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IINEAB.QUADRATIC PROGRAMMING PROBLEMS

9r'ITE STOCEASTIC PENALTIXS;

fl]I] FIN'I'TE CI]NXRATION ALGOEITEM

R.l. Eoc|afeuatt and R.l.-8. weti

Much ol ilte voll on coEpuiaiiona.l bei\ods for soiias slocha_tic plos:rrjrmirg P.oblebs

Id beer locnsed on ihe Ure:! cde, and qith considerable jnsrin.aiion. Lined pro$aaoiag

rechniqu6 fo! tegetale deie.njrisiic p.obleds ae li8ily devdoPed ard off{ hope 10. the ean

iarger ptubleEs on. obtairs in cenain lorDulatiom of socldsi& p.obktu Quadraiic !!osraE-

Eing iechnjques [a* hol seehed ripe fo. slch a neniure, a]$ougn ihe u]i.iBate inPortance of

qnidraiic stocldlic pros.annils hs been dea. enolgh.

TIeE is atrorl,d lind of tpptoacn, hovevd, h vhnh quad.ad. nocnaiic prograBDitrS

probleds ap no harder n) sola€ tha! the on$, and in sooc reslects .asier' In tlis aPProach

lo! n)ricb the thcoreiical Stoudeort hs ber laid in Roclaiena. aad Wds [rl, the Presence of

qladralic terds is wel(ooed b(aw of1leir siabijizing efeci snd su.tr iel$ d. even itrirodlced

h iieraiive fashiotr. TIe uderlving sioch$iic p.oblen, whdh* line.r o! quadratic, is repldced

by r *querce of detdlrinistic quadraiic lrograEnins ProbhEs {hose Elaiiv.lv sDaI dide*ion

can be }elil in cl{}. .{uong tne ndel features ollhe Betnod is ils abitiit io ltudle qo.e bnils

of .andoo coencierrs. lor instatrce a taRdom technology matril

In this paper*e !.esent a pa.iictlar cde ofUre problen ald netlod in lllwhicl n esPeciall

eai,v 1o vorL wiil anil capable nevenhqle$ of.overi!6 @!y applications ThG cde falls in ile

catesory of siochsiic progra@ins vith simpLe re.ouFe li {a! ilescribed bdeiv bv us in l2l'

brt *nh rhe il.ory ir lll nov a\zilable. we are abLe io denve Piecise resdls aborl conYergence

and ihe narure ofthe sloppilg ciitenor thtt can be nsed- This is also rhe one ca* $at ha be.!

inpleoenleil so lar and lor whicl nuuenc'l esleden* hd saineil. lo! a separato .ePod on the

ioplen€liation, sec riinB l3l.

no. lne pur?o* al hand. vh*e duality llays a oajo. role .nd th. .onshlclive trse of

quadrati. terG Eusi be iac italed, the lotEai fot n:tiag ih! p.obleo is cru.ial. The foUosing

dete.nirisiic dodel i! lirear-qtrad.atic programEing seres d the stariing poirr:

t Tlti oo* vas ttrponed i^ pon b!

at h. Unioqnq oJ Col;lotftb, DLti.
o |rdnt lron th. An lice Ofrc. ol Sckntifc Rcs.atch
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_a
banoiz. r1'l = \ r" , l- -:r \------. t - _ /- t1i -it.r;t_ LpttE:p'.qt)

slbjecr lo o <,r < si tot i = 1,...,n,

2_ d,rJ. _< 6. for i = t, n

u\ = Lt\!1_ io! I _ r. .., .,

qhe.e / is a ?eaalry funcuol de?endirs on tpo paranekrs rl dd qr ard travirs ite tolo shortrin Fjgrle I, redy

l", fo,,rso,plq,w.*t = I, i,ip, , ror0s,rsp<q.. rnrr
\ gtuL - ip,n tot | 2 p&r.

This i5 conye* in ,r, so th. object flnctio! / h (pdii) is concavej it h d4vtu.d thst pk. qr, tiad oi ar. noan.gatik. For rr = O, ore rales

pt,,;p,,, = {o lo'+ s o,
t 4rur ,or ur > 0. (0.2)

FIGUR-E I

Tire peaattv relbs in (pde) .epreserr a weatened ircoryoraiion ot colstrainrs

:
Lt.,t,3hr ror r-_ r. ...e (oJ)i-l

iria ile !!oble@. Thqv vuGt s tong s rhese cons*ajnrs are satsned, bu1 cta.se a posiiive
con Rhen thry are riotated. The .on sro*s iheartr jn ihe sD€cja.t .ase oi (o_2), bur ottrsF,ise ir
[rs1 pases sEoolht]. rtrough a qtradEiic ptrse.

