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l. vantArloial PntNcIPLES ar{0 coisrn^l Ts.

FundriEntll l. mny apDljc.tlons of @then ti.s ls the idea of mdrling a situa-
tlor by flBt describiig. s.t S of possibrc'st.tes'that need to b€ c@sidered lnd
then introduclng additlon.l crjteria that sirlle out frm S soro particular state
r . For era.ple, S conld Eprerent ill tfte conliguratioB ttit iignt be t.len on by

! certain physicll syst€ri, dnd x could be an "equllibrlm" state, peihdps expresslng

a bahnce or rorces or glving.n.xtr€ri.l value to som eergy rurction. tco@ic m-
dels oftan foll a sliillr p.tl€rn, except thlt i.st€ld of an energy fuhctjon jt nay

be a cost or utiljty function, say, ,fiose ninlnm or nallnun puts the rpotllght on a

p.rtlctrlar r in S - Such mdels too can con.e.n.n r tnlch ir tn equilibrin l"e-

sulting frofi interactiE finrjrl2atlon or ninjnjzatioi of varlous functions by nmerous

lndlvld6l agents,

Itodern lppljcrtlons ln st.t!rtics, .nglneerlng, thd oper.tions r€search have

especially focused attentlon on 3ltu.tlons rh.r€ a physlc.l or econonlc sytten.an b€

iffected o. @ntroll.d by dtsld. ddctlds, t.d these de.islon5 snould 6e taten ln
the "best" pos3ible nanner, The notlon of an oprrizdtion pnobae, hae proved very !s€-
ful. ln.betract t.r!c, soch n tmbld coBists of. set S dDse ol€ients. called
the [@-aibl. &btio^r to the prcb]en, represent the rltertutives th.t ar€ open to a

decisioh naker. ttarDles of S lnclude th€ s€t or.ccettable €stiMtors for. statis-
tlc.l par.Et€r, tn€ set of fe.slble deslgns !n t st'rlctur.! engi@ring prob!€n, the
possible.ontrol polirles for an lnventory prccers, and so on. The dln is to ninlnjze
ov.. s . certain fhctton f , the.6i.cr.avc dnncao,. rhe el*trts t of 5 ,here
the nlnlrun ls rttiired are cdlled the optitul aolLLiona to the problen. 0f course

nlnltriz.tlon cdld be reDl..ed by Dxi5lz.tio..

r tuDport d lr oart bt. g.ant of the ttionrl sclerc.
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rn nll euch cisee Hhere an x is sihqled out fm an hderlying set S on the

basis or rom rind of Eininizatioh or mrihization, it is comn to spedk of x as

being characterized by a lolndtionot p\incipl. Ihis temjnoloqv also carries ovet to

naiy siturtions rtee x does tut necess.rilv give t troe €ttrer@ but nerely sarls

fi€s condiiions ihlt generalize, or fom pdrt of, various conditions khorh ta be

associaied vith an extreM over s

Tn€ question of varl.tional principles and thejr rcle jh science and technolog,
j5 closely connected, therefore, er'th dndarstanding and char.cterizing extreMls of a

function f overaset 5, This in turh depends oh the Mture of f and S,ahd
h€re it is that a groat a ount of mthcnatic.l lnnovatioh hns b€c@ E6sfiy in rc
cenr decades. Ih. older viee of variational principle3 las too ri.ited. Tr.dition.l
rethods aE sioply not adequlte to treat the ki.d ol functions f and sets 5 that
that ndaddys.re dc€md inFrlant in such a contert. Ie speak here not just of spe-

ciat t chniquee but of the €ntir€ ortlook of classical a.alys1s.
1o uegin fith, lore mrds about the s.ts S tl'at Dy be encountered rlll mke

thlr cledM. In tnis intrcduction. ie shall be concerned in the Faln with situatlons
that can be described hy d firitp rLirber of real variabres. o. in other rords, whlch

dlstlay "rinitely nany degrees or freedon', Denotjng the variabl.s by xl,...,xn , re
cin idantr'ry the rossible states' {hich correspond to a situation at hahd rith ele-
?r'\ lrr.,,.,yh) \ or t.a spdce o" rlus 1r€ stdte sFr S <an be Lnoughl or

s -r'y as . cPrr;il sJbsPt o'Df. T1s p/a t del'nirlon of s rn. p.rtrcular cale
dop€nds of course on v..ious circunstances, but it tylically involv.s a nuhber ol
rui.tional relationships anons the variables rl,,..xn lt ndy nlso involre restric-
tions otr the vat@s that fry be taken on by thes. vadables. ln econonlc mdels, for
iistance, it ir co@n to h6w v.riables th.t lre intrinsirally nonneqative ; in
structural design 0robl6, b@nded variables are the rute.

A great Fny situations.re covered by tlre follouing tjnd of descrjption i

(r.t) s .- sPr or. r . 1,1

$rre x is s6E qien subset of Rn (usually r.ther sinpte in character, lerhaps the
e.tirc sptce Rn ) .id eacn ri is a reat vatued functioi on Rn - Ih€ conditiohs
I { r ' ri(x) <0 o. ft(x) .0 are catled.otui^4ht on the stare I - rhe inclu
sjon of the abstract condition x€ X a w3 an open-ehded ftexibillry in the d6-
oiption of the cohsi,rajnts.

xhat most distinguirhes th€ applicatio.s for ihich ctasric.t analysis ias deE-
loped fron tlE rcdern ones, .r f.r as set5 s of ryp€ (1,1) dE concened! are the
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lnequallty constraints, possjblv v.rv Mnv of th€nt and the frequenL lack of

"smothness" of the funccions fi and set x In €lemntarv mdels for phvsical

srste6s, it js frequ.ntly !h! case that S is coiplelelv cha.acterized bv s.verdl

{euano6 involving the variables xr'.. ,rn :

(1.2) s.lr€xlfi(i1,...,xn).0 for i=1.. .n]

rh€re X is an opt, set. in nn.nd the functions fi ar€ tnooth. i'e cohtinuouslv

irirrerentirble. furthemore. the eoualions are independ€nt in the senle that ii a

neighborhood of any point of s they can be solved for sore n variables as srcoth

fdnctions of the other i-m varlables, although just rhich ones night depend on th€

point in question, Then 5 is. "snooth' curve, surface, or hvplrsurface in nn ot

dr'ft.sion n n , rhe lind or object thich finds its nbstraction in the itrporldnt m

thenatical conc€pt ol a difrer€ntiable Enifold. le refer to s{ch.n 5 .s a rmotft

then lnequa)ity constdints are encountered in classical tndlvsis' thev are

usually of an elecnta.y sort and fd ih nuiber' An eranple of. set S thdl cdn bp

dosc.ib"d in terc of such constrdints js a closed anhulus : a region in n2 lving

betreen tm concentric cjrcles .nd irdluding th€ cjrcles thehselv€s This corresponds

to t'o qradratic inequalities, another eranple is a solid cLlbe in R3 or its bounda-

ry, Such d cub€ can be deternined hv a svsLem or six iinear ineqdalities ole that

vheh S is sLrch. cube, its boundary is not a sdooth nanirold' but its structure is
sinlle enough not to pose nuch troubl€. Ihe op€n taces and €dq€s of s are smoth

manifolds tha! c.n be investig.ted lndividuallv. ln g€neral' one tight sav that the

kind of sets s s€eh jn traditiohal applicatiohs arc if rct s@th mnifolds ther

selv€s at le.st the hid of a iD&et nuder of smoth Nnifotds that an nicelv
jurtaposed to edch other nnd easlly listed in tn explicit n.nner'

In @nt..st, rany contenpordry prcblens in eco.@jcs, chenical equllibrium' Phv

sicdt vnriation.l principtes,.nd other are.s, concern sets 5 of the fom (l l)
efieft the nlrber or jnecualitv constraints it ii the hundreds or thoLrsands' far lar'
ger than thc nunber of variables !i , thich heverthelesr can b. huge too- Ihen the

notjons and techiic.l tools approprj.te fot srcoth nanifolds no ronger suffice. At

lhy given polht x of 5 some of the inequ6litv cons*atnts can b. a.riu? (satjs-

fied !s equatlons), {hile others cdn be i@ctaue (satisfie? Nith strict inequalitv)'

Qulte apart fr@ th. large nuRbers lnlolved, there is Buallv no €asv rav to detehine

*hlch @r$inatims of actile and inaciiE constralhts acto.llv do occuri cf figure l'
Furth.rmre. th..o.si&r.tion of such cd ti.atins do* not netessarirv lead to a

d€corposition of s into smlh mnifolds, not to speak of one havinq a sinple' di_

rect description. tkn tie equatity.o.shaints dppearins in (l l) can cruse djffi_

r:



,hjcn ssoothness properties do not. Ihis turns out to he no ihpdss for dnalysis, if
certain generalizations ol differenti.l cdlculu3 are pursu€d.

rhe inport.nce of being dble to trrk rith nonsftolh flnclions cctus rror Fre
reasons than just this, In sore {a}, ineqldlity cohstraints in thenselves force the

consider.ti@s of mnsmothn.ss. tle have alre.dy ohserved thii in the exdfle or a

soljd cube in R3 hrving d nonsnooth boundary. liore generallyt any constraint sys-

t€r or the fom Sr(r) <0 , ror I - 1',-..q ' can be lunpcd togethet as a sihslp

inequaljty 9(x) <0 rhere

(t.1) s(') = nar s,(x)
f.1,...,q

Fiir. r- s rh. d ol rdsr.hrc tui.i

culties by nol beinO "independent".t critical poihts ot 5 , dnd rhe set I my
have conplicitcd boundaries that need to be taken jnto account,

Ihe study of €eolutionary syrtem in the contert of riability th@ry, ct.

^ubin, 
1934, oblises !s to conrront, jn a dynamicit settjns, rlt the questions rhat

reR raised ih connectlon {ith the hithemticat structure of the set of rcceptabte
ttat4 as detined ht (1.1). Ihe Etivatioi ck! fr@ btotogicsl, ecologicat and
na*o-economjca mdels thar fjr the fo wlnq g€nerat evotutionary foflirt : a ctored
sub3et S of ln identifj.s the accept.ble states of the syster, the dynarics of the
systen are des(ibed by the retatiohs

11.3) i(i) € f(t) aid x(to) ",0,

$€rc i d€notei the derivaliv€s or the stdte r rith rcspe.t to t (the tioe
paEreter), rid r(t) is the set of feasjbte dyn.njcs !t rim t In rhe study of
th. €volutid ol the state r(t) .s a ruEtion of t , re mst i.ke provisions fdr
the behrvjDr of rhe systeh.t jts frontjer or viabjtjty, j,e. Hhen x(t) betongs to
tho boundary or S . 8€caus. precisety these crjticat lerids are the ones or ihtc
rest in the mdolinq prccessr E cantut r€sort to the "snooth,,crse studied jn ctas
sicdl dynanics, i.e. *hen the sysrem 15 ro evotve jh an oDen dorirln or on a rm.th
.anifold rirh open boundari.s.

Another difficulty is that tho djfferenriabjtjty assuiptjons or djfferentirl
depeidence of th€ sotution on the parareters of rh. probte. dich sed (or at leasr
r3ed to 5eO so mt(nt in classicat physics tose rh€jr lurrer ln other slbjects.
rrathehrtical fiodets derived fr.n biotoqy, econonic theory or the theory o, er}mtsin st.tisti6, for.rarDte, often hive a conrc. set x and ineqlatitie! i.votvjngr0lulr fu(tj01\ rt 'rece pdrricLtdr aaLlenat,c!t properti"s dr. of lrtere<t
lo.aJse they hrr. rn !(i@dri( siglitroncc in econor( rcdcti o. crtmat sladsti(s

Jhe pri.e to be p.id. or colrse, is thrt q rill noL

Dropertier of .he functio.s qk . 9pF I tgurp ?.

inheri I the differehtiability

Fbud2, lho .xJuncrion s.

ihv€rtheress the idea of luiDtng constralnB togEther this my has its yaloe, and *s
ftst b. prepirpd to cope rjth it. for el'nple ant convex functlfi q : Rn + R c.i
be repres€nted by a liniting versjoi of (1.4) jn *hich lnfinltelr n.iy (linear) runc-

the classjcal ,pproach to a nonsmoth function ! as in (1.4) rould be to heat
it ns n pi.cclril. !@rri, or in other s.ds to decdDo.e the dmin ot q lnto fini-
tely nany snooth nrrlrolds rolatlve to rhich 9 ls contlnuously differentiable. But
thls hry be ldoossible rithout ioposing p.intul .nd pr6.ticdllJ unv€ririable coditionr
or the functions q and hov they interact tith etch other.

Nonsmothness enters the rtudy of variational prohleds throuqh th€ analysis of



.on.traint systens, a! re have been discussing, but also throuoh th€ obi€ctive func-

lion rnd various cos€quences of opiini2atior its.lf ln a probld of the fom:

(l 5) flnd r € s c Rn such that f0(x) is mjnlmized.

ft€re ft) ir a r€rl-vrlued functioh on Rn , ttere is no mason to linit tfie atte.-
iion to the ca5e fO smoth, and indeed there are Nnv applications,here f0 is

nor snooth. txanples nay be found €ven in classical opprorirdtion theory :

rr.b) ri.d , 01 tlar rili-i,es r.,.). m' rh{') - l(t,r)l
" 0 rr:l

dere h is siven coiLinmus aunction on l0,ll ,nich is to be approximted (in the
chebyshey s€nse) by one of a qiven fanily of functions j( .r) . In othcr applica-
tions lO can be a ax function ds in {1,4)-

An .rl'.ely valuable concept rhich opens u0 furth€r sourcos of rcnsrcoth@ss
i! that of t p.ri,rbfri or v^@ttd.iz?a optinization problem. lo take a relatively
sihDle case, let us inagine a mininizatjon problen (1n variables tt,...,xn ) which

d.p.nd! on tinrtplJ ny oLher vrridble\ ut,...,ud . ltrF \p.cifi.dlly, supnos€ th.t
ror prh u (u1,....ud) 

'n 
a .Frtdin set t , Ro F {.aL to.on-ide. rhc

(l-7) find r€s(!) ttat ni.inils fo(x,u),

(t.3) s(u) = {rexcRn lFi(x,ul <0, i = 1,..-,si ri(x,o) - o,j = s+1,...,n}.

