2.5) arrd (2.6) rrlxt be attained also, when linite.
llldecd, these fonrulas give the optimal values in certair quadratic progiamming prob-
lems a.nd are covered by thc rcsult just cited.

'IIe sensc in which thc ternrinology "lineaf-quadratic prograrrnuing in the geleral
scrrsc" is appropriat€ for the problerls in Theorent 2.2 is elucidated by our next result.

I'tt()POStTtoN 2.3. I'he lunction pyq is louer scfittcont;nuolts, conre4 and
ptecctrrtse hnear - quodrattc : ih efle.t;oc domain

"1,,' lallcr is tlx'roh)rr. Irwcl scnricorriinrrous irlrd colrvcx irr r, ;rrrrl its clli ltivc rlorrrairr

-r.anoncrnplyco vexsct(thescpri)porticsl)cilrgtrueforlll('corrjugrrlIofarrvlrrolx'r
, ',r vex function 130, $121).

Rrr each s € a, thc suprentum in (2.12) (equivalenlly (2.5)) IIurst actually lt
r i' iin0(1, a-s nolcrl abovc. On the other harrd wc know lrrxn convcx irnal],Bir llJ6,
r') r 23.51 thal tlx'suprcrrrrrrrr ir (2.12) is atl.^iDcd at l if anrl ollly il r' € i,p'(r),
. iir h is equivalcDl trl., € rrr(r,). 'llurs I coincirles with tho ollectivo rkrrnairr,rf t.lr|
rb lilferential llnlltiful]ctiorr d,p' , which is also the rargc r-rf i)rp. Wr' :r[all usc t his

;.ct lo dernonstralc that L is polyhedral and ha^t the decorr4x*itiorr claillrcd.
llecause 9: -- JA + 6t. rnd .7q is linitc cverywhcre on llr, we havc rry lllti, 'l'hrrr

i.l.8l that

r.r.14)

rlrere N1 (rr) is tlre norrnal(one to I at r, [36, p. 215]- This uorrlalcorrc is polyhulral.
,:cause l' is polyhedral, and it depcnds only on the face of l' to whillr u bclorrgs
i I tre are only firritely nrarry faces of V, so it follows frorn (2.14 ) that l)p is a polyhrrlral
r l,!.ifirnction iD the sense of Robinson 1371, narrrcly its graph in R'x lll is the uIIi(tI of
l: irely nraly polybtrlral corrvcx sets (one for cach face of l'). Thc sarrr.'is thcn trut
,r.- 'he Drultifuuction 0p' = 3p l, whose donrain, already identilicd with I,, u)ust
'l, r rfore be the projcctiol ofthe uniul of finitrly many polyhedral (orvex sets. Wc
,, i.t. conclude that the convex set L is actually polyhedr:rl and car) br decottrlrrscrl
:,,,r' finitely nrany polyhedral convex scts L,, r,vcr each of which thc i4raph of r),.;'
. :r polyhedral (orrvex s{t. In the (aqc of such a subsct I, havirH irt ,, l i1,
,j.. Dust by t|is rlducc to a sirgle-vrlued allirrr: rlappirrg or) irrr .1,,, irasmrrrlr rL!

: is singlevducrl alrnost r:veryrvhere on iot , (a fact truc of tho sullliilerclrli:tl r)f
|fti proper convex firncli(nr on the ilterior of its ellectivc donrair l:l{i. ThDr- 21.51).

L., efore p' is quadratic (or lincar) on int l, by lhe lowcr scnricrtrrtirrrrily of p'. liir
a .:ith int L. = l, a sliglrtly more general argtlnrent based on rellLlile irrteriols ol'

;. vrx sets lcads to the sarne conclusion. Thus the fulrcti(tr p' = 14.12 is pitr'r'$is,
lr . r.'quadratic a-r clairled. O

fhe terminology "linear prograrrltring in lhe general scnsc" irl l}lo cas{i \r'lu'rt
j , 0 and Q = 0 is justiflcd sinrilarly. The functions py,q and /tr.r reduce then
:, r !c aupport functions oy and o11 in (2.7), which are polyhcdral conrtx (pirrcwisr
ii., rr) because U arrl l' are polyhedral [36, t)rx. 19.2.11.

lJccause py,q and pfl,p can take oo as a valuc in solrrc ciLses, tlu' lir,r'ar<luarlral ir'

!. 'raIIIIning prolrlems (Qy) and (Qn) rnay havc implicil (ronstrrlirrl r. l'hur irr rrrirri
;rrlr ng thc funcliorr / givcD by (2.3) wc are rcally ilrtercsl((l only in thc choir', s of I

(2.8)

is o nonemptg tontez polghedron that can be decomlnsed into Jinitelg many polyhedral
conret rcb, on etch oJ uhich p1..q is qradratic \or lincarl.

1'he sartlc holdt ol cowst for pt,t' ond ib cnecixe ionlo;n

p'(,) " pr',o(")

d,p(l]) = lljq(u) .t ddy (u) = Qu + Ny (r.'),

4 Dr t- l. .r-" qtll ,rs ri * I/

r9)

l'nx[. Delirc

(2.101

=:rr{r,) + 6r (r,),

whcrc;q is ihr (l adrati. (x)rrvex fiu)(:lion corrcsponding to thc positive definik) ft)nD

Q, atrrl 61 is llrt inrlicator ol thc convtx polyherlron V:

(={r€Rrlnu,r,(') < -}.

.r,,r : I l' Q, wlrc" r' € r''

I o< whon t' ( I'

i i ir, . satisfy

, i r,'r)

i.,".wisc in nrlxirriring tlx frrnctiolr g in (2.{) we focru orr l sa(istlirg

': {)) D't 7t c:: K rs w('ll rl,s u e l'.
(2 lr)

I lJ whrrr I, c l.
a' ('') -t,o 

*l,c' u( t'.



(2. l8 )

Thus

(2.l9)

(2.20)
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'lhe gilyLcrlral convexity ot L and I( ill I'roposition 2.3 iogether with that ol U alrd y
rrreans lhat thesc constrailrt systclns can b€ represerrted in principle by finitcly marry

Iinear {xluati(xrs and iIlcqualities.
A ckxer analysis of the sets L and ,l( reveals additidral structure that will be of

use l.o lrs. llcre we derrotc lhe rrtll space of Q by

,rlQ={1,qtlr rJur=0}

rnd thrl Te.crri)n cone [36, ij8l of V by

rcY:{u,e R' u l,\u€Y,V))0} toroet'.
The latter is the sarne regardlcss of the choice of 1, e V. lL is a polyhedral convex cone

(always corrtaining 0), because V is a polyhedral convex set 136, Thm. 19.51. Indeed,

if V = {u IMtr ! m}, one has rc 7 = {wlMu3 0}. We denote the poldr of a cone

C ns usual by

(2.r7) Go=\zlz u !0,VueCi.
PRoposlrloN 2.4. The effectite t]omains L and K in Proposition 2.3 ore the

L = lrc V ll rrl Q) ancl K = {rc U. nl .i'1".

L = Rr +=r lthe onlv u e rc V with Qu ={) isu = 01,

Ii - Ht <-> lthe onl"J z e rc II urth ]'z : 0 it z - OI.

In partrcubr L : R' il V h bounded ot il Q is positire tlefinrte, wheteos K : Rk t! LI

ts bounded or it I' is posttir definite.
Prool. Lrt,p be given again by (2.10), so tLat,p' : py,e as in (2.13). Since

L = dom tp' and I is closed, we have by [36, Thm. 13.3] that the indicator ,L is

conjugate to the recessio! [unction

(rc p)(u) = ,l,llp(, + rr)/.1,

where o € dom p : y (the limit being independent of the particular choice of u 136,

Thm. 8.51). The limit works out to

ifwetcVandQu=0,
otherwise.

Thus rc ,p : 6r;' fc-rr G = rc y {l nl O. The indicators dc iurd 6l being conjugale to
each other, we conclude lhat G and I are cones polar to each other [36, gt4]. tr

An importanL question of mathematical modeling and computation in applica-
tions both flnite and infinite-dimensional is whether a problem (P0), associated with
a certain choicc of J,U, aod y, can rea.sonably be replaced by a more amenable prol>

lcrn (F6) obtained in substituting for U and V a pair of smaller sets [/ and ii, e.g.

bounded sets. The theorem we state next provides the answers for linitedimensional
lirear-(Iuadratic progranrming, although its full import will Irot be clear until the €nd

of $3. It will be the trlxis for an infinite dimensional generalization at the end of S6.

THEOREM 2.5. Let (Pn) and (Qn) be a pit ol finite dimensionol linear'qltadratic
prograntmiLg problems rn the generdl seffie Consider also an auriliary pan ol such

ptoblerns (Pn) arl.l (Qn) whtch corrcspon(h to the some luncL;on J bttt stbsets IJ c ll
nnd V . ll

I,INEAIi QI]AI)RA'I'IC- PRoCRAMMING AND OTTINIAI- (IoN'TItOI'

tal lJ L xn'tu dt, "'thttt,nrs io{q )un'/rQol qu'h lhdt o'!r'lts" I 'Ln!' \ '

t ,.. I n and fi ore ulso soltlions to \Ps) and (Qo),
',1:) Conuersely, tlii lrrul u are salutions to (Po) anrl lQt), anltJII 

'r1tt(1dP! 
t h

l -,a1tndli (i.€. UrlN =0nN lr', "o " neighborlnod N oln) andv coincll?N urth
i a,ounda, thenn arul1) ore dctuollg solulions to (P6) cnd(Q6)

Prool. !.ronr Proposition 2.1 and Thmrem 2 2 we know that ii i rd l solvc (Qr)

rrrrl(Q6) if and only il (a, l) is a saddle poirt of J relative to l/ x y Lil'cwisc, i'i 'ur(l
i rclve (F6) and (00) if and ooly if (a,t)is a saddle p^oint o[ 'J relttivc to l/ r !'' Tlrc

l,:nr€r trivially implics the latter when 0 : LI ut<l l = V' and this cstablis|cs (a)'

I I rder the assurnptions in (b), (4, a) is a saddle point relative to ccrtain nr:ighborhrxxls

,.i ainUandoinV. i.e. itisalocal saddle point relstive to [/ x V []ut any local

r,,,i.lle point mrnt bc a global saddle point by the convexity-concavity of J t l

3. Baeic motlele in linear-quadratic programrninS Thc tl^hll(i ol tllc p

',ri.r tions appearing itt the llnite-dimensional linear quadratic prograrnming prohlerns

i: ii- is revealed more clearly in the exarnples that follow These exinlrples ilhrstrate

,rl,.us possibilities in formulation that one needs to apPreciate ilr order l'o sce tlc
,r 'rl scope of the optimal cortrol problems which will be introdrrced in !'l

Erample 3.1. (Oo:ni&l linet progrrLmming ) Let P : 0, I = {), U lll ,

Rz+ . Then

r i.'l ows that in (,$) wt:

Illinimize P u
subjeci to Dt ) q, t 2 0'

.,i,,:eas in (Qo) we

naximize q u

subjcrt to D'P 1 P, o > 0

\,,r r thc role of oo in (3.1) and (3.2) in representing constraillis in thcse probl' "r* :r-'

,lrsr'ussed in conntttion with the sets I and X in ProPosition 2 3

Versions of linear programming that involve uluality consiraints rn varill)l's nol

f',rricted to bc nonnegative correspond to other choices of U alxl l" as polyhcdr:rl

Eranrple 3.2. lstmtlatd quadratic proyammtng ) Let u - 0 (l)ur I' I (i) arr(l

,.,1,.: t/ = Rk, V = R!. Then (2.8) hokls, and in (Po) we

minimize P u! tlr'Pu
srrbje-ct to Du> rl.

fllis is quadratic progranrnring in the traditiural sense 'Io stre what lhe drral is w|
J rfrrt determine

pH.,r,(r) -,sup {r u }u Pr}.

(0 it'c-0,
rr q(r) - os, (.') 

1r irsl ,

l{i if r.0.
lr r,(r) = on* (r) t _ ,,,. g 0

(o
(rc,/r)(u) : {

Ioo

3l)
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lf I'is posirivc rk'finitc, we easily c:rlculate th{: supreDrunr to be }r' P rr, so that in
(Qo ) wc

rrra-rirrrizc ,1 ,, lltt', pl I' tlD'D . pl

srrl,jr(t lo t a0.

If I'is orrly yrositive serrridcfinilc, thc dualization is rnorr subtle arul is facilitirtrr<l by
aD;rlgolrraic rurrnralizalion. l'irsl we can dccorrrpost'U = R* into l/1 x LI2, where
IIt = tu I tru = 0) anrl [.tr : l/rr. Thcn by a change o[ coordinatcs if necessary

w. {ar a.tually suppose that IIr x Ilz = Rt, x Rr' for sorne t1 +,tr : ,t, so that
P = diae (Ii,0) for an positive <lelirrite matrix Pr € fltrxr". Writing u: (o1,22)
with rr € fin'.rr.: € Rt,, irnd correspondingly r = (r1,12) in (3.4), we calculate

At.p\tt,rx): sup {r| ur + 12 u2 tut Prltt\
(3 4)

J lrr Pitrr if rr = u,

I o. il rz 10.
Also rvritirrg p . (p1,p2) anrl 1;1 - lD1,D2), we scc that in (Pu) we

luiriirize pt rlt + p2 u2 + +tt . Ptur
suliert to D1n1 + D2v2 / q

wlrrrc:r-s itr (Qo) wc

maxirrizc q.r, ;lDil pr].I'itll)irr prl

sulioct to Dirr = pr, u ) 0.

Ntixcd systenrs of cquality and irrrxpality conslraints can be handlcd by dx-rosing
l,' . R'] r Ra for sonrc lq 1 12 .. 1.

Witl) flrrtl( r tlgeLra trarsfofl ti(rls iL is I)ossiblo acl,ually to Dnrnrdize thr: sludy
olquailratic pr()granrnrirg to the c:l.{o whcre tlrc rnatrix /) is always drogoaol Allorre
h&s t() do is pr()vidc a flrtorizatidl

l'he corresponding dual problem (Q6) is:

rn&ximize c.u I tl2
subject to D'u:! 0.

