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ABsrRAcr. M imal monolone relations se e as a protorype from
which propcrlics can be derived lor lhe subdifierential reLaiions associated

with conlex functions, saddle functions, and other important classes of
flnctions in nonsmooth analysjs. lt is shown ihat the Clarke langent
cone a! any point of the grapb ofa maximal monolone relation is actually
a llnear subspace. This facr clarifies a number of issues conceming lhe
generalized second derivati\es of nonsmooth lunctions.

,(.r t/,rr!: Nonsmoolh analyen coalex tuncrions, naxinal nonoLone relatiors,
gei."r'c..eco ooeir...Lo r '10rr1 od

RtsuM6. Nous d6duisons, grace i 1'6tude de multi-applications mono-

tones maxlmales, dilclses propri€res relatives au-\ multi_applications sous

gradienls de fonctioDs converes, fonclions de selle et autres types de fonc'
tions importants en anaiyse sous-dijl6rentielle. Nous montrons, qu'en

toui poinl du graphe dtne multi-application monotone m:rximale, le
c6n€ tangent, au sens de Clarkc, est en r€ali!€ un sous-espace vectoriel

Ce faii cclaircit ceriaines questions concemani les deriv6es g6neralisees

du second ordre de fonctions non-din6rentiables.

n-l./r.&J r Analyse rous {lillerenlicile, fonctiols co.teaes, muLti-alplicarions nono_
tones maxrnales. ddrivics CanCrahCes de second ordre, variei6s lipschirzienDes



1. INTRODUCTION

Gcn€ruli^d lheories ol dilTerentiali or in convex analysi$ I2rl and more
recerltly the nonsn1ool! anallsis ofClarke f,tl Bssociate !rith an e\lended-
real \rhed iunclion / ou R" tr Dntlrifunclion lsel \alued mapping) af Nith
graph iD Il" r R". fhe .lcmcnls ol ,/irl il|e called the subgradients or
generall,/cd gr.rdic.ts ol / ar r.. aud lhc! l1re used ir characterizing (irst-
order der'iratile froFerlies of ./ such as lLte inporturt esDccially in l]le
anabsis oiproblems ol oprimilalioD- Sincc second order properties could
be useful in such anallsis too. therc ha\€ bccn \'arious irrrenrpls ro errcud
the opcrsrjon ol sr bdi ll cr cniialioll lrom / to .rI No simplc approdch
has sccfied enrirely satisfling. l$\'ever, so this arc.i of rescarch js still
in a nat.. ol llux- The Durpose of thc present artjclc is to eslablish a nunrbcr
of facts tlral should help to claril rhe siluarion and shed ]ighr on rhe linils

Conver lurcllo { h(l'e heen the main focus lix $ori{ on generdli^d
second dcrivati\es. The classical theorcn of Ale\andro\ Ul sa)! thar .l
6nile con\,er luncrion on an opcn con\.ex set is r$ice dilltrcnriablc al osr
elerl\lhere in ihe sensc of halirrg a second-order Tallor's erpausion.
Alcrandrov s proof is couched in I geonctric ]anguage tlaL is nownda!s
ha.d Lo follow. but the same thrfig las been proved in terms ol rhe rleorl'
oI dislributions bt Reshetniak l2t)1. It is cbsely connecled lvith a rcsuh
of Ntignol I/6. Theorern 1.31 accordhg Io $hich a m ximal monotoDe
relrtion is once differentiable alnlosL er,erywhere on the inteior of tts
elfecti\'e donarn. Indeed. whcn /r R" - R - I + r,I is conycx. lowcr
semiconrinuous and proper (not idenlicalll + :.). the subdillcrenrial
relalion i/is a ma\imal monolone reladon whose etrecti\€ domain includes
the irrerior ol ihe con\ex ser dorn f :.1 r /(j) < :. I (sce lJr. 

"s211).Tle drowback witl rlvice dillcrcntirbllil} jn thjs classical seuse, ol
course. is that ir lclls us nolhine nboLL! lhe behavior of_l at boundarl points
of dom/ or inrcrior pojnls Eher€ /has a < kink '. Such are ius! rhe kirds
of points wherc the minimum of / nln_! occur. so ellbrts ha\e been fiade
lo inclxde then in somc generalilcd deinitioD of secoud derjlative. Ore
approach, lollowed by Lemarechal and Nurminski I1-il. Auslender 16l.
and Hiriart-Urrut! [/J] [il] has been Lo eriploil certain propenics of
rhe support lunction ol the . subdifferenlial f./(n) of I ar I as rj I 0. Thh
jdea is molilated by compuotron0l consider'arions. bur il o y lcads in
general io ( approximdle , second deriralives. 0 d il is limited in concept
io thc cnse of,l con\ex.

Another app.oach has been ro consider ungenl cones of various kinds
lo the grap! ol .'I and view thesc as the gr0phs ol derirad\,e relarjons.
This approacl has been pioneercd bv Aubh ljl. $ho hRS obsencd in

inhti\.L ! lt;ii t H. ,iPrrte,?-.\tr31r!u non li iiue



particulrr fiat the Clarke langenr conc aL a poinl ol rhe graph of d is

rhe graph ola closed con\c\ process \hjch. ill is con\ e\. is iriso a Dtonolorle
relation. Aubin hrs used Lhis concepl along with suriacti\,it] condiLions
ro derive Lipschitz siabllil) lor thc optimal solutiolls t!) a pari leteri/ed
class oi convex optimizatioD problens in rhe ferchel dualir] fornaL

The rcsuh! in lhis paper \\ill sho$ thal the kind of deri'ali\e inulti
lunction lhat occuls in applications r)l this second ipproa.h ir cNallt
tle in\erse of a lirear lranslbrlnalior. Onc concl sion lo be dr8\rn is
lhal the cascs {here this approAclr \\'orlis ar-e nmre special rhan h4s beer
rcalized. On lhe olher hand. it r\ill blr seeD rhal the propcrlies iD such
cascs ure also Duch slronger than reported- Furlhcrmore lhc proposcd
deri\aiiles lor a/ c rr bc chnracteri/ed i tefln\ ol linrits ol second'order
dilllreDce ctuoti..nts l l thai can make sense cver al poi s rvherc I is
n!.1 s$ooih or coDtinuous.

