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A-BSTaACT

Th€ mol,ivations ol nonsmooth arElysls aae dlscuss€d, Applicduoos ar€ glven to

the s€nsitivlty ot optlftal valu€a, ths inlsrpretatlon of Lagrang€ nuttlpllers. and th€

stabiULy of consl,raint systems und€r p€rturbatlon.

IXTRODUCTION

ll has be6n recognized loa gom€ l,lrr. that th€ toois ol olasslcal rnalysls are not

ad€qualo for a salisfaclory tr€ath€nt of probl€ns gf optlntzauon. Th€s€ lools work

for l,h€ characl€rizatlon of Iocdly oplimal solulions to probl€ms wh9r6 a snooth (1.€,

contlnuously differentiabte) function is nlnirnlz€d or narirllzcd subj€ol lo flnllaly nany

smooth €qoallty oonstralnls. Th€y also s€rve in th€ rtudy of perturballons of such con-

sLrainls, namaly Lhrough th€ inplicit funotion lheoasm and lts cons€qu€ncas. As soon

as in€quallty conslraints are €ncounteaod, howevor, th6y bogin to fail. ong-stded

d€rlvalive conditlons starr" to replac€ [cro-sidgd conditlons, Tangenl con€s ropiace

tanggnt subspac€s. Conv€xitt and conesrlllcatlon €Borg€ aa nor€ natural.lhan lin€ar-
ity and linearizatlon.

lD probl6hs wh€r€ ln€quallly conslralnls actudly prodonlnate ov€r €quatlons, as

is Lyplcal in host mod6ttt lppllcatlons of optirntzatlon, a qualltatlvs changs occurs. No

longsa is therc any slrnpl€ way of rgcognlzlng whtgh constmlnts are actlve ln a n€igh-

borhood of a Slvon polnt of tho fcasibt€ s€t, such ag th€ro *ould bo il th€ s€l {ore a

cub6 or simpl€r, say. fh€ boundcry of tllc loasibl€ sct dsflca €asy d6scription and may

best bo thou8ht of as a nonsmooth hyporsurface. It do€s noL tak€ long Lo rc6liz€ Loo

that the graph3 oI many of the obr€ctiv€ tuDcltorE *hlch nalurally arlg€ are nonsrnooth

in a sitnllar wry. This ls the hollvatlon for much of tho offort lhat has gon€ into
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inlroduclng and developln8 various conc€pl,s of "tangenl cone", "norma! con€", "dir€c-
Llonal d€rivallv€" and "gen€ralized gradl€nt". Th€se concepls have changed th€ face

ol optimlzation tiieoiy and glv€n birlh !o a new subj€cl, Trotzsfiooth aTrcd?s?s, which is

affecttng oth€r ar6as of mathehal,lcs as weLL

An impoatant aim of nonsmooth anaiysis is lhe formulallon of generaliz€d neces-

sary or suffici€nt condilions for oplinralily. This ln turn r€ceives imp€tus frorn

research in num€rical methods of oplimlzation thal, involve nonsmoolh functions gen-

eral€d by docohposilion, €xacl penaily repr€s€ntations, and th€ iik€. Th€ id€a ess€n-

liaily is to provld€ lests thai. oither €stablish (near) optimaiity (porhaps stalionariLy)

of thg point already attain€d or 8en€rale a feasibl€ dir€ction of improvernent for mov-

ing to a bel,t€r polnl.

Nonsmooth anaiysis also has olh6r important aims. how€v€r, which should not b6

ov€rlook€d. Thes6 incLud€ th€ study of sensitlvlty and slability wlth r€sp€cL Lo p€rlur-

batlons of objectlve and constraints.'ln an optihizatlon probl€h that depends on a

paramet€r voctor ?, how do variations in ? att€et th€ optimal valu€, the optlmal soiu-

Lion s€t, and th€ feasible solution s€t? Can anythinS b€ said about rat€s of change?

Ihls is wh€re Lipschltzian paop€rti€s tak€ on sp€cial signitlcanc€. They are

int6r'msdiale b€tw6€n contlnulty and dlffsrsntlablllty and corrospond to 6o?rzds on

possibl€ rat6s of chang€, rath€r than rat€s th€ms€Lvos, whlch may not €rist, aL leasl in

thg ciassical sense. Llke conv€xil,y prop€rtl€s they can b€ pass€d along lhrough vari-
ous constructlons where true diff€r€nliability, 6v6n lf on€-sid€d, would b€ Iost. Furth-

€rmore, lh6y can b€ formulal,ed ln geometrlc terms that sull the study multifunctlons
(s€t-valued nappings), a subl€ct ol grsat importanc€ in optlmlzallon theory but for
which classical notions aro alnost entlr€ly lacklng.

It 13 in thls light that lh€ dlroctional d€rivatives and subgradlents introduced by

!'.H. Clark€ [1] [2] shouid be Judged. Cl,ark€'s lheory emphaslzos Llpschitzian proper-

tios and slurdtly conbin€s convex analysis and classlcal smooth analysis in a slngie

frah€work. At tho pros€nt stagg of il€v6loptl6nt, thanks to th€ eflorts of many indivi-

duats, il has alr€ady had strong €ff€cts on almost €v€ry ar6a of optimlzation, from non-

linear prograhrnlng to lh€ calculus o! variatlons, and also on mal,homatical questions

beyond th6 domain ot opltnlzat,lon p€r se.

Thk is not lo say. hol|,€v€r, that Clark€'s derrvatives and subgradl€nts are lhe

only on€s that h€ncsforlh n€sd f,o b€ consid€r€d. Sp€clal situatiods certainly do

rEquir€ sp€clal lnslghk. ln paillcular, th€r€ ar€ cases wherg sp€clal on€-sided fi.st
and s€cond d6rivaliv€s lhal aa€ mo.€ fln€Ly tun€d than Clarko's ars worth introduclne

Signiflcant and us€tul assults c6n b6 obtaln€d in auch lnann€r, But such resutls ..e
Likely l, be r6latively limited tn scope.
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Th€ pow6r and generalil,y of Lhe kind of nonsmooth analysis LhaL is bas€d on

Claik€'s ldeas can be cr€dlted to lh€ following f€alures, in sumhary:

(a) Appltcability !o a hug€ class of functions and oth€r objecls, such as s€ts and

muitifunctions.