(P*,)
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The rtochanic Prograd@ing !!oble@ (Pio) thal ?e Eart io consiilc' is obtdneit b'Y a]lo{ins

,r,. lr. p! ald 4! alt 10 !c rudoE \?riables and rcllacnlg each Pen3ltv ierD bv its exPeciaiion-

ti" -t "* "ppli."ti-. "r 
.ouse' otr\' a re* of thse \znables niglil acltralll be rddo@ ) The

inlelpretation is thst ihe rJrs re d'cision \z'iabl"r whos u]us 6un be 6-ted hde anil nos

Tlte constiailis 0 < ti < s, atrd

t "..,. < t, for i=1,. ,n (0 4)

arel.no{n!tthetiBeofthisdeci$on.bliabouttleraldoEvdiablesinqlestionilereisonly
stadnica,linfoloatiotr{ilei!dHnbut':ons).Thecolsi.nn*(03)tnerefore.unoibeenJoledin

t!4slettjo!ofiIe.J\vitloltsevelgconsequenct.Insreado'tryinstogtraldagailiiallPosnbk
violliionsbvbeinslr.t.eqlelyconsen,ati'e,welnaginetleei5awayolaopinEqii]11io]aiiols

"r,i 
*"n."""10 0, it tle! shoulii occur' Sode rcouse actior is consid'led to be lo$ible

an.r the ftjues of tle rardon %'iables hat ban realized and ihis recout* har a! dsociated

cosi {hich ilepeods or ihe eneni of violttions This con is represetried b'Y the penaltv i"d

p(rr;pr,qr). ddiis "ap*ia:iion 
j5 sub acled tron the lrere'ald now 

'xpre$ion 
i! ihe ttt ihat

e;'.ia* tl,. air*, apdicatjons ol this Eodel' v€ Fe ii as loreairauv \aluable h prohleFs

thaiuntilnoqhavrbdnlolEtltiedderelmiaisiicati'v'butinwhic!soEeolthedatanavbe
!aih* uncenair. B-a puttirs such Problclrs in the roro of {Ps!o) ii sho il be Possiblc' eve! eiih

everyciudegu6$1r}'bouipetr!]'ycostsdilprobabiliiigs.l'Dgahso@eaPp.e.jaiionoflow
re ;hoice ofthe ri! should bd @oilindd io hodse againsl ihe utrceriainties Certli -v tlis o!5I1

io be beiie! tha! oselv ssigning sPeciic t'lues io ihe fuzzy ilata'

\YeEentio!sgalnihata'tthotgiourbsnprobl.Elsno4nal]-rquadraiic(aforEulaiiol
i,hai sidesleps the 'liecewise' naiule of ile Pe!6liv trc iill be 

'ecolded 
l6ie!' in 03)' we a!'

,lso very nu.I (oncerned wit! iIe liAe c*e where rt = 0 dd 
'! 

= 0 Ot! lian is i!s'i lo

disllay i Eeilod wnose characterislics are nos-! atfactive itr the stliciry quadotic case wle'e

,, , i 
^U * 

> 0, ,nd then apPl'r il' io lrobleEs laclins h stdci q{ad!'ticitv b-r o€'ns of tle

proximal point iec!triguc [1], IIl

I. OPTIMJ.LITY CONDIT]ONS AJ'ID DU'ILITY

Tle trploach we are tabns depends very nuch on dtraLq" n subplobleE of a certain dual

prolleo *ill erpUcitk be solved ai eael ileratior' Tle Lagluge uuiiiplies i! this Process nill

gene.elc the opiinizing sequen(e !o' ihe Primal problcB

!or lle dolerBinistic PlobleE {Pd'r) $e appropritie dtral {ould be
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DiniEih s(y,i) = tr,y, + Ilir.. +;p,.;l

.1" pr",,,,.",t

srbjecr ro 0Syi ror t=r,._.,F,
0<3r<9, for /c = 1,...,!,

,, =,, -Ly,,,, _ D,!,r, ror i: r,....,.

Eele / G lh! ssrF ftnction as blfore (.t Fig. 1), excepr iha, ihe slrbots fo. de %riables hav.

(o ro,.,<o
pta,:,,,r,t= { ivi/,; Io, oS ur s rr'r

t ,,,, _ tr,,"i tot u, >tta,
(r.t)

The leres r{@i;t,.6r) in tDd.t) aE ro be }i.weil $ penalty r.presertariotr ,epta.eheDis fo.

!y,ar;+!+tr,2c, for i = r,..., n. (r.2)

Tlis lo!!o of dualry is , slecia.t cdd of rie scheE! used i! oono opic ploglalEins l5l. liRsults r!o@ th. .onjlsacy betqe.n ih. .o.E* funcuors

ptltr) = p(uk pt,ct),

,,,ht-[+P,'i ro<:!l{!' (r'3]' I oo otherwise.
One can show ihri s long d ihe constlainls (pd.i) ar. consisrenr. one Is

E4t (Pd,i) = Eir (Dd",).

lnthe nochis{ic case we de di!.crlr .orc.rned wilh in itis piper. ii. appropnady boilii.d
pdbal end dual ptubt.Es are

BasEi4 /G) = t[.,,, - i,jzil- EiLret;rE,rtl

subjed to 0<'J<r, for i=1,...,n.
_:-
Ld,,:r Sr, fo!, = r,...,,,,

lt- L!4,,-\t ror r--r.....,.
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Einid'. ry. i, = I r,r, - r ,I lt.:. _ it.:lll
{D,,")

+ !a(t,;r,, e,)

subj.ct ro 0<J; for i-r,...,n.
0<:r<qr ror 

^ 
= r,....1.

", 
- .. _ Ir,,",, _rt J :,t., I.