Exomple 3.3. lBasic pieteuise lineot progranming.\ Srrpprrt' 1' . l), Q {). ln'l
i le any convex polyhedron in Rb (expressible by sone syslcm of lillcar constrainl.s

'i'i ;h, for norv. docs rrot rrcrrl to be spccified), and let V [-rc thc unil .*lqrlcr ir tll:
V = {r,€R'+ | u.t = t} where t =(1,1,...,1).

oy.q(r) : oy\r) :,11t3,r', for r = (rr,...,rr).

rr f'.llows that in (Po) wc

tlririrrirc l, ti r lrlitx {q, d, u} uvr'r rr ' / .

t :1. ,t

,,il{..e g, is the ith cr)nrprlnorl ofq ar(l d, thc ith row of D. 'l'lx' nrar" cxt)r(ssnrn rr
rllc ( liective in (P6) is the poirrtwise rnrrxinrum of a finite collcction of alline frurctiors
, , md represenls a ge eral piecewise li ear (i.e. polyhcdrzLl convex) fuu(lion of 1r irr

rin ense of 136, $l9l In tlrc corresponrling dual problern (Q11) we

rrrlxirrrizc tt t. oylp D'")
sul)jcct to ,>0, r l=1,

+|,:"e a1 is thc support furrction of U us irr (2.7).
The corBtraint structrrre rcpreseDtc(l so far by the set l/ can'* \trrdled rrxrrc

.Jrrr:tly under a diflerent choice of notation. Still with P = 0 and Q = 0. sinrply takr'
i Rl brt

r {'. rr'. |)-,, I} f,,r al ir(l,x lr si,rirbrrs I l, t,t .= 
I

wilr re !, is thc il.lr corrrporrcrrt of r. 'l'lris tinre

I lNLAll cll AIrR ATIL I nOUIIANIMINU 4ND uI-Tl\l '\1. 
, ' iN I ll' ,l

rnzrx,- r,. ,,n ri if t.,+r : {). . . . , r. :' l),

oo otherwise.

i.,')

Ji,,,r

::l.b

(iJ.5)

'lherr the prolrlon (,q)) rl lhe bcginning of this cxanrple can be writtcn as:

rririmize p.r+0 d f ju'.u' over all (rr,u') eRtxR-
satisfying Du + 0u' 2 q, Mn - Iu' = 0.

This can be identified as a quadratic programming problern which can be wrilten in
ierms of thc cnldrged vector (u,u') in the sarne format as the original (Pq), but with
rrixed equality and i|cquality constrairts and a diagonalizul quadratic form (octually
with diagonal cntriG that are 0 fot the compolents of tr and I for lhe comporlmts of
il')

Inr:id|uttlly, sonre (lllivlratit pr('grallnrirlg nxxicls catr bc set up Iuore e;r-sily by
taking arlvarrtagt'of llrt rnatrix Q irrstead o[ I'. l.(Jr exarnlrle, the prr-rb)cnr

rlininrize |lDt - ql2

sul)jocl lo u>0.
whcrel listhe Euclideiro norrnj can be regarrlcd asthccaseof(Po)whercp- {), P-
0, Q - I, I/ = R5, f'=,R', ina-srrruch a-s

P . II'M witl ,4:f e R"'"t ft-rr sorrr dirnensiorr rl.

| , L,) n..qtrl = "r\,) - {
Tiren il (Pe) we

llilntllzc p.u I,_u'&\-(g, - (1,.u)

su[ject to d, r)q; fori '.rn I 1,...,1,
., ::rcas irr (Qa) wt

I
nla-rirrizo !,r,,,

:-l

subjecl lo r,,)0 fori-1,...,( I"=r, f r,,rl, . 1,.

1=l t-l

Example 3.4. (Bourxled hnuv progtannutng.) Tlv: Iinear prograrrrr,ring prolrl,rrrs
: r Example 3.I arc st:rted iir terms of unbounded variables, l)ul in practi.c t his nray nr)l
.ri'' ays lrc wisc or lr,rrvcnicrrt. I\Ialy lincar prograurtrring rorlcs,*k tlx.rrvr krslxlifl(3.0 ) /,1,,r(.,) - llrl'?.
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both upper and lower bolluds lor the vector u in the prirnalproblem, say ii J u ! ti1.
The cffccts on duality, howevcr, arc not widcly appreciated. ln fir,ct there is reason
irnposc uplrcr and lower borurds on the dual vnriables too, say i < u 1 t,+. What
this corrtsponds to is a representatiur of coostraints irr lerms of ineor penolties, like
l,hos0 ir) ihc crlrrortly pr4rulrr 11 pcrralty lLlrci.io lrl)pft)rvh to orrlirrcar prograrrrrrring
((t lt('rcr'or l38l).

'lb br: spr:cilir', supl)()sc J) - 0, Q = {J, arrrl krt I/ arrcl t' be v{,ctorial irtervals
("troxcs") tl'lined by upper and lower boulds:

tt . [a , rit], l' lr; , i,' I.

LINLr\lt cJl ;\lrfi]\-It( l'n()(;llI$l\ltN(:  NtJ ()t'll\tAL (\)N'fltl)t. 7|:l

,f : rri{)lls irk'rvals lo . dil a d conslarrts ) > 0. 'l'hc nril\inurrl valrr(' in (l].l3) is rL

I rri ion of r C R th^l dcprrxls on the parat eters (t ,.rl and ), and it is givcn l)J

Adopting tlx' xotation

(3.10) I.,l+ = r &r{0, s}, lsl = rrrin{0. s}

r,.s- ul .lilr + t .lrl

u r -- i+ lrl+ I ri 1,"]

(3. r l)

(3.r2)

in lIc vc(:torial scnse, whcrc the )iLx is Laken c()rrU)ncui l)y coulponent (so tLat
s lrl 1 + lrl ), wc get

) s r k its ftrrrrula, this iunctiorr of r lras ir sirrrplc hrrrrr rrrrl a rrrLi.rrral rru';rrrirrg lrr
lrr r.rq' wlrcrc,\ - {1, it riurishcs at r 0, is lilear with sl4x' t, ltrr r 0anrl lirrr.ar
!rthslopc.r lor r.- 0. llll,hecir.rcwhcrc),,0,it.hasasilr;larrtnrcturcl)ut willrr
iirit(lral.ic iDtcrpolati{)D iIlrtead of a 'corner." Indeed, it isthe rrDiquc srrlrorlr Iirrx.tnrrr
.r)r re values ilre giv('rr lJy .!+r + const. for r sufficir:ntly high, lry o r I colrst. li)r r
,rl1i iently low, anrl by (l/2))r2 on tltc intcrval between.

!Vith lhis not^lion, and derotirg thc conrponents ofp, q, :rrrrl D lr1 7r,, q,. i/,,, arrrl
. I. rrh. ue ljur.rl'rcr\ rlrr'1,rirrr:rl arr,l,hrrl lrrolr|'rrrs r. fr,ll,,*. Ir' 19,7 *,

3 t.)
( t2, \or l(,r'12) ,vh,'rr ; ),r' .

0r,.,, .., r, {11 2,r1r1 $1,"1 \,r ,,,

I rr, ,1,, r,, /2) t!1,. r, r . \,,

Itl'\
'rr.irrriz, \)1r,,,, ' ',.',"it r fd l,/, tt,,", ,, , ,, I

) | , r \ r,' )
n, !u, r:i] for j=1, .,1,

t
rnaxirrrizt Il* ',

/,r,e(r) - l'r (r) - Iu'L\
i <r<i1

lr',r,(r) - or,(r) = max sul)jccl 1{)

ru,trr rcrr",r ir (Q1y) wlIl follows t.hal ir (N1) wr

rrriuirrize 2 u I r)r lq Dult t i) .lq Dul
subj.fl to i !u!ril,

wll.reas in (Qo) wt

rn:rxirrizt: q u+iir.lD'?, plrrt .lD.o pi

sulrject to ir !uSi+.
Obscrve Llrat thcsc pro|lerns have piecewisc linear objcctives of a special kind. The
r4rtirrral valucs art'always nnitc, so optimal solutiorrs aiways exist (Theoretn 2_2).

Boundetl linear programtting in this sense rrray be a nrore natural vehicle in
sonro applicalious than standard liucar prograrnruing trllrtherrrx)re, probkrrns in srrch
a fon al caD be soived rlirectly, without rcformulatilg them in tho tra{litional way.
Versions o[ the sirrpiex rr)etlrod develope(l by Fourer [ll9] an(l the rDthor 140, Chap.
llj car lre rrstd irrstead, for exiunplc-

Etomple 3.5. (Botnded, quodnrlic programming.) This is a extcosion of the prc-
cedirrg exanrple t() allow for q[^dratic ter ls. Let

t/=-lt,ttl and y=ln-,r+l
again, and take

I,:diaglilr,. .,ilrl, e=diag111,...,111.
whtrc d, I 0, 1, ) 0. (Thc assunrptiol uf a diagonal ftrrnr for .I, zurd e does rror
entail Lhe loss of gcnerality that night Le irrragined; cf. Example 3.2.) The c:rlculation
of thc p functions (2.5) and (2.6) de(:ornposcs into one-dimensional calculations of tlrc
frxrn

1,,; fa(;, /.. /',:,; ,, , 
)

sulrjc(l to r. :ii,, ! t.r ftJrt 1,...,1.
t\ lcn 7/, = l), -]r = {), lho"o problcrns rcdrrcc to thc bourrdcd lirrcar r';u,r'iD lirarrrpl(
,1 1 1'hcy arc Lrsr,lirl io rrodcling sillatiuts whcrc cdlstrrinl,s arc rurt rrccrssar ilr
"irr1. as in stochilsli(-progranrning (see Ilrrkafellar an(l Wr.ts ll8] ;rrrl Iiirrg ct. rl.
l4Ji). Thrrs for instance if lia, i),r I : 10,.r] I thc correspondingl? hrur irr (N1) i,rp,,scs
t,o pcndty if thr Inrlativc constraint ff=, d,ru, ) q, is satislicrl, a sliglrt pcrralty al
., rDarginal cost tlrai grows lincarly (at lhe rak, l/1,) frorn 0 a.: t.his coustrrrirrt. bcgirrs
i() be violato(1, arrd tr?rrlrrally f<rr largo violatiors a pelitlly with.or)stitlll nrirrgiral

Of coursc it is lso pr)ssil)l{} to gct. vcrsiorrs ol tlu'sr prolrk:rrrs iu wlrir.L tlrt pIrraltl
'xpressions do not c\eltually bc:corne linear l)ut stay qutuiratic for arl,itrarily larg{
\iolalions.'fhese corrcspond to lirniting cases of 0{r;o,or,)) whero (r .

." = L)o, or both. 'lhey can bc obtained by taking {/ and l' rot to lrc |oxr.s lrrrt
rl.rants or prodrx ls of orlhanl,s and srrbspacr:s, a^s iu Exanrplc 2.3. I I

In undorstanrlillg lhe rclationship l)etwccn pelalty ruodels such il"s Dx;urrPk:s il I

; r,:3.,'r and lhc rrr)ro tra(liti(xral rnodols without pcnalties, sucL as Dxr.rnpbs l|.1 rrrrtl
;i.1 thc facts in T|corerrr 2.5 a.c cssential. As an illustration o[ the wlv Tlrrrrrlrrr 2.,'r

,,::, bc t'rnpbyecl, k'L us krok again al thc slandard linear progr;r.mrrrirrg pro|lcrrrs rn
ili,(IrIple 3.1. Su14X:sc we k ow Lhat Au optinral sohrtirrr A to (,q)) will cxisl wil.lrirr
'.r .ain uppcr bourr,ls, say il ! ri, and also that a (lxal optirnili sl)luti(," i t(, (Qr)) r!ili
(,:i t within ccrtail ut)per borrruls, sty t, ! n. Thcrr ac(n(liug to'l'lrcol'rrr 25(rr),
r' ::lrd ii cau lrt'fourrd by solving, instcad of the givcn I)rol,lcnrlr tLi lrorrnrIrl lirr,'rtr
1r.grarrrrning probl.nrs irr Exarirple 3.,'1 with(3. r 3) rnru 1r,r ,l Lt2 

1

',rlo.rrl t5) / t,i ,i'l lr,.,il I li,t'l l{r it
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The ide.r Lcrc ihat drral Lrouncls calr be given along wiih prinlal bounds is not so

far'fctchcd a-s it might s(frn. The cornpollents of a clrral optirnal solutiorr t often have

iIlterpretalion a.s rnargina] prices, or as rater o[ change with respect to certain pertur

l)ations of.drstraints. F,conomic lilnitations or experience may dictate appropriatc

bounds. Anyway, there is no great harln in going ahcad with solving the boundcd

versions of the problems in terms of eslirncfed boullds i .xrd 6 lf soluLions I and a

are olrtainerl ior which the uppcr lxrrrnds arc not tight, then i' and a a.trrally solve

the original Irroblenlts, ilccording io Theorern 2.5(b) If tlte upper bouDds dre ti8ht in

sonr€ cornponcnts, they can be lo<-rscned and the procedure repeated

4. Interternporal linear-quadratic programminS. The general prolrlerns of
()ptirral contri)l that are thc rnain object of our strldy can now be ftrrnrrrlated' The

limc inlcrv;rl [11),lr] is fixul. The prinral prc,irlcnr is:

r.rNriAn QIr,\DllA',Il( l'RoGnANMlNll ANIJ ()l)TIitAl, (1)N',IIl1) 
'

,,:,,x. fhe / tcrnrs are dr:{ined by (2.5) atxl (2.6) ln gcrrrrral tlrl rrrr pifir*is'
,,r quarlratic crtrvcx fLll)ctidrs that nriiy lake olr the valuc 'r:; cf l)rolx)siiior 2:l
. i( rs ca-sr]s l)asc.l iD l)art on thc linite'dirnensional nrodds in.fjl] will bo vn:rvrd itr