(b) Emphasls on geometric constrnctlons and inl,erpr€Lations.

(c) Reduction lo classical analysls ln lh€ pr€s€nce of snoothness and Lo convex
analysis in th€ pr€sence ol conv€xity.

(d) Unifi€d fornulation of optimality condiLions for a wide vartety of probiems.

(e) Comprehensie€ calculus of subgradienls and normal veclors which makes pos-

slbL€ an €ffectiv€ specializal,lon to partlcular cas€s.

(f) Coverage of s€nsitivlty and stabully questions and th€ir relatlonship Lo

Lagrang€ nuLllpliers.

(g) Focus on Local properli€s of a "unlforn" charact,er, whlch ar6 Less likely to
b€ upset by slighl p€rturbaLions, for instanc€ tn l,h€ study of di.ections of
d6scenL.

(h) V€rsatilil,y in inflnlte as well as flnll€tim€nsional spaces and in laeating the
inl,€gral functlonais and dtff€rontlal inclusions thal aris6 ln optimai control,
stochastic progaamminR, and €Isewher€.

In this pap€r w€ alm at putting this th€ory ln a natural p6rsp€cl,ive, ftrst. by dls-
cussing its foundallons in analysis and Seomei.ry and the way that Lipschltzlan p.oper-
lles eom€ b occupy the stage. Th€n wo surv€y lh€ rssults that hav6 b€en obLain€d

recenuy on sensillvity and stability. Such aesull,s ar€ not yet farnlllar to many
r€searchers who conc€nlrate on opllmality conditions and th€lr use in algorilhms.
Neverth€iess they say much that beaas on numerical mal,ters, and th6y dshonstrat6
w6ll the sort of challeng€ that nonshooth analysis is now abl€ t m€el.

1. ORIGINS OF SUBCRIDIEIIT II'EAS

ln ord€r lo gain a foothotd on Lhls n€w t€rrito.y, ll is b€st to begin by thlnking
about functtons /: J?n -F Lhat are nol nocessarlly sroooth bul, have strong one-sidecl
dir€ctiodal d6rivaLlv€s ln tho scns€ of

J'Gih\ =
l@+th'\-JG\

tItm
l.}0

(1.1)

Exarnpies are (finile) convex funcltons [3] and suostnoolr! functions, the la[€r b€ing
by d€flnltion representable locally as
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whare s l3 a compact spac6 (6.9., a flnlt6. allscr6tc lnalox s€t) cnd l/s ls ES I Is a famlly

ol slrooth funclions *hoso valu€s and derlvauvac d€p€nd cg[l,lnuously on .s and a

,,olntty, Subsnooth funoLlone wcrc tni,roducld tn [4]i all rnooth fuoctiorc and all fldtte

oonvox flnctlons on .Rn arc ln parucular subsmooth.

Th6 formula glvln harG tot t'(t,h) dltf€rs tron [h€ moro cornirod one in tho

Itt€r'.tura, whrro thr LlntL ,r'+rr ts ollltt€d (w€ak ohc-rlded dlrectlonal d€rlvatlve).

ll corr€sponds ln sptrl[ to lrus (strong) dtltsronttabtuty ralh.r than w€ak dlfferentia-

btltty, hdeed, undsr tjte a$unptlon that /'(a, ,! ) orlsl5 lor all ,lr (as ln (1.1)), one has

t dttlersntiablo at r It aDd orfy if t'(r;r!) 19 llnearln ,!. thetr th€ one-slded lihit tO
ls aclually r€ali?able .s a two-sldad limll , +0.

The obsslod. concept of gtodi4t arls€s lrotn lhe dualtty botwcGn llncar firDctions

on /?a and voctors tn J9'. To say that.f'(rir!) is ltnsar tn h ls to sqy lhat thsr€ ls a

voctor 3i €,?n e.lth

t'@ih, / lt'h to. all h.

Tht! I is c.I6d ths 8Ediont of "f at r .nd ls donolcd by 9/(r),

(1.3)

/(.) = nX ,r.(t)'

Ir! a slmllar way th. bodqrn conaopt gl sr4olredi.?ri

b€l,we€n gublinaar tuncliong on J?a and convox subsgts ln rgn.

s'jtlir26dr lf it satlsllat

l(I1trr+...+ lrrh) < ltl(^1) +,..+ A l(h'|)

whcn tr1.0,"',l|r>0.

(7.a',)

(1.4)

(1.5)

arlses tron the duality

A funsllon I ls sald to b€

It ls knolfrr frod conv€t analysls [3, 113] tiat ths lhtfo subllnoar funcltons , on rRn ar6

pr€ol,goty !h€ rupport luncllotrs ot lhr nonanpty courP.ct subsots f ot in: cEch !

corrlsponds L g unlquB y by lhr foinula

I(r!) =it?'9 rt for all h.

Llnolrity aan bo ld€nttfled tritlt lh€ c.tq {herc f coDststs ol iust a single veclrr y

It turns ou! that when.l l3 convex, and nore

lh6 dortvativo ,t '(r ,rr ) ts ahays sqbllnrar lo ,r.
subgrt y gl i?4, uniqugly d6l€.nin.d. such tJtat

-l'(t;^) = tnax ? lr lor a1L!.
ver

geBerally when -t ls subsnooth [4].
Hcnc€ lhsr€ ls a nonempty compact

(1 6)



Thls sol f b donot€d by At <t), arld ll,s €lon€nls ? aro cau€d subgradl€nts of / at r.
'iJllh r€spect to any locql r€pr€s€ntatton (1.{), on€ has

y=col9/5G)ls..trl, rh€re .5t = arcnal tt(r) (1.?)

(co = conv.r huu), bul lh€ s6t y = E/(t) ls of cou$o by lt3 d.tlnluon lnd€p€ndsnt of

the r€prescntatlon usod.