Th. rudon Eriabl€s in th.s. probl.G have b.en indicated b.v -: ihe stubol t d.!or.s math.

enilical ea?.clrtion.

In order io evoid 6inor iechnical cooplcarions thar have !o real iEporlance in or! pre$li
t6l of s.ttin6 !p a coBpltational fiaEerorl tor (P!..), B. sla.U.ely henefonn or two aisuDp-

There ii er l..sl o!. vector r s.tisfiin8
({ r)

0Sr.<r, Ior j=1.....n. and .-,,,o,,.,.U, for i_1....,fl.

(A2) The siven raldoe lrirbl.s !, , 4! , I I , ! r rate on dl,r 6niieb. oary rdues.

Orlr (A?) reeds coBo.n{. We ar. Gstrming tha! shatelrr rhe ! trei dttriluiion of rh6e
rui.bles night be. *e ar. r.e.ti!6 t[.8 ]8. iD tetu of iniieb Einl rahcs to vhich p.obibiliy
weislls have ban dsign.d. Slch . discrtie distlibuiion uighr be obtai,Eil by approriEeting a

continroN distributior. or bv s..opling a coniimoE disrribu.ion, oi €opiric..Iy. For roe, ihrr
r..d noi bart.ri rhe qu?stiotr of th. eorr.e of rhe itis(r.ie dinriborion and low it Eighl b.
"iEprov.d' iF quit. s.p.!rle. Tl. iEponul ttrins is &ai wc iE!o* no fulihe! conditidrs on rh.
BrdoD \-diabl.s. -{nde f.oD (A2). ti'.ir dinribtrrion can b. conplere\ 

'bitra4'. 
ln pani.!.h

ajoilll disi.ibution is a]]ow.di ile v iables do noi Ia'. ro be ind.pendeni.

TEEOREM l. o,d.r $snDrdorr (Ar) a,d (.a.2), p.obl.m (F,.) a,d (Djb) boin lnv. opi,r-

Bu (Pno) = nin (Dlio).

,Vor.orrr i, r,l. n.idf qudn.i. c.s. n',.8 r, > 0 ard /r > 0, tle folorirg .ordirio$.n
iecessan a,d 5u6.ta,r ir otdtt th^tz be opti tal tar lP*") a,d (y,;) otDijnai Io! (D"")r



550

rit tot tt-.t- ) 1,o,, L\) t.L.tl lr.5t

lr = r'Qt;lt,p kt *=L!"1,r)-LL. (t.6)

h these r.lations the denvaijves /' refe! io ihe 6!n a,!gam.nr indicated! not ihe laraEerer

fo if ',<op,a,ttt.6jt = I a)1,, itos-a,3,rs)
[ "i it a, > t,',

and lileBise, wfti jrn a change ol noraiion,

itrr<0
i\D<lL<tuqLtr",,*,n,t = lf,rm

lt.7)

(r.e)

(r.ro)

(r.u)

Itis clear ilgn tlai (I.5) enrails 0 S rr < 6r, and {1.6) enrejb 0S rr S 9r, This F whv

th.te b6ic requir.E.nis do Dot ap!€ar .xpti.irly ir lhe theor€b a.long wiil th. feasibilirv and

coEpleoeni'r_v drclne$ cordiiions (r.41.

Fo.oula (r.s) ser€s as r nea or obtaininr the opriN.l soh.ion ro lPtro) rroE the optid,r
solution io (D,t,), or an app.oriE.iel.t opiiEal solution io (Prt") flon an appronbareb'optieal

on. fo. (Dno). rh. oapping being.ontinlous. Porolla {1.6)- on rhe oth.r h.nd. says rhd rle
coBponeni ; of an optidal solutjon to (D*ol i, ! raldoo Eriable .x?re5sibh in idds of tIe
tnown raDdob E.iables I r, , 4a, 4r , g r. and ihe (no!.ddoE) opliEal solution t {o (Ptu ). Itore

g.nera.Iy, bI Deans oi ilds lo..ut" * 
"ppU.a 

b lznous nonolriual v-.ciors r ihat arise in the

solution process. it i5 possibl. econooic..lly to r.precrt (a,trd sror h a coupukt soo. of tt!.
elelo.nls : ihai will be needEd ir ihe solulion proce$.

PROOF OF TEEOREV L The dlaliry wi]] b. obtrin.d froo e miniEd repr.serrriio! in

-r = {' = ('r....,.") | 0 <', <,r}.

, y = tg = (y,,...,y-) l0 3 3ri),

z = {: = 1.,,..., zi i 0<:r < gr},

and the furclior , o! -Y x l' x Z den!.d by

(r.r2)
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Ee.e beca!s oia$udprion {r2l w. could tbinlt of each of the .ddod €.irblcs ar frndjous o!

a sinEle 6nii. probabilir,y spac. C, o! eiruival.ntl,r lc.toF ind.xed by . € O. Thcr in {l.I) *€
could rnte 0 <:.r S q.i fo! all d lnd t. whilc in (1.12) we codd 'nre

. -:-s{ :,.t, . s t,,,,1 - lr,;i I = f r'-. [.,.r.,. - I :.L,,!.]. i'-p,.:1.).
.€n

