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\cdrlr. r\' \ !rtrr. I sr\

AlFlnd. Nl.'rh0mrti.rl pi{rArrDminS trt,htcms, xnd lhe techniqucs rsrd in sot\iD8
th(m. n!urrlh i volvr runcti.rs rh r y re frrl lo hc diflcrcnrirntc Such foncrion.
oncnh \c sutdnftrcrtirl p()neaics of I sorr n,n rovere{t in chssicrt in.tysis.n l
thirh fn)vnlr mr.h inhrnrrtion rhoor ioql hehrvrx.'lhn tr!.i ourtines lhc tu th.
nrcnrils of ir rctnrl\ (lr!.lot)c(l rlrrory ol grner.liz.d tlirc.rnrnnt rlcri\nrircs , d \ul)

lntroduction

The lhcorl of $rhgrrdienc of.onve\ ftrncrions is by now wid.t! known nd
h.s fdtrnd nume,,{,, rnnlhnrx'ns 

'n 
dJrhcm.,r,.rt n,oFHrnmrn[ lr \cr\s ,n

(hc ch.fu.tc.iz.tion ot opriiD.lity conditi.ns. sensitivity anrtysis. rnd rhc dc_
siSn.nd v.lid.tion ol rlgorithms. wh is nor $ wideU known is the surnris
ingly fowerft,l extension ol rhis rhcory to non.onlcx tun.lions. This hrs been
achieled in lrll mc{su.e otrl} i the trsr tiw ye!.s. fo owina brcrl{hn,uehs
n,JJe h\ I ll. ' L,,lc ll,l.

CcncnliTed subgrrdicnrs h.ve tready heen apptied lo ofrimrl conrrot
p.ot'lens hy(lrrl(etl6l,llll.l!8l.ltel.l20l.12tl. xnd thib{utr l57l. ro L.8.,nsc
muhiDlicr theory.nd sensili!ir) xnrtlsn by Arhitr l2l. Auhin unO C.t,*" 1,ty.
l5l. Auslcnder I6l. J?t. ( h!ney lel, ( t.rkc It2l, (j u!in I261. (;,uvan rnd r)uhLrru
1271, Hiri.( !rturl I.l0l.ltll,I121,It4l. po'neror la2l, Ro.krie[.r laTl J;1s]. 1501.
1521,l5:ll. Mimin. Nsuven rnd Srniior [401. r,, noufin"", p",g,"..ing ,ig,i.
rithn's by ('haner .rd (ht&tein lt0l. (;otdslcin I281, .nd Mifi.tin F8l. i.t9l. roslo.n.stic p.ogrnmming hy Hi.ia -tjnury l-Il, rnd to game rhcory hy-A;bifl
[.]1. Mrny more rppli. ions are su'ety posibte 

'nd 
wi be mrde {h;n no.e

.cscarche* h!vc 8.ined Lmilirrity wirh the conccpts rnd re\ults.-lhe pur fosc ol rhe 0rescnt ar(iclc is ro hctt n.(crs akrng bt revicwing lhe
imporl.nt .ole ol nonshoorh, not necessa.ity .oovcx tunctions in mrthe;rti
crl r'rcg.amhing rnd dcscribing b.iefl), rhe ftnrr t fa.ts rbotrr such tunctions
Otcotrrse, much hrs lo he tcti our Tle reader c.D find tunher (lerrih i,r rhr
le.t!re notcs I49l !nd the m.ny anict€s which arc care(t. ()nt! rhc t.innc..linrcn,
\ion,rl .J.c $rll hc J'"u\\rJ hut th. rctcren,...,,ttrn (,r,r. n rnri ,t( Incir
shnalseneulizrtions.