Thc plan of lhe papcr is to tleat lirsl the graphs of ma\imal Dlonolone
relaljons and relnted nulihrDctio s which can be rcgarded as Lipschitzian
maniiolds of a ccrt0iu !ort. The results !1re then applied lo the subdille-
rendals ol corrrex luncrjon5 rDd tied ro second dcrivatile propertics oi
the functions themselres- So-called loner-C: tsrrongl; subsmooth) func.
tiors are co|ered at the samc !ime. ErtcnsioDs Io s^ddle funclions. and
other fr.nrclions llar occur as thc lagrarrgians in opiiftizalion Fr'olllems
\'ith connraiDts or pcr lurbarions. *ould be possible. brit \rc do not pursue
them here. duc 1lr lack ol space. For surplicil) se limit arlention 10 Ri,
afthough mosr ol (he rcsults hare some infinirc-dimel)sional analogue.
al leasl in a separ4ble Hilbert space.

]. LIPSCHITZL,\I{ ]IANIFOLDS

A luDction F : U ' R''. where t-r is ope io R'. is s,lid Lo be li,rcl?lt:tdn
(\\ith ktuLLtlrs.,t) if F(,1) -F{ll) S; l'-u lor nll land !'in U.The
classical thcorem ol Rademacher [26] asserts that such a function is dilib,
rcntiablc allnosl cverv\hcrc: for almost ever! u € U therc is a linctr (rans,
fo|rnation A : VF(r/) such thLrl

F(r/') : F(!l + A('r' u) + Dt u' - u l.
This obliousl! sa! s solnelhingaboul thc!eomet.! ofthegraph set

ethF:1irr.r) r/€U r= F('/ll- R"' '.
Oxr ailn is ro Lrtilire \uch geomctr! in thc studl oi cerlain impo[ani
cl:rsses ,)lsets lhJlt ntr) nol al lj\l appelr l(r bc rhc grnphi olLipschilzian
ilLnctions but can be jlrlerpreted as such thh)ugh change in coordjnarcr.

Thc lbllowing c()nccpt rill be uselul ,4. subscl Nl ot R\ $lll be callcd u
, Lfut(hit:iun nlnilbll if it is locrLlll represenrable as ihc grath ol Lips-



chi!/ian iunction in the scnsc thal: ior cvcry t E M there is ar open neigh
borhood X of t in R\ and a onelo-one mappirlg O ol X onto an open
set in R' x R" ($here tr +,r: N) wit| O and O t continuously dilT€-
rentiable. such fiat O(M. X) is the graph of some Lipschitzian func-
tion F:U ' R'', where U is some open set in R'. Clearl)r Lhe O and F
in this delinjtion are noi uniquely determined b] M.ndt,bu! thc integer n is.
11 is lhc dimensioD of M around -r. and iL nusi iri lact bc ihc same for all
rE M if M is conncclcd. jn wlich case one can appropriatell speak of M
as a Lipschilzian manilolt ol dinpn:Ji.r1, nl RN. An inmediate eriample
is the lollowing.

PRoposrrroN 2.1. I F:R" + R'" is lourlly Lilischil.ian, then the

srr Nl - gph F is a lipschitzit menifaA of tlinenidr r ;, R" x R".

For a less obljous erianple that {ill be of erear jnterest to rLs later.
we recall ihe rotion oI maxjnal monotoniciiy. A rehiion or mutrilunc-
tlon D : R' ; R" (assigning to each r e R" a subset D(:.) - R' rhal mishl
beerpr,' ' -d abtnon.,n" n re..n.( ot \4nJ /-l li

(-r, ir.(], r,)=0 for all ',,rr, aDd ),ED(f,,). 1,'ED(r,1.

I i,,-'a.i,1, mJn.ro , ll n a".U.;or. i. g:pl

eph D - I (.r. _0 :. e R', rj E D(-t) I

is mnxirla| or in other $'ords, il llere does rot eriist another monotonc
rela n I :R R l-tr :nC gn I - elr D. pp I Bf D. rl \er\
monolone relation can be ertended to oDe $hich is marnnal in this sense.)

The strdr' of malimal monorone relations is closely connccled with
the studt, of subdillfrenlials ol conver lunctions l-2r, S 14 l. saddle lunc-
iioDs [r0. SJj], lower C':lsrrongly subsmooth) lunctions l2ll l22l anC,

other topics ofimpo ance in nonsmooib anallsis.nd vaiational theor].
Right row lve need only mention the fact (see Mlntt l/71) that if D is
maximal monotone, then the relation P: (l + D) I is actualll, a singte-
\alued mapping of all of R" into R' which is nonexpxnsjle, i. e. globallt'
Lipschitzian $ith modulus r : l. Tbe following is essentially well lno$n,
alrhough li has not previously been expressed in lb e language ol Lipschitz ian
manilolds.

PRoposIrIoN 2.2. I/ D:R' - R' is nar rrl lnonototl(, th( the
sct M : gplr D ;s d ltrsLhiLziut nltnii ofrlilne,s;rn n i, R" r Rr.

Ptott. - Let P:(I+D) 1as above and also Q:(t+D )1.
Then P and Q are both LipsohiiziaD (globally), s cc D ' as rvell as D
is maximal monotone. Furlhermore one has

(-r. _rl : (P(r), Q(d) + _1,eD(r.-) and r+r:,,.
)nr.h: & I lnnnrt Herti Prir.
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(Indeed.lor anyr rhevecrorl(Llrs the unique-rsuch that r € (l + D)(:r), i. e.