In thg cas€ ol Jt convox [3, 923] on. can dgflno $bgradlonk a[ t oqulvaiently as

thr vocto.s ? such that

t(z rat(t) + V G'-a) for all r',

for t subseooth ttrts ScnsFallz€g to

,G') >lk) + !'(r'-..) + o 11e'-i 
.|1,

\t k", -J @'tl t lx"- x'l

(1.8)

(1.s)

but cautlon nust b€ gr€rcls€d haro about lur.ther 8gn€rallzatlon to tunctions / thaL

ar. nol subsmooth. Allhough l,h€ v6ctors !' satislytng (1.9) do always form a clog€d

conv€x s€[ f qt r, r€gardless of ths natura of t, thls set f do€s noL yi€lal an srlenslon

ol formula (1,6), nor do€s it corrsspond ln g6n6ral lo a robutt conc€pl of dir€cllonal

dcrlvatlve that can be used as a Substituta for /'(t;A) in (1.6). For a numb€r of years,

thl! ls whsre subgradlonl thoory cane to . halt.

A way 6round [h€ lmpass€ wEs discov€rod by Clark€ ln hlB thesls ln 1973. Clark€

look up l,ho sl,udy of functions / l 1?r r r? thal are lo6a4v Zipsc^ilzidn ln th€ sens6 of

thc dlfl€r€nc€ qootlont

(1,10)

b€lng boundad on soho n€lghborhood of €sch potnt 5. ThlS class of functlons l8 of

lntrlnslc valu! for sovlt.ll r6asona. Flrst. lt lncludss at! subsirooth funcllons and con-

ssqu€nuy all $ooth functlons and all flnlto conver functlons; lt also lncludos alt flnlto

conoav€ functlgns and cll llntls saddle funotlons (whloh are convor ln on€ voctor argu_

m6nl and concave ln another: s6o [3, F5]). S6cond. ll ls pr€sgrv€d und.r taklng llnsar

comblnattoB, pointwltc latlma cnd lrlnlila ot coll€ctlons of tunctlotlg (t{tlh ccrtaln

nltd assutnpllons), tntrSratlon and other op.ratlons of obvlour lnpoitanoa ln optlmlza-

Uon. Thlrd, ll crhtblts propsrtlc! tliat lro clossly r6trlrd lo dlfforantlabtltty. Th€

lo€al boundcdn.ss of tlr! dltt€r.nco quott.nl (1.10) lr such a prop€rty llseu. In tact
when / ls lo€ally Llpgohltzian, tbe gradl.nt V/(r) rxltts lo. dl but a ncgllglbl€ s6t of
potnts 5 in 8n (ths classtcal thcorotn ol Rqd.tnacher, 3ee [5]).
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that wh6o / ls locall.y Llpsohltztan, th€

t (.'+ah'\ - t (t't
a

spoclal dorlvatlvs

(1.11)

18 aluaf! a fhttr rubltncar fqnctloo gl tr.
p.ct oonv€r sat Y luoh thcl

/'(r;fr; = ngt ,',1 tat au 
^.ICI

Mor6ovaa

HSnco th€ra axkts a qnlqu€ nonupl,y com-

(1.12)

t'@;h)=7'1nt61 fo. all ,l phon.f ls rubshooth, (1.13)

fhus ln donoltng thb s€t Y by A/(r) .nd calllng lts €I€n.nts subgFdlsntg, ono aElv€s
at a nalural sxtansion of nonsrnoolh analygls lo [h€ olsss of all tocaliy Llpschitzian

functlons. Many pow€rful tomulas artd ruleg hav6 b€llt qstrbllsh€d for calculallng or
€sttnattng at(t) ln thts broad contatt, but ll !9 nol o{r qln to go lnto th€n h6rei ss€

[2] and [6], for lnstanco.

ll thould b. Dentloned tjral Cl.rk€ htnsou dld not lncorporel€ tne [nit ,r'+}!
Ilito the d€ftnltton ol l'(ath'), but becaugs of lhe Llpgchttzlan prop€rty th6 value

obtatn.dfor/'(t;rr)lslhssameellherway,8ywritin8lheformula!,rith^'-Aon€is
rbl€ lo s6€ morc cl€arly th6 rolatignship b€lw€en /'(t;iL) and t'(zitr) and also to
prgpar€ th6 ground for fuath€r srtenslons lo functlons.f thal ar6 h€rely lower sem-

lconunuous r.lhsr than Llpschltzlan. (For such functlons ons wrlt€s .' a! t l^ pLace

of t' +. to lndlc.to lhll r t3 !o b6 approacbed by r'only In such a way lhat

t (t'> - t (z). Mor€ wlll b€ sald aboul thls lat.r,)

SoEl€ p€oplc, having 8on€ alon8 wlth th6 dcvelopnsnts up untll thts polnl, begin lo
batk at ti€ "cGrsa" n hru of th€ Clarko dorlvatlv€ t'(t;rr) ln cartrtn c.r€s where /
ls nol subgrooth anal n9v6rth.l€as ls b.lng rninirrir.d. lor €raftpie, 1!

Jlc) = -lz l+l:12 onc hag .l'(0;tr)=lAL wrrercqs .f'(O;A) otlste too but

"f'(o:r!) = -lI! [ fft*t'rrv€abth.t6vcrylr{gtv.sadl.octtgnofd€3ccntlromo,
ln the aense ot ytotdtng t'(0;t!)<0, but,.l' rev€alr no such thlng, lnasmuch 6s

-f '(0;^) > 0. Bqcceso ol ti!3 tt Is l€.rcd lhat /'do€s not €nbody as nuch lnlomation
as /' and t h€a€lora riay not b6 6ntlrrbr 8u ,abl! for thc gtat€ment of nocegsary condl-

tlons lor a mlnlmun, l€t alona lor anptoynent ln algorlthns of dsscant,
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Cloariy .f' cannot ropLac6 .l' ln ev€ry situation wh€a€ lh6 tso may diff6r, nor has

thls €v€r b€cn sugg€st€d. Bul, even ln face of [his cav€aL th€r€ aa€ argumenLs lo b€

nad€ ln favor of .f 'that, mdy h€lp to illumlnale its natura and lhe supporllng motlva-

tlon. Th€ clarke dgrtvallv€.f is orlented l,owards hlnidlzatlon probletns. in cont.ast

to /', vJhlch Is ngutral botweGn |nlninization and ftarinlzatlon. h addlLlon, il,

snph.!9lz.s 6 cat"taln uniformiLy. A voctor h etllh t"<tih) <0 provldes a descent

dlrsctlon in a strong sroDae s€nso: thsr€isan €>0 slch that for6ll ,'n@at z, h'
n€Er rr, and posillv€ t nacr 0, ono has

t(a'+ th') < J@') - ac.