For each ueLJ,l.t

(1.9) D(u) :=infre51rl ro(x,u)

&note th. inriml value of prcbten {t.r), i.€. the t@st value.tt.ined by F0(r,!)
i! x ranles over S(u) , .sslning ror tne mo@nt that this does exist. It is a
fact of life thar th€,ihfrra{ lrr.tion p js untjkety to b€ djff€renti.bte in th.
(las\i.al sens., hoicv.r nice the tun.tion( F- t1...., tn and the \et X Dy b.i
orrcn rt Ir ml .v.n (ontinmur, y.t rn Bny (onLerts E suld lite v.ry ft.h Lo have
some undersiandinq of the Nay p(u) changes rjth u r and th€re are strong notiva"
tions for studyirg r4rer or change. Of course this h€eds to b€ expressed li tehs of
geErnliz€d d€rivatiyes of sm sort, tn fact there are soR inpo.tant applications,

?

both lheo.etical and nurerical, rher€ an infimal ivalue) function lik€ p cnn enter
into still nmther optinizntion ptublen.s the objcctiw or one of the consrraint

The paraneterized Drobled (1,7) serves also t. brinq uD olher natter that h(st
he dealt rith squarely by a tud.h theory of analysis. Even if the liniod in tne
problm is attained for sme x for each choice of u €U , rfich is usually not too
di?ficllt to guarantee, th€r€ ay kell bo nore than ore such x The optinal solu-
lions to (1,7) thus forn a s€t A(u) d€rending on u There js no escapirg this qp-

n€ral lack or uniqle.css rithoqt ndkitrg Estrictions that in @ny .pplicntions Fuld
b. out or character !ith the underlvinq Dhysical, bioloqi.al, or economjc hod€]. and

futhernore inDossible lo .hcck,
This phenoftmn cerlainly provides sharp cont.ast vith ih.t is regarded.s nor-

ntl in claesical physical systons. Ihe .omon view tlrere js that a nodel is not well
fornulaled unless it leads to both ah €xistence thcorer and a unJqueness theoren, In
oth6r Nrds, the statc set 5 in such a syslen is sr,ppos.d lo be strppli.d *ith sm
rechrnisn ftich sigl.s out.n{ .nd dd, onc specinl st.te r , Tnis notion hrs to be

.bandoned in mdny othcr contexts, ln its absence thoro is the chrllenge that ih pla-
ces Hhere one is accustomed to dealjng kith lrncti.4 (sinq1.-valu€d), one ort€n has

to deal rith so c.lled nrtlii(o.raoD (multivalued or set val@d functions, as rill
be discussed in Section 2),

Thus in nodels with parareters, instead of a unique specjal stat€ *hJch depends

on u one ha! a set /\(u) - Ihere is every in.ehtilc ror developing a theory or hw
A(() can liry {ith u : qeneralized properties of maslrihjlity. continuity, snoo!h-

ness, and so forth- 0f.ourse, thc sare holds also for orher kinds of sets that de-

pend on raraneLers such as s(u) in (1.8), ror €ranple. ln particular it i! necesrr-
ry to investlgat4 r.ys in dich a sequeh(e or sets in Rn dn converqe to n set. ItE
ansrers ar€ helpful not only in treating nultifunctions by ror settinq uJ' nunerical
mthods- A prohlen of minimizinq s@e function f over a 3et S , for instahc., can

pr€s@bly be appbxioat.J by nininizing the saE ronction ove. . nearby set S ,

but the sense of sucl an dpproxjnation hal to be nadc exact, Such questions ar€ best
handled in the fraheMrk provid€d by the sludy of vdlational lrlrtod that we ihtro-
drce in Section 3, lt is tho deoehd€nce o. the p.ramters r o, th. optiniuation
ptobld {1.7) .s a $ole. that li nd of interest. The prcperties of the infimal
function p or nultifunction A of optinal sorutions are to be srudi€d in tems of
the properties of the class of optinizatioi problens that engend€r then, Io do thi5
{e Dst c.eate a @thoatical object tndt corr.sponds to ah optiniz.tion prcbld,
that jncorporates both th€ objectjve runctlon and thc conshaints. This brjnss us

to givin! the lead role in our analysir to erle{d.d-r?42 rdtu|J ln Ltionr, i.e,
fonctids xhich c.n tate on not only reat nu$e.s as v.lues 6ut also - and -,

txt€nded-r€.1 ratued flnctions are nolhinq n4 in ndthematics, but they have



, e to enjoy quite a ne, ringe of usofulness based oi in ittitude lhat nany hathe
tician5 vould havl bal[od at in lhe past i - and @ do nor have to ba treat€d
jymner.ric tashion, and inneed in other aspe.ts of theory a! {e ! one sholtd not

rry so hlch ahoot flajntainii! symetry rith re3pect to mulLr'ptication hy ,l It
oisjr to dtprecjate ho, this .hanqed attitdde has cone about. i,lh€h a function f

r@ars in ai inequality coNtraint f(N) < 0 in soi€ appticatioi. we rsualty have
interest at all in the oDposlto direcrion f(x) > l] Thus in studying such a

nst|aint, there js no ne€d to ti jt our attention to troptrties that are formutated
nnetri.dlly !ith .espoct to f and f Simitarty in the context of variatjonat
ncjpt.. : when a fuh.tlon f i5 to bc mjninjzcd in c€.tain ser|n9, ot inrerest

latty slops lher€, and re do not wish to determina atso th€ points that naxlmize
, , j.e. th€ Dojnts that mjnimjze -f 0ther i ustrations coutd be giv€n, but in

'fft, there are hany situations in vhich a tunction that is to be inv€stigated can
viewed as having a pdrti.ular 'jarienration,,.

L,ot ue consider lhe opti ization probler

r.l0) find r e Rn that ninimiz.s f(r) ,

lrore f is an exlcnded-real-valued fdnclion, rf rhere is a pojnr Uhore
r(r) - - (a circunstance rhcre thr's hay happen is vhen f is rh jnfihat fuhction
,r i tiarareterized optimiudrion problen, cf. (1.9), th€n we kno! at once that x
lrovides the minimun. points r,h-pre f(x) = - . on rhe orher hand, have alnost
the opposjte sighificancei they are not even worth contemptdtinq as candjdates for
tirovidin! the mininun, erc€pt in the degeherate case,hon f je jdeitica|y _. In
0sserce the conshaint f{x) <- js iiplicit in such a ninjnr.zatjon Drobtem, This
hcinq so, N€ arrive at the possibitiry of using - constructivelv to desionate rhp
..o 1 .hdr dra ia a rrver iruo,ioa. t",1ni,j,.i/drion p,;bt"n or
lyIe (1.5) is equivalent to mininjzjns d certain oth€r functjon f , ca Ed rhe
r44ctrri4t dbjr.rur truttion ovet al] of Rn , hamety

Thus ror tlreorellc.l purposc5, the study of oDtlnjznlion problensi rhetr gcnerat
properties as well ds their classiiication, cdn be !ndertaIen jn the franeqork pro-
vided by that of oxtonded-real-yaltred functions defined on Rtr

llowevcr, the lrdditional approach lo fuhction analyris is no t.nger quite appro-
priale for thjs clars ot tun.lions. The conc€pt ot continuity ust he reDta..d that
of se iconlinuily, .nd so on, fhis brcak rrth classical inalysis
is underscored by the neN,teometri.al vicvpojnL vhich must accohpiny Lhe anatysjs.
Thc traditional kay of dpplyinq qeoneirj. ideas to functions has been throuqh lhe
georctry of grrphs Such an ipproach contiiles lo hotd much ootcntiat in currenr N.rt
on nontladitional topics, bul for lhc trcatment ot eit.nded reat-vatued flnctions
f : Rn 'R therc is a nowcr con.ept of epigrdphs that hds Droved to be more fruit-
fll than graDhs. It opons a'bridqe belrcen scts and fuhctions thal plays such a

pivotal role in thc o.tIematicat frihciptcs, definitjons and too]5 that struclure
this an.lysis rihrt vc coutd r,afcr to jt as the .fiqrar]!.aI ricdroin.i.

For I : Rn - i v. dofine the tipaattaph at t to bc th€ set

{1 13) €pi f: - ((x,d) €RnxRld>f(x)},

sce Fjgure l. The eDigraph consists of alt pojnts jn pn'1 that lie on or above,,

, ' ln nore derail vhen S is liven the

(r r2) f(x) -

I r) r{!) 
f,or,, 

rr ..t
L_ if xes.

t:
fi (x) = 0 ,

representation (r.1) :
Fiquft 3. Tieepighph of J.

rha qrdoh o' 'I . l.,t ao'c : .hp g-dDt ot L ror rot dptirpo d!
on'l l".uu." i/y) rol b" @ or .-. .1p g"dtt" ot 

' 
i! -adl.J a

Rn x tr , The episral)h, on the other hahd, does rie entirely in Rn+1

and yet it serves to represent the reat-ertended,vatued functjon f



(t lr) rr,, . inr ldl(r,al , q,i rr ror dtt r

Iurning to epigraphs does cohdition our yid of f . tt dire.ts oui interest to
proDertjes of f that rre iaturatty associated kith such subsetr of Rn+l ; atso for
eradple to lhose of seis like

r1

(c) + {a). Fix any x . Rn and let

n : = lifr inf r(x').

rhen I < f(r) . Ie @st demnst.ate that (I.16) holds, and to do this it (ill suffice
to prove that f(x)<d rhen B<d:*.Ihus for an rrbitr.ry d satisfyihq
B<a<- re need onlr 5hft that r€ lelof .le b€gin by €rhibiling a sequence

r!+x such th.t acruatly r(r!) ' B . Ih.re is nothing to prove if R-- ,solet
us suppose B < 6 . Consld€r the saqueices B!1€ ann 6!10 , ue knor that for all v

0 > i^f f{"')v x-rl A

for €rery v , therefore {e can sele.t an xv such th.t ltv - rl < 6" aid

B" > f(xv) . ror this sequence we do h.ve x!'x aid r(x!) r B , because

B lin 8,, . Thus ror thi\ seqcn.c and tor v sdlricientlv ldrqe r{ru) <o ,

sir(e 3 o Hpr.e r! t 'ev,f is rlosed urd€r hvpotresi' (,), 3o lrdt r! 'r
yields the de5jr€d relatlon x e levdf . tr

rkn ss3 to bp a g@d tim to reit€rate th.t altho{gh re h.v€ been relying
h.avjly on mininlzation DroblEns as a solrce of notivation, there are hanj applic.-
tions of the sam ide.s to problens.tfiat are only vagu€ly related to ninhizatio.' ir
at all. Th€ study of lnequality constrnlnts. e.9, f(r) <0 o. in the fom they

appe.r ln Viability Theory, has already been mentjon€d. Convex functions furnish
anotner prir et6iple : such a foEtion I qiven on a conver set S c nn and then

extended to Rn vith the v.lc - l tlG d c;ver runctlor. I!to. every Flult iF

this one-sided aDproach lnvolvinq epiqraphs, lower senicontinuity, ann convexity, for
era.pre, has it3 .ounterpart in ter6 ot htJltsnailt {{x,o) e Rillld < r(r)} , upper

ssicontinuity, rnd concrvity,
lf the epigraphical viewpolnt is the appropriat€ approach to lhe conceptualiza-

ti@ of optirization problm as Eth$lical entitiE, in teft of.rtended-real-
valued functions! then the study of their dependence on para@ters sholrld also follos
the sane quidelines. And as we shrll 3ee ln sone d€tail in S€ctioi 3, such an

.ppruch is inded the correct oE, as confi@d by th€ rcatth of tools a.d results
that rdird it. fluch more could be said, but at thjs point let ds just introduce the

nain id.a in t.rns of the laramtrired nlnirization probler (1./). ror each u € Rd ,
the essential objective fuoctiotr is &fined by

(1.15) revd f : = {x e Rn I f(x) <d l

cilled the o - a{!.t rqt of f , inste.d of the prope.ties of tlle set
I x I f(t) = d I oh *hich a ftaditioiat "t o-sided" approach routd focus, The level
*t (1,15) tus! of cour3e! a ltnpte georetric @aninq in tems of epi I . tt @ft.s-
ponds & Ue horizonral crcss-section of epi r dt heignt d . Ihis inteiptdy
betysen the properties of extended,reat-v!tued runctions, epigraphs and t€vet sets is
nic€ly illus$ated bJ the folldinq result_ necalt urat a f!rction f : Rn -R is
a&or r?'icont&dr, at x if

{t.16} ri,lltrl f(x') . f(r) .

IL is llrM lcaaodaru.i! tl_a_a.) if this hotds for all x € Rn _

1.17. THtoRtrl. fhe {oltoqihg p\op!il.ie6 al a [u.tio|
t:Rn-F ar. rodua.a{nr

{r) f {, {d.r \?nicoatiluotb
(b) th. a{{ epi f d ator.d
(c) &z rst revdf ir.to\..t ldr au aeq .

0000r (d) - rbr-, sLDpo(r {/ .o ). ppi f dnd {r',".) - t,,.): tnen r" - r dhdd d dilh d">r(r"). gpNst sha rhdt aaf{\),sottrr (rir) .epi i tne

;: 
,.":: 

.,")" 
r....1 Fd. rcasi on. c.u\rF, por., ir E . cporaci4s rhe s.quprce

j,,,:" ,,..,1 , by a subseqrnc. ,r neccararr, F cdn acru. y eupporF rhaLrlx I -d lor so4 n. € R . rhe. a ,d. , bul or U_" othe. hd.d

d, > tih inr t(x!).