, r E D(r). Then x r must correspondinglt' be the unique I such that
,: )ED 1(1,),i ell -r lllusi be Q(1]). In pariicular, P - Q : L)consider
no\r lle linear transformation

o(-!, r,) : (r + _r,, I I),
which is oneto-one ffom R' : R'onto R'r R'. Trl\,ia1l,\', O and O I
are ditrerentiable. The inage of M : gph D under O is evidenll] thc set
of all pairs (1. ,) such ihat 1, : P(,) Q(,). Thus i1 js thc graph of ihe
Lipschitzian functim F iR" + R", $here F: P Q:zP L This
demonstrates that Nl fits fie deilnltion of Lipschilzian manifold. !

CoRoLLARy l.l L.rF:R'' Rbe a ckxed proper can';ei Jtncti l,
dnd leL tl he the sfidifercntial al I in the se se o1 ca e\ analrsis. Then the
sdt M : gph .l/ ls d L/lsthit.iun tnaniJold aj donc,rstortl r, R' r R'.

PtaoI. The relation D: {is mardmal monorone. as is $ell krownr
cf. [20, S 2a]. !

.o!.ll\R\ '.4. L l :R R , R .. ., ..o.J |.op, ,t,,,
funoia Otith L(.x, )) ( a ueri x, (oru:ar in )). anl Let tL be the subdilfurcn-
tial olL in the sense al (ont:ex dnaL1,:is. Then the sel M: gph .,1L ts d ris
thit.ian nunihu of dinenskn n + m ,? (R" x R"') x (R' t R'].

Pftxf. The definilion of iL ]s explained in lrrl. .ri l5I alo g .'\irh the
concepts of ( closed ) and < proper r that are required here. It is show
in [21] that the li ear tran,,formaLjon

lr- r'. ti- zl - (r. r,.lr. z)

lransiorms the graph of f'L into a marlir1al monotonc relaliori. !
(lne o lhcr casc descrle! erplicjt neniion. Recall that a funciionj : X - R

'vhcrc 
X is opcD in R'. is called lo$'er-C2 [21](strongl) subsmoolh llzl)

ii cach -€X has a ncighbodrood on $hich I can be rcprcscnlcd as a niax
of Cr tunctions:

/( I n,'"(/).

where S is a compaci lopological space, each .9. is twice dificrentiable
or the neighborhood in quesrion, and the values of g" and ils lilst and
second partjal dcdvatives are continuous jointly in -y and s. (Hcrc S could
iD pa cular be a finiLc set in the discrete lopolog].)

ConoLI-ARy 2.5. LeL | : X + R ne lo]l.er,Cz. rr/rr:rd X is.)pen inR".
ahl let be thc Cl.rke tuhdilfetenlinl ol f. Then rhe ret M - gph ,t,s d
Lips(hit.ian ma ilbl{l oJ dir?nsi.n n in R.



Pfudl 1n a loc: ( ma)i retreserlation , olJ such.rs above. the Hessian
matrices V:g"l.r) are contr uo us in r and r. and ihoir €igenlatues are rhere lo I .
uniforml,v bounded belolv as long as.r rcmains ir a compact se1. Th|i
it is possible locall} to lird a \'alue I > 0 luch that {hen /l is xdded 10

all these n]atrices. one gers olly posiLirc dclinile matrices. The corres
ponding function! g,{ l + (l,ll i : .rrc thcn conrel locally. aud so js

.lt.rl + (trll -\ ':. In other $ords.lor xnr -IEX ihcre is a ll > 0 such that
lhc lunction /(-9 + (4]lli-\ I is convex on somc neighborhood ol t.
Choosc a co[rpact corler neighborhood C of - that is contained ir a
ncishborhood of the tvpe iust n]entioned. Tlc llLrction

{2.1) l(..): /(.11 + (rri2) .r I + r,.(f).
where lr( rs the hdicaror ol C is thcn closed proper conlex wrth

(2.1) ar(.r): nll.rl + ILY lor all '1einl C.

We knon lrom Corollary 1 that gph .11, is a Lipscliuian manilold oldill1en-
sion ,. The li ear lEnslbrnation (r, _\,1 i t:'.1.+ lLr). \rhich ob\iousll
is inleriible- identifies lhe portrcn ofgph.'/ lying olcr int C \\'irh lle cor-
responding porlion of gph ii. This sho$.s that the porLjon oI gph fllting
'''.r i.r .,a lit,cL,r,,.,n r. r.f,i. o nm<.r, ru".

l. TA\-ctr\T SP,{CES

For agcneral olosed set M - R"andapoiDt reM.1|erearelwoconcepts
of t.ngent cone that har,e receir€d much attentio ir nonsmooth anal]sis.
The conlngent.or. 1or Bouligard tangent co e)ls

KM(-) : linr suf r 1[M -].
whcrcas thc Cldrte rd'rgcrt con? is

TM(i : lnr inl. I|v rl.
:10

rG\)-i

Both cones are alwat's closed, but thc Clark e iangcDt cone is also .rr r. ' [9 ]
[r-]l; morcovcr

n,(J=l : tjn inl Kv(r)
!1:MJ_-

(scc Concl l11l and Pcnol U8l).
The concepl! ol scl limirs thal are emploled hcrc arc thc usxal ones

(see Salineltj and Wels []71. for instanceli lor a scquencc oi nonemptl
sets S. in RN. one has

(3.1) li supS,:1r' lr,Es,suchthat is a c]uslc, pourt ol I r , I l .

,1.1 lrn |r \

.|rrdl.\ d! l htrln!! th.nti t,i,l



l7:l

(l.il s : Jirl S, il S : lim srp s, : lin] inl s, .