A v€clor ,! \{tlh /'(r ;/t ) < 0, on lh€ oth€r h$d, provldes alesoenl only from r; at
polnts a' arbttrarlly Deaa to r lt tllay glve a dtrectlon of asc€rl[ lnst6ad. thls instabii-

tly ls not without nun€rlcal cons€qulnces, slncs r rntghl b€ repiacBd by r' due to

ro!nd<tf.

An algorlthn that r€llsd on findlng an lr wlth l'@ih) <0 ln cascs wh.re

.t'(a;rr ) - 0 for all ,r (such an t is aaid Lo be subatq,ton,ry polnt) s€e,ns unlikoly to

b€ v€rt robust.. Anyway, lt nust be r€alizod that ln exocutlng a method ot dcscan[

there is vcry lllll€ chanca of actually arrivlng along th6 way at a polnt r thal ls subs-

tatlonary but not a lo€al ninlnizer. one is oaslly convincod froh sxamplas Lhat such a

mishap can only b! tho cons€qu€nce ot an untoatunate cholc€ of the startlng point and

disapp€ars und€r th6 sughtest p€rturbation, Th€ sltuatlon rsscmbl€s that of cycling in
the slmpler hethod.

Furthcrnore lt nust be ulderstood lhat b6oause of th€ ori€ntalion of the definl-

Uon of,a'to{ards hlnirnlzatlon, there ts no lustice ln holding ihe notlon of substa-

Ltooar(ly up ta any lnlGrprotation other than the loUowing: a substatiolary point is
either a point wh6ae q local 'nirti'intt ls altalned oa on€ wher€ progr€ss towards a

loc.l nlnimum ts "conlus€d". Som€timss, for instanc€, one hears ciled as a falllng of .t '
lhat /' ts abls lo dlstLnSutsh b€tweco a local nlnlnum and a local marlmum ln having

t'(t;n) > 0 to. aU 
^ 

ln the fl.st case, bul /'(rirr) I 0 for all ,r itr lhe 3€cond, wh€reas

.t'(tir!) >0 for sll r in both cas€g. But this ls lDfalr. A o[e-sided orientatlon lD

nongnooth analysis ls rn€rely a rafloctio[ ol lha faot that ln vlrludfy aU applications

of optlntzatlon, th€re b utEmblguou! lnlercll iD elther hatlnlzatlon or Ininlmlzatlon,

but not both. For th€orotlcal purposcs il r[l8ht as rcll bo tolnlnlzallon.

C€rtainly th€ tdea that a flrst-oad€r conc€pt ot derlvatlv€, such a9 w€ ar€ dealing

wlth he.., ls oblig€d to provido condlllois that dktlngulsh offccltv€ly b€t*oen a local
llllnitnurn and a iocal maxinuo ls out of lln€ for othea r€asong. Classlcal analysls mak€s

no aLfsnpt ln that diroction. without s€cond derlvatlvos. Pr€sumabiy. second



derlvgllv€ concapb in nonshoolh snatysls wlll €vontualiy furnlsh lhe qppaoprigte dis-

tlDctlons, ct. Chaney [7].

A linal not. on th. quostlon of t' vorsus,/' ls thc rcnind€r lhat /'(r;r!) ls

d€tlnld lor any toca[y Ltpschllzlan lunctlon / and ev€n nor€ gcn€rally. whoreas

t'(rirl) b or{t d€flnod lgr tlrrcuotr5 .f ln a oa!'r'orar c!.5!.

An lnportant goql ol nonsnoottr analysls is not only to rllk€ full us€ of Llpschitz

contbatty rhln lt ts pr€ant' bu! also to provido crltsrta lgr Llpscbllz contllutty to

cas€9 whcr€ ll oqnnol ba ktrown c prdorl, along *tlh coraapondtrg qstlmat6s lor th6

local Llpschltr constant. For lhls purpor!, lt l9 n€c€ssary lo €xt€od subgradl€nt

th€ory to fuocuons tiat Dight not bG locally LlFchltztan o! €v€n cotttlnsoug cv€ry-

rh6ra, but rnctqly loFar g€rnlconllnuou5, lundlrGntal a:atnples gf auch funotlons in

optLnlzatlor ara tb€ so-adl6d riarldnot lunctloDr, Fhlch giv! tb€ ntnlEuln valuo ln a
p.t'arnat€rlzcd problgnr q! a f{nollott ot tha paaarratarg. Such fnnctlons cln cv6n tak€

Elportonc. rlur convsr arElyrls anal ll! applc€tlois rhors fErthsr iio alesir.bll-
tty of b.lng abb lo lr.at th. lndloator tunotlons ol $ts, e.hloh play an cssentid role tn
th€ paagag€ blll aon anrlysfs ard 8roh€trt,

ln tact, th. tiica thct havr bc€n dosortbod so lar can b€ ottcnd.d ln a poworful

conslgt€nt lllantrlr lp t hG o!as9 ol lll low€r tanlconttnuous functlons .f I r?r * .R- , whore

,C- = 1-,-1 (ortanal€d raal Nrnblr systq!). Iherc ar6 tuo cooplarn€nt ry rays ol
dotnS ttrls, wlth lho sadra r6sul!. Ih tho conllnurtlon of lh€ an lttlc apprcach w6 have

b6€n lollowlng llntll now, a ttor€ subll€ dlrccllonal dcrlvatlva forhuL

! i(c ih.) (1.14)

13 lntroduc€d and shown to agr6a wllh /'(r lrr ) uhlnlvsr / Ir locaUy Llpschitzian and

tnd€cd shcnsv.r Jt '(t;rr ) (ln tha grtondod deltdtlon *lth a' -f.. .9 r,o.tnuoaoal 6ar-

ller) ls nol +-, I,lorsovlr ,f 
t(r 

irr ) ls provad 6lr{a/! lo b€ a 10r{6r s€nlcontlnuous, sub-

lln6ar functlon ot r! (crtsnd€d-rlsl-valrcd). Iton conv6r analylrls, lh6n, lt toUows

that .tttl.r /t(8;O) = { or tb... ls a non.npty closod convot set l, <r?4, untquety

d€t€rtnhcd, wllh

/t{a:rr) = r*r'u to. * 
"

(1.15)

fhls tr tie lppraqh loUorcd tn Rock.fslar [8], [9]. 0!€ th6n !.rrlvos at !h€

correspondlnS 8qom€trlo conclpts by taktnS./ to ba th€ lndlcator d, of a closed set C.