, I irst we nntst clarify our tt:chnical foundatidLs
All ihe dala clenrcrls in problems (P) and (Q), nallxty

r(r), lJ(1), (r(l), r(r), r(i),r(t), r{t), rJ(t),i,(r),{i(r) .r(r), t (i),

. !.rsunrni to thp(rr(i .r)rrllnu.rrlsl9 on I l'irr tLe scts U(a) arr<l '(1) tltis Ittcrttts

r' nLrity with rcspect to the usuirl notions of convergerrce o[ subscts L)[ Ilurlirlur
r.e that are not lrcccssarily bounded; sce Salinr:tti and Wets l42l for I cxpositiorr

,r I ,e ccirrvcx ca-sc. Thus the rlrLrltiirrlrctions t '- I/(l) and i ' * l,'(/) sl)')rrld h' l"*"'
r,i:{nlinuorts arrrl <,1 cLrsctl gr:rph l,ower sr:Irrittrrtinrrity of I ' ' l/(ti irrrl)li"t rlrirr

r, rullilLrncLion I '- ilrt J/(l) is of opcn graph; nrrlcerl, bv virlrrt of rhc corrvcxil,r
J (l), low{rr scnriconlinuity is r{luivalerrt to lhc latter propcrtv if int i/(t) I 

"'l 
n'r

.t; € l1o, t1] (Rc,ckafdlar lail, p  58l) A spccial ca^se of continrxnrs rl''polrrk'rrcc, o1

'..,, se, is the onc rvhcre Ir(/) and l'(t) are.onsiar)t wiih resprcl io f.
(lndcr ll,ese ?bsrnrl)tions ihe dyrramical systerns in (P) a',d (Q) u" ivcll rL lirrctl

. b reslx\:l lo thc control sl)aces ll 
^rr(l 

11 1'ht:y dcterrrrirrc rrlrirlrr':Llrsolrrllly rrrtr

r . u(nrs functiorLs r:!n(l v from lto,lLl to R"
In showing lhal lhc integrals in the ol)jcctivc [irDCtidtals irr (P) arr'l (Q) an'wlll

j( jrcrl too, we shall make rrse of the fo)lowi:rg

P RoIoSITION 1 .1 . 'l'he erpressian pv (l t,o t, t (" ) E lohkr Nttttxtt)ttl nnD :i Jr tttt lll

t, I anL! s, tn lart )tiLnuolts rr:lolrre to {(l.s) | 3 € irrt ,(l)}, t,cre

,1.r) r(l) = {.s. Ri I py1ly 41,,(s) < ,ro }

.,lorowr L(l) depenls hruer :)enicotrlinol$lg on t
Tlrc same hohls far Lhc alttessiort PuLtt,r't,tl.r) anl tlte t:lJertu't luntLLn

i1.?) /i(t) {r r llr l1,r,1r; r'1,1(.) .: ,,., }

(P) Ov.r thc dyrtan)ical systent

i{r) -r(lh(t) I n(t)t(i) tb(t) ae,

silh rortrol st,acc

r(lo) = B.r. + 6.,

U i(,1,1l,) i,€.C',lr(l) eI/(1) a.c, t" e t/.)

nririrnize the frrnctional

/0, u,)

/ 11,1r1 "1r1+;u(r) r'trl,i(i) .tt) r(r)ldt + Lp. u. + \u, P.r. c, t(tv)l

i / r,r r,r,,r('r(q(r) r'(t)r(t) D(t)1l(l)) + pv..,t,b. C,x(t1) D,u.)

'llrr: rlrr:rl problcru is:

1a) Ovcr tlrr: rlyn:urtical system

i(l) = '{'(l)u(t) + C'(t)t(t) + c(t) a e., v(lr) : (.': u. + c.,

with coDtrol space

1r = {(r,u.) rl € !',o(l) € l"(r) r.c., r. € v.},

rrraxirnizc thc fruu:tional

.9(.,, r,")

/ lq(r) ,,(i) ;,(r) Q(i),,(rl L\L) 1)(t))dt + [q" r" ]r'. Q.r. b. v(t6)l

IIerc

J,, ,,, ,,, {U'rr)ylir D'ttluttl plt\tlt A. t-tB:9\l.t t D:', p.\'

u(t) r Rt, u. € Ht', r(l) € R", u(l) € t:t', o. € R4, v(l) € R',

anrl rlirnensious of the otlter elenrenls are dcterntined accordingly. Thc xlatrices I'(t),
Ii, Q(l) and Q. are a-ssumed to be symnretric and positive semdefinite (po-ssibly 0).

l.tt" 
".r. 

tr(r) - Rk, a,r. . nt', l"(t) c Rl and V. c Rr' are a-lrsum.i to be polvhedral

Prool. t.)tr arguln(\)1. is basr:d on shr-rwing that tlr(r fulrctiorr /)r'1')?l) rlrlxlrrls

r., iontinuouslg ot l, i.c. its rpigraph s(rl

r ) ar(i) = {(s,o) c R'x ll pr('),a(r)(3) : o},

,.i ch is convex, tLlr|rrrls contirrrrortsly on I llpicontinrritJ corrtrslxrtrris to a Ir(nr()rr ()l

:r r, lirnr convcrgerco lirst colsirlered by Wijsnran [44] and srrLstrlrently ilcvt'k4rcrl lrv

,,lrs;s.oWctsl'15]ltyi{t{lsallihcpropcrti(sclainxrllndlcrl,iltlrcrrrrrllifirr(ln)rr
, t(r) is cortirn(nrs, thcn l)y dcfinition it is lowcr scrlricootirrrrous arrri oi cIrsrrl

.,r,h 'i'lt" cioserl glaplr propt'rty is cquivalcnt Lo lhe lo\r'cr s{xnicorrtiorritl ol llrr

: .) (l,r) * ft'{') a('r(r).

i lowcrscrni(.(nrtirrrrilyoll',/i(l) irlplios frorn its tLclinil'iolr llrr lo\\r'r scrr itt'rrli

',,,:r ,of tIc rlonrai nllrllifurction r ' , 1,(i), sirrce 1-(t) is 1lx'proi{{rr(nr irr tlf ol tlrI
,,; aph {1 3). (Recall fronr I'r.Jp{)sitiolr 2 3 that ,(l) is a clrscd crrrrvlx s(t rrr({ ir

, fhorlral ) I'Lc nn rll ilLllrctirn I '- int ,(l) is then oi o1;r:rr gr'.r1rh' a': citt'rt rllrvr'

' ,1rt'*t 11i,"1 re int l(l)| isopcr) irr thesl)lL('Il0,ltlnltr 'l'lrt rrplx'r srrrrr"rl
, , ,ty ,)f /)! 1,rat;r(r) (nr lhit r)lxrr sct lollots 1.lrcn llrrrr llrI Lrrrt s(r!ri(ort(irrrrirl ('1

, li(l) asai,, arr,l rl,c corrcsponrli,Is oponlress of {(l.r,o) l(r.r') € rtr tt(t)} rrll
l, ilrc low{'r srDrirorlirr it.r- Irotcd {'arlit'r for (1.4) ont'gcLs ronlirrrrill'
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'li) provc tlr:It pr'(r) O(r) dopclrlts cpi(trtilruorrsly orr l, wc rosort io l|c nolali.nr r)f

f'ropositknr 2.3, where rrow, howcver, everything (leptnds orr l. We ideltify py111 u,,,
with the conjugate pl of the convex frrnctidr rpr : JA(r) + fu(i), where 61,111 is the
indicator of V(t) .urd

l,tNLAn Qli.\l)ltAfl(r I'n()(;llAMN'llN(l AND ()l"lINl,'\l, ( ()N fli()1,

.; . well tl.linrrrt, [,wcr scrrrirrrnlirulrrrs, corvcx lirnr:tiorrals (', l'(11(,,1]l,llr)/. I{r'
,,t C'([to,t1l,ll?) r Ill' resptttively, wiih vr ur:s that aro lirrit( or L\] (irlairrlv th(

,, nuity of P(l) in I ard the lower semicuttinuity of pr,,(r),O(')(s) jl)irrllv io t ir)rd r
.r r/ed ir Proposili(nr 4.1) cnsure that the integrands lor.ir arrd Ir arc IIre;Lsrrftrl)['

All ll)c tcrrrs irr tlrr: lornlltla [or 1r arc nonnegativc attd coIIvcx. lr|r'arrst'1'{/)
,r.l P. are positivc scrtridefinite. 1'lrerelore l1 is a weli deiincd crnrvcx hrlrrtiorlrrl

'.r h values in l{).oo]. Its lower sclricontinuity follows fr'<;rn l"alrrrr's l('rrrllra .rrr"
rry norl ) r-collvc t gcnl, stqrl(rln:c in I' ([t0, ]rl, R") hirs a sttlrsrrlttorrcI llriLl. rr)lI','cIl]( s

,r ntwise alrrlost cverywhere.
The argurrrclrl for 12 is tlre sanre, aflcr a nolmalizaLioll \!c shrxv{'tl trt tL('()lllsfl

': inis proof thaL Ll contains a pair (rr,u.) with tr actrrally r:ontintrotts 'l'lrt: sanx'

r:,'iics to ). lakirrg (r',u.) to be such a pair in 'i) and observirrg irorrr iho tlrrlirritiorr
'i rhe , firr{rt.iolts that llrelr

pr rrr,,:rrr(r) > 3(l) rr(l)' l!;.0.(3.) :5, r',,

rbrrr(r) = jU Q(t)r,

llivially 6y111 dcpends epicontilrrously or l, since its cpigraph is just y(l) x Rl
Furt hernr ore I he c onvex function Je ( | ) is lilite everyw here on Rl , and its values t lepertd

continuously on t l)ecausc Q(l) depends continudrsly on l. This irrrplies by Wets {45,
p 392] that 1q1t) depends epicontinrtortsly on I and t-ry Mcl,irden and Bergstroln 146,

Tlrnr. 6l thal the sum pr = lO1rl + 6y1r, depends epicontinuously on t- The opcration
of passing to lhe conjugate of a convex firnction is known to preserve epicontinuity
(Wijsnran l44l), so we may conclude that the function ,r-lt),e() : ioi does depend

epicolrtinuously on l, an (llairred- tr
TIiEoREM 4.2. hproblen(P) the unlrol spat:e U * a nancmpt! closed conter

rrb.lct .,/.Cr([ar,,lr],Rr) x Rt', and tlrc ob1ecttl)e lrnctional 7 rs nell defined, loner
semicontinuous and co 1)cx, uith ralues that ure JirLtte ot 6.

Lrkeuise, in prcblcm (Q) the control spce ^l) is a nonempty closed conxex subsel

o/ I t (116, fr l, Hr) x Rt' , and the objectire lvnctinaL p u uelL deJinetl, upper semrcun'

ti xotj aftd concaltc, udh uulues that arc hnite ot .$.
ProoJ. Ody the first half Las to be a.rgued; the second hnlf is parallcl. TLe

colvcxity an{l closcdncss (Jl & is obvi(nrs frorr the convexity iurtl closedless o[ thc sets

a/(i) an(l U.. The ronenrptiness of il cornes from tle nonemptiness ol I/(l) and U.

and the cortinuity rlf I s t/(l): the selection tlteorem of Michael l47l asserts that any

lowr:r senricontinuous rnrltifunction from lt9,ll] to Rt with nonempty closed convex

valuer lra..r a continuous sclection. ThLrs thcre a(tually exist Pairs (u,11.) in l.l with I
coDtinuous rather thirn jrrst lr.

The rlappirg (u,t.) * r fronr lt(lto,lrl,llt) x Rt' nrto C(ll0,lrl,ft") is alline
alld c{xrl.inuous, cven compact:

(4.ri)

where ,[1(i) is thc rnaLrix with the property that €(t) - ,lI(l)16 is the solulion to

i(r) =,s(r)e(r), €(,u) = '0. 
'fhe rerms

ir /(u, t. ) ihcrelore give a conlinuorrs, allire funcliolal of (rr, u. ). TLe xrappilrg lhah

takes a p:rir (u, r.) nr !' (lro, rr], Rrl r Rt. i.'t" th., pair (s,.r.) in !t([t6, t1], R') x tlr'
given by

(4 7) s(t) = q(t) c:(t)r(t) D(t)rr(t). \ q, (:,r\t1) D,u,,

is allinc and coDtiDuous too.
lr remairr. unl] l,' slr,,$ IIrirl tlr, r':ipre-"i,,rr.