5in.e vc are arguinl rron (d), *e have {1,16)r he!s n{ded nce a, , f{r} . dnd so d > t{x)

-.,,.{b) 
-{ ', 'eva. ts rhea tle int"rse.,i01 o, |Jo,los.d <ers, n.Fry, epi r.nd the hJn€rplan. tlr,n) € Ri'lln = 

"1. ['or..o 
.'(1.I3) r(x,u) = t1eu and xes(u).
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te hare thus in erteh(r€d-real-valwd bivati.te tlnction d.rined on Rn r id , but

n h.ve only very lioited interest in the Fropartier or f jointly in r and u .
Thr properties that ve are lookiht for : continuity, convexity or heasurability, to
na@ a feH, of the infjnal function p and of the nultifunction A of optiral
solutions, ar. all conditioned by the gDperties the.pigtnp6.dl &&nedtn

(1.]e) u + epi r( ,u) : nd I nn+l ,

rs is d@Etrated later on- Thus it is in tlEse teiils thdt tr sfiall pmceed, toia y

ii accordance Nith the observatlons we have made about "singte', optimizdtion

As indic.ted.arlier, Section 2 and 3.re devoted to the stody or the p.raEtric
d.pondence of sets (nulijfuhctiois) and fuictions (variationat systehs). fe touch on

the ke' questions of continuity and rcasurabjljty thdt ar€ p.rt of this txtended Real

iDlysis. altouqh only in. very corsory mnner- fe also raise 3d'€ integ..bitity
qlestio$. gui this picture ir not conprete; indeed we have often suggestei thdt th€-
re is also a need for an approprlate subdifferentiat catcutus that witl alto, us to
dnipulat. and give Eaning in the nonsmoth cas€ to the notion of ".terivative.. this
th6ry of tr,bdirrerenli.ti@, rhose earlie. develoF€nt! cf. foi er..Dte the recent
5urvey Rockafellar, 1983, or the books by Clarke, 1983, or Albjn and Ike]and, 1984,
nay appear to have only linited lit€rsection rith the questions broached here, tn
irct it is intidt€ly relrted to the liiit notions that surface i. the s{bsea@nt
sections. This, hovever, is b€yond the s.ope of this inrroducrion and cdnnot find

2. ntllFul{tTloNs : colilllullY AllD EAsunl8ltlTY.

According to strlct definJtlon, a llncalan tt U+x,{h€re U rnd )( are

arbihary setr, is tuthing mre lhan a subs€t of U x t haling the ptop€rl, that it
co.t.ins for e.ch u € U a !d4a2 pai. (!,x) . 0€ that as it -y, no o.e realtt
thinks in such terns rhen going about hjs everyday busjness, or {e vould be tccusto-

ned to seeing (u,x) € I vritlen at least as often as x. r (!) ln truth ther€ is
. v€ry strong f.elinq for runctions as hating. nre dyn.nic qunlity. Ihlr is erDht-

tized by tne .omn notation

(2.1) uFrlu) ,

lhjch rxpresses operationally the.ssilnftnt of a certain r(u) to u . The subset

of U x x thaL is supposed to be th€ fuh.tjoh itself is usually refe.red to instead

as tts !&pi. Ihrre is no logic.l distinctlon betreen a fonction.nd its graphs, yet
tne use of term "oraph" is nevertheless helpfll in signaljng rhen a hore geofttric
.ather than operational p.int of vjet is intended, 'Ih€se observatjohs hay h€lp to put

thc definitions k .re to Dke ln . better perspective.

rilldina the Datlern adoDted for fm.tions, re define a ml-tiitrncton
f: Ulx technically.s jusl a subset of U x X, Any subsetrill do, and no ettrr
.ornitions like those jr the cdee or a "flnction" ate j+osed. Even so, E typicdlly
rcfer to th. subset i. qEstion as thi ltrapt or r and denote it by gph r rather

than just r. For each !€U,Neret r(u) stand for the s€t of all r such that
(u,x) belonqs to the qraph of I , cf. Figure 4,

FiguE 4. -rh. gEDh ot rh. mltiluEtid a.



12.2) qph l' {{u,x) xcI(u)1.

All of thir my s€er n.tural enough, but there are sm features of the tenino-
logy thdt righl b€ confusinq if not nade suffici.ntly erplicit. lie not.tion
I I UIX in place of l: U'X is us.d ro indicate that singte-vatueinesr is ,ot
rrrt,Ll..tj althouqlr it niqht be presenl. !nWdy. The possibjtity that I js a functr'on
is not ex.luded. ljnfortuiately ir r doe3 happ€n to he a runctionj there is a con
tli.t in the rry v. have derined r(u) to lE d sct : do re have r{u) = {x) or
r(u) - r ? Thc differen.. doer not nalp nuch difre..nce in rraclice. because rhc
suitable iilcrpreialion is usually cle.r rrom the context. Cohjng up kirh ai jnrrjca
tc symbolisn to resolve the aibiguity ther.rore does not seen rcrLh th€ €ffort.

n mre intereiting question is rheth.r a f,ultifonction r nigit rct bc a tre
lrnclion in a diff.rent scnse, rrofl rhe oporarional point of view ke s€e th. synbo
li$ tr ts r(u) ds appropriale : to ea.Ji u as5iqr a .&trin poinr r(u) . Sitrce r(u)
i! a subsct of X, it apncirs then thdt !e are de!linq *ilh a function t: U-2X,

zx : . the collection or rlt suhseLs of x

jthout d.nyinq the usefutness or this approach ih mny situaLr.ons, we nust
observc if euch kre the totdt pichfe, the "jraDh of r ,outd hive to be regardcd
a5as!6setof Ur2r rattrer tnan Uxt.Ihen, itrootdno longer b€ accurate to
identify functions r: U+X as spccl'al cdses or hultjfunctjons t : U:ix. rhjs
rould underdjhe our frarework ror q.neratjzjng froD functions to nuttifunctions,
llh.dev€r the m€d does arise, re shall aslociare uirh the nutritunction r : U: x
a runction r:U'2x slch rhat the et@nt y(u).iZx identifies the set r(u)

Let us procecd io{ rilh sone bdsic definirjonr, |. have not insisted thar a
hultlfunctioi I shoutd have riu) nonenprt for ev.ry u . lhen r(u) = g , js sdjd
to b. .rFt4-vdtuod at u , Ihe a6(..rive do@, of I is the set

(?.1) don | :- {ulr(0) I 0} ,

and th€ ranqe ot I js

(2.4) rge I ;= {tl u vith t € r(u)t.

Th. lNerae of a nutrifunction r : U:i X is the nuttitunctior r-l :
.rbtiined b, reveEinq a the o.dered pairs in the gr.ph of r .

x-ll

(2.5) sph r-l = l(r,u)l(!.t) € qph rl .

u € r-l(x) ir a.d only if i € r(o) ,

(2.6) dm I-l , rse r r 19. r-1 = dm t

Let us note again that th€sc notiois arc perte.tcly consistent virh our jdea of I
as correspondinq to a sublet of U I X , but they <lo not fit th. cohpetjng pictu.e
r@tines put fonard of a sct valued flnclion rron U to 2X , rhosp invcrse mutd
be sorethin! qoit€ di fferent,

Thairdd.ofas€t Cc U under t is

r2.7r r(c) . Uur c ^tu) r'l I l{,) ,) ( / pr

In like fashion, the ihv.,rre idse or a set D c X under r is

(2.3) r'tD) ur, D r '{\) . rul r(u} n0 / 0r

i2.q) r{u) - r9 r am r-11x; am r

l,le vill nostly be concorned in this artjcte rirh the case uheh U c Rn and

I c Rn for sone d and n . An ertra economy of iolation is then possibte : any
tultifunction r: ulX ls in particular a nttifunction r : ndlRn - tncideriat-
ty, re .re not jost sayino here that r:Ulx can be crrzd.dto r:Rdinn,
nultifunctions have been identifien in our set,up rr'rh subsets, and any s0bset of
U r X d a subs.t of Rd x Rh . It fottovs thar, whenever we dre in this settjng, {e
,ill be safe in liniting theoretical discu3sions of ruttlfunctions to the case

Section 1 contains four €xrhples of nuttjfunctions fron Rd to Rn that iI]us-
lrEt€ so@{hat djfferent thercs bot are excettent ln provjdjnq mrjvation for the
lroperties that *€ are loing to took at nerL_ The fjrst is the nulfifuhctjon uts S(u)
derined by (1.8). tt assdiat€s,ith e.ch paramter u the s€t of poi.ts satisfying
. .ert.in systd or constraiitsi its don.jn is the se! of a]] u lor rhich the



systen is consistent. Ihere is.littlo hote for lh* nultifunction s , Rd:i Rn being

single-valued except in vert special cases- Nonefh.le!s re are n.t satisfjed with

t@kin! at the set3 S(u) in isolatiotr. tle i..t to kne s@Lhing dbout the relation-

tiip bctvecn s(u ) and Siu) when u! and u aF naar t' Pa'h 'th'r'
rhe second e(dnple 1s the multifunctl-on t g r(t) of adhis5iIle dvnahj.s which

apDeaB in the g"neric mdel of viabilitv th.orv This roltifunction f : n I Rn is

qcicrally not sintle v.lucd unless lhe systen bein! nodelod is such th.t it is irreme'

diabty.ond@€d to die xhc.ever the tr.jectorv hils the boundarv of the set of

r(ceptable slnter 5, a rather unint€resLlng case. Il the 5vsten is to survive .ven

,hen it hits the frontjor of viability. Llle sct !f fe.sible dynahics f,ust be rich

cmuqh to alld for ad.ptatlon in critical situations, cf. Aubih, l9a!. 0f course, k
ire int.resled in the .a3trrabiljtv of I witl respect to t , so that at least the

differentiat inclusion i(t) € r{t) is ncanin!fll, bot also the 'derjvatives" of r
rilh r.snect to t a.c of ihterest : lhet ehable us to characterisc lhc chanqing le

vels of dcaptdbility of the system uider investiqatior,
The thitd ex.nole is the mltifu..ti.n ut'a(u) , {h€re a(u) is the set or al!

o0rinal solutions of tIe nihimizatjon prob]om (1./) ln lhis .asc re are defihitely
i^terested in single-valuedness but have l,o .oil.end *iLh the fact thit jt cannot

uslally br.ount.d on for every choice or u The *.y th.t A(u) varies tith u i3
.0ain a prj@ topic, but the natore ol lhe situation i5 such that sudden chinles are

rh. laet, and fourth, erasple is the epiqrrphic.l multifonction
Jr"oi ir',L Etrur d .ler ired Dv rl.l9l. IlF arllilLr" _a 

f ,d :R' 
's

nevar tinqle-val,.d. in ract ir u € don tf , th€n tlu) is aLays an unbounded s€t.
L.ik. for lhe nullifunctlon u r S{u) ve are inler€rted in thc relationship betreen

rf(a') and Er{u) }hen u and u' lre near to each other- 0r course, se expect to
5.e a stronq r.lationship betreen rhc tultifun.tions uF s{u) and ur. Er(u) , the
latter hdving possibly a slightly nore sedate behavior, do€ to th. dampehinq erfect ol
the obiectiv. rmctim 6ose dependence on tarnmteB is usurlly less e.rdtic tha.
that ganerated by the lnt.rsectionr ol sets thrt d€pend on DaraEteB, eince

s{u).^l_r s.t,) 
^ x ,

lhcE si(!) .leyo Fi(',u) for i . t,...,s, and Si(u) . txlFi(x,u) .01 for

In reetins the challenge raise! by such exanptes re rj]] need to pjn dolvh the
Y.rids ideat of h(r. a seq@nce of sets in Rn Fight b€ said ro.one€rle to set in
nn . Bocduse th€ iets rc encounter are r.equentty u.bound.d, in order to stud, their
convergen.€ behaejor ldeqoatety jn the targe we sha need to adjojn to the space Rn
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a &ind ot boundary 6t infinitj" consittinq or ideal poihls thich repEsent possible

direction3 of divergence. Ncre this,ill be done in lhe sjnplest possibl€ way, nanely

by relying on a l-point cfipactification of Rn This is .ot the only vdy, and not

alvays the best *ay of dealing kith directions of divergence, but it is all *e can

cover in thjs Inhoduction, and it does provjde !s rith th€ rcsults that re need in

our study of varidilonal syslo6 1n section 3-

llthotrsh th€rc are nany jnstrnces then resdlts ahout arbittary multifo.ctioni are

of interest, all the exaDles that re hrve de.lt vjth sulgest tfiat the bread_aid_

butter dsc is rhen the nultifunction I ls cto5zd u4{ncd, i.e- tor all u , the set

t(u) is closed subser of R' . re shall restrict ourselves to !hat case. not just

because all exanpld rentioned are of that type, but.lso b.c.!se it alld u5 to
.scap€ a nuhb,pr of technicalities that !o!ld overburd.n thir prerent.tion, Thje neans

that nen..fortn k€ nay rc5Lrict oorselvcs to ljmjtinq propertjes of sequonces of

Let t5!, v. 1...) b€ such a se!uence or closed subsets of Rn - Then ils tinir

(2.10) ljn inr s! = {r = lin xtlx! e sr for ! = 1,...)

cl tu.sll l
l!rl c i{

Nhere by {!kl c lN = I1,2,.,.1 {e reln that the r'ntetsectlon js with resp.cl to all
subseqences contained in ll. 8y cl , of co{rse, re rerer to the c{o6dt operitjon.
sinil.rly. the lir6 .(penio^ of the 3equ.nce is the set

( 2.11) ltnsops!: = {t.llnrklrke5!r for sm tvk}cr}
k--

. n_ _ .l tu- sr'l

Slnce the llnit inrerior coisjsts of the linit Dojnts of all poisible s€quences

lr!, r = !,..-l riih r! € s! for all v , ind the linit superior.onsitt of the

cllster polnts of the satre sequen.es, {e necessdrjly have

t..r?, rr! rnr r r rro 5up 5

lhe Zdit lir S is said to exist, r'r actually equality holds in (2.t2), in vhich



r3

(2.r1) Ii S! : = lin inf 5! = lin sup s!

of.drse. E do not need to restfl.t the delinition ol linitr to sequences of

setst and for our purpose a sdshat hore general defjnition serves us better later

on. Let J{ be a d{2.r on an ind-"x space N , i.e. . collection of nonenpty subsets

H or N closed under ircluslon and finitc intpriectjons, l,re de.l only {ith tro types

or rilters, mely neiqhborhood systos l{(u) of polnts u in Rd and the lrachet

filter on ll {rfiicn can he viMd as the neighbo.hood svsten n(-) of the point -
at infiiity in lN ), buL it is convenlent to deal NJth both ca5es at onc€- The gii.L{

i{ or a filter ,r is defined by

(?.111 t:=lHc lH^l'/, forall rl .t(l

Th$e is a nalural dualjty hetreen a filter and its qrlll since, we have that

(2. t5) r.= {Hcrl lHnH'I t forall H'cri} ,

ds can easjly be verifjed. For the filter N(x) and the Frochet filter (-) vhjch

ar. dr tridary jnt€resi to us, E have ihat u € N(€) ir and onl, ir H cont.ins
.ll erecpt possibly a rinite nuier of the el@nts or tl = {1,2,,..1 , ereas

' € lL-) ir a.6 orly ir 't c [\ .q not ,ini,p, i.e. \(@) (orrespond to aI'
eubsequences ol 0l j also for u € Rd, N(u) = colrection of all s€ts havinq u in
their interior, {hereas ii(u) . coll.ction of all s€is havins u in th€ir closur€.

trtending th. notion of linits of 3ets to lh.t of filt€red f.[i]ies
lS!, ! € (N,ira)l , re get for the tin(r atrj.^{dr

{2.161 lim inf 5! =. - -i .tLr -.. sll

dnd for the artil 6dpelior

(?.17) tih sup S! = nH€]'a ct(U!€H S!)