Th€ classical conc€pt ol a flincar) r,r(snt yd.! to M at i relcrs 1o a
subspace S of R\ such ihat actuallr-

s lr , r\l -
(in $hich case S: KM(-ii in particular). \\rrcn suclr a slLbspacc crrsts.
we sry N{ rs srxr.rA at -i. If actualL)

i3.5) S . li,n . jfM rl

(in which case also S : TM(-l), we sa) \4 i\ st.idh .r,rorr, a1-.
ln ipplriDg these concepts to .l Lipsc|iizian manilbld, $'e shall need

to relaLe lhem !o dircctional di$crcnliabilily properties of a furction
I I R . rl,i. I r. open . R . \ ..r 'r - P i e ",e-.Je.
tliil'oiondl dttirLtLil)e \i1 thc ( Hadimard sense r) oI F ar a poi.L rr. LI
$irh respcct lo n \cclor lt:R" if

fl 'tr r f(ar
,1. b, l' i. ILO 

'i-t
One then writes F'(t:il : a h is said to be a srrlzr direclional deri'atjic
il aclualh- l, ,,, lr.1.-, I r

I
@.,) 'li,I]

Whcn Fis Lipsclitzian rhelimiisl, - t arc s uperfluou s in these formulas i

one caD then jusl lake , = /r \lilholri changing the limit val,res.

Dr"(( r-oil ]o Ir ', ne,n.rl.. lr,./l'eri'' br "lr 
I R.r

lLn.rion o.;: rh( n(..r r nn5lu.mflron i t'.r,:l .
rhal we denolc b),- VF(rl. Wc call F rticrlt, /;&r.,rriali1 alt il t|e sarnc

I'uld. or'r I-.r.: r... '... J,r.,r"1,1 Je ''ri'- "^, all t

PRoPosrrIoN :1. l. /-?. F:f: - R"'. lrhr. U . R" ;s o1rr. td te U
dnl t : l(tl. :o rldr (t, r)E Nl ,: qr| F. r/re,

d) M ts rridorlr dr lt.a) f d d anlr ilF is dillere tiablc atn. in||hi& c.$.
ttu tang?'1t spact:.o Nf d (t.t) lr S: gph VF(L)I

b) M ls srri(rll 
"-,rrdti .rL (.1t. t) il drul onl\ jlF is stid^J tli|laroltiable uL tt.

Prool. Thelc facis are classical iD nature. T|eir prooll $hjch js teft
to lle rcader, is jus! a matter of expressirg classical notions m the tan-
guage ol set convergence (for $hich lle adcle of Salinetti and Wers l27l
providcs approprialc tools). !
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THEoREM 3.2. Let F:U - R be Lipsthitzi.t . nnzr. U - R' is

orcn. LettEU .lt1d 1': Flt), so thd, (t,a)EM,:sphF. Tlrc the Clark(
ta g.ti canc T/l.r.i) is t1.t iust a ca c but a (.1tP,r) rrnspd.t d R' I R'.

Uto t1o. h. ) TN(r,.Jr i r'J "'Jt il f v;ht ; -' " ,i .1'/. 'ioaa'
deriMtiL)e. Mareot)q this is tue if antl onlr il
(3.8)

(l.e)

|,,r.re U' : i r E U F is t|leftntiabLe at u \.
Proot. According to definition (3 2) one has (t I)ETM(,,.) if and

only il ior every sequence (r, , !,1 + (t, a, in ]U and every sectuence r" I 0.
therc is a sequence (1,, t,) + (t,I) \\,ilh (u", ii,) + r,(r,, k,)€M for all r.
Since M : gph F with F cortin ous, this condition reduces to the followingl
For every sequencc 11" - t h U and elery sequence t,.L 0. there is a
sequence l, + I with

Lim lFll/l/r : (.

F(&,+t,ll")-F(u,)
t,

But F is actually Lifschitzian, so

F(&" + r,r") F(r" + t:b 
= 

)"1, h, h

lor a certain nodu]us,,,. The ]ilnil (1.9)is thcrcfore unafrected ifr,is replaced
simplt, by t. Thus the co dilion is: ftrr every sequence a, - ll in U and
elery scquencc t! I 0, one has

,10 t

where r' : & + tr. u : u' th, so if (r, l)e TM(', tJ $e musi also have
(-r, - L)€Tu@,t). we already know rhat Tilt, t) is a convex cone,
such being true alwals ol the Clarke rangenr cone. so we can conclude
from this property that TMF/, tJ is aciually a subspace.

No$ we need to vetly (1.8) as tln alternatjve criteion for (3.10). One

F(ll, + r"7;) - F( 
")

ar

In olher ,"vords, (E l) € T,,(r. r) il and ody if

(3. 10) 1im
F(,l + rl) F(4)

xhich asain bt' the Lipschitz property is equiralenr to (3.1). the deinnrg
condition 1br a strici directional derivatile. Clearly too, (3-10) can be

F(u') Flu' th)

)\t,hr dt t lhtt4 tttr);Pa I nr. 1nilJ.<nutrlnirird
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direction is eas): jl(i. 10) holds, then in pa(icular (3.8) holds. inasmuch as

vF(r)t : F'(,;t): lim
F(& + /l) F(,)

foll'/Eu'. The opposite direciion ol argument relies on Radcnacher\
theoren. i. e. ihe fact thai U'dinbrs lrom U by onl' a set ofmeasure zero.

we can rake t + 0 and assumc lor simplicity that U is a bounded open

cylinder $hose a{s is in lte direction of t: There is an open illerval I
. r.air ng 0 .u.l- .har e\d\ . c l i..rqlei) ol elom" tr or

.one / lrndr nrhcLl..lD ,,l.' t 0.te.er o o"r.
(', l)E D x I such that r' + .,t+ U' is then of neasnre zero, and so roo
must be its I cross-seciion lor almosl clery *-€ D (as follo$'s from Fubini's
theorem when applied !o the jnlegral expressing rhe volume of the set

in quesiion). ID particular, therclore. lhere is a dense subset Do of D such

thai lbr cverl lr e D0 one has )r + rre U' lor almosl c!cr) r e L Then lhe
scl Uo : llr + rr lir e Do. t€ I 1 is dense in U ard has the property

r... u..cr), 1 .tc., " cRvr', ,, t l'.r u iet -

Invoking no'v ihc assuinprjon thar (l . 8) holds. $ e consid er arbiirary r > 0
and choosc acorresponding t > 0 such rhat r'€ U when 1l' t < J and

i NF(u')h 
=E 

when rr'eU'. u' u <6.
Next $'e choose a > 0 sma1l enough that

lu+rD u <.J \rhen 1l t <z and r€l0,zl.
Then the sel Ui: {"EUo u , < q J is dense jn a nelghborhood

olt and hns the property thai lor all ll e Uf , one has for alnost every r E [0, d]
that VF(&+rt) exisls and t-VF(r+xr)l, 

=c. 
The funclion r + Ffu+tl)

is ilsell Lipsclilrian and ther€lore is the inlegral ol ils de.ilatire, $,hj!'h

is VF(r + rr)i) alnos! crerywhere when 1, E Ui and t e [0, s], as just sccn.