Eh.E ;- > 0 G th. probabilily v.i8lt 6sigr.d lo ibe d€d.!t d of O. Tli! oile5 ii ?lein rhet

Z.Iil@ -{ rnil y, is siEplr a irii6diEensional convex polvhedrcn, s.lthough iie diE.nsio! loay

be ver.v lar6., ud , i5 a qurd.alic furcriotr rhic! is concav. in r rnd .op.r h {!r,:_).

h is easily ven6ed ihal

rnr r,t!.u.:t = {/l') u' i' t'*iut' in 1e,..1'
t!,'-te, 'z l-@ o!r'em6o,

- ( clv :t iI {v :} ts re$ibl. in ){D.,"1.
erp i,r.!.:r= 

1tF

(r.!{)

(1.r5J

eha. /(r) and s(y,:) are the objective funciiors speciied to. {P*o) aid {DiJ. Thus (PrJ

ard (D,,") rp the pri@l and dua.l p.oblec ssociited 'ith ih! EiniDu plobleo fo!, on

xxlYxZl. Because , is qladratic udthe*tsX and y xz erc conEx

poilh.d.a. *. oal' condude flou sene.llized quadlatic prosraooins lh.o.i (see ll, Theoree 1l)

thar if ib. opiibal \dre n, .irher probl.E is 6nite, or it hoth lrobks haw fc6ibl. tolutions,

tlen boih probt.u have opijnal soLuiidns ard nrx(P,t") =rain (D,6). This is ind.ed th. c4e

here. Decaus. (Ds!.) tmial'l h6 Lriible solulions. and our dstrdption (.{l) Euaratrte6 that

(P*.) ha iersible solutjons

The opti@aiiw cordi.ions (1.a), (l.s), (1.6), d. jln a r.natco.nl of ti. r.qdreEerr trlut

(t,g,:j be a saddlepoini or L o\ X x (v x ZJ. For insi&rce, the pad of ihe saddlepoint p.op.!ty

thrt con.sponds to EdiEitarioa in : de.onpos€s into

:-. c ysqn i... p,. - ! i..,r,l+ |n-,,3.1.o<ir<t-t :

In {.ms of rh. conj!6a1. .onrx turctioB in (1.3) trd th. rolritor

n_r '- Lt"{iJ - hn,
t=r

llis can be *.iiten a
?"r € arsnin{d-!(:"r) -r"!:"i},

oro€a!.-!(-=-!)--t"!.udlhen.quildenlivst!LeAv"tla")ott"tea!r.r(t,r).Th.
lr1r.! (du.$ toi,r = 

"\/i*) 
and rondition {r.6) sher a"r is dirdentitble, 6 h t}r cas.

*h.n f,r > o. Th. d.dre.ion of (1.5) t.oq th. saddle poin. properq'i5 sibiln. o
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?liis fornrlatio! of nochanic progn.di4s dralirv diff.rs sooewha{ fro@ the ore in our
bzsic pape. ltJ. In o.der 10 iacitirare rhe app[otion or rh. resuhs i! lt] io the preselr corre\1.
an explana.ion ol rhc corneciion is needed. In {ll. probLeE ip*o) is dsociared wiil a dife.enl
Eininl\ problee. naDdy lor

Lok..) =Lk,!, - +\r;t+ tE{:.ltr * I1!,4 + ip-t:i,l (r.16)
t=t

on _)i; x Z. whef Z is sril r}e sei h (r.11) but Xo is the *r oi te4ible soluiions io (p,t"):

x0 = i,= G!,...,.") to<", s",io.,., <o;i. (r.ri)

This letds io tle dua.l probieu

Binioize eo(,) over a! : € z,

?o/:l = sjl r,y. i '.

I!d*d. one h6 in !$a]lel io (1.r4), (1.15)i ihai

ylL"{.,a) = rk) ro.a!,€_ro,

and by q{adrali. lrograunias dua.lity (usinS (.{r))

(D9",)

(r.r8)

(r.1el

@a Io(J. I DL\ in. Iti.r. ?)

_Ff p.Tr,,r,-,=fllst!.it tot-: zcz. 
(r.201

(Actuallr'in lrl one nds miniaizriion in the pnBal probleo and nai4izaiion i! rie duat. but
thai calls ror o a r minor adjlsinenr_) Obvioustx rhen, ihe paj6 {r,.) rhat soh.e (D"t") de
the ones sucl thar : sotves (Dl") od t prolid6 rhe corspondins Einimue (1.18).

2. F1\iTE GE\DRATIaJN ALeozuTEM IN TEE srpJcrly ouADRATlc cAsE

Tie b6ic idea of ou. cobprtatiotra] p.ocedure is eaj]- !o desclibe. Wr lioii adention f.r rie
ii4e being 10 ure sfijctl,v qladraiic cae where r' > 0 ard ?, > 0, beause we wil be able 10 stow
in s(tion 4 ihai p.oblehs 1}a1 aft not sidcrly quad.aiic cu be bade so as !a!r ot ar addnional
ite.alile proce$. Tl,is liDjtation also sioplifies the exposiiion and hetps us focus on rhe rerulls
*t belhre to be rle oosr sisrifrcanr. It is nor rr!t! lccessan.. hon.eyer. .{ bore generil rersion
of nhai r.Uo\s .ould Ljke(is. be dedu.ed ilon rhe fundalreniat iheoF in lll.
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h probleD (D,t") 'e @i!i@izq a renain conv.x turciio! e(!,:) over y x z, qhere y ud
Z e0 the convex pollledla h (r.r0l and {l.u). _{s {e harc $en ir rt* !!oof of Th.oreo l, ti5
co*4ponds to EldinE a saddlepoinl (?,t,:) ollhe funcrion , in (t.ul) relaijve 10 _f x (I x Z),
vheF -t b rhe po\'hedron ia (t.e). IndeEd. if (t.;) i5 opriba.r tor (D_.), rhen rhc t obiained