Foi any 8 € C, tba funcuon i, F 6JF;n) 19 tlselt th€ lndlcator ola c€rLln clos€d seL

=t' fu"o *oI hr
r.o I r.o'L'^'-41..'*',-ll
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fc(r) which happstrs alFal.! to be a corvot conc: thls ls th! Clat'k€ ,o29e4a cono to C

at r. Th€ subgradlenl s€t

s(a) = 66s(zl, (1.16)

H6e) =ts(xl', t6@) -- N6@)', (1.17)

ln a nor. 8to6.trtc apprGch to tho drltrcd o:t.n!lon, th. tanS€nt conc 16.(u )

and nornsl conr lvc(t) can llist b. d.llDed ln s drect DcJrn€r that accord! rltJl thG

potarlty .€btto!l! (1.1O. Thcn tor a! ar-bltrary lor"r sdutcot$truous tqction
l:Rn-F and polnt r at *htch t ls ttn!t!, one can tocls on f8(r,.t(t)) aDd

NE@,t('.r'), wh... E t3 ut! oprgnDb ot t (6 clo€€d cabsot ot .Fr +1). th! con€

TEG ,l <.r, ls itsqu t.lre cpleraph ol c csrtaln lunctlon, nanoly the subdertvqtlvr i, F

/r(r;r!), whsr€ae the cone fla(a,./(e)) p.ovlder th€ subgFdt€nts:

Al @) = ls €f.n I (9,-t) e,Ys(r,t(r))1. (1.18)

The polarlty b€lw€cn ft(r.t(c)) and rYg(eJ(a)) yi€lds Lho subderlvstive-subgradl€nt

relation (1.14). (Ctarke'g ortgt[al €rterslon ol A/ b lorrlr soDlcontltruous luncuons

[1] followed thtr 8lon.trlo apprcqch ln dottntnS noflnal concs dirqctly and thgn lnvok-

inc (1.1?) as a datlnltlor tor subgradlsnts. llc did not tocu3 nuch oD tangcttt sones,

howevcr. or pur3q. the td.c that ft (' ,.f (' )) mlght corr€spond to a rolated concept of

dt.ectton l derlvatlvo.)

Ths det ils ot tb€s€ cqdval€lt tor[s of rll€Bd@ nsld not ooc[py ns hsr€. Ih€
nain thlng to llnd€.st nd 1! that thay yletd a basic crllqdon lor Llprchlt?lan con-

llnutty, .8 follott.

THEOREU 1 (RockatrUlr tlol). fr? e i.'/tt t s.',ico'.ti.an4o1urt futc/l.o7. 7 t Rn -E
@ll4all! to h La?schttalan oi ao a 

'atlttlho 
tgod ot art 

'.'l1al 
.. lt ts .qtLa.rat

(ds wall ts n 6Js8cry) thoa tll. $)be"q.t7.r.l saa 0t (s) h 
^ov('ryh/ 

cnd, bound,6tt.

lhc71 o'^a hcs

on tba otttar hand, is a cloS€d coDvar sct too, th€ clarkg nar'4l cottg to C to t. Th€

two conas arq polaa to oach olher:

.. I t tr-l-t t"'tllln suD d.---,--r_ = tn.l , , Ltt.,-..t !.ollr, - (1.19)
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Thls crlt6rlon can b6 applted wl[hout 3r!ct knowl€dge of d,t (t) but only an estl-

nat6 that { t 0/(t) c y for soit€ s€t y, It y l3 boundod, ono Inay conclud€ that / ls

locally Ltpschttzian around t. l! lt ls known that ll/ I < I lo. aU y €f. one has from

(1.19)

l!g"l -t@'llsxlx"-z'l lor t' and t" n€.. t.

2. II\GEAIGE IULTIPIJEBS AI{D SEXSITTVITY

llany wayg have bssn tound tor d€rt\tlng oPttDallly condltlons tor problens wtth

constt'alnt3. but not all of thotn prqvtd€ lull tntortlatlon about th€ Lagrangs nultiplters

that are obtlined. The test of a good t!€tJtod tB thal lt shguld load to sohe sort of

lntorpt'€tatlon o! th€ alultiptler vcclors tn t€rm9 of gsnslilvlty or g€n€rallzed 
'ates 

of

change ol Lhe opunal value ln the probleh raith aespect to p€rlurbations. UnUl quite

reeontly, a sltlsfaclory tlrt€rprstatlon along guch lin€r wa! rvatlable only for conv€x

DrograEDing and sp€clal cas€3 o! sbooth noollnsar prograBDlng. Noq, hoe€v6!" theae

ar6 general rosults that apply to alt ktnds of probtoDs, at l6rt tn r9a. th€s€ r€sult3

deDonstrat€ welt the pow€r of thc ncw nonglooth analysb 6nd aro not matched by any_

thlng acblev€d by other t€chdquo3.

L€t us tlr€t consid€r a nordlnear progllmlltng probl€n ln lts crnonlca! pdraheler_

lzatlon:

(P" ) ntnlhtzc a(r) subrcct to ,€/f and

c.@)+ur 3o tot. i=1,...'s,

=0 lor i =s +1,.. ., r ,

whore t,t1,...,9n .rc locally Llpschttztan tq[cttotE oa .Rn ard .< k a closod subsst of

.Fn ; tbr ut's ar€ paraDetets and torto a v€ctor ta €19r. By a,rdogy i{lth what ls known

ln parttcalar cas€3 ot (Prr), ono can loflnulate ttto polentlal o?tindlTtlt co^dltio'l" on a

f€astblo sotution ,, nan€ty that

o € 09(r) + tltr 1rr.6sr(E) + 
'.r(t) 

tth (2.1)

?r >0andyr[tt(t)+tr] =0 tot' i=1,'..'s'

and a corraspondlng conat"eltul qllrlltlc*tl'o't dL a I
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the onl.y v€ctor u =(/1, . . ., / ) satlsfylng thq verslon

ol (2,1) tn trhtch the tert! as(t) ls o! tt.d ts y:4.