Thus wlen &€Ui and re 10. i.l we have

I1,. ,r,, lr. l vl , hth'-.
'lir

so that

I Flu - th) Flu) :|J 
" 

-'o,, * -nt'"

$ith Lk VF(r + rhl < r ln the integrand. I! follo$s Lhat

/, lr1+ /tr Frlr)

t

for all I E [0, d] and, € Ul. hence by coDtinuily olF also ior x in the closure
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of Ui, i. e. whenever 1l t I 
= 

1. Since . was rrbltrary. ihjs dcmonsrrates
that (3.10) must hotd. Thus (3.8) does impl) 13. 10). n

CoRorLARy ] i. l.t F:U ' R"'. r,.r. tr - It' is .rrrr /./ tEU
is \u:h L hdL F' lr : h ) cxist s u s d sn it t tlit(tion.tl derit.ttit:c Jbr a ct j h e R".
//rdr F i! nr /ik. rtri'rlr rliliu dxial)k ttt.

Prcol. An elenent y compaclness argume l demonllrat.s thxt iI
i|e linir in (l 7) elisis for every l. ther rle dillcrcncc quotierls in (1.7)
must be uilbrml] bounded in norm rvhe t bclong! ro lhc udl b.rll .urd /

belongs 1l) an inrervil (0. c). Ihis implles F is locall) Ljpschtzian. When F
is Lipsclitzi.rn around t. howe\er, Theorem l.: is applicible and srl\

I (1, /,) f'(il; l1r : L sl'icily I

is a subspace of R' x R''. A subspacc olsxch special lype is rh€ graph ol l
line transformarion fron R'!o R'^ ifxnd onl! ilits projecrion ir rhe timt
argunent is all ol R". !

CoRoLraRy I 4 ((llarkc [r]). L(I F:\l - R"' te Lips.hn.ian,
rrlrrr. U -R'i:toret1. LetreL nd l(t U' - l,EU F i.\ d.iffetenrnble
tt I l. t ht t1 | i s sl t itt I t tlilk nxiable tt t! il od onl \ il | = \l' tnl t he q)l1nq
VF: r ' VF(r) is to tinuous dt i rclatiE to U'.

Prory'. This follows lron Corollary l.3 and ihe equ 'alcnces ii Tlco
rem l.l. a

The main consequences ol lhese results lor Lipschjizian m.nifolds wrll

THEoREM 3.5. L1LNI he d LiJ\( hit.ia trutriloLl ol dine sianni R\.
lnd lct M' he the set al panus -re N,l rlere M it smaoth,i.e. ddu,1ll\.has I
ranq.rt V.rr. SM(-\J. 7le,

d) l"I' dillets li antM bt anl.t d set aJ ntasure zera i\tiLh teste( L to it tliiilt: -
si.nal Haunlrtfl nedsute). antL lir ett\ -\ ENI' 

'l,., 
rdrgdnr jld.s S\(jr)

b) At (:(tJ i=V the Clatke tatleent tune fMl-l i:t actuallt u sbsrcte al
dinle sion no Rreater Llun n. nantel\

TM(-) : iin 1nf Sv(n.

.) NI ir sr.nlll enooth ai t- jf dnl onl\ il TM(-J htts tlinlen\ian jt This
klxeilonnodt {-eM' an(lth(]nupNinss$: x + Sv(rlis r"r/i,!r,!s dtt

Proof. Refre\enling M locallr" as the graph of a Lipschitran lunction
on ,r, ope !( i R. r , .,h., h' .e ni io r( g( !.r J\., L.n.<
quence olProposition LI fa). Thcu(blfollo$s lrom Tleoren 3 2 rhile(.1

:1 utl!: l! I hrtnlt lhl! Puil {ri.lnalysc non hn;xtr.
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follo$,s from Corollar) 1.,1 ir comblnarion wnf Proposilion 1.1(bl.
(For a sellucnce of r-diriensjonal subspaces of R\. rhc < iim int ) ciDnor
be /r-dimensionel unless it is actuxill a ( lim,.l !

CoRorLARy 3.6. Lrr lVl - sph D. rrlere D: R" - R, ir d ,rd_rnrdl
n1dl.ton( rc\tnidl ot .]t ol the ybdjlletentjal rttiluldbns ensidtet
i Coknbiet' 2 j, 2.1 ot 2.5. Then the t1sset1t,^ (a). (b).nd k) ot Theo-
rtn t.5 hold /.r M.

Ir l|e case ol subdjdirenri.rls. Coroll,]ry L6 h.rs imporrnnt inpjications
for the theory of sccond deri\,ariles ol nonsmoorh lunclionq. Ttcse l\itl
be L ccd in the ncxt sedion. Anothcr consequencc can be statcd imme
diately, however. To do thls $e introd ce tor r mulliluncrion D : R, j R,,

(l.ll) domD: ir D(r) + ,, I. rgc D : 1l .y with -r.e Dt.rl l
'fHEoRrM 1.7. ler DiR' j R" l. dr ri arr.rll,rt 1.6 (at inLle&I,

an,- )lluhilundia rhose gruph i\ d Lbschit.it'l na il.t.l q tutlc sitn ).
ler tedom D 

",1 teD(tl. lrr A :R' - R' tu the mn Luktit)tj nhose
gtaph is th( Ck|le nng.D. .r/rp Tvi-r. rl, Nlcre NI : graph D.