froD forElla (1.5) gaer us the saddlepoin.. Thjs r is i.he untque opiinat soltriion to (p,h).
The t.ouble G, bovever, thar because oltho potetrtially very hish diEensio,at y of Z (whos.

dehents , have cohponenis :ut for l = 1,-..,{ ald a! d € O, wiih O possibty very ld8e),
we cantrot hole to solve (D"!.) direciln, eyen ihotrgh ir i5 redtr.ible in principle 10 a aua.itrstjc
programirs lrobleE- fihal qe ilo inslcad is develop a olrtrod oi descenr whnl p.oduc6 r
nidnizins seqtrenm i(t,,-:")liir ii (D,r") af,d ar the 

'aEe 
tibe. b],rodtrla (r.s), a uaiEizing

sequen.e lJ ru_, rn (r5tol

In ihis aeihod we "gene.ate Z 6nit.ly f.oD within". Lel Z b. expresrd as

z=Zx._.xz! "it\ zr=l:E l0<;rSJ!). (2.1)

At iteration / we iak a Eaiie snbsri ii of Z!, ard ilsread of Einihizirs ,(r. r) ojet y x Z e.
oiliuize it over Y x Z', wl*e

z' = Z: ... . t; q$ Zi _ft,o.i:t. (2.2)

8y eDplorns a parase,rr renF*hrd,,on "l rhe -.n""r nul ,olo. i; and krp:ns !he nuEb* of

eleoenrs in Zl s@all, whirh iurnsoui dlwavs to be possibk. ve are abk io expres ihis srb!.obhB
* ole of quadraiic progi.bding ia a rdative\' sBaI nuober ofenables. Thjs slbprobtee i5

d.ler4nr*r' rn rfarflpr' rhp roe+cien,c rr cendn ex?. aLo'" in '*E ofrhpsiven randoD
qndbl.. I !.. n.. {( aDd lhe .horn Endod hnabhi .n ,z;.

TIe deiails of th. subploblen will be explahed in dle couse (93). Firsl y. staie ihe

tlsoriiln no* fodaly and enablislt its conyerserce p.opeilies-

IINITE GENERATION er-ConirgN4 h?rsjo, urder fid sfd.i qradlaijcjit, assuapijor
lh^t tj > A ard p, > 0)

Step o (Iniiializliior). Cj,oos. tnite subsers Z; c Zt lork=r,...,t- Setv=r.

Step 1 ((QuadEiic Plogranning Subp.oblcd). Czlcdale an optiaal soluti.n ll,-") hrhe
ptabte@ ol bitinizin€ g\!,2) .yuY x Z', vhere Zt is siv.\ bv (2.2). D."ot. the tuinistm
i1u. b! aq- Definc v frob lt',7) hr tarntk (L5).

st€p 2 {Generalior olT6l.Datz}. Dc|ne :' ttodv br rotuDta (!.6). s.t at. = LolT lzv) in

(1.16).
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St.p 3 (Opiitualii.! Tesi). D,6n.."=d,-^">0.Tn.niykat.,.optitta!sotuir'onio(P!&),
@',7) is ."."-op.i@ solutior 10 (D,b), ud

d" 2 I1d (Px.) = EiD (D't.) > d".

(Stop jI ihii b good.noo6h.)

st.p 4 (Pohlop! Modi6cauon). Io!.ici /. = 1....,t, cloos. a f it s.tZi+t cztwho*
conv.x \v! cortAins borh V ^nd Zt . Rep)ac. , br- v + L ed !aru., ro Si.p t.

Nor. the veq-oilil condhion in Srep I o! rhe choic! oi 2i+'. One coutd sinply ia).c

or ar tle oyposit. e$reoe,

(2.3)

12.4)

12.11

(2.6)

i.nother possibilii.v *ould be

. 2('r=Zlu{.i.:it {2.sJ

h aI itelatiotrs. with il relecred iriliatry ro p.oliitc a cen.in nchness olr.!psen!a1ion- .{uhorsh
the nuob er of ele oe n ls of 2i (s hich d eielnins ihf dioensional y of rhe quid.aric pro6raobins

subpioblclo in Step 1) Eould conrinue to {ro* indcnnirelv under (2.,1), ir sravs 6x!d undc! {2.3)

or {2.5).

For ihe stareDeni ol ou! convergence resuh {r irtodtrce ihe veclo. norEs

Mt,=lL,t,il'1",

;111" = 1f,r-'ll'/'.

11"11"., = !0a\1. ."2 I us t, < r, lllt, < 11. (2.8)

TEEOREM 2. Unde! Ure sirjct quadlaiicjil assulrpiior iiai r, > 0 ud t! > O, ii. s.gr.!c.