Sinco Ja c i , it ir agajn true ihat

lZ 13) lir inr Su c trn sup Sv .u€il J< r{

IO

the &'i.t is said to exist ir equalit, holds, and a3 berore it i3 th€n denoted by

rir Sv and d.fined to b€ the c('mn linit.
!e

!e are no* in a position to introduce continuity conc-apts for nultifunctjons. A

hol!irunction r , ld I nn is lo,u.r r.nicotrlltuoa,1 (l.sc.) dt u if for the

(r(u') , u', (Rd, N(u))

(2.19) lim jnr r(u') I r(u) t

the.otation u'-u susgests the filtetinq p.ocoss hy thc mightrorhood systd of
u (in thc sdne cdy that v +F sulgesls tha fillerin! process by the noiqhborhood

system ol th€ |)ojht dt inrinjty). 5ini1.ry, r js npF?, 6.tu.otr,tinuour ia.ac.l at
u if

(2.20) lim sup r(u') c r(u) .

finally, r is aont\nrc@ at u ir.it is both lqer and upper soicontinmls, or

.2.211 rir -{u, ) ru)

Ihe nultifunction I js said to be {odc,l or uFp?} .tnif;anturcua, at.ohtuAuau, \f
th€ correspondin! Droperty holds at all u in Rd

!.cause of the topololr'cal prop€rties of Rd , in particular the fact lhat
neighborhood systds have a.ountable base, tho derinitions ot l@er and opper seii-
contjnujty for noltjfunctions can also be rephra5ed in tems or sequences. 'Ihis yields
the folloking, rhich brihgs th€ d€finitjons of lo,,"r and upper senicontinuity in line
tith the sequentjal d€finitions of lower and upp.r limits or sequenc€s of sets that se

2,2? lnoP0SIIlON, A c1..\ td-rdl.!e.1 nuhj luncnon I . Rd -i Rn d lower t@i.onltnod
os u id dnd ait! itr {or ?!.^./ aeaua,.e {x!, ! = 1,...1 c.trup.r4lhg .. u df,r o.rq



r€ r(u) , the& oLi,st^ d seliutr.t. {x!. ! - I,,,,) .o0e\ging ta x !u.-h that

x! € r{u!) {or a{1 | ex.ept po\t.i6t1J lor d (ikite wb.a at | .

1r i^ upp ttfuicokLLruob di t il and or,tq i[ (aa du. thL 
^!4ue^.u

{u!. v = 1,.,.1 LanNttsi\lt 1:o u , th. cLuto,r poidA otr au pot'.ibt. 
^equen 

et

Irv, r = 1,...1 diri, x' € r(uv) blrans ro tl!)

2.23. 'IHEOREM. A .!cs?d valutA nd lundlotr r : Rd I Rr ia Lppo\ reLroh;.,iMu i(
dhd onLt il sph f c Rd x Rn i4 Llo&d, ar d,o, Ll ant! .hLr il .i,tt LhrtuL
r 1 , tn I nd .-r upPea 

^eni.o,rinuo6.

PR00F, riote simply that sph r is closed jf and onl, if eve.y cluster poiit (u,x)
of a sequeice {(u!,xr),! - 1,...1 in gph r also belongs to gph r . or equlva-
lently, if and only ir any cluster pojht x of a sequence {xv, ! = 1,.,,) , {ith
,' € r (uu) and u! + u . belongs to r(u) . This is the chara.terization of upper

semicontin(jty provided by Propositioi 2-22 -

The second arseriion involvihg the inverse r I fotlows sinpty from the first
one via (2-5): the graph of r_l is jus. the subset of Rn x Rd obtajned by rever
sin0 the ord€r of all the pairt (u.x) ih the qrdph of l - D

As an illustration of thls idea, thc constrrint muttifoncrion u F S(u) defined
by (1.8) is u.sc. if the sets U and )( aie closed and the functions
(x,u) B Fi(r,u) are continuous relative to X x U Indeed, the sraph of the invers€
of this f,ultirun.tion is the intersection of several subsets of u x X or the forn
{(x,u)lFi(x,u) <01 : these set! are closed under our assuptions, and hence so is the

Short or continuity of the multifunction ur"A(u) of optinal sotutjohs to (1,7)
vhich js dirficult to gDarantee, it is in the upper senicontinuity or thls multj-
ruiction that we are interested in. rndeed, it is precisety thjs property which
allovs us to assert thdt whenever x! js an optinat solutjon of (1.2) tor
!-1...., rith ! inplaceof u, and the u! converge to a certain i,then
any cluster point i of the sequence {x!, ,. 1,..,1 js an optimat soturjoh or
(1.7) rith u. u. tn tlls sense the r! are approxjmate sot(riois or the tinit

Tbe rollouing charact€rization of opper and td€r tinirs of fittered co]]ectioh
of sets reads ro the constructlon of a topotogy on the thqpot) apace r of ctosed
subsets of Rn , the subspace of 2l chich is of inteest heE, and {hich a @s us
to relate the contihuity of a nultifhction r : nd I Rn to that of the associated
runction .r : Rd ' t lt is convenient in {hat fotjows to rety on th. ro oHing

t : = the hyp€rrpace of ctosed subsets of Rn ,

2l

= the hyperspace of open subsels of Rn ,
= the hyperspace of canpact subsets of Rn

2.24. IHEOREM. r?-t IS!, v c (rl,tl)l L. a li,tttt.d tjMLtll a[ ll.atpn aub6era o( Rn

dnd S a c-eoi.d 4!6,10.t .j Rn . Lr.n

s c lin inf S!

Ll dnd antq il 6dr att G e o

(2.25) s.cl0) to\ 6@a Hl: tf .s!.ct0 Crt a{{

5 r tinlsup s!

i! ana onl4 il 1..'. 4t-l X € H

(2-26) s.(.94 ta\Mna H€ta,s!nk.0 6da n4r

PRI)OF. S c linrinf 5! if and only if for alt c € 6 such that S.6l I rc
have that for all H € t{

G 'lu,u\!r/0.
as rollors from (2.16) and the fact that an open set 6 mcets ct D if and onty if
6nD 19. Now to say that the relation holds for all H€ t( means that ror some

N€/{, C must neet every set s! with !€H, as fo o{t fron the duatity
betveen t( and .r ! in particular (2.ls). And this nor yietds {2.25)_

Io prove the second half of the theoren, we observ€ that S r lim supvs! if and

only if for every compact K€I{ 5uch thar S.kl0,,ehaverorsore H€r

as follds rroF (2.17) and the fact that tr is ctosed under inclusion. This ctearty
inpljes (2.26). 0n the other hahd, tr (2.26) holds but ther€ is some points y jn
Kncl(Uv€Hs!) ,thenthis y betonq to K n 

'r 
, ds fo os fron the sftucture of

ft , and henc€ KnS lp, contradicting our assunption_ tr
re are how in a position to bujld on the hyp€rspace r a topology ( consir,
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t€nt,ith the conver9ence of closed sets introduced here, A 6a66Me,l , consisti
of th€ fanilies of sets

{tc,G€c} and ll ,xexl ,

uher€ for any subset Q c Rn

tQ:.iF€rlFnQlr)

tQi={F€rlFnQ=91 .

A base of op€n seis in r is thus all sets of the tvDe

'"" 'et...-,Go = I nrGI o..'rcgviLh p fiqirp, Htere t.[ .hd for

i = 1,..., p, c e c , (this is the co|€ction of finjte intersec ons of eteiEnts of
the slbbase); note that ror any fjnjte co €cti

K, t( 
or or ronpar, set\ fl .,.,rq . o.c ha(

''... rq= F',eh"re I i5 rheLonprc, s.r u!, r,i .0. cou,lF,e have:

2.28. CoR0LLARI. rer {sv, ! e lN,x)) a ti!-te^ed 6MiZ! ih r , rhu(-. I rf \! .6 aan o u tt tor Uo av.jronn,ns twdu ol .rosad subsel^ a[Pn.5=tins'

PR00F, ln vlev..of the rtructural properties of the basis of [ , one has
s = [ - rin s! if and oily if.ondjtions (2.25) atu (2.26) dre sarjsfied for the
'0'r!pondiro.ot'..ri01 ot ,.ts t\, S., ., \t A-rdrsrarriq,ll or thrl iaro th. t;rhtnotoqJ or a,trfun. ons. jt beconp5 :

2.29. COROILARY. tct r : Rd lnn b. d c.ored,vdtuei tutai|u.tinn.fhu r ir !.A(. dt u il and onltt iK to,::":,y?*^",*,il";;.;1,)^;";"fk*!,:f 
"2n:#r',::,

d r il od on]4 it tr euuu taipnLt 6o] K rhaj "M.u,,rru). r,e. ditn r(u).X=t, tttd' @Mr^.othd t!')'r , i;,;;,.; 
- updhd^ a Abshbolhood v' \tu) ruch

-. 
ol-.y", u iA ro .ituou at n il ad on t! it thc bh t ?t2.uka..ad.Ltio\ad,'dtdtriu. 01 oquuet?$]u il lho qp \ : oo ., 

^^".*" i ,',*] .1^-

tttuou 4t n tu:th nuprct to the aopologq c on t .

lhere are nmber of lroperties of the toporogicat space (F,a ) that turn out
to be useful in the sequel, rirst, it 1s aeryatun (Bausdorrf), as can eatily be verj,

S.cond, it admits d .ou,,ta6le bd^e. Consider the base qenerated by the ooen and

closed balls rith ratr'onal center (in Qn) and ratioiat radjus :

8.UB^. -.U3
{z.1ur r vrrh p drd q frrite,

8i,. .,8;

Nhere Bi deiotes a closed ball, aid Bi an open batt (not nec€ssarjty retated to
8i ). clearly jt is a countable bas€ for a topotogy on r i a what needs to be

verified ir that jt a.tually generates r Since the sets leierated by the finite
unlon of.iosed balls foh a subclass of [ , and the open ba]ts are in o , the
topology s€nerated by the base of opeh sets of type (2.30) js possibty coarser than

[ . Ihat ]t is actlally ds fine as t can be arqled as fo]]ows. Consider F jh
r,"a ') . in ,h" ru4ddErtdt t . npiqtDo"hood \ystFr or I I *e need ro

e\hibiL d reiqhborhood or t o. tvDp tr.JO) rorta,led t" rl-._.." re obratn thic

lrom thp roDoroqi.rl oropcrties ot pl , na*tv (i) ,"., i.'r i.p,onpo.r .oL,"pu-
rated fron F , theh there js a fjnite cover of k by ctosed ratiohat ba s rhose
uFion al(o frilc to @pt I . say 0t,...,8q . ,rd {i ir C, jq an opeh (e, rhdt
Eets F . Ltei lt corr.ins ar oppn rdrionrt balt. say Bi . rhar at\o eets I

Ihird, (t,[) ls a corpac-t space_ te derive thjs by re]ying on Atexander,s
characterization of conpactnessr se€ tGttey, 1955. Observe that the fahity of sets

Jtk,XeXl und {rG,ceC}

is a subbase of.losed sets for the topotosy s i they are the conptenents of the
open sets used jn our origjnal construction of c , l,te need to sho{ that any arbi,
trary.ollectlon of elerents of this subbas. vith enpty jnteB€ction contajns a fini_
te subcollection Nith the sane property. Let {K. , i € tl be cmpact and
{Gj , j € J} open subseis of Rn such that

G.
(nrF, tr' )n(^.-, Fr) =p,

there I and J are arbjtrary index sets. t{ith G .= Uj€J cj , tne above can b€



tlel{11,n

d^ich holds if and o'rY

-9,

for sore ( in {K 'i€ll

fr
tf

r*n rG' g,

oralro, 'fa lonlv if Ic6'UiiJG. Sinc' k

t b' r f:nite tnbe' of Flef4is G , Cp of 16

red fini!e collection' since

rxnltrn.n tP) =t

srmarizinq olr results, re nave

2,31. THtOREl,i lf,t) i^ 4 
^.P.\ 

an' 'ohpa't 
tapalogi'ol \pnc' aah &uatubU 6a6e

ed henc. r.bo 6o1MuU.-

vet.i/ab,l':ty r\ a d:rect Lorseq4r(e ot rhe preecedtrg oroDFrtt'il consult

X.lley, 1955, for erdple. {e shall actuallv ethlbit t xtric consistent *iti ! '
but b€for€ ve do this. let !s record one of the ntin impljcttjons of this theor€n'

ls coopdct, there is a cover of
, j e J) . Ihis yields the desi-

2.3?. conoLLAiY. Aiv@ anq |itlLttod {a,i!t!, {s!' ! € { 't()) od 'loled 
rub"r'6 od

n^ . thono- atr&rti aLiatt a 6ubt4i-tu {s', ! € (tr"ra)l fhdl convdrg.j, j e. luch

tt'dl fin St ?rf,-6r1, possiha4 the atph! La't.

sefore * begtn rlth the consbuction of a Etric on t ' it i3 useful to re_

cord the follo*ihg specjal case of the second parl of theorem 2 ?4 that characterjzes

co.veroence to tle eqty set.