11l(t) 1'(t)r(t)dt tu, I',tt.,

Pv p1.q1aQ\L))rlt I pr.:,q. (s.)

r,lrtrc

1,..-,) / ,,,,,,.*,,rrti,t .r/t rttl,,lt ,!,\. -,,.r' i r'.t
J t.

ii;: s 12 differs l)y only a contitlr rs lirear functitnal from a firurt,irrIraL 13 *lrosi'
i.i.is are all convtx ar)d nonnegative As with 1r we citr sec tl)at 1r is wtll tlefirlll
,.r1 valucs in [0, ccl alul is convex arxl lowcr sernicolllinrror]s 'l'lrt rllorr' 12 lrrr"s tlrr'sc

r',.;1, ired properties, cxccpt lhat its values will generally be in ( m,ccl tl
It is evidelrt that in the milrimization in {P) we are rcaily intcr(rsl.1r(l orrly irr tlrl

., rlrols (u, rr.) e il yielding 1(t, u.) < ,:o. Such controls havc to satisf1'

' ? rj r q(r) {'(t)r(i) /l(l)u(l) € t(t) a.c. and qd - (r"r(11) 1),.u" e l' ,

.rir, 'e l(l) artl I" are the effectivc dornains of pe'111 q111 arrd p1;,q. (trt Prolrr)silirrrr

l lij Sirnilarly, in the n)iLxilrization in (Q) wc are reaily intercsted only in tl)e (onirl)ls

I r 
", ) 

yielding $(r,, r.) :, -co, and thesc have to satisfy

i 1il 8'(t)v(1) + D'{l)u(l) p(r) € l{(i) a.e. and Biy(to) t Dlr', 1r, t. li,,
,.lri c l{(l) and K. arr lhc efl{r{rtive donrairrs ol pt/(t),rtt) arrrl prr..r'. l lrcsc irrrlrlicit
,,)irf.trainls c:ur bc r('garded as "linear,'incident.rlly, since thcscis L(l),1,,., li(i) att,l

r. :rrr: polyhedral convcx cones (Propositions 2 3 and 2 4)

As st^ted in [1. orrr;rpproach in this Papt'r to srrcir implicit crrrrslrairrts irrvolvirrg

ll,, slales r{l) anrl 9(t) is to skirt thelu l|holr colrvenielri l,} ad(jl)liIrg illrrrr''ri!t
;:.ri.lcm fornrulations wherc they have lo force, specifically bec;lrst l(l) arrrl L. nrl
,il rf Rf and fla, or K(t) and K. are all ofRr and Rr'. Accortlinglv the fol|r*'irrg

1 , t) i of assunrption will solnetimes be of importa[ce to us

We slrali say tltal the ptimdl f itends Londittotr is satisficd il ihe frrrr'lirrrs
:'\ .)e(r) an(l A'. e. are finite everywhere (ie. r(t) = Rr and l" = Rr') l'ikr
rr. , tlrr: duol /inilencrs condirion is satisfied il the functiorrs p1]1r),I'(r) ruL(i p{r. r'. ar(

|:,r c evcrytlircre (i r' h(r) = R& anrl I{. - tlk') (lrilcria ftrr this arc frLrrris|crl b1

i -', positiorr ?.,1.

lt'
17rs. .-1 i (". "") / ..(i I u(il,ii .,. ',

x(r) -,!r(r)(Ir"r" t t, r l'"u1,1 '1ui,1"1,1 +r,1,;1a'),

l,',',u,, ,,,, .ttt .rtttl(lt lp. ',. r- rtrlt

t,\","):1,"

,r{r,r")= 
/



I'rtor'oslr loN .'1 )1. ll llLt: prnnol JiuterLcst (o l .1on * salnJil. lhen 7\11' ,)
n lP) u JnnLt lor.ill (i!, u,.) € lJ uzth u e l"'

L*t:t:tse, r..lthe lud JiniLencts onllLtzotl h r trsiiul, thn 9\t:,r',) in(Q) 1s lin e

l,i ,'LL 0,1,,) (' l.r u,tl i, c I'"
1fory' llrLrltr thc l,riIIral lirritcrrcss lt,rrtiiliorr ilrc corrv(rx ILrD(rtiilIrs /r'il).Q(') and

pr,.,a. ruc lirlitc on Ili alrd [1" and therclore c(nrLixrroLls on ihcs.'spaces, illaslrlu{:h ;Ls a

co vcx filncti(rn on a finil{!(lirnrllsionaLspace is contilruorrs on any opell set whcre it is

finite [3ti, $lUl. lvtort'over p1.111,q1,1(s) is continrtous jointly irr I and s bv l'ropositrt,n
4.1 ar(l consequently is boulded above.urd below on [t6,t1] r S ltrr any boutled
slbscl S c Rr. for the fLrnction s(l) iII (4.7), llreir, the expression Pv1r1,41r1(s(t)) is

!'' in I wherr tr(t) is !'- iD l, ir-s is the expressiolr u(t) I'(t)r(l) All the integrals iIr

the frrrnruln for f(u,u") arc therciore finitc when u e l- 'Ihe argument for !(u,r.)
urrrkrr t|c drral linitencss conditioll rulLs the game way. tJ

'lhe readcr Ilay wor)dcr why we have forilulatcd prol)lclns (P) and (Q) with con-

trol spaccs involvirg .Cl ratller tllan ,C-. l\latlers worrlci be silDplcr in some respects

with I''', rurd for applirtiiolrs l- is aliparcntly ororc nalural. 'l'he work done in

.('nliuu(nrs-tinrc prograllrtrritlg ttscs 4o' loo Ofcorrrsc, oLrr problt:Ins irlclude the I-
r;e l;y simpl'rcsl.rictiorl. The rcal rcason for l:rking !r, howcver, is rrct extra gener

tiLil,y t)ul, thc ncerl lor nllowirrg alltt)le ccintrols irr order to closc a possible tiuality gap

l)c1.w1'r'Ir (P) arrrl (Q). 1'lrt y,ayoll will corrrc in orrr rcsrrll (tlr st()ng drralitv, T|'('r'r'
t; :t

5. Special cases of the optinral control models. Our t.sk now is to illulni
nate lhc scope of the problerns (P) alrd (Q) irtrodrrced in $4 We explain how thcy

corcr tlu. lincar progralrnnitlg nrodels {Pr)and (Q 1) in !1 and mrrch rnore
'lhc tro.rtrrrcnt of endpoints r(6) rurd r(tv) in (P) and 9(t6) and v(t1) in (Q)

rL|pllrls fronr the lraditional pattcrlts in the litcralure on oPlilnalcoDtrol \\te theretorc

lxrgir by corrsirirrring valiorls irill)r)rl;rnl clLscs enrl)('(l(lc(l irr orrr [orrrlrrlation arrrl lLe

rl'ay they conre io be dualizerl.
lharnTle 5.1. (l'roblems uilh Jied errtl1toittLs ) IIow can one reprcsent in tcrnrs of

ilrc cndlxrinl provisions ilr thc structure of (P) a probLeln iIt which arr integral

(5.1 )

R 1 l{()( I(At l.ll,l,All

r(r) r(t) r /,r(').a(')(q(r) t;(t)r(t) D(r)r(l))ld,

is rrirrirrrizorl ovur all pairs r. rr, s;rtislyirrg u(l) e ar(l) a.o, u € lr,
(5 2) r(l) =. .1(r)r(l) L(l)i,(l) + l'(/) a.e, r(lo) - oo, r(1,) - d,,

wlere ox arttl ol are lixc(l points ilr R" l Thc requirenrcrrL :il6) - o6 can be handled

by sett.ing r" = {r.{) arrd Irivializi g Ihe u" vcctor by takirtg Rt' toltc zero dimcnsional
(s(, I/" . {0}. 8,. = 0, l), 0, p, - 0, I'" = 0) Only thr: tcrrn

(5 3) p\, a.\q, (:,lltt)) e I(tt)

rrrr)aills tlx,r in tIc crrlpoirrt cxpressiorr for (P) Tiris.arr be rn tI: to rcprrs(rrrl lllc
rlqrircrncrrl .r(1r) .tr as hrllows First rhoose l/. = R" anrl Q. r 0, so that

llow all orre Las to r|r is take (1. - 1, q" = or, c" = 0.

Note that thc drral problem (Q) in this case has a-s its erdpoilrl tcrln

().6) q" o. t1). Q.i).-be a(1!) pr,.,l,"(B:y(to)+D:r, p")=at 1/llr) o6 y(1,,1

Irr (Q), therefore, one rr&ximizes

(5.7 )

I,INIiAR QI],\I)IIA1'tC PNOCRAMMINC AND OPT'IJ\l4I, (]I)N1'II')I,

,5 5)
l u it ( -r(tt) a"

^..a.(q. 
t.r(tt)) t_ ,ra.,i,,lr r,

+(rI g(tr ) oo v(ro)

.r er all pairs g, r,, su.h thai ir(l) € l' (l) 4.e., o e !r, and

i:..8) t(t) = ;1'{t)vit) + 4"(t),,(t) + c(t) a.e.

{r.9) .,10r(to) + Arr(t1) >a

(r.10)
I 0 it (r 9) I'ol ls

,t. q.t,t. r'.tltt) D.u.) t _ oth.*i,.

/ [,](tt ,'(')- ]rli) Q(t)u(tl l{i) v(t)- prrtrr,po (a'(l)v(.) + r'(l),(t) rr(,))ltll

l,',,' 
t,t,.l ,r,,1+ ir(r) r')(r),1(r)

i! ith no restrict,iorr on thc endpoints ir(to) and g(tr)).
Of course orrr: r:an str)r) wilh (5.4), (5.5), andhaveh plrcc of r(11) or rht)Irtor{r

g(ueral co strair)t C,r\tt) : q, for sorne nlalrix C. aDrl vector ,1.. In (Q) this w,,rrl,l
,- rrespond to replaciDg the terrn a1 V(lr) in (5-7) by q. rr., whcrc r, is unrcslri.l{!l
n' t a\t) : C:u, nr (5.8) (if c" = 0 still).

lf, e only wani r(to) = oo in (5.2), so that r(lr) is a free endpt,int in (P), rLnd

r',:rrespondingly waDt to incorporaLe a term dl r(11) in the objective (5.1), we crrn

ir.)resent this by trivializirlg the vector t. too, i.e. by laking R'' to be zerGdirnensi(nral

{sr that % = {0}, al. = 0, C.:0, Q. :0), and setting c. = dr. 'fheIL tlle tern) (5 3)

rc\ uces to d' r(tr) ln the corresponding vcrsion of (Q) the terrr or y(t1)ri(rPs
lro n (5.7) but v(ri) - dr is added to (5.8). Thus (Q) is a probk\Il ol lhc samc tvpe
h,r', rvith y(11) fixcd arrd g(te) free.

Erample 5.2. (()eneral linear constraitlfr on endpoiflts.) lnstead of lixcrl enripoilris
Irr us consider a rnuch rnore general case where the functional (5.1) is lo be Inilliil)ized
r,:er all pairs jr, u, satisfying u(r) € U (t) a.e., u e !,r ,

r(r) =.,1(r)rir) +B(,)r(,) +6(r) a.c.

,rrd a corrsirairrt sl stern oi the fonn

i,r the e ipoirts. with o € Rd. This can be placed in thc fonn tf {P) by thoosirrg
il = I ard 6. -0 (so that t(ro) :u. in (P)) and then setting U. = R", D.:/0,
! .: At, q.: o, !'. = Il{, Q. :0. Thcn

l*irrg p. = {), P, - o, q - 0, $'e get all the elrdpoint terrlrrs other tlrrLn (5.9) 1o drolr
',ut, and (P) then represents the problem as specified.

The corresponding dual problem (Q) ma-timizes

(5.1)
tu rfs, . .

/,r.,!.1",) dr'{".) t.. ,t.., r,, [q(t).u(t) 1r](t) a(1,@-aQ)y(t) prl(!),p(,)(B'(l)v(l) rr'(t)1r(l) p(,))ldr{o,,.
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ovcr all y, r, r. iatislying N(l)€ l'(lJ it c ' rr € I'-, r'r E lf'l'

(5 ll) v(1).. '1'(r)v(r) i (l'(t)t'(l) I c(l) ae, l/(1(r) : Ai)t'"' v(tl)= '1ir''

Olrviorrsll tbc irreqrtality in (5.9) (an b' to Yertsl to arr eqrr;rtion Ly takilrg I 
" =

tfr i,'"r,,,ut ,,i fl'1 f',,. a lxrrtnrrlarlv intcrcstirrg clr^sc ol t'his' lct "lo.=. I' 
"1r

i, ,,..: o. i,r,",, 1i.tr1 ",a,u.,," 
ro rllc r(\|rircn)orr rt,ar r(t{)) = r(.tr), anri rhc.crrrhx,iur

rorrrlitnrrrs i (l.rt) rt"trrce r.orr.esporrrlingly to f(i0) - r(t1) ('ptrrirxlic" bou tlarv

crrrrrlitiorts).
Ennrytle5i\'(Ilos1(:L1rtt:rten4)tntttrteorprr4ruttttrttrry')Pr(n,lellrs(P)an'{l(a)

LrrrrL into ilrc l,a-sit lirrcrr 1;rogralnrrritrg rrxxlds (Pr) arlt (Qr) describctl in $1 rvhcn

P(l),I". (J(a) arrcl Q. arc zoro nratriccs an{l

(5. 12 ) i/(r) = Fl, t/" - rlt, r/(r) = Ri-. r; = rit

in the pattrrrr ol tlx.rnqrlt' 3.1. By (Loosing produ{rls of orthalrLs and.srrbspaccs tn

1,.i l2l rslca(l o[ trrr'rtlv ortLarrls, 'rrc obLains th{r vcrsions ol lhcse problenrs havillg

l' ',,li,,t., 
.,f,,i,.fity ^,,'r 

rrrc'1r'rlitv corrstraitrts Noitlxrr thc prirnal nor t|.. drral

ii,,ii,,,-'"".-taiii"t (as dclined in the lir.sl s{iction, ltirre Proposition 13) is salisficil

irr arry such fornlllliltion. ho\rcver.-- iil," ,,uapuiut t:ondiLions in lixarnples 5 l arrd 5 ? all fil into thc nrold of this

cxrunple, sirrce only lilrear constraints are iirvolve'l

imunph'5.1. (Baundul itLe en4toml liflear prosrammitg ) With l'(t)' P" Q(l)

-'.lo."llrrltlkclIlol)czeronrirtri.es:rsiniheprect'tlingexrrnrple.rcplace(4'8)by
^.f"i.",,i vc.toriill irrl,ervrls givirrg rrppcr url lorvcr MLrrxls on lhc variorrs '{rtrlr{)l

(5.l3)

I/(/) , 1,1 (l),nr(l)1, {r..lt..L"rl. l,'(r) =li ('),t'(r)1, t, =lir;,1'.r I

'l'hc l-ssrrrrlrtion ol c()rrtirnrorrs tLcpendcrrcr: of JI(t) ard 11(l) orr I is, satisfied if thc

"".i,".. 
A:i,l tr (l), t (t) ar',l r,1(t; ,iep'''d colrtinrrorrslv on t ln.this ca^s{r l/rr

'5,ri^.t,^a i",'t li""tettess con,IittL'ns ar? bolll satis|ic'l lD lhe notation introdrx(l in

ir,r"1'l' J l rlr" li' r ri(^ r''tti'r" r'rrr'irrrizo

;lt,,.t / 111i '1117 ttt r'tr'lt tl t' ' r'ir']

[" , ttt lq\t) r'(l]r(l) I)(t)u(l)l dl ti; Irr. -('t\Lt) D"u'l
tt,

r / r, (t) [q(i) ('(r)r(l) D(t)u(t)]rdl * n.' ln' - (i'r(/1) D'rr"l1

ulrir,.rl., ,,l,jr.rir, rrr rQr i.. r', rI'',rrr,i''

9' ,.t | ,,", ,r', l,ttt ,r\ti't! '1" '" L ttt"t)

/ , (i) lti'(,rr(r) I t/'(r)i)(l) p(t)l rlt ri; lts:s(rlj)+ l);1'' p'l

/ 'i, l/) lr'(/)4(') /)'(i ),(l) p(.)lrl/ ril [1,;r(lr)) l- Ir,l r'" p'l'
.t1.,

(5.14)

'vhere I denotcs a vecbor (1, l, . . . , l) of appropriate dirncnsion, we obtailr in (P) thc
;!liective

1: .l5)
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For instance, by taking

v(,) = l-)r,)rl, y.={ ).r,.\.11,

+ t l'"' ltul c(r)r(r) - r(,)r(,) l,rtr + ).1q. (r.r(t1) n.u.l L

ls ir = |(sr,...,s,)l I : lsll+ +1r..