d) l/ 0 E int ldom A). r/,", tEnrt (dom D) dwl D is \i sle-t'ahtett urut
Lirsthit.ian on a neieltuatho l a.l i. ln larl A is a line na slbmlaln\
dnl D i\ sttitt\. literc tiuhle dr - lrn/r VDl!) : A

/r) /fOEint(rgeA). rl,rn r.Ernr(rgeD) antl D | ls sinste-uhkd .tnn
LipschiLrian on t neighborhoatl d t. In tuo A, 1 j\ a Liwo. .tlnsliratwtion.
dNL D 1 is snictll ditlere ti|ttc at I rri VtD 1)t_rl: A 1

Prrol Ob\,iously (h isjLrst rhe aptljcatior of(d) tu D I. To prolc (d)
rve iuvoke the lict thar \{ js aD r-djrnensionai Lipsctilziar manifokl (ct
Propositron 2.2 and Corolkdes 2.1. 1.4, and 2.j). Accordirg ro Thco-
ren 3.5ll), TM(-, t) rs x subspace of R, x R'trrring djncDsion al mosi 

',.SinccdDrn A is b) definition thcprojectio ofTNlt. t,)ir] thc first conlpolr ent_
thccondition 0 E ini tdom Alimplies thar rhc dime$jon otTri{t. ileqrLats n.
I er, q' Lc -(rn : ' r. \l ..Ii.'l\ .m,u,, .,r , l

Considcr nol\- as in lhe definltion ol ( Lipschilzian lnnnilbtd , al thc
beginnnrg ol i 2. r coordinale rransformatior O rhar reprcscDis lvt loca|y
arornd (r. tl ns fie graph ol a Lipschir/ian lunction F : U , R' iwittr L
opcn in R"). Sincc N,I is strlctly \mooth ar (i IJ. so js rhe gralfi of f ar lhc
ponr! (t,Iitl) vliich corresponds to (i. tl; Lhus by Proposition l. tlb).
I, ls strictl) dilllrcnd.rble ar t Ler pllrl: a;(4,4(,1) denote the trornlr'. , \,1 . c.,'.c.D, no. r^r t',, te .. d. r. t...:hiz
on Ll and stricrly dilt.cniiable at r. Moreover rhc range of thc tjnear
translormarion Vp(t) l\ Lhc lmase- urder the deri'ari!c VO '(t. FA)
ol the in\,erse coordinate hnslbrmation, ol the tangen! sprce 10 gph F



at (t, F(t)1, $lrich is the graph of VF(t);lhus it is Tv(t, t). The range ol
the linear lranslormation Vi@) is lherefor€ the image of TM(-! tJ under

the p.oiecrion in the frrsl componenl. and $e lno$ this to be all of R'
Thus V((t) is nonsingular. By the inv€rs€ tunction lheorem (in the Lipscbjl-
zian version ofClarke llrl,lor instance, since the Clarke generalized Jaco

bian rcdlLces to V((t) in the present case) the inlerse { 1 e{sts as a Lips-
chitzian lunction in a neighborhood of t : i(') Tben locally around (t, t

(r,r,)EM e I' : i(4, r : a(,)l e I : 4(( 1(:r)).

Bul M : gph D. Therefore D reduces in a neighborhood ol t to a single-
valued Lipschitzian mapping. namely 4'( '. Utilizing again lhc fact
that TM(t, -r,) is a subspace ofdimension,q, and applying Proposition 3. 1 (,)
to D at t. we see !|a! D musi be stricriy differenriable ai - with VD(':A.

!

4. SECOND DERIVATIVtrS

In applying Theorem 3.5 to lhe graphs olihe subdilierenlials olconlex
functions, saddle funclions, or lower-C'1 luncLions, as is permissible b)
Coroilaries 2- 3. 2.4, and 2.5, we gain jnsight jnto second d€rivative pro-
pefiies of such functions. We shall not attempt here lo develop any general
theory of second derivatives that goes beyond the bounds of the conclu-
sjons wbich can immedlately be dra\,!n in this manner. Nevertheless it
will be necessary 10 consider certain gener.rlized limits of secord-order
dillercnce quotienls in order to formulate our results.

The limit concept we need is that ol epi.orud,,qtr..- which corresponds
to set convergencc ol lhe epigraphs offunctions. The theor) ol sucl conver-
gence can be found in Dolecki, Salinelti and Wets [12] Gee also wets 1231,

Rockafeilar and Wers lrjl). The basic notioN are as follows.
Suppose I g, lis a sequence ofloller semicorlinuous luncljons lrom R'

to the ertended reals E. (The epigraphs

cpi g,: i(r, a)eR'-1 a ] g,(x) )

are closed sels that deiermine the funclions s" compleiell,.) One says lhat

c: epi lim sup c"

if s is si\en by

(4.1) s(t) - lil1] llim,sup t,lnj.,e"(r)11 rot all

C : cpi lim infA,

Arnal.s dt l ltnl,t H?oj Poin d/l Atulys. noi lin&irc



119

if g is given by

(4.2) s(t:linl lim jnli inf g,(x)]l for al1 r.
.!0 '-2 lr ;:'

The firsl case corresponds to

epig:lim,nflepig,l

in lhe sense ol (3.2), whereas ihe second corresponds to

epi g : lim_sup lcpi s"l

ln lhe scnse of (3.1). Onc sa],s that

I : cq';1i. I'
ifboth (4.1) and (4.2) are true. j.c. il

epi g - lim [epi g,]

in the sel1se ol (l.3).
We shall also need the n otior ol a gcnerulized putelt qlludrdti( .ai\ex

function on R". By rilis we mean a lunction expressiblc in lhc form

| (r.2.r Q, il -\,
14. rl ./(\l: 1' I o t q\.
whcre N is a subspace of R'(possibly all of R") and Q is symmetric and
positire semidclini!e. Our notilation lor this concept is the following fact.