(2.2',

9,9t,,..,9n are all contlnuouslY

r € rY, tlra lt.st relatlon ln (2.1)
ln srrooii ?togtq ''i''.'t whlra thc functlorF

dtffor€nLiablc and lhere ls no abslracl conslralnt

rgducag to th€ gradlent rquatlon

O = Vr (r ) + Ellrr,rr Vtr (r),

and on€ g€t! th€ alassicat Kuhtt-Tuck€. condltlors. The conslralnt quallflcatlon ls then

.qutval€nt (by duality) to thr well known 0116 ol Mangssarlan ard fiornovitz

li conva p"ogtornn ivg, [her€ g,q!r'..,t. ar€ (ilnlb) gonvet functlons,

9r+1....,gm are afllne, and f ls a convs! set, condttlon (2.1) i! always suflicl€nl for

optlnallty. Undor the consirllnt qrbltllcatton (2.2), whtch ln the ab3€nc€ of equtlily

constralnk roducas to lhe Slalor condttton, tt ls a19o n6c!9sary lor opunauty.

for th€ g€neral casc of (Pr) ono h.s the faUowlng rul€ about noccsslty.

THEoREM ? (Ctark€ [11]). suppose . 18 d locLlhtt opti^a,l soluti,oi to (Pu, ot

uhich l)1. corTsttai^t tud,Uflc@tlon (2.2) ts s4tist.d. f'r,a'tr the"a is c. tu tltlpu."
v.cto" y sttcrt t/l.oa tha o?tt 

''4litu 
cond{tion (2.1) i5 saliv[ed.

Thls is not the sharpest r6ult thal nay bs stalrd. .lthough lt ls perhaps th€ sln-

ptest. Clarke's paDer [1U pl:lr a polenttally $i.lLor sel ln ptracc of /yr(t) and provides

aiong slde of (2.2) a ts'3 stdngent conrlralnt quallllcallon ln lerms ol "c6ltrncas'' of

(Pr.) wtth r6spect to p€rtlrbaltoos of !.. Hlrlart-Urruty [12] and Rockateuar [131

contribute sone altefirstlve ways of wrlllng tbe subg.adlelt rllattons' for olt pui'
pog€s h.re, trt il gut?lct lo n.otlon thal Tb.or€n 2 renalns [nr€ whgn thc optlmallty

condttton (2.1) ts glvon ln tbo gltghUy sharPer ard nor6 €l63ant lorni

0 € as(r) + yoo(s) +/Vx(r) rdth ? elvc(o(t)+ g),

whrr€ C(r) - (tt(t),...,t-(t)) and

6 = [p erlr lt.rs<o lor i=1,...,e .nd r.rt d) lor trr+l,....t1.

Th6 notation Ac(.) refers t Clark.'s gon€t'allzed Jaooblan [2] lor tha tnaPplng

has

Q.3,

(2.1')

C; on€
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y06(r) = o(EP,ryr rr )(z). (2.s)

th€oroD 2 has th. shlnlnS vlrtu€ ol conblnlna lhs trccBsary condttloB tor smootJr

progrannlog and tha onca tor conv€t programmlng lnto a slngla atat€m€nt. Morlovsr

It covlr3 lub$lootlr progrudntng and tluch Eoro, and ll, !Uos3 lor 6n abstruct con-

surlnl ln thc lorr! ol 8 € Jf lor .n alblt rry closrd sal .(. foflnulas for calo{atlng

th! nomst conr lgr(r) tn pqrucqlar car3s can th€n bo lard lo achl€ve addltlonal spc-

clcllzatlons.

What Tlt€orcln 2 do.g 
'1ot 

dg ls provld€ any lntrrprutatton tor ghs nultlpllers ut.
ttr ord€r to arrlvc al luch an lnt rprot llor!, ti ts rcad$ary to look nore cloEcly at t hc

prcp€ru€! ol thr nlrr8lnal lurctlon

? (u ) = ogtlnal valu. (lDttEur) ln(Pr,), (2.6)

thlr 15 an .rl.ndrd-raql-valu; functlon on ,lr lrhlch is lgrsr aqnlcqnunuolg wh€n th.
lollortna ntlld inl.0ou'td.dfiess condltlo'l l3 tEltlllrdi

for c6ch rr- € .n', q €.8 and ! > 0, thr sot ot aU r € tr

latletyrn8 t (r ) 3 a. fu (z ) tt i2 +c lor t =1,... ,.3. qtd

Er-a3gr(.r3Ar+s to!' tsr+1,.,.,n, is boundod ln ]?a.

(2.1)

Th|! condltton algo lDpllrs tlrat to. sach u *lth p(s) < - (1.€. rlth tho constralnts ol
(P{) coNktont), Lb6 sot ol all (Slobauy) optlEl solutloDe to (Pr. ) ts nonenpty and cottr-

Pagl,

ln ord.r to sLat. th6 natn grngral rrsolt, wo llt

Y(tr ) = 5sg q1 og rtupltor eectore , lhqt satlelt (2.1)

for !oD! optloal solullon . to (Pr).