7(u,e:l'"'b,t, ,(r) c(,) r(,)ldr I {p..'. c. r(r,)l

\a'i,ere

(5 16)

Tiris corresporrds to a msthematical rnodel in which constraints of thc lorJn

i5.17) C(,)r(,) + D(,)u(,) : q(t) a.€., C,r(tl) + D,L, = q,,

arr to be enforced by lineu penalties with pararneter valut8 ) ;, 0 arul .\. 0

sufiiciently high.
These ideas are useful in particular in penalty representaliorrs of endpoirrt corr

si, ailts like the ones discussed in Exarnples 5.1 and 5.2. Thus a coDdition r(11) : o1

rarbernodeledbyalerrn]l(c(t1)-a1l 1 in thc objcctive (the case of C'.:1, ,D. {)

;rll g.:6t in (5.15) ard (5.17)). A condition t(to) = oo couesponds ofcorrrsc io a
tn ial interval U. = [0,0] and needs no penalty representatirm

Example 5.5. (lnte emporol p;ecelniie linev progromming.J In tl'ri geDeral .arc
wt.ere P(t) = 0, & :0, Q(t) :0 and Q. :0, one mirrimizes il (P) the otrjeciive

.j u.u.) I J'ttl u'tt ,l/1 /(r)iJr t p, I. ,, rttttl

It'
+ | ol |Jlqlr) { ltlz(t) D(t)u(t))d.t + o\',kl. (;"r(It) D.r,)

J t,,

r; d one rna-rimizes in (Q) the objective

;(u.,.1 | q',1.'1,1 bttt.stt), tlq, t. b. s\trt.

l',' "r,,1o'1r1r14 
* D'(t)u(t) p(t))ttt oLt.Utly(ts) r D!:" 1t,.),

' rere the o terms are suppott I nctions defined by (2.7) arrrl arc polylrcrlral corrvex

l riecewise linear).
There are two different wsys of usiDg this general piecewise linear rrrodcl, beyorrd

those already covercd in Examples 5.3 and 5.4, that des€rve empha.sis here. The firsl
is in problems where the objective directly involves pieewise lirrear ter,rs rxprrssul rr"s

the pointwise m&ximum of linite collcctions of amne functions. This case r:orresporrrls
to the patterns in Exarnple 3.3 and necd not be written out in detail. One has

l.'(t) -. [simplex in Rr'l x lr)rthant or nrtcrval ir Il/'1,

.rnd similarly lor l/". Note that in taking in an lrterval for [hc secord tcrx) ir ca(lr
i . oduct one has a ca-se where y(t) and y" are both bounded, so the prvnal finrl.tnt"t
r',ndilron is solis/ied.
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1,1 finite dimensiorrai linear progranrming duality, so that

ou111(B'(t)s(t) + Di(t)tt1(t) p(tl)

: sup{qr(l) ur i ur 2 0, B'(t)v(ro) + Di(t)u1(t) + D;(l)u, ! p(t)}'

',-.rnilarly

ar,.(lljy(irr) t D:ttt.t r,)
- srrp{.1.2 1r.2 | u., > 0, B:9(,) + Dittt"t t Ditu.'t:. p.l

The other way of using this model is less obvious but important in reachiug

r..,""r"ti-" "r i,,t",tenrpor'al linear programmirrg problems lhat satisly the prinral

;;'ffii;;i;";"; ";udiiinns 
A" ut'"u'tv n'ted in Exalnple s 3' those conditions are

:il:l"i'iiililil;-r,J. "*" of (A) and (Qr)' Lut ther can be brousht to bear

i,u i,^*1"*,,' " 
I'orrn'lpd lirrar proPrrtornrlrg lorrrrulali"n as irr.[x:rnrplo 5 4 4Irrorp

,i,rii.,,iu",,",r, is 1,osr,,,e. rrow.ror. 
il xl,;i,ll]J,i,.#,i,i,f,'i;;;,,"il'li"ii:,",,1,,! lirnlr ltrriLltv rilrts'lrl tlr'rrr' Ir'Lrrr'

i: :";,';i,] 
'ili,'"'';,i''i ,',,,, '"', '" r" a v"r'r"r'r" ("rr'i'r'ri'r;'' irr rrr' rpl'rir:rri"rr "r

rrrrrcrral rnlrll,,l. tur firrirng sol'rl'uls
' "'i.. 

"r"r""f..',",po"" 
*" u'o doaling wrtI a prublom inrtially irr the lDr) fnrmal

l,',r qitL c,,rrsirairrts parritrorrod lo clarilj tLc itrvolv'mcnl ol rlt l:

nrirrirrrizc

sul)ject to

lp(,) o(t) .(f) '(l)ldf+ [p. 11.-c" r(t1)]

(rr(r)r(r) +Dr(t)t(t) 2 qr(t),

D,(t)u(r) ) q:(t), t(f) ) 0,

o"rr(tr)1 D"ru,2 Q.r'

D"21Ie >- q.2\ uc > O,

wLereq1(t) e R'',.t2(r) €llr',q.r€R/'1,g.2€R'"'fhe(P1)lormatcorrespondsto
choosing

r/^.rrrt Ir,(i)l ., ,e"rl ^ lD''l
, {,, l ,i 1 ,,,, lb,,,rl. 

,. ' I u I u".- 
lD.,l

t(t) : Rl, u" = Rt, v(t) = Rr+, v' = Rri

(witlr I. l1 i t2 ao(l l" (,t I l,2J An alternative lorrrrulation' Irowcvcr' is to taktr

(r(r) = ar,(t), D(l) = Dr('), q(t) : qr(t)'

tr(r) : {u ) o D2\t)u> qz), l/(r) = R! 
'

().: Ca, D. = D4' q' = q't'

U. = {r. > 0 | D"zu. > q,z\, V, : Rt;'

lf l,/lt) iuxl lr., lraptrcrt tu l,c Lorur.lui scts, we io?€ the dual bountledncss conlttutrr

::,;;J;li ;'t;': ;;i;i;t"Lro,, 
"ueI' 

Lt''ugt' it *as not satisned in the ronnular'ion as (P1)

" "' ';;;;;;;.; aon" tt'i" ott""'uti"o have on thc nature of the dual problem? orre

rna-rimizes lhc exPression

[" n,t,1 ,,(/) b,,r lrr'J,di ' qr-, r,, b' rriur

l" ", ',,tu'lrl!)\') 
I Di(r)u1(l) plt))rtt - ort'(Ltiv$t) + D!u'1 p')

I1,,

srrlrjrxt to rrr(l) e lll' arrd rr,1 e lti:'' Ono h'r-r

o11111(r) := sup{r l I rr > 0, Dr(t)u 2 q'1(t)}

:inf{ r u]u2tt, Dr(t)o)cz(t)}

=s,P{qr(l) u2 tt2] I), Di(t)uz 1: rl

rlrr dual problem for the alternative approaah is therefore essentially the sallre il.t

iir ), except that the U:: and u.2 components in R'" and RL' have becn '\naxirnizcrt
,:':ti'Thesecornponerrtscanultinlatelyberecoveredifnecessary,buiinthclrrcarrl'inrtr
rv: do not need to worry about them in connection with theorelns al)out optimarlily

i o:rditions, existence and duality, io particuliu the I- requirement orr r(t) in (Q)'

Of course, in order for this approarh to work, we nust also be able to verify th(l

.,ii,rrtrption of continuous dependence of U(t) on t. When U(l) = {u > 0 J Dr(')tl >

4rr;)), this is satisfied for instance if Dr(t) and qr(t) do Dot actua, iy.,leperd 
.on 

t, or

il ii"." i" u .ontintous function o such that u(l) ) 0 and tr(t)u(r) > q2(l) (strict

in',quality in every conlponent). For the latter and also more geDeral crr'ses irlvolvitrg a

1^..ibl" mi*tur" of equality and inequality constraints, see llockafellar 148, Cor' 3:ll
Similar ideas can be applied to a partitioning of the constraints of a proLrlenr (Q r )

inrc those that affect y(t) and those that do not. In (fl) this woull correspond to

,l]:ramics i : Ax+ Bu*b,x:(td: B.u. +6., where a = IBr,0l and B. - [IJ.r,01,
:.". not ali componelrts of r and u" are directly a[tive in the dynarllics

Erample 5.6. (Lfieor-qtadtutic regxlator problem and generaLizatnns ) Consi<ler

rri,w a classical typc of probleln having the form

t"

' tl\
h4t) P(r)qf) + (r(r) - t(t)) n(r)(r(r) . t(t))l.lr

+ j{'{t,) - o') €.(r(t1) a1){:i.l8)

subject to u€ !-(llo,rrl,Rr),
t(t) : ,a(t)e(t) r.a(t)u(,) +tt(,) a e, r(ro) = o0'

where an and or are givcn points, i is a given function (conl'inuous), ir(t) is posit'ivt

definite, uxl ft(r) and Il are positive semidefinite. 'lhis c:rn bc for-rrlrlaterl rr-g ;r

problem (P) by irrtroducing factorizations

(5.re) R(r) : c'(t)Q(r)-rc(,) and & :c:Q:'c.,
vhere Q(t) and Q. are positive defnile (It n(t) dnd fl. thclnselvt:s are posifivc

,.r.finite. on" .uu oi.ou,r" take C(i1 = I,Q@: Rtt) t, C. = J,8. = n;r, in

rri t9).) Ser

p(t) :0, .(l) - 0, D(t) = 0, (r(r) = C(r)t(t), a/(,) = Il^, t'(t) - tl'

Tlien in thc gencral furrrrat of (P) thc tetrrrs

p(t) u{r) 1'(r)u(l) .(l) r(r) r Pytrt,r.ttrr(q(l) {;(t)r(t) l't(r)ri(t))

lrr(r) P(t)u(t) + l(r(t) i(r)) n(,)(r(t) i(t))
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tbr lhc cndpoints, trivializc u. lry takirrg Rt' to bc zr:rodintensiortal (so {,/. = {0}' P. =
0. P. - 0, l]. = 0, /1" : {l) and let 6,. : o6, q. = (.:.at,c, = 0. The torms

r".11, I i1t, P.t, c, tltl)t pv,.q.h, (:.r(tt) D.u,)

in (P ) tlrr:rr rcrlucc to

; (-r(t 1) o1) ll.(r(t1) a1),

and wc gct the dcsircd prr.'blcnr (5.18) as a speciai ca-sc of (P) Thc corresponding

rlual (Q) has the forrn

v(to)l

LINl.t.\lt r!t rA I )li 4'I I( l,n{)(Ir/\l\111lN(:ANI)()P1|!1A1,({)N',lt{r)l

Exarnple 5.7. (lJ.)t]fltlftJ vttcrtenryortl quadralic progtuntr tttrg .) l lris corrr:slrorr,ls
,,, I're finitFdimoosional borrnded quadratic programmirrg nrodels in l)xampb 3.5 irr

tirii 3arne way that Exanrple 5.4 corresponds to tbe firitc-din)cnBiorral lxrunrirrl lirr{'ar

,;;'';ramrning mod{lls in Examplc 3.4. Due to all the notatitxr involv(il. wc shall not
!'ri e these problerns rnlt in full. The point is, however, that th{rso arc ft)rnnll^tiorr r)f

r',r: irlerabh versal ilily which allow for quadrotic terrrs without (Lurragirrg lLt explicir,
lrr.Inctric natrlrr of tllc dualizalio .

Example 5.8. (lJroblerns uhose duols are essentiallg lirrrte rlirnerr,qiorrol ) Snplrosl
rri )roblern (P) thatC(l) =0. Thcn in (Q) the trajcrtory V is unirluly d,tcrrnin(,1
[r,;n u. alone. Althorrg| r(t) slill appears iu the ol-rjectivr: iu (Q), il rhes so irr a rr,ry
sirrple !vay: the v;Jue rhosen for u(l) has no conn(\ctiol to pa.st r)r futrlre- At o;r(lr
iill,e t oDe cirn jLlst take rr(r) lcJ firaxin)ize lhe exprogsion

,,(r) r'(t) ir'(r) Qlt)r'(t) 6(t) y(t) p|ftr,o{lr(B'(/)y{t) r l)'(l)''(r) r,{r))

,,rr t'(t), w|erc y(t) is already fixed. Ir this serse (Q) is rtally a prolrlcrrr irr r,,. al.,rr'
a rl is thcrcfore liritc-dirucrrsional. (Ofcoursc u(l) nrusL ultirralr.ly lr.an lr frrrrrti,,rr
o' f.)

0. Sacldle pointe and optiruality. 'lLe tlrrality l,cl!v(''r I,r,'l,lonrs (P) i'rxl
l.)) will be rstablishcd l,y a-esociating thenr with arr irrfirritedirncrrsiorrrLl sa(l(ll(' t)r)irl
,' oblern. This *-ill lcal to the prilcipal results of this papcr. rvlrich cor(.ern thr
.-1 ster)ce and optinr.rlity properties of solutioDs to (P) an<l (Q).

The saddle point rcprescntation we aim at follows the gencral grrirlclircs al tlrt
beginrring of $2. lve takc the control spaces il aird 1 already introduc|d iJt lia (rv|ir I
are Donenrpty by Thcorcnr 4.2) and define oD ll x ! a certain firnciioDal -7, rrarDclr

nri'i'iz(f /"trt,) "'{,),{,) 
- l'(,) e(.)ld, + lo, ciu, - a

ltt
{5.201 i / 1,,(t) .Q(,)u(r) + e(r)'s(l)v(r)ldr i. Q"u.