2.33. Ltri{. suppo.c (Sr,!€({,r)l it 4 6i,ta^on (MUt! ot ttbtct} o[ Rn

lif, sup 5!. lir sv =,

hattu il, @d a",Ltt it to zvenq .>A, thQne.a^.^rtu^di H. 
^uch 

thda

.-1 gosv. t Frslr 5, sraloqr.phac rFi6rih ol r. v on Sn.

25

a,r^. ,.ls it the .tot.d bau o5 aadnu c-l d'd c.iter aa o

rhe qaoAdon(6 diAttn ebetteer teo no.e pty sets c and D of . net.jc
rr d.flmd as follors :

haus (c'D) : = itrf (€ | t" c >D '." 0 rc)

riere e'Q isfor.>0,the.'enti^s6.aor the set Q ' i.e.

€i c rt .nd .: t r0 i4lies (€r + €z)'c )0 .

€'Q: ' {yldjst (t,a) <el .

H.re dlsi 13 the dist.nc. tunctton on the un&rlying rPtric apic€. The flausdorff

distance is nonnelatile: haus (C,D) " 0 ir and only if c = D fte trjangle lheqla-

llty follds dir€ctl, fr the f.ct that for any set E , €t > 0 rnd e2 > 0 :

.i E )D and .: D rt i+lles (.r +.2)'D )c .

ln order to erpress the converEence of sets in tems of a @trjc, lle resort to a one

polnt coiprctiflc.tid of Rh , ihich k Ender corcrete by l.nns of the stereogra-

phic projectlon of nn on the sptere Sn c n'+l r see Figur. 5, fh. ;tuzognaplLi.

--7,----\---



lsl,re b€tR€n tN points i and v or Rn ir

disis {x,y) ' hrus ({x') U P , {Y'1 U(P)

{neE r' and y' arc the stereolraphic Drojection of t and v on sn rnd fiP

js the north pole ot sn ; haus i3 lhe Hausdorff distance in nn+] . letreen r rna

t , one i.s

disf (r,0) . haus ({x'l U NP , tlP)

0f course, re hrve identified the north pote tlP of sn iith the €nptv slbset of
nn , rhe .ior.olFapfi r H@sdonii di^rahc. bebeen tm arbi trarv subsets c , D of

h.uss(c,o) = h.us(c'ufiP, D Urlr)

lhare €' and D' ar€ the stereographic prcjectio.s of C a.d 0 on Sn . If I
and D !r. closed, then so tro C' .nd D' i in t.ct C'UilP .nd D'UliP aE then

nonsDty co@act srrbsets of tfie coripact slhere Sn . lhe stereographlc flausdorff

distan@ h.6s is thus a Etric o. t rnlch is bound€d above by lhe diriEte. of
s' . It res.ins to sfioi that thr's netric is consistent iith the topology of set

2.35. TrflEontlt. codid?^ tS!, !e (i.t(], a 6ilre^ed [@nrq ol cto&a lubaert ol
R' , ltch rin sv = s i[ ahd anlg it

l1F hauss (s!,s) . o .

PR00F. As a direct clnsequcnce of the definitlon of l@r a.d upper liiits and

Lemi 2.33,e have rhat lin 5! = S if rnd onty if tin (S!' U liP) = S'U r1p !
ver

i€re Su aid S' .re the stereogftphic projectjons of Sv and S respectlv.ly, To

cdplet. the proof it surfices to use th€ deflnition ot'haos'ad apply the fotlo-

2.16. Lt{rA. cotudcrr rsv,!e(fi,rf)l ,4(|{_tdcd 6Mitq 06 nonqpt! Lta6ed sub-
!at6 o{ a corpdcr 4.t D c Rn . tld rr0 S! co,vong. ro tiz rotr€liptt !.1 S c, il

t.us(sv,s)+o-

PRO0r, e begin by shoving that S c cl(!,€H su) for dll N e i lf and onty if ror
all .>O th€re exirts !€,. 3uch th.t forall v€I,5cc"S!.lhe'if'part
is self evident, The "only if'part r's argled by contradiction, Suppose that there
erlsts an r>0 soch that foi all H€t( there akays is sd|e vefi such that
s E." Sv, o. eq,ivalerty tlat tlF.e e, sts t" e; --using he'F (?._4)-- sLcl" that
foralr v€H', S I e" S! - rhi5 neans tn.r sgcr(Uv€d,Sv) and conleq@iuy

s E ^reri cl{u"el s") = liifllnr su '

contradlcting the hypothes is,
lhrt E 3hor thrl s! r lii iup S il and only if for all . >0 theE erists

!€{

i E tr such that, for all v e H , one has S! c..S - For th€ "it" part, note stroty

s = ct s - n >o,'s cn >o cl(u!€fi su) cnHer, (ctu!€fi sv) ,

rnere {. d-"ote\ d rFbpr or tt so lnrl Sv .'S ror al u. P. or the ofl!
rf prrr re app"al to lhmren 2.14 yhirh trDlies Lh.t il 5 ,liE ruD Sv, rhen to every

L >O there corresponds N eia such that (A .'S) nsu = 0 , since C .o 5 ts
carpdct and cle.rly (ll .'S) nS = 0 . 8ut this is ttE saft as the arsertid thEt
S!c..S foratt !eq,

So far ve h.ve shoM thnt

5 ' lii s! = lir inf 5t = lir suo sv
!e veN !e

jf lnd only if to every r > 0 , there corresDonds N € l{ slch thdt

.'5vrS and e.S)S! foratl veH.

( r€ used the fact that t{ is closed lnder finite liters€ctions). Equlvalently in
vid of the definition of the tlaosdo.ff distnnce, the l.tter condition leans that

haus (sv,s)<c fordll v€fl
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nence s! corverqes to s ir and onlv lf haul (s'"s) ' o D

"'""'-" *iir"".,t-t vc rravd thd follovinq ver\idn of rhcorcm 2 35 and Lema 2 36-

2.37. COROLLAnY. l .tof il_tar!'/ nrttadrNticu I nd i nn {r c'nl1nuou6 dt u ld

lin hauss(r{u')' r(u}) - 0 -

! I d rtd "di'grb 
Jr'd t n al"litt 't;6r ltl\tr

ii,'d.d. tr (6 f.rrrB' ad dr I Ll a"'t 'it'J '1

lim hau5 (r(u')' 1(u)) = 0

ir u = 0

lL ir o.sy to verifv r$nt sultirunction i5 continuous' in particular at u = 0 ' see

Figure 6. 50 is the lr]ltifirnction r rith

Let us nake a couplc of observations about contlnuitv of nultifunction' before 
'e

,.*,..r-"., -.,*.. rr.r t\" ru,riturltio. ia uairorlv bou.ded. o' i' a nunbe' or

",;";;i''...".".' 
rhe 

'rerinrrion 
or 'onrinurrv 

int'odur'o here is 'onsi\renr 
rtih

iti t, **.*o Ho'ev€r' if l i! not nirorhlv bounded then co tinlitv nav verv

*"ll rcr be aff vhat {e expect fron sdch a concefr consider for exanpl€ the nulti-

t'rctiq r; RIR vith

I {u) 
[rr"-r 

lr

l0

.'r"r-[r, Ir ir u/o

lo ir u=o;

see liqure 6, Ihe dirferenc€ is that I and r' do not tend to the conpactlfication

Foint - jn the sare fashion. (ln order to avoid an exanple li which I and I'

drc etlllty tl 0 .'irclv cordlse- 't't \'0 dnd r' i ri u0 lh€F 0. is lhe

(onstrnt Dltituncl 'on 
lhich t.l.r on thp vald' r0l cver'ther€) Naturall' thc

stereoqraphic projections of th. lraPhs or these nultifunctions on St rt'tot"s o'"

sense of proprjety, the projected grapi of r' is "continuous'at 0 - Brt nonethe-

less, F rre 5till co.rrc.ted Bith tne fact that fot ! suflicientlv close lo 0 '
the sels r'(u) tnd r'(_o) dr€ lert "f.." aparl. *h€reas r(u) and r( u') are

very close to each, and no dlstinctjon js nade as far as continuitv 't 
0 is con'er-

Fi$'e 6. ClnttuoG nult'luEt6'

ned bet!€en r and r' In iany rppllcations, it i5 inp€r.tiv€ to distinqutsh

bet,een the directions of rccessjon, j,c. the asynptolic b€havior at - of the va_

]@s of the mltifunction. rhis leads !s to. nore stringent notjon or contr'nuity for
nlrltif$hcttons.equiring in addition continuity" ol the directions or reces3ioni

this Js eliborated in Rockafellar and N€ts; 1985

conijnuity of the function y : Rd' t , assocjated to the multifunctjo.
r : Rd I nn , has b€en defined ih tems or the t@olosy q ln via of vh.l pre_

cedes, in particullr Theor{n 2.24. it is eary io s€e thal lder ssicontinuity of r
corresponds to conlinuity of y vjth respcct to the toFoloqy Et."

rilh base { tG , G eol , and uppet senicontinuity of I corresponds to contjnultv

of y vith rc;pect to f, usc g€.erated by tne base I tK , t( ex)

Ie nd lelve Lhe subset of (o4liru,lY p.r se a;d lurn to Easu'abili'v. a. ih
lhe case or runctiotrs, masurability for illltiftnctions is a iay or qualirying the

dependence of the vilues on a certdin paranet€r. The basic difter€ncc belteen @aru-

r.bility ard continujty is that the underlylnq structure is that of a rea3ure space

instead of d topological space, rhict b a rense is coats€r, Alain re shall llsit
ourselves to rultifunctions xhose values ar€ closed subs€ts of Rn , but re alld the

donain to be an arbjtrary set 
'l 

equipped ,jth d sjgmafleld a - 0f course (4, A )

colld 6e Rd , equipted {ith th€ Borel field, j. pdrticular witn d F 1 flren the

p.r.deter in queslion i5 tim- 0r it courd be. taQle space rith I the sig@_

rield or evenls, aid so on,

It will not be possible here to revi*.ll thit is knovn ahout heasurable nulti_
ronctlohsi for that the reader rho'rld consult for €xlr'Ple Ro<k.fellar, 1976, C.st.ing
and Valadier, 1977, and the bibliogr.phy of Udqner, l9/7, suppl.ented by lofre, 1978,

!e shall restrict ourselves to bringinq out the connectlons hett€eh the concept of
tt€asurtbility dnd that of coitin!r'ty ror mulLifunctions, lt js sland.rd procedure to
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besin Hith a definition of measurabjlity for closed_valued nultifunctions and then

study jts implicatlohs, ii pariicular vhat measdrability reans jn terns of the asso-

ciated functjon rjth values ih t Here se so about it exactly in the opposite ray.
since (t, halss) , or equivalently ( ., [) , is a metric space, there js a

niiural cohcept of reasurability ror functions y defjned oh a measure spdce (o,r )

and having valuEs in t . Namly, let 3 be the 8orel field senerated by the class

of [ - open sets on t From th€ construction of t and its properties

(rheored 2,31), the followin! classes of sets :

, Ker{1 , I16 ' G€o] '
, B a closed ball ] , {r8, , B' an op€n ball L
, S a closed rational ball L

irB, , B' an open ratjonal ball L

and their conpl€rents ar€ all senerators of 3 (takins complenents and fornin!
countable unions), Cohsequehtly ke have that y : (0,A ) + (t . B) is neaslrable if

(j) forarr 6€ c , 1-11 rnler,
(ii) forarr (€(,1-1(t() €a,
(iii) forarr Fer,./-1irr1.r,
(iv) for all closed rational balls o , 1-1( rB) e n , and so on.

since each functjon y : a r t is asso.iatad with a close!-vatued nuttifunc-
tion r : n - Rn , ,e say that I is red&'dbte ir .r is neasurable. Since for any

1-11 rol = t*enlr{') € rD} = {uJr({) n0 r 0} = r-l(D) ,

the precedins characterizations of neaslrabjtity of y yietd :

2, rq. DDoPosr-t0 , tho [.u.d,to oe oqutdtrn] ,

(1) t i^ nta64btzt
lji) [on euah| apea aer e. rn , ._1(c) L1 naj4ura6tei

(iij) {ar avehs .o pac.t 
^t 

t c nn , 1-11x1 u n dtuaht.i
(1r) (an ovpJL! .bted aer F c Rh , r-l(F) i^ h?jrMbto,;
lr) (an ev&1J crnazd ndtiotut 6dtL s , t-r(B) i^ n.ardbte.

{r(
{fB
I'B

0f course this tr.st coutd be contr.nued at iifinitum, alt that is needed is to identit
a class of sets {D € 0 } such that the sets
qenerate B 

{tD'D€Dl'orth.irconplen€nts'

Hdever, there is trore to measurabte huttifunctions than the characterizations
obtained as a direct consequence of the neasurabr.tjty of the associated function;
{{r'th values in th€ hyperspace , ). A countabte ipossibty fjnite) corr€ction o;reasurable ruhctions

{x! : dom r, Rn , ! = r..,.1

is said to be a curuing re.pr.jaLln:tLo, of the multifunction r , o I nd tr ao. ris redsorabj€ {€a) andfora| ,cdonf

r({) = cr {.1 x!(w) ,

i-e. the set {x!(r), v = 1,.,.} i3 dense in r(v) It is renarkabte that reasurabt-lity of r .an be expressed in tems of the eristenc€ o, Castaihg repres€ntatjois.

2,40- IHEoRttr. A .toa.d-vatn.d n&LLta,.tron r : n I nn i\ hearLtatta il ahd a,r! .i:6k adh.LtA a CattLing repasle,ljlion.