{t"}f=, p.odu.?d by ih! f^it. t.\elltioa aJiolithd corv.ry.s 10 i}. udqu. oriin.l solurion t
ro (Pr,.). Ilor€or.r n do.r so .t a lin.sr at.. in rh. tolowit| *as..

Let o be a\ upp.r bornd to th. ran$ ol th. l6nitdt, disa....) !&doa lztabh ll I11,., i,

f:-8.). rn.r. I n !]le ,raid\ nji, antres 1r,. tct r € lo,l) bc ii. t! or d.fr.d br.

I I naz < !
lt - ntl':t ,t 01 > +.

12.e)
"ll.1li 

> llr'.ll:-, (?.14r

rhln in tttn' aJ th. tolu.t

(2.10)

..+,<rr.! lot dt r=1,2...., 6nd lr=1,2,..., (2.!,

li-i"+"|. <l2r, qltt1 lor otl v=1.,2-..., ann F=t,2,.... (2.\21

olsePe q.[ th.i in (2.1r) ud (2.12) the eniEate3 lie cliiEed tor dll y atrd /. rorjust vh.n

/ ir strAcienuy lege. Most convergere results ar troi of suc! h?., so this is .athe. snrprising,

dpeci:lly in view of th. f&i ttat ih. frcior t € 10, 1) ce in pnrciple, at l.ast, b. estiEated in

adlance oi coopliaiion. rignt froE the givo dila. IlIoreov.! t do.5 not d.?end on any dat. i!
tle piobleD oihel rhan !kj,2E znd \. In lle specia.l cde ol nonrerdolo 14 and pr (ine only

.andom v.rirbles h the p.obleD bcirs tr! atrd !!), onc c sioph. tale a = lllllp,..

PROOP OF TEEOP.E\I 2. Th. pro..dtr'. spe.i6.d h.r is a sp.cia.l c8e oltle algorithE

!resenled in lrl. d can be sar:n ihe rouowirs *tl. ln cdcrlaiiis a pajr {i",:') lhai EiliEizes

s(!. a)o*.l xZ' in lhe $bprobleo in Slep I, we obtain a solution t! to ti. diff.rnt subplobl(E

of lll, in 'hi.h 9o{:) is minidized over Zr' (yith ,o the funciiotr in (l.rE)). Th. !trEb.r d, is

tnc ortiB&l e.lue h both slbproblebsj and t" fulnisls ihe saddle poini iv,Iv1-! 1o L o^

,{ x (}_ x Z") in the pr.se4t formtrlerion. but r.l5o the saddt.poini (t",1) to ,o o^ X x Z't 6
requi.eil br Slep I oltle algorithn as fornulared in lli.

Tle dehents :'' lnd d, ca.lctrLaild in Steg 2 satisfy

-" = als@in ao(r,.:). o"=bj4lo{r'.i]. /2.13)' :.2

Thus thse are ihe saEe s rJr.".r...nr, .A.oUt"a in the v.rsiotr ol Siep 2 i! lll (exc.9i lor .
notational sviicl betr.ec! na\iDization and EiniEizition). Of colse ihey ar siven h*. by

dord forEul6. vhemd in lh! far Eo.. trldal seiting of l1l th.-a roiglt hev. to b. calcdat.d

by sotlint a large cotlacrior ot q$draiic progllEEh8 slbp.obhns jr lie tandoD cordporents

Tl,e updaied polyhed.on Z'+t does cotrlain 3' snd z! urdd ihe condiiions j! St.p 4, a
equted b] rhe conditiols in the ooE ge.(il 1a6ion of Step 1 in lll

Thus all ths conditions in Th€oren s ot lrlar. fal6!ed. and lh. stit.d cotrtryo&e properiies

lolloN. prolided thai s,. !.con.ile the choi.e of a srren IeR {rrh the corespondtns on! in lll.
The cdiditiotr rr(ined in 11. Theoreo slis lhal

d = 6a'\ (P,.c) =lin(D,r.) and ., =it -d, < €v
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fo! .ll rcaliz.liors of rie randoo rcror / and Dai.i\ ? and aI possibl. clloic.s of ti! irclor e.

E.r. q .!e !si!r th. noraiioi '-' = (r;r.-...,;r). Ttr. !o.n ll . ll. , is r[e doal of !h. !o!D
ll.ll. itr (2.6). so

lll':ll.-' = h&\{("':)' I ll'll. < t}.

(?' = rnrspo{ or ?.) rh.!?rore on. hs

Btt{llr':ll.-. I ll:[, < U = ll"ll,.,

.! d.[r!d h {2.8}. This showi that (2.1{) is .qdv.lenl ro

o z |!L.,

a:rd th. trool of Th.or.n 2 is iheleby coldplered. rl

3. SOLI,TNG tEE OOADR.T.TIC PROCR.{\{T{ING StrBPROBI,ENf ,

R.torrfq nor to th€ .hcidrtio! ol ih. Eniie g.n.rario! rlSolithE ald ios it Eq b.
i6plen.rt.d. *. d.Eo!str.t. thal the lubprobl.E ir Sr.p 2 can b€ ..pr.s.]!t.d .asily s rn
ordinalv qurdlrlic plog.aloEirt plobleu of relativdy low di4rnsion ud t[.r.b). solvod llsir8
nudTd cod.s. Exptici! not Uo! for th. et.b.!rs or th. [nit. s.i5 il *l.cred froD Z! i5 now

n..ded. !.t !s suppc? tltat

2i=l?:-"t"=\...,^"1.