Jx'

sul,j({ t l') De l''(1lo,l'l,Rr), a.ell'',
,(t) = 'a'(t)u(t) i C'(l)r'(l) ar'., 3/(lr) = C:rl.,

(521) 5(') - r,{')P(l) Lt'(r).

Note tl)nt irL lhis exampler lhe ltrimal and dttal &nntletlness condilions are both

sattsJied.
(;erreralizatiol$ of tlrc liDear-quddratic regulalor problelll can be lllade in scveral

dircctions without going be-yond the format of our problern (P ). For instaice, instead

ofletting u(l) bc a free vrrtor itr Rt one can insist on bounds n (t) St(t) ! t+(,).
l)ually orre t.atl ilrtr luce lrorro(ls

)l ! r,(l) ! )I alxl - ).1 < u. S ).1

for pararneter values ,\ > 0, ,\. > 0. The eflect of this on the fomrulation of the original

problem (5.18) is to repla.e the purcly quadratic penalty expressions by tenni that

arc qua(lral.i( rlcar lhe origirl but eventually Srow at a linear rate. Thus for exalrlple

if
Il(l) - p1 and Il. = P,l tot P > 0, 1t. > 0

(corresporrrlirrs in (5.19) to (r()= l, Qlt): p-tl, (:. - I, Q.= p;r/) one lras

ternls
ttt

\!tU I l!\t) i(l)l'/.lr , {/,./2)lr{lr) 'r, 
l

Jt"

in (5.18) that aro repla.od by

1l rr, I

)'l / r,{l',(r) i,(,}l),rr.r d.(lr,{r') d',1)1.
,"1LJ t l

wherc r,(l) arrtl or, arc lhr ith c(nrrlxnrcuts of r(l) and t1 alll V' is thc Srowl'h fur'li(tt
defilcd by

I lPl2)t2 when O: t:^lr'
{{rr | ''1, 1,17111 (}'?/2!) whcx /: l/t,.

and sirrrilarly rl. in lernrs of ,\. and /r..
S{ill other generalizatiolts of the line?u quarlratic regulator prol)lerlr are covertrtl

lly the pattcrns iD the next example.

(6.1) J(rr, r.; r,. r'.)

under the conveuti(n \r co ; oc, (sce bclow), whcre

;r'.2) ,t(t,tr,t,) p\t).,1 I q(l) u+ lu P(t)u |x Q()r, i' r/(r)u.

i{:3) ,/.(u.,,.) . h u.+,1. r. I ;u. p.", i,. Qt,. 1i. t),u,..

,,,'t

irj t)
l(u,n").(r,.r,,)l ,- 

1,,',,' ^U 
Ia{r)i,(,) r r(r)ldr ru(r0) ll]..,r. r i,,.1

= 1,,','O,, l(r'(r)u(,) rc(r)llr i r'(r,) l(:r,, r,,l

1,,',,'rl,l 
,t,tr, I s(/,,) "(/o) -

'llecomnrorr v:r.lrr',rf tlu tlvo cxpr(:ssions n)r l(L,u.),(i,,r',.)l i'r(0.1) ,t.rrstrur tl,{,
iI]regralion-l)y-parls f{rnllula

/'r1,,u1,1,ui,11u, 
r,/.(t.,,,.) l(r,rr.),(r,r,.)l

l'"',l,l.f,t,l,rr 
1 r(i, ) u(i,).

15, term{(rr,u.),(r',r,")l.whichisallineirr(u,u.) lor fixed (r,,r',.)aurl allilre irr (r, r,.)
l'r'r fixcd (u,rr.), ius wtll as corrtinrtorts with resp(t to all argrln)erlls, ctnl)o(lies thc
ii r darnental coDrx'ction bitwcen tha control systen$ il (P) and (Q)

The convention o., oc, = oo rnentioned iD the (krfiniti(rr (6.1) of "/ refr'rs to
rr':riblc arrrbiguitics irr lhc value ol the irtcgral of J(t.t(t),rr(t)). lrL gerlral, rirr'o



u(l) and lr(l) are orly Ir iu t, tl'c ilrtcgral ol tlxr terllr u(r) 1'{t)u(l) Ilrighr be n-, thc
integral ot o(t) .Q(t)r,(t) urisht be m, and the integral of ?r(t) I)(l)ll(l) might t,e

either. Wc usc .r, - .F = .)c, to rcsoh{r any dilentlnas in extelrde.l arithrnetic that Inight
arise. I'his iurxnrrts to i:aking thc intcgral tcrnr in (ti t) to bc oo if J(t,t(t),r,(t)) is

not rnajorized by uLy l1 iunciiolr of l. Of course lf J(t,t(t),tr(t)) < tr(l) for alr 4L

function o, thcn lhe integral has iur unafirbiguous value which is firtite or oo, wherei)s

if J(r,u(i),r(t)) > B(a) fr)r an -Cl function 0, it is finitc or m. Actually there is no
{lilliculty at all if u € I- or r € I-: orre has

J(rr,t";r,,r.) <co rvhen ue I'',
J(r,r.;r,r.) > m when rr€!-,

and thereft)re J(u, rr.;rr, o.) linite when boi,L t € !- and u € l-
Anyway, undor thc specified collvention "7 is a well-defincd functional on ll r l

which is qrrarlratic convex in (t,t.) and qtladratic concave in (u,u.). The convention

co oo = co corlri havc becn used inntead and would have lerl to a functit,lol i
thrt w(,ulrl scrvc (nrr prrrl'oscs i't.quivalurt farhion; we shall occa-rionally m;rke rrstr

uf j in o,rr prrxrls. Obviorrsly liorn (6 5) ar',1 (e o;, .r n",, J ,1gr( $l,urrr'\cr u € !'-

'II{E0RLI,{ $.1. I)robLerns (P) an,l (Q) arc the primal ottd duol opttmzntun.
problems associtr|ed. utth the saddle poinl problen tor J on U r | . 'l'hn the lunctional
7 rthith n (P) ;s ntnimral oter U is siren bs

i'i thecorvcx hrrrciiorr,pl(u) =JO(r)(r)+6!,(r)(o) utilized irr thc 1;r,,ot, ol I)ropositiou
:l | , 2.4, and 4.l. It holds by 149, Thm. 2l (or {50, Thm. 3(ll) ii ip(f,r) - ,p1(?) rs a s,.
L,lletl ttormol irrtcgrord an,l thelcft sideol(6.12) isnot oo. Actually ,p,(t, r) is lol,!cr
:r' nicontiNrous joiDtly irr , and u, ina.srnuch n"s Q(l) and t/(t) depcnd r ontirrrulrsly rr

/ /vhercas riornralil.y rnt'rely requires 9r(r,r) to be lower serr)icontinuolrs i]ll] for tixcrl
: .Id nreasurable in (t,u) with respect to the r-algebra in [to,lll x tll gencrat.](l l)y
11 ,. Lebesgue scts in llo, trl and the Borel scts in Rt [50, Thnr.2al. Thus ip is nornral
i',rthermore the lefi side of ({i.12), or equivalently of (6 tl), cdrrnot be oo. irttarrsr:
rl,e intcgral is ffrritt'when r e 4*, and wc do know (fronr thc prorf ct Thcorcnr 4.2)
.l,al 'll contains at least olre pair (u,rr")with u sciually co tinuous.

f)rrr argument ha^s not olly verified (ti.7) but shown that tlc rarrre woultl lrr
,nre if J werc rcgrlaced by the altern&tive irrnctiorr;J j usilrg.o cL = co insLcir(l
,fo: co = oo. Indeed, (6.10) still hoils f.,r i, srr,.e J : i. E' ryrlrrrrg elsr: is

r.rchangcd, because we relied only onrl € !'x, aDd for such r thc valrres of J urri .,1

.,r ree. This synrnretry is all we neetl to colcludc that (6.8) is valid too. L l
TltEottElt 6.2 (lvcak Drrality). iror tlrc aptimol conbol lttoLlons (P) rrrrl(i)

tL B aLuays trul thil.
irrf (P) I sLrp (Q).

Futthermore dpdtr((ii,it.),(r,-,te) ts a sotJrlle pont oJ J onUt\) f u.ndonl! i{nJ,)
roh,es (P), (r,r.) ror,,rs (Q), ond nrin(P) = n,ax(Q) (fnrtc).

I'rory' This isjust a rcpeat ol thc gercral fscts in Propositiorr 2 I li,r ll,r srx\ ili,
czr.ce in Throrcrn 6 I fl

A stronger result is obtained by appealing to the fniteneir conditronr for (P) arrrl

it)) that were introrluced at the endof$4. Wewishtoemphasizeagain,arin$1,tl)at
i! is is by no mears the most general rcsult on strong duality. Rather, iL is presentdl
ls a relativcly sirrrplc result which i9 ca-sy to work with and alrci y r.apaLle of corr'rirrg
r,; l,ly irrportaut ca:r's. r:spcr:ially in vir:w of thc rrrodolirrg possibilitics t'xpLrirrcrl irr [5.

TIIDORItM 6.3 (Strong Dr)ality) . If the primol linitenets condrtion B sat]3Jiul,

II\r\r' QI \FFq'll. flr^.,It{\1\ Nri A\n,,r'uv \L. , i\ ,,,l

i{: l3) irf (P) = nrajK (Q) < oo,

rv d. moreooer th,e dual objectrue ! is tteally sup compoct rekliyt: Io l. t.e. all lt:tr.L

i(:.11) {{r, |") e li I 9(1,,4)> ai /or o e R

R 'I' II')( KAFIiI,I,AR

(6 5)

(6 6)

({i.7) .l(2, r.) - s11n J(u,u";,,,r.),
(!,!! )€r

uhereat the lrLnctional S uhtch nt (Q) is mnumize,J our I h gioen b!

(6 8) 9l' , r'. r 
,,, illl, u 

.'(', 
"., ", '.1

.1)roo/. Irr cstairlislLirrg (ti.7) we take the nccond of the expr{'ssions iu (6.1) ftrr t[e
terrn 

| 
( r r , r r . ) , ( r , , r , 

" 
) I ir thc dcfirition (6.1) of J, so hhat

(6 e)

(r,(r). Lq(r) (r(r)r(1) 1r(r)u(r)i ;,,(r) Q(t)r,{r))lr

r. r jrr. I'"1. c. r(tr)l
+\ lq. (:"r(tt) D,n.l ;,. 4",,,.

Fror the (lelirition (2.5) of the lLrnctitxrs y4,111.41,1 and p1,.4. it. is (:lear that

(rj.10) 7\u,u,) / J(u,q;t.t'") for all (u. u.) e ll, (1r, u.) € Ir,

ald that thr: dcsircrl eqrratnrn (6.7) cau be vcri{ietl by slLowing that the cquati(tr

(6.ll ) s',p / l,,lr )

holls for arbil,rart r € lr. This equati(ro carr be wriltcn iL3

i\, t5) min (P) : sup (Q) > co,

otJ ntoreorer tht ptn l a[je.til)c (P) ts tteakl! tnJ cornpact rclotit)c , !, i.e aLL lutl

ii, l6) {(u, u.) e lr 7\u,n.) a u} fn ft..It

,::t weak!! cLtrr4tu t rn !r({t11,t1l,Rr) x Rc.
Lrkettist:, iJ ltu h.al Jinitettess tundition u satisJied, thr:r

e ueukLy wn\xt<t m lr(lt0, trl,lit) x [lt..
ThLs { both Jintetrcas cofldiiontr ire sot:,3Jier!, sollLt;at! tr3t tt boLh lP) ann

l\ ), and

,r(rr,rr.;r,,r'.) ,= 
1,,'"'t,tO "t,l+ rru(r) r'(r)r(r) c(l) r(t)ld.

,(r) ;i,(r) . e(r)u(,)lrrr = 
1,,',, 

r,, L, t.,1n l,(t)),tt

lr{r) .,(/) p,(,(r))l at . 
1,,',' 

ti$(4)at

' [.'
I h,.

#-/,:(rj.l2)
ri'17) nrilr (P) = Dta.j{ (Q) (linte)



(ii 20)

sirrc l,lx' irlcqrri!lilics
inf sup J I inf sup J z sutrinf .r
t_1,u1)1rtt

Irold trivialJy. 'l'hc one-sidcd xLinima-\ tl)corcnr of lvloreau [5t] will justify (6 20) pn>
virled wc can show that ulder tlc prirrral finituness r:orrdition "I(u, rr.;u, r.) is weakly
srllcourt)act in (r,u") rclativc to ) when (u,r.) € lln. TIrc laltt'r will alsogrvc rrs

thc clairncd sul)-(ornp^ctn(ss ol ! via (6.l9).
['ix (u, u") e l]''. 'ftrknrg 

"I a.s expressed in (6.{}) lnd irrtroducxrg s(/) an(l r. ir-s

in (1.,5), rvc have

{621) J{i,.a..,r',r,.) / 1,,(,t 'lt) ;r'(r) Q(r)i'(r)llr r [r:. s. ]rr. Q"r,"l+const.
lt,

lirr all (r,,r.) .- 1.1, wl('ro s(l) is l- irr L The reqrrir(rl sup ((rrrpactur)ss property of
.t is th(, $cak crnrpactncss of thc level sots

{ir.r")e'lt J(u,r,.:r,,r,,.) 2rr} for a€ ll.
\\i rc.('giizc row lha( |his is lhc sarrx'.us the wt'ak cornpa.clDcss oflh{'k'vel sets

)'roo!. Otr prool ol tlLc hrrrlrLlas (ti.7) arrrl (6.8) irr Theorerrr 6.1 gave sonrething
slightly strongcr that will now be of use: if wr denote I)y &- and )- the subsets of
U and 1'having u € l'' aDd ?'e l-, thcn

n T ri ( )( iK A FI,:l,l,A k

({i.18) |fu,r,J= sLrp -r(t.u,.;i,.r',) firrall(rr,rr.).
( ,.. r. )r \'"

(r' l:,) ll(i'. /, ) ,,,,,irrfr. -I(r. rr,.;r', r,.) li,r r!11 (r,,r,).

lrr orr|,r l0 ol,lrrirr ({i l:t) it rvill l,c errorrgh l,y tIis t() (lrrrorstralc

irrtsuuJ=rrraxinf,r.r,. i, 1, ir-

'Ve shall be able to estitblish thc wedk compa,ctness of Lhis sct for arbitrary (s, s.) e
l-([to,tr],Rr)xRAandBeBbyrneansofthetheoryofintegralfunctionalconjugatc
, c each other {491, [501.