PR00F. see Roctafe ar, 1976. Theoren lB, for erasple, o

2.41, CoRoLLARY, (Iheorem of easurabte Setectjoi(). t6 r:alRn u a a{o!ed-rat!.d h?4Aerabl. tulr,4unction, than thena i.a at !.aat o,( n?d[tatttz 
^e!..tdt, i...a hetuu\abXL tuncr.ion x : doh r, Rn \u.h thlt tar atr v.,loh r x(w) €;(w) _
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3. v^ntlrl0liA! SYSItrs : EPtCo II|iUIIY AtlD riORllAL lllTEGMllDS

ProblEns rarely occur jn isolation ln slnost everv situation f,odeled in applied

mthedtics, ihere are vario6 3ets and tunctions thtt describe anv partjcular tns-

fin.r of the mdel. but these dapend on certain paraftte's lhen the par'Etets de

varied, . vhole family of probl.ms having the saft structurQ is qenerat€d' The jnte

mrting thing is that par.retrizatjon in this sense is .ot uselul Frelv ror the sale

of giving trentnert to sinilar sitlttions. Th€ pt'aFt€rs often hnve n fundai€ntal

rol. ii the analr5is. Thl's is all the nore lrue in applications involvinq tr'ne!

rinddn tariablee, or nunerical apprDximtionsr ihere exdct ralu's mv rct 6e aralla-

bte for the Datmt€rs. lt is inesctpahle then tftat the studv of onc i'stance of a

problen entails the study of other possible jnstdnces-

tle har€ seen in Seciion 2 hor the notion of a set that depends on par'mteE can

he inv€stigrted in tems of rurtifunctions. I. this section {e take op in pardllel

rashion the noljon or a f nction that depends oh ptrrneters' the goal beiig to develop

llie.pjgraphical apprDci etplain.d in Section l'
iinjiization prob!6s are .gain qood r€rerence Point for mtivation Soch pro

blens often dep.nd on parareters and can b. mdeled abstractlv as in Seclion 1, tor

(3.1) fift x € Rn thal njninizes f(t,u) ,

rhere f : nn X Rd'tr is the essential objective function of a certain Farafietetized

optini u ation problen, 5aY

r(x,u) = fFn(x,u)

I
rner€ the F. a.€ real-lllued f{nciions on the prodoct x r U of closed sets X

and U ! as in (1.8).

Cenerali2ations are imdiate. Ihere js no reason thy rie cannot slart {ith .n
artit.ary runction r : [n x Rd -[ and.onsid€r (3.r) as p.r.mteriz.d by u

rar(inq over Rd . Ihe beauty js that although constraints do not h.ve to appear er

Flicitly, they are pres€nt mretheless. tlle*ise, although no Estriction or the

paramter u hns to h€ rentioned, re iipltcitly need u€UcRd - Ihe speciftcation
of f thus e hodies at lhe sane tine the specification of n cons$.int svsten dep€n-

dinq on pa.aEters, and jt does 30 in a @ry rlexible mn@r rhose vi.tres should be

3

e.sy to aPpr{iate by nq.
If. iininiu.tim problen can be desctlbed by a rinqle function, tfien a orobler

ihat depends on I paraneter v€ctor u € Rd hust correspond to a functlon that
d.pends on o . As nlready susq8ted in Secllo. I, a function f : Rn r Rd'tr does

.ot tell quite the right story. Ihat h fiave in rind is rather. correspondence thdt
assiqns to each u a function f( ,u) on Rn , i-e, a function-valued happing

u - f( ,u) , and F Mnl to strdy hd certaln objects issociated *ith f( ,u) --i!s
epiqr.ph, its infion, etc.-- d€pend on u . llappings dich .isign to e.ch { c Rd

r functlon on nn hav€ bean called bidecttrou in convex analysis, but here re .re
going to adopt a ditrprenl leminology that.ppears rcre appropri.te to the generil
retting tlrat re deal {itn.

B! a valtlaiokd! 4rJ6tcr.n Rn rith paraneter space Rd we shall rean a para-

Ererized lanily or exteoded-real-valDd functions :

lJ.?) F.tfr=n Rlu€R"l

(Ihere should be rc confuslon bet(ec. th€ lse of tfi. syibol t to denote here .
variational systen and in Sectjon 2 the class of closed subsets or Rn ). The d€finj
tion could obviously be qenerarired, and it Nirr be {hen F coEider oomar inte-
grdndr, to rn a'!itrary R.sur4 spa.c i4(tcad or od Ihe lurct,o" .j i\,d!'ed
the ualual. of the systen t cof€sponding to u . Ue speak of the lunction

(l.l) f(r.o) = ru(r) oi n ' c"

ae the aorr4rv. durcrotr assniated rith r
In prin.ipl., of course, the parureterjzed ranily (1.2) is ideitical to a mrr-

plng u * fu . the first staqe or d $o srage corr€sponden.e

! ts f('.u) * rlx,r) .

Thir is Eflected in an altem.tive notation that re shdll somtires 6e to indicate
a vtriatiohal systen r on Nn parameteriz.d by id , nureiy

{1.4) t:RdtRn,r{u).ru

(Ihe svnbol / js int€nded .3 a .€btnder thnt t assiqns to e.ch u € nd a

This tehjnology and notation ls desisned to give us flexibjtity enphasiuing
distinctly diff.rent roles for u and x in tEating . quantity flx,o) thdt
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deponds 6oth on x and u but not q{ile in the rtm tunne' In the conteit of the

6riatlonil sy5ten r ' propertjes of f(r'o) with respect to t fill tvpical)v be

iroperti€s of th€ individlal valuat's f ' lhile prcFrties rith resp€ct to u 'ill
rypl-rly ln*ru" the wav function fu as a d'ote depends on u ' not just the wav

f lrl depends on u ror fired 'u 
tn.o*:, "Li r'. lo' e'drlp re na, 'r'l- 'u ro bP a (oltillous 'nction on

nn for eicn fiKed u rio. R tdtt about ' 
udi'(io'al 6qat6 t dith conUruo4

!dtud .!. nn t1A ol,.r 1rn . ne rJ ri l le antirP tLac'ior 'u to d"De'd 'orr'-
rnr'yor i irt\plersFof 'l' cD''r'ph( i" pnrr vd'virt lontiruouslv rilt u

Then *e talk inst.ad aboul dn.fic,,il'ttdu1 vtulltianal t4^t! 
' 

i thi5 con'ept

rill only be derined rater on, lut tnc r€tdcr can easi!v qet the picture lr the

cla5sicdl setting tl'e d stinction does not lake on such proportions! bec'!se' for

instincer continoous dependence of fu on u can often be ertresscd adeqlately in

the poli&ise 5ense or fu(t) dependins conlinlouslv on u to' e!ch x Ihat js

hdl true lrere! due !o thc vdv ' is Dejng used to r€present constraints' ts {ell as

tor othe. reasons

The situations ehere in dealinq {itlr f(x,u) se prerer to thinr of a varid-

iional syst€r t are larqely the oncs rh.r€ properties or the epigraphical multi

uFeii f(u, )

assure jdportance. It should be clear that this is not linited to sitlations where

nininjr.tioh in r is at issue. In ant frammrl there th€ €pigraphical 
'pproach 

to

andlysis is natural, and sev€ral hdve been neitinied ih sP'tion I the idea of a

variationdl lyst€n is likerise natural- Ihe mrd "variation ts intended to rcfer
priMrily to lhe depondence of a function fu on. parareter vector u ' but the

sugg€stion of a relatiotrship to tariational problehs is d mlcm coincidehce-

ue,tdrl d"no.n I,v eo I rLp q'fdfh, ,l -rtttad ,"" u"Ppi ',r dsro-

i idr.d,,Lh , v.riatrmdl sy1l.r t. llu , n' n1u. ndr I tnu.

(r.s) epir : Rd:i Rn*l , (epi r )(o) = epi fu -

the graDn or epi t ir lhe set

(3.6) hyp€r r :. i{u,x,o) eRd, nn'llo>f,(r)l ,

ihirh is callen the,l,/p.nara,* or t It is ide.ricrl to the epigraph of the

conjuctive frnction f of t :

(3-7) hyper t'sph (eti r ) =eoi r.

orher useful @ltifunciiohs 0ssoci.ted vith t are the do'e, tu?Iiltr,.tion

(3.s) d6 r : Rd lR' , (don r)(!) : = dor r,, ,

dnd tfie tov.I 3ol tutl.ti(a{.ri.n

{3.9) ]ev,, r, RdlRn, (leu" r){u) : = levdfu.

{e sna!l restrict our a^alysjs lo varidtiahal ta'trh uth l.don.pni..h nuau
r,.\., rdr,rrai. '.p. 11 ts lFrL to, at u' Dd . ta. run.tion ^ts ru(r) i! Lsc.
or oq!ivaJently (Iheoren 1.l7) such that the cpilraphical nultifh.tlon
u + (epi t )(u) is clo5€d valued. Ihis is in le€ping *ith the cas€ considerod i^
se.tion 2, rnd ror practical purpoles it covers all the 

^ptlications 
of inlerest,

.ertlinly all those n€ntiohed in Section 1.

In parallel to thc development in Section 2, ve beqin rith the concept of epl-
limits ror sequenc€s of (l,sc.) flnctiois- Let {fir!,v = 1,...) be. coll€ciion or
extended-real-valued function defined on Rn . ,le say that the f! .ti cohvc4. lo

(3.10) lin ut rv({) > t(') ror 611 lequences r! - r .

(3.11) lin rp f!lt!) < ftt) ro" ,* ,.qu"*. 'i -.

The funcLjons lfv ,v. 1,..,1 ?,.i'.!{1,orsc to f , equivalently

f. epi-1ifi f ,

ir the conditions (3.10) and (3.11) hold for all r < Rn - Althouqh closely connect.d
to the notion of poihtriee conlerg.nce it i5 neither stronger nor reaker. ln fact,
certain sequences of functions have difr€rent pointvis€ and epi-limitt. Consider the

r,(^) [o ,r '.,r.
l' .' "'''



th.t pointvire conve.g.s to the function

t'(r) - 1 ror arr x

r(x) ' fo ir r, o

lr ir,ro
lh. €pi-llnit tales into.c.ount the behavior of the f in the hetghborh@d of O ,
dereas the Dointwise linit.$hicts attention to ihat fiappens Njth the f! at tfe

Folloring the slrE pattern !s that for the lirits of leq@ftes of sets. m.,n
associate rith an9 sequence of functions {f! ,! = 1,._.1 d toie. and upper epj_
linil, and declare that rhe tif,it exjsts if both ire equat (at x ), Ihi! dppro.ch

"ill rlrd us to Fanstose oor results oboul s€que.ces or closed sets lnd nultifrnc-
lion to this a context : sequencej oa t.sc- functions and variationrl syst€ris. te
nay as iell pork directly qith fittered fanijjes of functions {fv ,! e (N,7a)) re,
calling raturally thar rhe.ase of seqoen.es is jlst x = l ,id r the Fr€chet
filter, cf. S?ction 2.

Ihe appen api-unit a1 x of a fittered raFjty {f, ,! e (N,t{)l js

(3.12) (epi-lin suD r.)(x) . = supv€ " ve r(,1

tod its adoe .l-&ril dJ r js

(1.13) (epi-lih inf f )(,) j = sun!€ v ve n{ r)

lrn sup inr f.(r')u€ r'ev "

lim r'nf inf f rx'tue[ r'€Y !

{3.11) (epi-lln Int f.,)(x) < {ept-tir soD r )t,}v€il " v€I v"

(eFi-tin r.)(x) ,

i! s.id to exi5t if eql,nlity hotds in (3.14). rh6 . functioi
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of rhe tiltered fanily {f! ,t € (N,tr)l if for tll r

r1 15l {epi-litr 3up t..){x} < (epi rin irr 1..)(r)
'- u€ l{ " ve

,hich F mre sinplY irite .s

r = eoi-lin f
lEN !

Ir is dn eisy erercise to verify that in th€ req@ntial case (3 12) tid (3.13) cdn

be exrressed in the follosing terns :

(eplrin rup rr)(x) = inf v lir sup I ((u)
!€

{epi-lin inf f tti) " int ! Ln rnr f t, )
ve .r I'- "l

llllctl

lhese dlld us to reognize h*diat€ly tn this cas. the equivalen.e bet*en the

oillinal definition, (3.r0) and (3.rr), atd that vid lif,it functions.
The terninology "epi-convergence", "epi-linit", etc, find its justificatJon in

the rollnlng F1u]t,

t16. TlroeEU. Srn@.e I. ,v e t\,lt)) a d [tU.-"d /6;tt! ol t.6.. c.t?4d.d-

\tut-ualu?i (u.Lttotu deknd on nn . rhra

(1.17) epi (epi-liF sup') = lin inf ep' t
U€N " U€N

(3. r8)

PROOF.

.pt (€piriD iDf f,) = lln 5uD epl f! .