This yield,

zi =c.lo,4l = l'_* = Lri.i.lri" > 0,I )." < rl. (3.21

ln St.p 2 !. want to EiniEi4 ih. obj.ctiv.9b., i.! (D*.) nor ol,!r 
^I 

of y x z (tI.
hrisbl.s ur stailing for lb..r .xprssions h y and :), [ut o yora.rx2,. Byvirtu. of (3.2]

w! car $bstitli! fo! the eleu.nis : of hter.st in ihis srbprobleE c.riah lillar erpFssiorr i!
th! p aa.i.!s lr!. Ir tld6 rrr wc sct ti. fEnctio!

c'(v, r) = I 6;v' + I p("iuioi)

ln"
+t{t[,,r(t )b?i") + ]tr(El:, r."ii")'l],

,, = ", - tv,",, _E{ t(I r,,:i")l*, l.

{3.r)

{3.3)

(3.4)
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But t!6e coEplicat.d exp.essions can Sr.atiy b. r.duceil bl..&!1in! rhe .xDlcidior op?ration

throrgh rh. suEs ro g.r cxplicit cocffici.nts fot ti. DxrE t.F rrp. Sp6i6.zlb.. ler

ti= E l4,Zi"iirl,

4,j = EIzr"!,il.

(3.5)

(3.7)

(3.6)

41y,.iy = io,yr + i/.,i;,,, "1)
(31)

+ t it 4".\"" - I t:,1-; y,"ox6\u),

^ t6"' ",=",-tr.,,,-Ilr."i,",. {r.e)

'Finally l.i us obse*'e tla.! tle lenaltl expr.siiotr p(&r;rt,rj) in these fo!6!Le, N3 dv€tr b
(l.r), satisils

Pre,:rJ 'r, = @rnillub or .'q'-+withi
subje.r to ur, > o, {t, + !, > u,. 

lr'ru/

Morlokr
y'tu,:1.a) = 14'"ur" .ultipli!! l> 0) ro! ihe constraitt

{3.1!)
d',+!',>u, h (3.I0).

Wiih ii.s fad! in lrind w. !o* ih! quedrltic proSraEEilt lrobleB

EitriEin t tiy' + t[', w'i + +81ihi]
i=I

+ t tt E:"r." - i rl,! 1'd",rror,,l

sabjlct to yi > 0.!'j > o,rrd > 0,

!rr.<r ro. r = r, ..,t,

f rr",'+f !r."i..,arti+v,J>.' ror i=r....,' {3.r2)

Nc ih.n L r ilre {,,U.Nins ihr)hueniatiotr.
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SUBALGORITEM ltor Stcp ?1. (;n1, nk *$ 2i in ttu \.tl.ion (J.J)..al.utak r,,re .0.
.ff.t.n15 1i.5,. (3.6). (3?). lot r/,. quldralt. p.oq.i@mt{ p.obt.@ lD'\ Sot,. lD'') bi ail
tu4L1! s4unl trcu l.'ppubd , .tu .dlJs;, :. ..t:r ana;'.,, th" -1,ru" ,

. -\-1 :'

Tne ojd@uo !du. j, (Dr') js t,h. d?siled o", and ri. hsranse ou/tiplja v.ctot obrn^ed to.
the .arsrajnis (e.)2) ir (D'') is rl. desired approEarle so/ulion 7 io (Pt!o).

Thus i! is nol actualll necessary ir SteD ? ro iNol. foroula (1.5) io 8ci t". lniead. t' can

be obtiined as a btproducl oi lh{ soluiion !ro€duF used for rhe djniBization.

{. .{PPlIC'{TIO\ TO PROBLTi!,IS TEAT {R.E NOT STFICTLT OU{D8-{TIC.

U in tne gjeen problee (P,b) i! i5 not t.u! tlai /, > 0 and tr > 0 for ajl ., and l, we use ihc

ploli&al poini i€chnique l4l (a anrpied io.he Las.ansiar Io(,,:) i'! (1-16)) ro replare (Plio) bt
a seqnenc. oi prolleEs (Pfroj, /1 : 1.2... ., ihrt do haee ile d.si!.d charudc.. To each probleb

(Pfto) we apply tk 6nift gereralion lrsorirhE $ abovc. bur i.ir} a cenain siopping cdiertotr in

Sle! 3 llai ensures 6niie teruination. This is done in such a sa_y ihar ihe overall doublr ii€rative
phc.d{R niJ .onaerges ir a linedr rale.