Let us think ofthe spaces l1([t6,t1],Rz) x Rr. arxl !-(ll0,lr],Rr) x ll'. ir.s dual
i, eath other under the pairing (6.23). The pairing forurula aud thc formula frrr / carr
a;trrally be viewcd a.e irtcgrals over a me&sure spa.e that is the ruriorr of ll,t,trl"',,1
o,-r atonr {e) of rne:r-, rrc L In this scnso 1 is lur irtegrrJ furr.t,ional, I)rrrt: anrl sirrryrl'
'fhc fun(tioral

trl
r.rs,r.r - / p;tstr))dr -p:{r-)

) r,'

on !-(ll0,rrl,n') r R',, wherc,pi and ,p: are conjugate to,pr and ;., is iur irtogral
functidral too, and I ard 1' are conjugate to each other by 149, Thrn. 2] (r)r 150.
Thnr. 3Cl) with respect to the pairing (6.23). Indeed p; =, pr,ttt,ag ilti tpa

p.",q,, so 9i alrd 1p; are finite convex functiorrs on R' unrler the prinral finitcncss
fl,ndition we are assurnirrg. Furthermore ipi(s) is for each s € ll'continuou$ in t Ly
i oposition 4.1, hence integrable over lto,tll. These properties for /' plug into tlre
rn ak inf-compactness criterion of [49, p. 538] for integral functionalorr !I,type sprrccs
a;,C prove the rcquired wcak colrpa.tr)ess of all level scts ol the forrrr (6.24) for llrc
r,,rjugate furctional t = (I')'.

The proof of (6 l5) and thc weak cornpactness of the sols (6.10) follows row l,y
sl rmetry. tl

COROLLAR\' 6.4. Sxpryse the prinal antl dual linitencss cotriitttns both holl
!': en in orrler lhaL ( ,n.) solue (P) und, la,n,) sohe (Q), it u L'ath ncct:star! atLl
erfrcient thal (t,t.),(t,t.)) bc a soddle potnt of J orU x't).

Proof Accordirrg to Thc<rrcm 6.2 the saddle point conditirxr is always suilicicrrr.
r,r;,1 if nrin(P) = rnax(Q) it is also necessary. N€essity thoreforc follows lrorn tlrt
,,r i nal and dual finiteness conditions by the result jrrct proved in Therrrcm 6.3. I l

TIre saddle point con(iitiqr in Corollary 6.4 nreans that (t,ii.) r: tl,(ij,ri.) a. lr,
arr I

{() ?5)

LINDAR QlrADItr\'l lO PRO(jltAlt{MIN(; AND OPTIjltAl, (jON'l ll()1,

J(t, t. ; 
-"", u.) < J(4, t.; r,, n.) ! J(u, t. ; i;, i," I

(;22t {r,,,,)'r ) 11,,",,t,t Q(l)r,(l),lr I ;1," (J, r,,. ( ( r , , r '. ) . ( r , r 
" 

) ) S rl
lirr 7/ t l.l. wLcrt

(6.23r ({,.i.}.(r.i")) 
/.,,'{l) 

s(r),lt r'" J.

()rxl agrrirr (lx: corrvr.x frrrxliorr

.p,(r') -:q111(r) r Alr,l(r) : 
{

will ll rrs,'frri, logcthcr willr

p"(,,.)=ro.(r,")+61.(,,.r= { l" " " li,: li.
'l'hc corrvcx Irrru tiorurI

/('.,,) I p,t"\t)t,tt t..\t"t
Jt,

iswcll rlclirrerl orr l'(llo.l'l.R/) { llr. rvilh v lucs in {ll..r-). arxl inl.rnrsof it thes('l
(6 22) can Lre wriltcn a.s

ju Q(t)r if u e l'(t),
oo if t'Il,(t)

n,r all (t,t.) € ll arrd (u,u.) e l. Tlris "globai" conditiorr actually dccorrrlx,scs,;r.r
r.c show next, into an "instant.aneous" saddle point condition at (arh tirne I and D

''', rdpoiit" saddle point condition.
TfruoREM 6.5 (l-!l ininraximurn Principlc). for ((r,lt.),(a,i,.)) to fu o l,l,dllt

t,,int ol J on U x \), it h necessat! aod stficient thot thc lolloltring cottdition: holi
ln cddition to n(tl Md n(t) being !.t int). Fot almost eutg telln,tll
r(i.26)

,,.d olso

tL 27)

(t(,),t(t)) i a saddlepoint relaliuc to U(t) \ l'(t) Jot
J(t,u,u) a I]'(.)t(t) -o.t7(t)z(t),

(t., ii.) Lr d saidlepotnt rcklil)e lo IJ, x l', Jo'
./.(rr., u.) , u. 8:9(,jo) u..C.iltt),

|therc i and g aft lhc pr;ntol and dtal state lrnchons corrctyondng to (i,n,) o

lrool. The saddle poiDt coudition (6.25) for J on ll x 1, is cquival rrt by 'l'lrrvrcrrr
C.,. to the condition

(6.2,1) 1(,,.,'.){ .C'{[i('.r'l.lrr; rne lt1r.r,.; ( ( r , . r 
',. ) . ( s . s . ) ) :- ir]. (r:.28) t (u, u.J : J(n. u.; u! u.) : 9\u,v.).



Let us writ.c tltis ix

R'I'Ro(]KAFDLI-AR r r\r'^,, k qlrHAlla PkucRAMMlNi: AND()l-l'IMAL I rrNIr"l 8rl

(6.?9)

a I I'ttt iltt t litl sttt,ll , /. i,ir) | b. irl, ) {u.tl.J.(r.r")

'I lx alt( nrar;vc { }it,r( rsi{rrs t(,r l(ir, it,.), (i', t,.)l in (6.4) sivc

'' / l.tt, 7rl) dli ) B'tttuttt dt . 1." rltlt u" B:lltrtl
Jt"

tt,
I lntrl yttl ,li I I trJTll)]dl . lb. a/rtu) ;'. r .rrlttl
Jt,

lJsirrg these akrng with the frrrmula-c delining 7, !, and J, we get expressions o[ the

7(,t. u.1 |.ltl,i))ltt . L(u.).
J,,,

f'
9{u.U"r ' d ,l stlrttlJJt g"lu.\.

J r,'

t"
Jrt.u".t.r.t.,' I i,ratt.i'r"l,tr' J.1u".x.|.

J r,,

whcrc

(6.30) l,(z) = h,(r) . B'(r)t{r)l ut }u. P(t)u + py p|oi, r(q(t) c(t)r(t) ,(t)r),

(6 3r) j.(".) = lp. B:t(,o)l 11 r iu. P.n. + pv..a,kt u.;(t1)- D.U").

(6.32) t,(,)=. l.r(i) c(i)i(,)l t |u c)(t)t pvr,r.r'1r14'(t)ii(l) + D'(t)r, rr(t)),

(6.33) t.(r,.) = [q" a]"-{lr)l r" lr, Q.tt. py,.1,.\ B;A(tr;) + D:u, p"),

(rj.31)

., 3r, )

7\u.r.) n .'ru.L,...U.,"I ' n 9lr r'"1 F.)

1,,','Lor,Da, 
*i,t,; = l'.' t,1o1'),opvrtt ti,(n,,r")

= 
1,,',,' 

a'lol'Du' ' u't,.')

l,(rr) -,,srrp,,7,(t,r,). t,(") -,.ini,,J,(rr,r,),

!.ltr | ,ir,l. ,/, r,r, . ,. t. 9"t,. t .'rp. i. r',.. ,, t.

by the definition of the p terms il (6.30) (6.33), so

l(t) ) J1(r, tr) ) 91(tr) for all r e U(l), u e V(t),

l,\r,) 2 J,@",u,) ) 9.(a.) for allu,eU,,u eV..
SiDce the left side of (ti.36) cennot be --oo, whereat the right side carnot be oo (lrorrr
the corresponding farts about .7(u, u.) and !(u, o.) in Theorem 6.l), condition (6.3ti)
aolds if and only if

/!(tr(r)) : J,(r(r),r(,)) = rr(r(r)) &.c., t(E.) : i.(i1.,r.) d.(r.).
i.r view of (6.374) and (6.37b) these are precisely the "instarrlaneous" :rnrl "endpoint'
?'ddle point conditions asserted in the theorem. !

Theorem 6.5 has an interesting interpretatiol in the coDtext of the finitr:-tlirncu-
.li,rnal linear-quadratic programming problems in $2, as revealed by its proof. We shall
f,;rmulate thie as a coroilary.

Corresponding to the trsjectories t aDd t, consider the "iDstantanmus" priDral
j'.d dual problems aseociated with the linear-quadratic form 71[u, u) ur U(t] x y(/),
* rere Js is given by (6.34), narnely:

t.i (2, t))
i-Vr(r'V))

ninimize f,(u) over o € y(t) where J, is given by iti.3{J),
maximize Ei(ir) over u € y(t) where gr is giverr by (6.31).

(,c1sider too the "endpoint" primal and dual problems associated rvith the lirrear-
j'r Ldratic form J.( .. u.J on U. , lz., wherc J. is givon by t6 35). n.rrr,ly:
,r.(r,t))
(t',(i,r)) maximize 9.(u.) over u. € % where p" is given try (6.33).

CoRoLLARy 6.6. Ior ((u,t.), (t,a")) to be a saddle point ol J on U x | , it
L\ necessorg ancl suffictent that the Jolloting conditions hokl (in addition to u(t) nntl
, rl) bcing !,t in t). For almost exerg t € Ito,tt)
t{.38) n(t) soltes the ;nstantaneous prinlal (n(i,tJ), and

n(t) soh, the tnstontofleoxs Ad @t(i,t)),
n, d lurthermorc
i1.39) i, solues the end,point primal (P"(z,y)), and

n, sobu the end,ynint d,ral (Q,(t,g)).
Proo/. Because the instantareous and endpoint problenrs fall ill the category oi

,i.tite-dimelsioDsl lirear-quadratic programming, we can apply Theorell 2.2 to thrrr
.rd see that (6.38) entails

mrnl yr 
t.I, y)J Ilrtrxt9r(f.yl),

:nd.(6.39) entails
min(P"(2, !)) = max(Q.(2, v))

r' follows then from Proposition 2.1 that (6.38) is equivalent to (6.2{i), wherc.* ({i.39)
is equivalent to (6.27). tr

Our final result exterds Theorem 2.5 to the infinite-dimetrsional cdse. lt provi(l.r
a basis for the idea that jn intertemporal liDear-quadratic proBramming at well as in
finite dimensional linear-quadratic programming, a given pair of problems (P) arrrl
(Q) can often be renrodeled, st lcast for corrputation&l purposcs, by tt nrore l,ractal)kl
pair (i) and (0) in ttt" pattern of boladed linear or quadratic prograrnnring :!r ill
Exa.mples 5.4 and 5.7.

rrrinimize f.(u") over u. € U. where f. is given by (6.32),

Jr(rr,r') =./(t.rr,rr) u r'(t)g(t) r C(t);(t),

./..(,/,.,1,.) ,.t.(u.,1.) rr,. 1l:t(11)) ,,. a.-r(t').

The saltlle p()irt {:trrditiorr on ((t,t.), (t,t.)), written as (6.27), is equivalent ur)dcr
il)is fonrnrlation to

{6.36 )

But

(f;.37a)

(6.371,)
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'l rrr,ronriNr 6.7 ('ontut.r aluts l.rth (P) and lQ) on atnrhary p r a! prablcnrs

\F) rn,l lA) w \ the sar,tc assur|.ptiotrs utuL delined by thc sornt dala. crcept Lltl.Lh

the ontrol st,s tl(r),4/., V(t). and l'" n:pLuced bg sett

(6 10) r.r(/) ( rr(r). rt,. . u,, I'lL). l'(r). l,; c t;
,grrpposr: rrrirr(l'J rrrrr-x(Q), a.r uu d bc trut [rurtttl M hy Thcortm (;.tJ xl thr s s

l/(,),1/", l/(l) end\'" are all boturled.
(a) I/ (t.4") ond (ij,ir.) sahsJy the r,nstanLantoln atrl e dpatnt cottLlittons uL

'l'heorun 6.5 (or {.)orollury 6 6) otxJ ttlso are such tlnt

't\') l tlt,L, t,. L. it!t i',, ,, . '. i".

t).,1, \ t.u.) ',1,. " n-l anl,l D l lur tD l. ond'u.t"t s,lt"s n,r,,rlyrltbui tQ.
(l)) ry(t,ii.) .rolrres (P) ard (rr,l.i.) r,,fur" (O), ,rrrJ y'?/(11 ond l (l) cou,ctd,e utlr

tt \t) o"a l @ orcrnd tL(t) and nlq Jar almrll p r(rtJ t, uh c ft,,n,J i, "utnarle urth
II. and t',. arnundn. r,rultt", then atLuall! (n,u,) soh,cs (P) and (u,r,.) sofues (Q ).