PRol'oslrroN 4.1. Let q he t cLosctl proper contie\ lundian on R".
Then lbt the sruph ol the subdit|ircntial aq ro bc d sr/)rpd.. ln R" x R',
it is necessatt and suflicient thtt q be i ge ctalizetl pute]! quadrctic rcn,-ex
li.t ction (up to an dd.litbe enstd tJ.

Proaf. lf{ does have the ioll11 in 14.3), lhen

d4(.r) : Q-r + aly'Nl.Y) for all {
by [r0, Theorem 23.8], where UN is the indicaror ofN and has nrla(r) : NI
for jr € N, atN(ir) : d for jr d N. This means lhat

IEea(.r) + [jrEN tuld f Q-r€Na].
Then gpl dq is indeed a subspace S - R' x R'.

Conversely il gph a4 is a subspace S. which b,1' Corollary 2.3 must
b€ of dinension 

'1, 
let N denote the projection of S in the firsl componenr,

i. e. N : dom iq. Then N too is a subspace (in particular a relatirely open
convex sel), dnd N must ther be the efective domain ol ql

4(r)<qrereN
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lrppl) 1.?r, Theore 23.4ll. Thic nnplies that

{'1.,1) a4(:.) + NL : ;4(-r) lor all -r '

inasmuch as N is n norrnal cone 10 N at e\'err_ ri e N Thereforc

S:S.riNrNl r0. \ I

Slnce dim S : ,r dj]n N + dxn N . rt llnloNs IhaI the s bs| c.
s0 S.i l\ : \l h.ri thc srme drn.rsioD.LS N. Thus ir is the graph ol
a Lnear transfonnatjon O" rN - N. and onc |as

- f Q"-r+Nl il -reN.
, rlrl: 1' td it .\+N

Let 40 be lhc resLriclio ol{toN. In ierms olNral|er l|a. the largcr
spaccR'.weIare(-1./o(.1):jQ,-rl.soa6isaconvcriirnctionlhalisacluall)
dincrenliable elert,l\here wilh V40 : Qu. Tlen the luncljon qo r, {,here
. : 4o(0), has io be purely qladratic:

4o(:.) . : t1i2)-\ Qo lbr all -re N.

and Qo hlrs io be positire scnlidcfinilc. We can exiend Q0 to a positile
se idennite linear transfornratjon Q : R' - R'. Then (4.3) holds for ./ .
in place of {. !

CoRoLLARy ,1.2. Il q is a ge eruLizetl plncL.r qutLlratit canrex [unt
rn r o R". tr.,?.ro ir &e .anjugdtc lutlctia qa.

Ptool: ii7* : 14 1 b1 [Jr] Corollar] 23.5.11. Furlhernore. when
0. Aij(o) onc has 

'l(0) 
: 0 il and only if 4*(0) : 0, as lollows inmediatelt,

lroln the formulas for conjugacy []0, Theoren 23.51. n
In tle sequel we shall be concerred with the second-order difference

(1.5)
^-.,,(rl:

THIoREM,1.3. IA lt R' - It |" d rrr., ttq\,t tom1 luiktio .

dn, l(r M : gph A, ior (t. )eN4r,/rsds,r{,)r/rlbirLrlNt,nisnc|/ssut)
nLl sLlltiult thut tlkt? t\isL u gerctuli:al t)tieL!- quddruti( t:onrex li \:
lirrl r,;.r: Ri + R sr.lr tlur

4ii: epi lin l\i,

d. : eDr lrnr .\. .

/l\ r rr) - /1\) rr ' lr

(4.6)

The sLionget .andition

(4. 7)

tharattetiz5 G, )) as a strittl)i snooth paitn aj M.

dr. Anrhr nor linirire
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Proof. The fxndioD ,\..,,:R' - R is closed proper conrex with

^,.,(0):0and a^.,,(l,l: r l lil(,. + rr) rl.
Thus

(4.8) gplt^,,,r : t'lv - (J..rll

Thc delinjng property for (-r. )l to be a smooth point ol M. namell

li';' 'llut lr"-tl :s
lor some subsprce S - R' : R'. car be lrillcn by \irtlLc ol(,1.8) is

14.e) liT lcph .^r, ,l : s .

Sjnce.a!h oi th. lu.clio.s 
^ri, 

Li)r I:- 0 i\ cl!)s.d protcr conlei with
,\,. ,(1.) : 0. the c\islcnce ol lhe linit i.l.9) is equilxlerll to rhe erislence
ol a closed propcr conlejr luncuon {.i with 4;i(0):0 such thar (4.6)
holds isee Allouch [.]lj. Tlren .?-, musl b. a generalired purely quadraric
c!r.\cx lir.ctiolr by Proposrtior .1. L

Thc stictly smooth casc (4.71 lslls oul in the sanc '\a\ !
A gcneralizcd purcl! qlradralic con\ex function 4-,r sali\ir g (4.61.

Nhen il eriisls. ob\,ioxsl,r serves.ts.L kiDd oI s(.ord,crn?tir. lunclion lorl.
lve shall then \ay tharl is t\ti( tlil|(t(l1tiihle in tht g(netuliztl se|\e aI,
rclnlirc b thc subgrndicnt t=i(1. In the casc ol (4.i1 we s|a]l spcak
ol sti.r hvice dr8'ereniiabilir! in thc gencrali/ed se|sc.

Nolc thal q-., need no1 bc lnite elery$here $hen rEint(dom/1. It
is cas) lo \c l). lor irslince, rhar doln (i.i m sI be contai ed ir the nor
mal conc o rhe conler let i/(-) al r'. When q;i does happen to be fiIite
c\cry\rhere. Lhe ctj ljnlits ir) (l 6l :rnd 1.1.1) rre eqrir:rleft 1n t.i/r/nisr
convergence ofthe lurrctions in question (ct Dolecki. Srlxreiti aDd Wcis l/ll);
these ditrerence quolierl fnnclions, bcing con!ex. musl then acluall\
converse uniformll on bounded sets I-2r. Thcorcnr 10.91

CoRoLL^Ry,1.4. Lll I he d tlosed pn)flet .o L'.x luntrio ail R",
dntl stel,.t. I is 

^\i.. 
diflt:rc ti.tblc i the genetuliztl se se at \ ttlniLt

t a t lk sLt h Et olk nt,- e aJ l.\ ), $l.l1 q. i di ./re st'. o,rL fu. iuLt i1 t l u ( t i o. T h?

thc (atLjug\nt 1" i\ tit:c rLilfcr(lLtiahk i the gnetuli1l sen\e uL \'ftLLtir:e
tothc sul)stodicti te aJ*(.U, unLl p cdtespowlrts srca Ldet atne 1u (
tit,1is rhe nnj sdLt q.:

The vnv holtls ulso li, slrt1 tt e dillerentithilil\,.