To obtdn the probleos (Pi.), N. iniloduce a.longside th. riyen la.lues r, ed p! soD. orhe.

laluer i, > o,tr > 0 and set

r.j = ti +|iit P-.t =Pt+\V-r,

nh.!e 4 > 0 is a paramete! \'altre thrr nil plal r rolc ir ii.oD btrl cdr bc neld 6xed to! ihe

Purpos. of coEpulatio!. tt. riso int.oduce eleDenls

(4.1)

i': = t1t...ii) and -::=(:i.....:l.t.

ohin iE io bc thouglLr of s esiortes fo. rhe opriDal soh oD !".her ia (P!.o) and

c:r = .t - tti,1, .nn h:r=^t-'tlr=:t.

(D,6). I'!

(.12)

l{.3)

(Pl"), (Df,") aF the probleos obrained br rcpltcins

r p.r., rnJ i. in lPjr ).1D,.") I,r r.,./,....1, and [:'..

The* lrodificd lroblens arc. of rotrBe. nncrk quadr3lic: one has r.r > 0 ard r., > 0.

MASTER ALGOIIITFM-
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siep o (Injlitriizlrior). C,hoo* rl € -\ a,d ;j eZ.set!=t.

Srep r (finire Clnc.arion AlgonihD). 1?!h rl. fniie g.re.rljor ai8o.nne i, tIa tudnnet

&aadr dacnbed ro d. n.i.rlr. quadratjc p.ob/.tr {Pi..) ,,d (Di.,) r ({.J) ?.!@'ri. t, st.P

s eher fie stappi4 tnftiot Sivet b.low is €atisied

St.p 2 (U?dAie). Fot1h..t.netts7 endV PilhehinStpIt.tuir^|.d,settl+r =r ald

ai+t = ='- R.pbc. p b.e tt + I .nd ..tu!t io St.p I.

The stoppilg lFierion is s foUows, h lelBl of the norb

t('.:)lt= { r l: + t{ll: ti }l'il

ud a sequence olqltes e/ r-iih

d!>0, tr,<o.
q e lPIn" rhr fund'in

s.!{r.:l = dl6h{r, (a/rl G,:) - \il,ztJll.l (1.6)

\ae stop ir Step 3 ol the 6nne gsEration alEoritha q hen the coEPlred ele4enis 6,,t' and Z'

(4.4)

(4.s)

This slopping.nhdor vill aventtra.Iy b€ sa.iisaed, shen t is high eroughi the onlt eaccpiion

G rhe cse{here if htpp.ns already Lo be 4 optinal sohtion tro (P"') and;i ih.Z_coEPon.ni

oi an optin.l solution (t.:) to (Dtb)- (See 11, !61 fot debils.)

TEEOREM 3. Mhe ll,asur gotithn B er.cuied Ylii i,h. spaci6.d stopping 
'iienon Q7),

rh.r ijr. s.qu.'c.s li9li:, a,d (:f);-=, coNtrs. ro Ptniculnr .I.D.nts i ,nd Z, wh.rc i is

an oprjlia/ soluron .o (P',) ard, fo.5o&. l, ine lair (t.t i5 a' opdEaj soJ0ijon ro (Dn')

:voveove! rr.re b a nunb.r p(a) € lo, l) stcl ii,r (Ef,:f) co'vss.s ro lr', zt at'c 
'at.

PRooF. This is an immediti! sp.rializatiotr of TIeo(E 6 uf {ll ro lne 's' at hand lh'

Parh ot spsialization haring ben esttbiished aleadl in !h. Prcoi of TheoreEs I and 2 o

The thcor-r of pronD poinr t{hniqne in ial is rPpu.d in th. derirition ot Theoreb 3.

sl,.ss ad!^!r rhil lnear .on1.16rnco I oblain!d at the rar.

(4.7)

,;(,ri = :,r/lr + (t,r):l'/1 e rr, tt 14.8)
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wheE ,r > o is a nrEbe! ai.pendilg oalY or the ilata itr ihe onginal problebs (P,,") d (D'.")

rci on r,iJ d 7r. In panicular ,(t) - 0 s I - 0. TIts ar dbitiaril,v good rate of convergeoce

can be obiarned (in plinciple) for ine otri.r ako ho {oasler algoriihE) siEplv blr choosing tire

la.aoele. vdue ? dddll erolgh.

.{t the sede tiEe. howw*, ine cloice of t aliects ine corvFgence late h the inner tlgoriihD

(nliie generrtjo! al8o.rrhml. Thahate co.responds by (2.12) to a ntrsber r(a)r/' € 10, I) defrned

b.v (2.e) h terns of ar u!p{ boutrd tt?) lor | ? lle...., Fheie ?i anii r' a.e vecto6 corsisiirs ol

the para4eie6 in (a.I). Tlus r(r)'js an lpper boud ror ihe exPre$ior

over r.lt posibte choices ofthe vectos t €.Rn and, €,tz ald aI Possible vahs talte! on by ihe

'andoE 
lanables 3,, and U. Il folo's tlai r(t) - 0 41- - btrt 

'(4) - 
1as,? -0. ?ilus

an arbit.arily good .are of corvelgetrce cd be obtaired (in Pnnciple) for thE irne! a.lgoliihm bv

choosing I lo.gd enougl, bli ioo small a choice .onld do daaase

This trade-of beiween ihe ouler and innd alsoritlhs in the cioice of ,, could be a soute

or dificuliy in lra(iice. a.ltlough 3e have noi lad ouch t.oubie with ihe problens tlieii so fe
(s* liins I3l.)
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