(The lcrrllinology aLorrt "coinciriing" is dclirred in lhc stalernent ofThcorelir 2 5.)
I'rory' tJnder the a^ssuntptiolls in (a), {2,t") and (t.t.) give a saddle poirrt of

J on i/ r 1l (by'lhoorcrn tj.s, or ir.s tbe casc rnay be. (Jorollary 6.0), and this sarllle
point Lappens to ln: nr I r ! (*t",." I nn,l ! are tl'c corirul st,a,rs c ',rr.sptxrtling
to (F) arrd (0)). fn,ln ((u, t"), (ii,ij.)) is also a saddle point lor J relative to ll ^ 1l

'Iheorrnr 6 2, applie(l io lx)tl lrairs of problems, yields llc conclusions. -tjDdll tl)e assLurpti.rns in (b) we know by Thcorem ti.2, as applied to (P) arrrl

(0), that ((t,r.),(t,o")) is a s.rddle pc,irrt of J relatrve to ll . 1r. rl," inltar,taneous
conditirxrs anrl codpoint conditions in 'fIcorr.m 6.5 rnrrsl thcrrrforo bc satisfied rr"lativc

to t/(r) x y(l) .Iul I/. x l'.. Bul l)y l'h(lorcn 2.5 and orrr hypothesis about the sets

coincirlirrg krcally, the sarne con{liiiorrs arc thcn satisfied rt'lative to U(l) x y(a) ald
LI" r V.. fheorern 6.5 tr:lls rrs now that ((t,t.),(t,u")) is a saddle poirrt also for J
relat,ive to ll x lj. Then (t,t.) and (t,t.) are optimal for (P) and {Q) by Thcorcnr
6.2. tl

'lb nrakc tlrc trest use of Thet-rrcrn 6.7 in the mauncr outlincd at the end of lj3 for
lhe Iirite dimorsional ca-se, it would be helpful to have criteria under which (P) and
( Q ) havc solutions (t, t" ) arr(l (t, t 

" 
) with t and t acilrally in 4-. Then, for exarnple,

Theorerr 6.7 can bc applied with the subsets (6.40) taken to l)e ilrtervais adequatcly
large. Such (:riteria can be develqred, but we shall not address the issue here. R.esulls

of this natrlre for the ca-ses covered by contirnlous-tirrre prograntnrilrg rnay be gleantrrl

from Clrinold [5], l0l and Reilard l8l, ll5l.

RDFItIiENcES

lrl R.U IIET,LMAN, Dfw l\'!uTdq,I'riNet()n Univ I'rds, 1957

[2] W.F. TYNDALL, A elldt! t@n r, a clN o! catmws limr wsmmrmg pmblaro, SIA\I J

Appl. Mall,., 13 (1965), pp.64,1 6{16.

I3l .. .., An cdtulal lful& thaftm lft .!n!nr!^1, Ak$,hvMnr$! rnJl)Ltu, slr\Nl .l rllJpl Nllrh,
l5 (l!Xi?), tp l2!4 1298.

l1l N LEvrNsoN, A.LL$olcuttiw I'ttN tm)sn'wtsq tnublcns, J li{arh Anal ApPl., 16 (1966),
pp.73 83

[5] R (]RINor.o, Sv^t4r': dt'u&4! lt rE,tmw httu6 t 4mtu', SlAltl .l.Appl Nl^tll,18(1970J,
pp 8,t 9?.

i6l , ar.,!hnua! t \ru,iFt! t$l t,v lrw nbtl€!, I lilatb Anal ApPl . 28 (19t9). pp

32 5l

t-tNt ,\ll Qt ,\l)I]AI II I'll()(;ltAlr'lNllN(i AND ()t"fltlal, ( ()N fllr)1.

] N{ S( rrti(:I r-,rt l\"L.tt tr a,h tu,Lr Lt|att Im'!vtr^;t:t, .1 Nidth Arrl Al,r'l , :J7 (111?ll), 1,r,

130 t 4l
' T.\! kt-rr,ANr), rhtntuir,,,t n,\&!\m NJ tluAlV a corirrunr rnVontnnq, ll lle b&! l )bL't

-n"rtd. J N.ir' \.'., Arnl ,77 Llq8o pp J29 J.tJ

i I R N{Err)AN AND A F. l'ERoLD, OpenaAtV t1'1'l1titu dd tao|o d1!.&4) i^ olftnvt nt'ld,tturat
tint lrw rsnm,$t!, J Oprin, Thary Appl.,'t011983), pp l,l 76

i,lM A HANs()N, Dulfi/ 16 o cts o! mfnrlarttnmmrqpmrlrro, SlANl.J Al,l)l Nlnll, 1(i(llrilil,
pr, 318 323

jjl MA HANSoNA:!DIl MoND, /t.rs o/(,1tt w mtxqr4ttn rdaln&ra,.l Mall, Arrl
Appl ,22 (1968), pp. 127 1117.

, r! R. GRTNoLD, Calnw F,qwrurxuJ txtt hN: @1htla oirdlter, J Matl' AI'rl lpl,l , 27

(l!6S), pp. 639 {55.
: l' W fl. FA RR A ND M A. IIA NSON, Crtlt&d atu t"i{'tm,u4 uill lu,tli@tr ..alJantlll, J \lrr l'

ADal Appl ,45 (197.{), Dp.9G lt5.
i, 'l W RETLANDANDMA HANsoN, Ctu l|zal K&n l\4kd etultt,Lt ,j,tl ,11!'ht! ,r i,bnu\L\

runlwnr pa4mtnrwts 7milaro, J. M^lb. Ansl. Appl., 74 (1980), pti. t?8 598
.i: '1.W. Rl.irt.AND. Ogflu&!! uu\tio9 and &tltu n q,xn'ff rqmnn'ry,I (\,\ErFaft"L' dtL

d tlvmra.J ua d!an\,lnr., J Math. Anal. Appl.,77 (1980), pp 297 325
r(i R T. Ro.iKAf !ir,r. Ir INDRJ tl WETS,,4 drd r.!t]]!:m rrezim ir W\t ta tuxluL\tv rm\rnL3

uth ffid. F.r,R., in N,,n!rnal Nl.rh.ils, V I'er.yra drl A R.nnz^,.(ls, li\t,,rc Nolii,,1
NIath. 1(X15, Sp.i',seF\i.rla8, Berlin, Neq Yorkj 1983, pp.252 2{j5.

tt I ,.--.- , A lr4tn4an Jn x gd4turot l@hnia. J6 ehna lil@t qa&dv w,IUnLt Jt{trLrti w!1,,t
'Eng, 

Math ProgranDDins Shrd,28 11986), pp 63 93.

Itt\l 
--, 

I@ auv*tlw pnsmrwtuls mbldB ul ,r-ha'rr. rxndlilr€r: Ln Ji tz lttln|tu"t ullodl' .

i Nunrerical T(hniques fo. Slo.hsri. Oplimization Problenrs, Y lirtr,oli.v and R..l B W.t:,
eds., Sp.in8erVerlas, B€.1i,,, Ncw York, 1986.

rrtJ A F. PaRoLr), l\t TnMnaLt of o .attttu t"M nnpLt tu ul- l.(hrical ll.lJ()ll S()l tti lrr
(1978), D€pt. of Ope.ations Reearch, Stmiord Univ., Stutord, (lA.

lr' )l , Fiamrc rtnts aul &st lrciltz &lu,!ru n @!ul@ hrtu Lw y,qnrnn&ur, ll,is .lo,,r r^1,
19 (l9El), pp 52 03.

L:. I K.l!1. ANsI-ntlctInR, (;.Mntid ol lNiltL.L-t.4n dsthdtr n.t^trnutu\ t,E ba, tm|!'t \turt,
T..h,ical R.r)ori SOl.83 18 (1983), Depl of Operation8 Rcsc^.ch, Stanttnil IIniv, Stanttr(l
CA

r?21 F .H CLA R K E, OptnQttun otul N'wrrl ,4tklvs, Wiley Inler8.ie!.€, Nc* \ ork, 11)83

i?31 R T. RocxAf I.LLAtt, C@.!qol 6@ fututi'ts ;n opti^al @.6al atul Uv a1L|!L' oJ ntu\t',d .l

Math. Anal. Aprl.,32 (1970), pp. 17{ 222

llrl , Cdbthzn IIM t @ eqlxie' ld 6er wbt rc o! Iutn,nac, I'&iti. I N1ath,33 1l97lr),
pp. 411 428.

lr5l , b&.M n\4 dletr\ L\"'ftt^' J6 @Er wtJhl1' u! AoL!, l\us Anlr N{arl, s!c., l51l

(1971), pp. I .10.

126l 

-,s'rit 
@h'Fi,l n.nE rdbletu ol Bol^, SIAM J (lont(n, ll)(1972), ID.tj91 ?15

I)71 

-, 

SdNstuaE ol wxbittutkru scun*nbs lAstuts.y:*n F1ulc .utt.'}.Li .l u,na&,13, NI.r I'
Sc^nd,30 {1975), pp 137 158.

llrjl . L\nl pmhLn' aJ liut rlg. lt @t .l errrlsJ wiatta, in (laltuhB of vdrinr i, )ns 
^'!l 

( ,n't,, )L

'I'h6ry, tl.l, Rueeell, e.1., Acadeoric Pr$s, Ncw York, 1976, pp. lt5 192.

l29l , qtuturt4.6!\b.^!6 w @ffitmbt A uihturrvsliiv, st/tks Nrl Uu t$trt^L4 oJi'ni,j
io (ldre Tl)@ry and lvlarhematicsl F-onomicd, O Mo6chliD, ed, North H()ila.d. Amdc a!,,
N.w Ytrk, 1981, pp.339 349.

r,)l . Dtualrty m.Ttrnnl d]/'./, in Mathemati.al (lodtrol T),.iry, lVA Ci't,txl,.d. li{lul
Noles in Malh, Srrn,srr-Verlag, Scrlir, Ncw Yo'k, t'80 (1978), pt) 219 257.

iirrl J M. M(rnRAY, Sm czL'raa aul ts'lntty fti]jLr 16 &tnl htw dnn! ttubLra. I \ rtl, .\,irl
Appl , !12 (l9il5), DD l9o 209

iri..l Il'l lioc K A rrrir-r. A R. ()aqa)L lhuL!! rtul q,teqr&,\ Ilrsi,,,rl (inrlc(!i(, rnrr'r,,'At,t,l
Math , 61, Socicly fd I.duslrial od Appli.d Mathcrnsti.s, Phila(l.1phia, 197t.

liJ' I W.S. DoRN, DnH! n E.u\tutt t t4tt nrs, Quut. Appl. Math , 18 (llx,o). t)p l!5 lli2
i.l. I R.w. Corl Lri, Svnw.6v ed q,")n'}i pn{'rJ@, Qrut. Appl. Nlatlt., 2l ( l1{i3J, Dp 2il7 2.liJ

':1i I M FRANX ANIr P WoL!'E, An db6Ann Jo c'ra.harn tnvu'mtns. Nav.l lt.e Log,sl Quar( .

3 (l95lj), pp 95 ll(r
nl RT llo(KAFELI Art, (l'nE Aulvtr, Prir.cton L.rriv Pr8s, PriL.en,,,, N.l, l9?0

/)



,T T NOcKAFEI,LAR

l37l S.N, RoBrNsoN, Slru @1!mutV ptqtne. oldddal mulhitrdm, Math. ProS.mmins Stud.,
14 (1981). pp. 206 214.

lJEl R. FLETCHER, PdttL! Iwtjtu, in Mathemalical P.oS.mminsi The StaLe of the Art, A.

Behem et al., eds, Sprinser Ve.la8, r9$, Pp.87 114.

l39l R. FotrRER, A ffiptzt dpri n Jt puzuts.Ii@ wgtumfu;"s, I Dtit4ti6 6ti pt@l, M^th
I'rosrrn,ming, 3ll (1965), pp. 204 233.

l10l R.T. RocKAFELLAP., Neh@k lLia ad Mtuh,ai Optdaiaxiol" W;ley lnter3cience, New Yo.k,
198.1.

14ll A KING, R T. RoCKAFELLAR, L. SoMYoDY aND R. J.'8. WETs, Irl€ tuh14hiar;6 n6is.
tuia: lla bkz Bof.n6 W,Jat, in Nuneri.al Tdhniqu@ for Stoch@tic Optimization Problems,
Y. Ermoliev and R. J.-B. Wets, ed8., Spring$ Ve.lag, Berlin. New York, 1986.

[{2] G SALTNETTT AND R.J.-B. WETS, Or it @nrrw@ olsalM3 olMkh;^fur diM,
SIAM Rev.,2l (1979), pp. 18 33.

l43l R.f. RocxAFELLAR, IntatoL .d,th ft M f@ddutL,lI, Peific J l{ath.,39 (1971), pp.

439 469.

I'l,ll R.A.WLTSMAN, Cannew ol'ea .s ol m@,.1\, @r @d llrvtim', II, Ttes. Amer. Math.
Soc., r23 (1966), pp.32 ,ts.

l45l R.J B. wE".s. CdnEs.M oJ M fMh.tB, tui4nrnl itu!@liijr) arl an opun;ztia pon
L'ru, i Variational Inequalilies drd Complcmcntdily Problems, R.w. Cottle ei al., eds., John
Wil{y, N.e Y{trk, 1980, pp.:175 40i1.

l4{jl L. M( l,rNI)riN 
^ND 

ltC. Blrn cs'rRoM , I\uenaltd ol dners.tu ol dnE tclt dtu1ttutl 
',TtdB Ame.. Marh. Soc.,268 (1981), pp. 127-142.

{,171 D. MTCHAEL, Cdtiaw ,cl".ti@.1, Ann. of Math., 63 (19s6), pp. 361 382.

l48l R l. Rocx^FaLLAP., I@sc\itflm rn*ah ol nxbiltul@, J. Nonlin. Anal. Th. Mcth. Appl.,
I (l{,85), pp. E67 885.

l49l R.T. Ito(TKA.ELLAP., Inlegnb nhih @ @e itririml', P&i6c J. Matl,.,24 (1968), pP.525
539.

lSOl R.T. RocKAFELLAIL, ttt'4'al ltubdtn, n6tul;4t 4,@tL @'J wlabL t L.tia, in Nonlinee
Opc.atds ntrd the Calctrlus ot VeiatioDs, L. W&lbro6k, .d., Ldhne Not€ in Malh., Sprins€r
Ve.las, Berlir, New York, 543, 1976, pp. 157 207.

lsll J -.). MoRraIl, Tt"ldzrur 'inf-sop,' C R. Acad Sci Paris,258 (1964), pp 2720 2722.