R.call that ror a collEctton ol ftlt€r€d €xt.nded-rerls {o! ,! e (N,r()J rc



tjn inf r( , rup inf
u€ r' fl€r( v€ll -

lin 3D f, . inf sup
veN ! H€Jr r€H '

epi(eDi-t suD fv) = t(r.n)ld > sutv. 
{{,),Herinlu€H,yey 

fu(v)l

. {(r,r)lv{n € ri,v. ('),.>o)r(uttt'ver) {ith r!(v)<d+c}

. {(r,d)lY(r € ri,v e r(x),. > o)' IVx{-a+')l ' (uv€h epi f!) l0)

= {(r,")lv H € i' (t,d) € cl(u!efl epi t!)l

' nHg;'tl(uuex 
"nl 

r') = ltn inr ePi rr

Ih. last equllit, codFs fron the definjtjon of the upper ljnit of the-filtered taBil'

or closed sets (? 17). The proof or (3 17) is iientjcal except thdt 
'l 

ne€ds to b€

repllced by the filter tf . o
Tnis th€or{ intlies th.t [he ]init fonctions tre nec€ssarilv ld€r sedconti-

imus and 'l.ns thdt (onlinuilv qe3tio8 'an be dddrcsseo jn Lhe fran€Frk provided

oy tte tleo.y o'nrltrrunctiol . A vrt iational sv\ten t ' lruluFR"l : R' / R

*jth l,sc- valuates is uwe', .pa-!6Lofttintad 4t u Jf for the filtered fdnilv

{fu., u'€ (id , x(u)))

(3.19) {eri-lin sup r!,) < fu,

liT lhf €pt ru. ).pi fu ;

as in S€ction 2, the notation u'ro suggests tlE rilterinq lrocess by tte nejst-

borh@d sy5tdi tr{u) . sinil y t = lfulu € Rdl , nd I n' ts tM epi't6i.on'

{3.20) (epi-lin iir r,,,) > ru '

lllJ{P epi tu, c epi ru

finally, t ls api.t t nuau^ at ! if is both lder and upper €pi-s€nicontinuous at

(3.21) eoi-!i{ suD 'u, < tu . eri-lir iat fu,

Ite vari.tional systed t ls ln@ o. uryi^ epi-rebi.dhtihuoa or epilonLituou if
the .orrespondiq prcpe.ty totds for al! u in Rd ,

l!€ry..5ult of S€ction 2, in particulat every characterization of senicotrti_

nujty for itrltifunctlons, can no, be translaied in ten6 of varittlonal syetee. Ie
do not inteid to do so except in oh€ particular lnstanc€ {htch li of dtrect inietest
in the des.riptid of the dependetlce on u of tte inrim dnd the optinal solutions

of variational sy!t6,

J.ZZ, THtOptv, <ullar!. I ajn,fu.ve ($,7)t ,a 6LU?^?d 6a Lrt, d. t.e.
,rt,ad21-1@l-vdlud lu\.rau de['.,d ot Rn , thta

f>epi lln suD f..
!€

itr drn o,ttJ tl 60^ aU op., Gt Rn

(3.23) lin sup (jifc fJ < ihtc f .

r < epiJin inf fu



i! drd onti i!;.n .{l .d,!cl xcRn

(3.24) lin inr {infK tv) > infx f

pnoor. le aFply Theoren 2-24 to eoi r and the filt€r€d l. lv {epi f! ,v€ (lt,t()t.

I epr-l'n sup I it .n.l onlv ir €pi ' ' 
riD inr cni 'NNV

by 13,17), o. ir and only il for all open 0' € nn+l the condition epi f.i cr / p

implies that for sonc H€ ta one has epi f!ne'10 ior all !€H , as rollds
rrd (?.25). siice these are epigraphs, and the opon sets c c nn+l can be sencraha

by the open sets C X (a ,a) with G an olen subseL of Rn , we can reexpres5 the

preccdin4 inDlication as :

linra r>al ,lrorsm le ,inf6fr>n rorall v€Hl

8ut this bolds if and only if (3.?3) Itolds-

Ihe Droor or {3.24) is idenLical, ercent this lire € rely on (3-18) and (2,26).r'
Ihcre are numrous corollaries to this lheoren, in particurir about the conv€r

aence oa inriD, ye shnll cm to thcse, bul, first let us rdort lhis result in the

ierminology of varidtional systens 0nd studv its inplicdtions ro. the con5truclion or

dn eDi-topoloq, on thc sDa.e ot ldcr senicontinuour runctlons-

For a function f: nn -[, k define

inr t: = inf..rn f(r)

For an drbit.ary sobset D of Rn , re *rit

inrD r : = inlx€DcRn r(x) -

rl*infihioor f @ D, inrDf ,hy6eareal nu5e., or - (ir f is not
bound€d belor) or ever - (ir D n don f - 9). Ihe s€t of poinrs that mininize f is

argmin r : = {x € Rnlf(x) <inr f <-) ;

arg nf.0 if ddf -r.

rhis convention is di.tated by the d€sjre to fiave argnin f h. Lhe set or optf,jut
sorutjons in the hjnimrzdtion for which don f is the seL of {.ditr{o sotution, !e
do.ot,aht to .onsjder as 'reasibte the points nt x rith r{x) - - and certdin_
ty do not {ant the porsibility of. point 6ein! ,.optindl vitiolt even bejng
'feosible , Th. Dojnts r:hit are ntuxU ql itLt or . |,Jti,u.i for sone , > O b.tong

.-argmih r : = Ix€ Rnlf(r) < ior f r. r-l

By th€ lay, iI is customary jn opriniTition theory to rrite ',tsin f in,]ace
or "inf r' , and (rc.k of ninnrd in ptace of r {a'w, as an indicntion Lhit tha
jnrimun is actuatty atrdiied ar sone point x !e shdlhlso have recoursc to thjs
convention if E r.nt to insist on the existehce or a nihln,n

l{J/.n t: Rd / R1 TtJ, r rl .r,..nr,.
tuolt 4t n il and o4o] it

ll,Tjoe (i"fc ru.) < infc fu Jo{ al? open ccRn,

IJT]nf (intK ru.) > inr( fo don d?f c,i!{.r ( c Rn .

lheod 3.22 . in partjcular its proof, suggests tte use of the fo ding sers
is .n (open) bale for th€ epj-topology,,epj,,on sc(Rn) . the \Face at, dU r.Lc.
dt?nnel t.tt !dr?n drh.tio,tr otr Rn :

(3.?6) {feSC(Ri) lnfcf<a,,ccnn open, a,en}

(1.2/) {f€sc(Rn) I infkf>a, kcRn conpacr, a€Rl



Iideed, in the rpd" of (f'01dd! E tleso open sets correspond to

(r € E lt.r (6 x(_-, a')) r'0tGop€n'a'enl

It€ t lt n (x x(5. al) = 0 ' Kconpact' a€nl

Ihii topology'epi'is notfiing other th'n the topoldqv I on the closed subsets of

R".i t"" i".,'- 2 rcrdtjvF to I Il is edsr to ve'irvrlnat t is a

[ -!lo5pd Lbr"' of 'rre hv'erspice of cto\od \ t*cr\ or P Thu\ 'r 
d conseqFn(c

oa lheoren 2.31 € obtain :

r,29. IrrtOROl. (sC(Rn)), €pi) it 4 6'1^izabl( 'o4{cl 
top'toqictf 3Fc' oi-t[

3.29' coRolLlRY Gitcn u,' drl&ca"l l{dil4 {tv€sc{Rn)' !€ { 'tr)l tic^c a{d!1

lri!tu d rubld,-t, {r.j .! € (N',iT )l that ?pi (:nota!")' i't Lu'h llit
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ejlr do, converqence ratp5 cdn then be considered, And if we think of f aFd g as

tlE es3ential objectiv! ru.ctids of t|o optinization proble6r tfiil Etric Aives ur

a concrete say of neasurihq tho goodnoss ol fit when q aiproriMt€s f tlo*ver,
nt this titr€ ther€ is no operational cdlculus,hich allfrs u3 to rork easjly {jt'r the

epi-dislance ds delined above.

Fron the roregojnq it nry appear that th€ epjqraphical app.oach to variational
systss is to be justilied on the grouhds oa esthetica. ln fact lt is 6ec.use of its
ap|)licrlions. some of which rc detail nert, tha! ir is qaining jts ke, role in
txiend.d Real Analysis. For ture abo{t this, conrull the drticles in this Yoruc by

Attoucb, 1984, and D€ Giorqj, 1984, ahd the reterences qive^ there

r.32. LoR4LlnY. SunFle t ad llu.v' {1.1)l , d litte l.d ldn tu, u. t.s.-
rlJh!r.t.?nt-run l t.t, Li.,i t(\t. 1c, R^ d,ti \ttL rhdt

(3.33) 1r'm sup (inf r!) < inf f

k^.o"e^, id acnblL!

Iheord 3 22 suqqests stirl dnother {dv or qenerating the epi-topologv' n'i€lt

ar the coarsest toDoloqv on Sc(Rn) sucn that

(1.30] ror alr otl€n G c Rn , r ts infc f i5 u-sc 
,

(3,31) for all conpact KcRn,f HinfKf is lsc'

rh€ rsenblance ot this characterization or the epi_topologv to that of the so-called

vagua topology hds led Vervaat, 1982, to refer to the epi topology as th' inf vdgue

!e can of course, as in sectlon 2, exhlbit a retric on sc(Rn) coiipatible Nlth

the epi-topology, in f.ct

f =.ol-lln r
L-N )

akd lhtAe arLLt lrE-X onrl a.oqtut a.t Kcnn aucl dar foi dll !€{ ,

(r.J4) lim (inf f..) = inr f .

PROOF. The flrst iiequality (1.33) follois fron (3.23) iith G = Rr , Frm this and

(3.24) ve qet (3.34), 3inc€ the assulctio.s lllply that inr tv.l.fx fv - Et

Io rephr.se this ln ternrs of variatiorrl systeE, let us jntroduce the indiror

uts(lrrr )(u) : = inr fo : Rd-tr

assocjated !jth a vrriatlonal sjstenepi-dlst (r,q) = hauss(epi r, epi !)



' " Dd . 
' 

r.tu t.at jrr,t nuhr r\. a0R0LLAPY. s, ru' \. F ' tr, i _ r u i

t.r.. utr{&atcr, Il it i^ trPptt lpl lt ift\tin!06 al u ttun the int.dat lunt-t.i.n

I r- inf t(u) ii lrft\ L.tucotLin&tL Lt tr llalaor., i[ the rtui't.iondt Lq\tu Ll

fii.ahLinat^ dt ii , and i{ rl?a. t\iLtt 4 "ugh6!\hoo'1 
\t ol u .r.h thal an \

ttu d.antuA ttuI.tifuftri.n u F dod t(u) 1. trLilonnttt 6oulea' !ht, thL lnlital
lut tton a .ont.nttd at 7

corollary 3.32. and jls version corollarv 3.35 for variational svstens which

arrcady cover a Nide variety or applications can be .efined in a nlmb€r of wivs {hdt

is bothersore is that the Equality (3.34), or €quivalenllv the contlnuitv of the ii-
rinar fdnction. is obtainad under uniform boundedness of the effective domdins of the

functions naar f or fi lf !e think of these functions as the essential obiective

fun.tions of opiinizatjon probleni this vould rean ihat the correspoidin! sets of

feasible solutions dre not onry bounded but all are contained in the sare bounded sel

Ther€ are many rdJs of improving on these resultsi ii faci it is possible to obtain

.onditions that dre both nccessary and sufricienl for th€ converqence of the infima

For a derailed analysis, we refer to Salinetti dnd l,lets, 1984. lere !e content our-

solves vith sugg€stinq how such conditions can be obtained- Suppose that the collec_

tion {r! ,! € (N,r)l epi conv€rqes to f ln view of (3.33) all that is needed is

rnf f ' lrm inf linf f )

r,re knou lhat this inequality holds ir the infjma are taken wirh respect to a conpact

sel instead of all of Rn , In particular se have that ror any conpact K c Rn

irf f <rnf.. f <lrm rnf lrnf. f I

and the question vould be settled if we could assert : thdt (ot.v.^q . >0 thane
tn^Lt a .-anpa.t K au.h thal

lim inr (inry f. ) < lid inf (inf f. +.)
. eN

This is clcarly a sufficient condjtion for the conyergence of the infima. That it is
also necessiry --excluding the cases ften the infina are not fjnite-- requires a tit
tle bit @re !ork. Ihe reanihg heE is clear : Nhat we need js that up to an arbitra-
ry . ' th€ ninimization could as well take ptdce on a bounded region, rhich By
depend on . . Ii the terminotogy of varjationat systens we have shoun :

3.36. PnoP0SITIoN, Cqailt n rd1o.1io L( j Ji.h r: Ri / Rn ,u1r.n t_1.. !rl!af.1
"1 ',"1 ' i / ,, v \i u)

oal I aA' L!.1 tht

jnfx fu < inf fu + .

lo1 a?t u € V .Ih.n th. i.nldd! l!,ctioh {ihr r ) ij .otra&uruj .t u .

Epj continuiLy doe5 not just garantee continuity properties for the jhfjnal
function. b(t dlso for the muttjfunction or optjnat sotutions u F, (arqnii r )(u) .
As usudl, !e first state our resutts for fittered families of Lsc. fdnctions.

3.37. TNEoR0i- srppor? If! : nn,n , , e 1r,Ay] L a li\ttd |dnirq o( roaen
6oni.o'r&n&d6 tjurcr.ie6 .t1i crnuc19.,rt 1, f r/rctr

(3.38) lin sup (arsmin f!) c argnin f .

U!t\ove\, d\Min! arlmin f ,rtrerpi4, ,n, ,rd

(r rc) drlnrn r. .. tin inr (r_arqmrn f I
L >0 !€N

lhN(inf r!) = min f

PR00F. l.re shalt prove sonerhat more thdn (3.38), whjch rinarely: for atl e>0,

lid rp {. eghin fr) c .-argmin f _

be used i. the sequel,

Suppose fl'cN and

{x!€.-arsnin f!, !€ (N,r)l

l: " ltl:"*, 
colectioi of points convereinq to \ . rh€ precedinq jnctusion ejlt heproved if we shtu that x €.,ar!min f . But this folto,s froh (1.15) and (3.33) sin
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r(x) < (epilin rr)(x) < liri inf r!(x!)

< li6 sup ' {,') < lin suo (in' r!r' ) < i'r r + 
'

!€l

To prore the s€cond dssertiot' let us fi6t assm that

11. {inr r..) = inr r '

ln viec of lh€ above' for all c > 0

lin inf {,-trotn r..) c lir tup t-arg:in l!) c 
'-argmn 

f
J€N " u€

$P also to tt* fnct thit

argninf= n.>O c-argnin f '

there renains onlv to std that

"rdnih f r . -^ lrn inf (.-drEnin l.). T/U U€T

For dny x e argmin fv , lt follovs from the defjnition of epi-convergence -'c@b1-

iiis 13.11) nith (3,li)- that there exists x'€J' tnd {x! ''€{t1"t()} such

r. rin xv .nd lin r.{rv) = (x)
s€i, !€tt, "

t., ror.oE (filrer.d) colle.tio4 ,rvlo . rc have tl.t Je ,_a*t" ru , re rre

doE. otne*is€. there.xistt H'€lr such that for so'* €'>o atdall !eH"

rlrll>inf f +.'.

Tlking liiJts on il' (lrith r restricted to fi' )' re obtaii

r clear contradiction.
tet 6 nd assurc th.t (3.39) holds and t e argnin f . This inplies that there

erist .ulo and rv - r such th.t for all ! € li

x! e .v trqnin r! .