Pto.t Iiecrll fial a/* : i/ 1 rrrd t,j+i:.!;: a

CoRoLfARy,1.5. Let Ibe d clov,tl prcpet tu t'.\ Jlltiction anR".
.!|l l.t M' hc rhe set oJ all (t,I Jlr./r r/rd.te il(u a d li.s 6tic. tlikt. ti.tltl.



in the generclized s?nse at, rclati"-e ta |. Fot (x,teM' ta be sltch thdt the
twice dillercntiabihty ts slri.l. t is necessat) anLl suffcjent that the &r-
rcspontlins sercnd detil)atiue functio satisfy
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(4.10) 4;i: epj-llm 4 
"

Proof. The functions 4,,, all vanish at 0, so (4.10) is equi\'aleni to

sph ,r4;,, : 
,_.")(]iT,(. , 

gpi. ,r",,

(sec Wets [28]). Recognizing gph.14,r as the langent spacc
M: gph i/ al (ir..]), we need only inloke Theorem 3.5 lo
desired conclusjon. fl

14.1l) llll g'h 
''1^''r''

/(-r):.?Jr)+o(l t':).

Su(-r, r) to

CIoRoLLARy 4.6. Let j h. d tlas.tl ptaryt tunrc. lutl.rion an R.
atd let I e Al|J). Il thc li ir on the tisht side al e.l (.wherc M : eph .f)
e:ists zrt all. th( i l.tct J tilust be s/lictl\. 

^rilt 
dillercnuuhLe in the gene-

rulized selse at , rclatie to ,.
Ptoo|: We know that the limit lunction g on the righr side ol (4.7)

exisls if and only if the set limit

exisls, ir1 which evert the latter is gph ia (see Wets 128 I ; g is a c€rtain
closed proper conlex function). In view of (4.8), however, rhe limit (4. l1)
is lhe Clarke tangent cone TM(- t). which is a subspace by Theorem 3.5.
Then g must be a generalized purely quadratic conler function by Pro-
position 4.1. n

CoRor r.ARy .1.1. L?L I he n (bsetl ttotlt .onte:. fin(tid a R".
d d let t e EJ l.i). SuNpas( thit f is sti lt:tlt twice diJlerc tidhle in Lhe generuI
s.nsc dt ! relatirr tot, dtld th tl| cotresponding se':ond detirutiL-e l nr
tja q-j is fnire et:er1,vhere. Then there is actuaLLy a neighbothaod oJ ,
on n hnhJ is ftnite antl cantintnuslr dillercntidble, dn.l the stadient nappins I f
is Lipscllitzia ; at i ane has vf(.r) : j- a d yf stittU dilJercntiahle.

Ptoa|. Thjs iollows jn the conteri of the preceding resulls by Theo-
rem 3.7{dl as applicd to D: {. !

CoRoLLARy 4.8. (Alexantlrotls Theoren). Let f be a closen rolet
enrcx lulit:tian an R" . Then at dlmast euery t e int (darl, .f) rherc is d quu
dtutit lfrnite but not necessatill tutely EtadtatitJ lunction q; such tlat
(4. r2)

A,naL: t l lt tinn Heni hti .,rl Andvse non tDaane



Proqf. Let D:;/: Then D is a narimal monotone relation (Corol-
lary 2.3) and

ini (donr D) : int (dom /)
(see [20, Theorem 23.4]). By rhe lheorem ol Mignot U6, Theorem 1 31.

D is differenliab1e at almosl every teinl(doml), thc graph of VD(t)
being then, of course, thc langent space Sr(i, l-) to M : gph D at (jr, tl'
wheret is the unique element ofD(-): A/(-ri (and consequently t : V/(r).
ct I20, Theorem 25 . 1 l). Theorem ,l . 3 ideniifies this as the case where ('l . 6)

holds and the set -qph iq;,r - SM(t, t projects in lhe first component

onto all olR', i e one bas dom 4;.t : R". Then the epi-convergence in (4 6)

can be expressed as poiniwjse convergence

(4.13) 4;.Jr') : l1T 
Ar,r,,(i)

that is uniform on bounded sels (cl. the obse ation that precedes Corol-
]ary 4.4). Condition (4.12) isjusl anoth€r way of writng (4.13) wiih rhis
uniloirnjty takcn inlo account. !

Lower C2 functions such as appear in Corollarl 2.5 enjov alnost the
same generalized second derivatile properlics as conrex functions.

THEoREM 4.10. rci /: X + R be lo{er C':. \\,here :4 is apen in R',
and let M : gph tll \|herc tl is the CLarke suhtlilhrenLial af f. 't'he the

conclusions in Theorcn 1 .3 and Carclldries 1 .5,4 .6.4 .7. aru1 L8 arc Dalid.

Proof. As demonstrated in the prool of Corollar,v 2-5, there is for
every tEX a compact convei nejghborhood C oft and a number I > 0

such thai the fuDction llin (2.1)is closed proper conleli, and Al1 saLisnes (2 . 2).

One need oniy apply lhe resulls in quesiion !o 11. n
For saddle functions as in Corollary 2.4, theie are cornplete analogues

of all the resr ts in tlis section, but ihe type ol convergence lhat describes

the linits of ihe second-order dilTerence quotients is sonewhat more
complicated. This t)'pe ol conlergence has becn developed by Attouch
and Wets IJI lll. The details wjll not be give. here.
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