(2.8)

THEOREII 3 GockdsUrr [13]). Sr.!tar. tA. itlFoot ttd.dntas cotdttion (2.?) is
sdtl€|tr d, Let ! C. st ctl th&t ttw cottst?[lnLt a, e{, rl'o ce'rsl,al.nt .trLd evttv
oltt7rld,I aohtti'on. ao (Pr ) s4tte,t s 

'^. 
ct?tsl"e',|'t qitelulcilLo (2,2>, fhen 6pG/,

lt q t1o'rat,f,pty co''c{t E.a lttlth

0F (t ) c ao Y(r,. ) and ort at (s ) c Y(ir ).
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ertr.^e pol^ts). In pa,ttldrLcr p ls(uhe?e ''€:{L" denotes

e"ound u ulth

p'(u;rr ) < sup
,€y(u)

Iocd,IIy Lipschl,tzld.n

(2.L2')

tt.h Jbr Ell h. (2.LO]

a locd/ Ll,pschltz coi-lndeed, o:./!v tr scrtqtlrltg ly I < f, .ltr .,lt y eY(u, sezrrs cs

sle t:

lp1u"1-71u';i<IIlu"<t'l lulhet t' errd u" orn. neo.;? !, (2.11)

For snooth prograrming, thls rssult was ttrst provod by cauvtn [14]. He donon-

str.ted further tiat ahen (Pg) h.s . unlqu€ optlrnd golutlon r, tor whtch th€re ts a
unlque nultlpll€r vector y , so that 7(u ) = l? i, ttren acluaUy t ts dltt€r€nuqbl€ at s
wilh 9p(r)=t/. for conve: proararlrdnA otr€ knoelr (so€ [3]) th6t E"(u) =y(u)
always (undcr our ln!-boundedn€ss assurlptlon) aDd conrcqu€ntly

p'(ttih) = fid:t yh,
IeY(!\

rd

Mlnlnax tosnulas lhal Slve p'(u;A) ln certalr casos ol smooth prograrntning wh€re
f(rr) ls not just a stngleton can be tor exanple tound ln Denyarov and Matozenov USI
and Rockaf6llar [16]. Aslde laom such special cases ther€ are no torhulas known tor
p'(u;A). Nevertheless, Theor€n 3 does provld€ an esumal6, b€cause
p'(u',h, 3 p'(u;h, whenev€r p'(tL;rr) €rists. (lt ls inter€s ng to note in thts connec-
tlon l,hat becaus€ p is Llpschitzian around u by Thooreh 3, lt ls actuaUy dillorenuable
almost everywheae around u by Radetbchea's theoaeln.)

Theorem 3 has recently b€en broadened ln [6] t loclude nor€ gen€ral klnds of
perturbal,lons. Consldor lh€ paratnel€rlz€d problera

(o, ) minirnize .f(t,,r) over all r satislylng

F(v,s) € C and (u,r) eD,

wh6re u is a p6rarnotgr vBctor ln .Pd, th€ lunctlons tiid xlen+,R and

f:./9d xl3n-Rr ar€ locally Llpschttzlan, and th€ s€ls C c.Rr and D c l?dx.Rn a.o
closed, He.€ C codd bo th€ con€ ln (?.4), ttr vrhtch ev€nt th€ corstratnt F(v,r, e C
would reduce Lo

/r@,ar 3O for i =1,.,.,a,
= 0 for i, =s +1,...,' .

but thls cholce of C is not reqDired. Ib6 condtuon (e,r) €, may oqulvalenuy be
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rrlttcn a9 r € f(u), wh€re f 13 the closBd nullttunctton whos6 graph ls D. It
rcpr€scnLs ther€tors an abstracl constralnl thal can gary wlth r,, A flx€d abstract
constralnt 8 € /( coreponds to f (vr-K, D=Rd xK.

In thlr rnore gono.al settlng th€ app.oprlate opuhaltty condluon for a leaslblo
solution r to (O, ) tt

G,o, € atQ,., + vFlt,z) + tr(e,r) (2.1g)

to. sorc V and r rllth ,t €llc(F(v,tn,

and th€ congtralnt qudlllcatlon 13

the oDly voctor palr (y,r) sausfyhg tJ!. eeFton ol (e,13) (2.L4,
'l

ln flhlch lhe tern d/(u,r) ts onttt€d ls (ti,,.)=(O,O),

TIIEoREU 4 (Rockafcuar [6, !8]). .S4pposc thot I ts c, aocatty o',tt'je! sol.4tto7-
ao (Q"> at t/,lLlch th. const"cial quctiJ'Lc!&on (2.14) is so!i,Vt.d. m.i thqe i,s a
tt tl,tLpli." ?eL" (y ,.') such thd,,t th. o'ftlt alltV condl,ttot (A.13) i,s salisted.

Thsoren 'l roduces to ths version o! Theor€m 2 havlng (2.3) ln plac€ of (2.1) when
(O!) ls t k€n to be o! thc forrn (plr ), narngly erhen

t (v ,t)'s(.), F(o,z ) =c(r)+ r.,, D=i?'r x ,( (r?r =r?d ), and c ts the cone tn (?.4).

For th€ corregpondlng verslon of Theoren 3 in tearB ol the darglnal lunction

?(u) = optln- *o" tn ,t,r, (2.15)

wa tak€ tnf-bound€dnls3 [o lncaBi

For each iefid, ae]? and .x), th6 s6t of al! r (2.16)

satlstylng for eon. r,l wtlh lr, -i lc r

lhs constrahts F(v,c)ec, (e,r)ED, and

havtng /(rr,r) a a, 13 boundod in l?t.

Agaln, this properly ensur€s that e i3 lower sertlconunuous, and that lor every u for
ehich the const.alnis o! (eo).ro conslstcnt, the set ot optimal sol.uuons io (g,) is
rFn€npty ard cobpact. L€l
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Z(?r) = set of aU vocto.s a l,hat sattsfy the multtpiler

condltlon (2,13) fo. son€ optimal solution

r to (O!) altd vector ?.

THEoREM 5 (Rockateuar [6, !8]). Slrt"ose ltre inl-bolr,ndedness condltloi (2.16)

is seaistdd. Let v bc a'Jcb thd,a the cn tstrolvas d <4) d,ra consleta'a a d every

optlmal soltttlon , io (Or ) sctistss th. co stral,nt quc,ll.ficd,aion (2.!4). thsa Aq (u )

ls a ,Lonernptv compd,at sea trith

(2.L7)

(2.18)

(2.19)

0q(v> ccoZ(v, end, exL0q(v).2(t\.

I^ polticulo.r e is tocally Lipschiazidn around v ?,Jlth

q'(?;rt) 3 snp z.h Jb" d,U lL,€ztlt

Anv \. setiqfuing I e | < L 1t, ottr t e Z (u> se r.s as a toco,l Llqschatz co?vsae,ntl

lq@")-1@'\l=Xlt"<t'l lr/h.n v' d,nd 1)" o,"a nedr ,, (2.2O)

Tho g€n€rality of the constElnt structurg ln Theorem 5 wtlt makg posslbl€ in thc

nert sectlon an appllcatlon to th€ study of rnqllllunctlons.