Fd the deti.iti@ of epi-convetgence, in p.rticuldr (3.1?), it follds tnat

rin f = f{x) < liF jnf f!(1) < lin inf (l.f fv } .v) = lin int (inr tv) .

lhis conbined kith (3,33) yields th€ converqen.e of th€ lnfila. o
Al$ough epl-conv€rgence siEs 6 djrectly the inportaht relatjons (3,38) aid

(3.39), to obiain the a.tual cohrerqpn@ of th€ ..qiin fv to argni. f re need

an addiiional condition. T{o eranples illustrai€ rore of lhe difficultj€s.

l.t!o. txArlPtt Let r(x) = Mr (0,lxl-1) , .id for ! = 1,...,

1') 1," f.(.u) > J rlr (r4f f.l =, - nin r > r(,)
ueH - v€ fi.

ru(x) . mx tr(r), r-l x?) .

It is ealy to verify that tha f! epi-converge to r with

argiin r! = I0l, for r. 1,...

lut the latt€r definltely do not conv€rg€ !o

.rrin f .l l,ll

3,41, ExAlilPtt. For ! = 1,...,

f!(o) = 'ir , f!(!) .0 ,f!(x).l,exceptthat

r(r) =r i&ept thdt r{O) -0.



rn r6e t\, eni cohver,or lo f ind lh' leis arq in f nnd artsin l! ^re 
sin

lin rarq rn r I li l'l O / r0r r'{n'n f

rhc rollowiiq r fliciPrt cr.lltjm it dm to Dolacki lgtlr'

l 1l2. pRoPosllTl)N. -nrrtY'if f arn lr.r I nn ll f ( (r'l'tr)l ' d 1rr"1rd {aDrl

nr. l r.- liitr.lin,r rxri rr:dr i

eDi l'n i$ I i . l'n i'r {rnr l ) 'nr 
f __

'' 'F l{

rr,j a(..(.t( ve x(i) !'itl t'arqinr, rirL1"'rr'rNnd' '5>0 xe N(')

,,'!i H. lr au.,r lr,ni ]{ri dla ! ' H

V i drunii r) _ 0 r rnr! i\, / inr i\ + !

lin inf (arinin f,,) -'..!mih I

PRC0f. tet a! : = inf r.. , anl! hote that from the assutrDtions' lciiq (l'23) Pith

0 ' Rn . it follo$ rhir

llmn .:.inf f\@

x € argmin r but x F lin iif (arsmii r!)
!€N

Coroltary 2.29 trls !s that ther. exist v€ x(x)'H€tr seh thatlorall !€H '
! o ir$iir f! .0 . Sut tnis ttren neans that tfiere exist an open neighborhood

r( t(r) und 6>O such that infuf!>ar+6.Tatring linsup o. both sides'
usiiq (3,211 and the frct tnat x € arqiin r , Ne obtijn i

o r infi, r .liF \un (inr r.) >4,lia u.a.du I,i ! c,,r !

a cloar.ohtradiclion. lIus

r. tir inr (a,lmin f\,) . L-

lhe cordjtioh or prol,6itjon 3.4? irpBed a restriction on the ray the fv
oppro!ch I ji dre neiqht,orhood or thc poinrs rhat ninimiTe I ,,hcnev.r th.y ire
not in arq in f thcy cinhot "sn€rt trp" on rhc tltrer. totr@jn{ Dotecki, re shilt
say tfidl tie coltc.!ion tr! ,\ r (N,rrr)l is or n0.{rru. ardrth it x ir tor cvery
v€ \lx) therc corclpond ,1 :'0.I€la.hd !€ n(x) , 5urh th.L ror a

{r.4ll v"rradrn r 0 r 'h.n r.

flephrisin! off res[]15 in Larms of varjational systcns. !e qat

it,4,t. coRoLLAry. srr)p.rr r - 1f,, , Rn -ilu.. Rdl ij a udtidrrrtrdr 64jn,d dit/l
LJ.. lrrhr({, rfi&r?r,r.i,r nl t ( Rd . rn. drr{x .rid,.l lpridr ,,( riorr

u + (irgrin tl( ) . a.fliin tu

,\ r,r{r r'',..niifrrour.. u . /,rs.u.!, i4 .tu (ru , u€ (Rd, r(ii))r oro.,
d.ri..(v.r4 dt .u.1t x e argnjh rtr dnt! inr lu, r'nf f > -- , th 1 thi5,ttttlta.-
r'r! (rrani. r ) ,. ".,r,-..r ar i .

0f.ourse, e havc only ben abre to €rhtbit wp or the cons.qucnces or er'-
continuity. tluch mre co!!d be said, if partjcutar in the .onvex case, the.e ire
also correspo.dinq conc.pts for bivaria!e runcri06 : ept/hypo-convergence ihrt
guirdntes the converg€nce or 3addte pojnrs. topsided convergence connected rith the
convergene of Dih/sup points. The detinjtion of f _ convers€nc. , introduced by
De Giorgi, ertends these cohcepts to ttivarj.te r!.ctjons; ror fu.tter detajls and
references cohsult th. forthcoming b@t or Attouch, ls85.

rGasu.abllity, or mre pEctsety ieasurable dependeic€ on paramters, of a
variatjonal system Js aq.tn handted in the €pjOhaphtcdt seLtinq. As in ih€ nuttj_
fuhction case ln se.tid 2, € allor the parrreteB { to tie in an (rbstract) space
equlpped rilh a siqhr-rietd r . A varlationlt srsteh ,,If*: Ri-[l*€n]
*ith 1.sc, valultes \s epitedura,ae if ttE .pjsraphical rutrifunction
tl_| (epi t )(r) . epi fr js a (ctosed-vatued) reasurdbte Dutrifunction. rhe cohjuc-



(!.k) F 1r,w) : Rn r ri R

is rhen.dlled a trrMaI itrl0aJdtr.1. It i5 reallv not possible to review lo anv 'attedt
th,a theory of norml inteqrdiis and th€ir inteqral!r for that the reader co!l.l refer

to Rockafellar, 1976, castaing and Valadier. 1!77. !ho deal mo5lly kith lhe convex

.a5e, aid Papaqeorgioui 1981, who ertends dany resulls to th€ nonconvar infinite-
dimcnsional seLtinq. lle shall limjt ou.selve3 lo a fe{ proPerties, in particular those

0l rhe ihfjdal fun.tjon and the multifun.tion of optimal 5olutjon. Ue beqin with a

qencral resulr which leads op to the .onrliruction of intoqral functionals.

3.45. rHEoRtr,T. rrr I = {fr : nn'tr u c il br en .F (aarndblz v,t4ttu\al 1q5t.n

drth 1.1.. udrat6. ttuh lht L\\o.tLtu1 nt \tuI int.!la,t1 f : kn r n 'R i!
Bn s t n.a,Lta61e, oLne rn ir t Eo\tl ii.!d 0n Rn . rlor?o!.1, th{ tr(,.tn/

N ts r(x(v),!)

,i '{trrdt.bir 
jd M4 wdoabtt ld.ri.n r F x(r) : i ' Rn

pR00F. For any d € R , the level !el nultirunction {r.t) is a closed valued heasura

ble tuliifunction. lndeed

(levr r ) 1(r-) - {eFi r)_1(F r tftl)

for any closed s€t F c nn Since (€pi t ) is a nrcasurable nultjfunctjon, it
rollors from Propo5ition 2.39 that the set on the left is neasurable ( € A ) . rhis
holds for all closed sets F , hence again hy proposition 2.39-- He have that
(lev! r ) is measurdbl€. This implies that gph(lev( t ) js a reasurable subset or

(3.46) qph(revo r ) = ^i_r 
.1=rl8tr x (revo r )-t (Bik)l

!\--e ,0.r . iCI.! _I j, t1e io lF.tjonor d'l rdriohdt bitt- {i l,"rLer(

'.de,"d ov .i drd tavlqo.ad r\ t BeraL(e B.t - Bn a.d
(levr r )-l(sjk) € A (propositjoh 2.39.v), one has

B.Ix (]evd r )-110,r1e nn* I

and heice, jn vieH of (3.46),

qphilev,r),snsr

Sin.a this h.lds for ati a€R, it proves thal f is 6nfia measu.ihtp
ov. to 5ee that k F f(r(!),w) i5 neasurabte whcnever t( ) is ieasurabte. alllhat is nee.led is t. observe rhdt tje maD wE (xiw)jw) from (i,r) into

(Rn r r. tn o A ) is rcasu.abte. fi

J 47 TllEoP 11 ttt r - tt", nn +F r € ail 1,. d, ,f{ ..6ddiJ{. va\i^litnat \tlllth
d,ih r.... lalfir.r. rht" tht 1n(orati ttan.ti0n

wF linf r)(,) " jnf rk

i1 r.drddt,{?, .nn 1h. ntUilu"t(ic" .l trtihttt \,tA ]'iu\

!ts(fqnin r){,) ..lRn

ir d.l.ira valr.n n.uuaa6t. nrt:til!,tfitjt.

PRoCF. For geR,

(lnr r111 -,31 -tklinf!<Ft = (epi r)_1(Rn x ( -,6))

These sets betong to I , since the epiqraphi.at mulliruncrjon epi , js a
closed valued tuasurabte hultifunctjon and Rn x (-6, i) is open, .f. propositioh
2.39. since this holds for a| 0 , jnr r is reasurdbte.

It is easy to veriry that the functjon g defined by

s(x'v) = f(x.v) - inf fw

js a normal integrahdj ve use the convention th
is a c,osed-va,ued measlrab,e hu,tifliction, ..1"^-.^"-,;"" "lil""i"l liil Ji ;l]"
shokn that thjs inptjes

v* levo e( ,{) = (arqrih r )(w)

is a closed-vatued masurabte nuttifuncrion o



3.43, CoROLL^RY. (lxistence or casrrablc Solutiont) 
'4r 

t (fk I nn - [l' c o]

[d dr.pi'edul.ta.,arinlio'al j{rl" 
'dil'r 

t r' ua?ndn'6 lht" l^',.' (\$tr d

rPXt(s) : dom(arsmin r) _Rn

!r,i l,1di !r(r) diuri.?L f, d[rn'v'x orqmin fw I 0 '

rRool. sinnly use tho pr.vjous result in conjdnclion {ith corollarv 2 41 tbout

thisurthle 5electio's-O

le have qone as far.s thie inlroduction 
'116{s 

us to' in shdi'g th't ttE epi

qraphical dpproach to varialional problens is dictated bv ihe intrinsic nature of

such protleG.s rell as the tvpe of pmperties re aE interested in 0f course' this

is iot the *hole storv, and it would not be possible to sumnrize even skelchilv its

mny oLh€. fcatures. To teminate, ret us jost sugqest the theorv of inteqr'tion that

40, d 1 rli' oNrod F Ldr daro ' d noarP'!tiv'. sior/ rlr'le ?d\r'e on

(o. l) . ror y iomtl tnlFrlrand I on nn ' c rnd anv mdsurable tun'tio
r : n,Rn , ve have f(x( ). ) neasurable (lheor€m 3.4s),4nd therefore Lh€ inte

If(i) = /0 r(r(') '')u(dt)

is a erl dofined value in I under th€ ueu.! co.venti@ : ia neither the pcitive
Mr the ielative part of the liteqrand is suomable. w€ sct Ir(x) ' € rie cai also

thinl or lf as the integr.l functional of a va.idtion.l svster paraEterized bv v '
and irit€ no.e suqgestively Ir (t) . the theorv of integral functionals provides !s

riti lhe tools Lh.t are @eded to stldy ptuhle6 or the calculos of v.riatlons (there

!(d{) . dr) in iis nodern version optimal coitrol theorr. jnvolvin! (hard) 
'ois-

trainli on the.onlrol and the state of the svst4, probl€B in stochlsti. optiniza_

tioi (there ! is a probability reasure), problens jn econorics involving infinlte
horiro.s (lhen u(dY) mv cottespond to a discomtinq cefficient)' lnd so on lt dv
apFdar fmn tho definition of Ir that except for som nanipulations jnvolvjng @

and -E re har .etu@ to a classical detinition. Ihit, h*v€r' is nisl.nding. Th€

cal.ulls ror integrdl functionlls sho{s that the key rol. is plaved bv the epigraphi-

cat nultiauncti6- for ex.iple th€ definition of R.don_NikodF d€rlvati@t (condi-

tional erpectalions) as werl as the calculatioh of subdifferentials.ll pass through

the correspondino nolions ror Lhe integr.l or the epiqraphical dltirurctid- I6ls

Doiit is very nuch lroughl hone in the re.cnt vork of Gine.. 1934, and P.pageorgiou'
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Brt8'lsror| oF TE ctass oP nanxov cDNrRor.s-

c.nt!a1 Econdtcs .r!d riath.Dtlcs I.stltute {cEnl),

Ir contlol theoly, for €xspl€ ,h.n dertvlng €xlst.nc€ theoreh. or

optrEltty cllterl., ft ls ofto nes.ay to.r!.hd tJl. cldss of @ntbls
rlthout ch.nglng tn. v.rue of the p!obl.r. Tner. ale a nunbe! of vell-knM
Ftl'ods to! dolng thlr rhlch .r€ baa.d o! tbe .onrextty of lnt€qr.l! of

G!trab1. nlttflnctlds and rlch ar. lerated to rabddlr.d and Elued

tnk p.per 1. d.@t.d to .od na th@r@ of tllls tind f6r @ntbf
plobleM ln@twt 9 .tocltaetlc dlrreloncc €guattona wltn Etx€d coDst!.Int6

on ph6se c@!dlnat.. lhd contlolg.

tt€ r.aults pre..nt€al h.i. de q.n.lalizatld6 and eitenstos of earll.r

!.Eults obtllneit by th. aurhor [l .

I. STATEXEIIT OF tNE PROBLEII

Let 3t be a Malkov proce.a defrn.il or .p..e (s,t). assub€

ti.t 6r haa. transltton functton Prlst,dst+r)r t = O,1,... and tntttar dl-
rtltt tto. F (d3 r-

consider the followlrq ploblen:

) E0 ls.s .v,!I+mrr r+l -t t