3. STIBII.ITY OF CO!'STBAITT SYI'TEIS

The sensltlvlty re$lts that hav6 lusl b€en pr€s€ntd ar€ conc€r'tred with what

happ€ns to th6 optlmal valua ln a probl€rn wh6n paliam€tear vary, It lurns out, though,

thal th€y can b€ appllcd lo th€ study of what happens to the feastbl€ solutlon set and

lhe oplinal solutlo[ sel. In ord€r to €rplaln thls and lndlcalo th€ nraln r€sulls, w€ nust

consider tb€ klnd of Lipschllztan property that pertalns ta bullttunctlors (s€t-valu€d

happlngs) and tbe way that this cao be characlsrlzed tn torr6 of an associated dis-

iance funcuon.

Let f:,Rd38n b6 a cloi€d-?.h€d nultllEncltoa, i.6. l(r,t) ts !o. sach !, €8d a

ctoscd $lbset o! r?n, po3sibly eEpty. the Douvatlng €latDpl6s ar6, lt!'st, f(?) tak€D to
b€ thc s.l of aU ls6stble solutlorE to the paElstorizod opunlzattoo prcbte.i (Qu)

above. .nd !€cond, f(rr) tak€n to b€ th€ s€t o! .11 opttnal soluttons to (e!).

One says thal f(!) ls toco,Ult Ll,pscrrtlzi!.n around 0 l! for all i/' and ?./ " ln soms

nelghbo.hood of e on€ has l(u ') and f(e ") non€mpty and boundod wttb



71

f(e) = Ir li(u,r ) € c d.nd, (u ,r) E Dl,

Svppose lo/ e givet v thd,t f is tocd,ltl! bou,^d,.d o,t v,
it ith the co?strei^, qud,Ltficatlon (2,14) sd,tisl,ted, hl
loca,Uy Lipschl,talora droltnd ! .

the pro.Jectioo of the tangent cone TD@,.)cRdtR"

on .8d ls all of Rd.

CoRoLLARY. .1,.f f| r?d 3Bn b€ d,ny ,^!,tttr)7.cfi.on uhose gTgrp]/.
p = {(u,z)lzef(u)Jls cros.d. strF?oa. fb" d, give7. v thd,t I is tocalty bou?L.!a.! o,t u ,

dvd tJld,t l(e, ls no?"er ptll utth th. lou,ouing cortdifi.o?t sd,&s!1,.d lo" ev.nJ E el(v)l

the o^ly v.ctot z ut th (.,O, € tyD(i/,r ) is z =0. (3.5)

fheft f is loco,Uy Lipschitzld,rt c,found v,

The corollaay is Jus! lh€ case of lhe theorem where the const atnt.F(r,,,) € C is
trivializeal. lt corresponds clos€Ly to a result of Aubin [1?], according to which I ig
'bseudo-Lipschttzlan" relatlve to tb€ parucula. patr (t,,r) wlth , € f(u) if

(3.4)

and, thd,t l(v, i,s 
^otLortaat/

euerl/ z €f(u). frlsn f ts

(3.6)

Condttlons (3.5) and (3.6) are €qulvalent to each oth€r by th€ duallty between i/r(u,r)
and. fDh),r).' The "ps€udo.Llpschtzian,' properly of Aubtn, whlch wiU not be defined
here, is a suitabl€ locallzatioD of Llp3chitz conunuity whtch tacllilat€s the lr€atment ol
rnultifunctions I wlth f(r, ) lrnboundsd, as is hlghly destrable to. other purposes llr
optimization theoay (for lnstanca the treltment ol epigraphs atependent on a param€ter
vector u)- As a matte. ot fact, lhe results ln Rockafollar [19] buud on this concept of
Aubin and are not titnlted to tocalty bourded mulufuncuons. Only a spoclal case has

been presented ln the pres€nt paper.

This topic ls also coDn€cted wtth lnteresung ldeas that Aubtn has putrued tow.raalg

a diff€renttal th€ory of nultlluncttons. Aubh dofln€s the mutttfunc on whos€ g!,aph is
the Clarke tangent coos lp(u,z), where D ls tlle grapb o! l, to be th€ d.rtt)o,Uvc ot f
at ? relallve to the polnt r € f(?). In derotlng thls d€rivaltve nollttuncuon by f;,r,
we have, because lr(r, ,r ) is a clos€d convei coDe, that f; r ts a crosed cot:!vo, p"ocess
from ,i?d lo ]?t ln the ssns€ ol convex analysls [3, g39]. Conve: processes etre v6ry
much akin to Llnear l!.ansformallons, and there is quile a conuez o,Igeb"d,lo:. lt,em (see

f3, $391, t191, and [20]). ln parttcular, fi,, has an 6;qiol7"t fi,.,: ntriAd, which turns
out in this case to b€ the clos€d conver process wlth
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sph f;: .l(u,z)1e,.-1') € fr(u,r)J.

ln thesg l€rlns Aubln's condltlon (3.6) can be wrttt€n as don f;,. ='/9d, whereas the

dual condltton (3.5) is f!,:(O)=10J. The latter ts equhElent to f;,'r b€lng locauy
boundod at the oritln.

Ihere ls too nuch ln thls v€in lor w to brhg torth h€r€, but th€ f€w faci.s we hav€
clted may s€ave !o Indtcate sotr6 new direcuons h whlch nonshooth an6iysls is now

tolng. lle rnay soon havs a hlghly devsloped apparatu3 thal can b€ appliod to the study
ol all kindr ot multlfutctions and ttrerGby lo subdllf€r€nllal nulufuncuons in particu-
laa.

for eratnple, a9 an aid ln the atu]ysis of ths stabluly o! opuhal sotutions and hul-
tlplier vsctolE in problern (Q,), one can take up the stud), ot th6 Llpschitzlan proper_

ties ot the multifunctton

f(u)=5e1o1"9 (r,?,2) such lhat r is f6aslbl6 llr (Orr)

and ths opttunrlity condltion (2.13) is satts?t6d-

Some resdts on such Lines ar€ glven ln Aubin [1?] and Rockaf6uar [21].
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