A r.rl \rluc(! lon.lion i\ sNi(t lo hc Itr"l, it ir is ol 'l!!s 
( i ' conlinrouslv

,r,irl,""ii,,tr" I he ltrnernrns which ppe.r in 
'ltssic 

l pnntcms in Phvsics xnd

."",'*.,,',. rt"" ,rr, ". ' r'r I l'rr n"l " irr r'r' ornr' rn'l 'r|rr ''rcF

"r',r',r" "t*1"'." 'l rrr'r\rmr/rrr"n 'rr'l n r r n r r n r / 
' 

r x t n J r " h 
' 

J ' \u' h 'ltr'r
r,,"Fr'\i 'i! r, ,{,,',rrrrr. wt"^"d r'trle {' "n "'turn 

\''rixhlc r IrrJn'cr
.,''",""." , "hr"'rrrrnu.u' 

mu'h lc\\ 'trlrcrcrrrr'rhlr | ' 
I I c I ' 

I I I c ' q 
' 
I 

' 
n I I

iies ntverrhctss rto crlitril snnc tind ol gcnernlizcd (litlcrcnli bilitv bch'vior'

rnd lhs (rD he rorporlrrl in bcitr8.hle lo work with lh'nr
l-rl u\ l(n)l ri r \und.rd n[lhcnilic l progfumnios ploblcm ol thc

ll (;cD.J ,l /.(l Sun3r'(li.ol\ 'n 
Nl.(hc n it rl l"Lilr I nr" 1]

L lhc Rolt of Nonsmoolh lrunclions

(f)
,inioriTe /,(t) o!er rll rE( satislving

l.o lur ,: I,
/ t'il rr r,,r r=rr r ,,

( l.l) /;{ {) - nr x i/,(r),

wher. ca.h q), is dtfinc (i.e. linear + const.nt) 'Ihen lh' grrlph oll' cin hrrc
''.."r'". ,'",r _..,"",.- *here dittere.riahitilv tuils Somelimcs /; is 8i\en is

rhe suprenum in n optinriznlioo lrcblenr itr shicfi \ is ! P"rnrelcr lector:

(1.2)

wfierc ( ( o s,bs.l ol IR" aid cach /' is d rcll'ldlued tunclion o' (

r:0. l. ...,' Nonsmoolhness can occur in conneclion with (P) Dol onlv he

cNuse ol rhc way lhc co.slrainl !nd objeclivc ftrnctions nav be cxPrcssed hut

also as rfl i.escafrblc ferlurc of ruxiliarv Ptoblerns that mrv be sct up as 
'n

,,i4. 
",r"lrg 

1ri. It exlmple dualirv Pcnaltv mtlhods lnd dcconposition

techriqres ofren rcqrire conside.aiion ol nonsmdoth lunctions

ir ii -'-.." i" .p-,tions reserrch ro sec probtcms in which rhe obiecri!c

luncrio /; is Piecewise lincrr":

' Rescrr.h strnloncd in
Slrtcs Air for.r trn,rrr

pnn hy lhc A,r Iorcr ()l|ficc of Scic riti. Rcssrrrh. lJnrt.tt
errnr Dn F.196o.82 K 0ot)

Hcre / couktbe r Nbsel otsome sprcc ]Rr. dcfincd bv lurlhcr svstcDr ol con

si ints. or it could bc any absliact set with 1: ll " rl we rclcrt fron ( l 2)

'"' i i' s", r'," r,,.,t d'l ro be.mo,'rh hut ir rhc ru'r'ii"n\ q" rrr'rll'rfit''
,,,' "i'"^',-,.., 

lndeeJ. rhh i' Jlmo'r i'hJr'rtr'ri/ rr''n'rl' nn\'\rr) J

,,1.u,,,r",,rr,..u,"',,,on lR r\ . 'trrvc\ rl rn'l 'rnl) rl ir "'r' he c\nrr'\'11 in rhr

;m (l r) lors,me colleclion oiltnne functiois/', (( (lnvcrilv rclrli!e otrlv lo

,-.,'*t't,,tt", ('o{ lR" crn be ctrrractcriTed sinilrrlv *hcn semiconrinuilv

nrtrn.dies Jrcore\(nr. (cc 141, li l2l)
' ir.,^ ","r'r.-' "t "'. 

mc'et\ rhe.o !c{l} ol'' r\'' n rrrrr rl'\utnfti"n''

',' ",";;" "1".,'",', 
rnnli,rrron'..rn"ellrnrotrrnon'm'"'rhn"' (hrh("rher

i''..r 
"-*ur' 

.""'.' i"".rrnn\ J'r e\r'l \r' I l'{ mu lr "r ivlt I l 2) d'n\ rDr r'"
rrl/, smootlness ol ,,

Ilow cr. onc rcll in . f.riiculrr inshnce ol (1 2) wilh smoorh fln'rions r'
wh.rhcr /; is smooth or nol? More gencrillv. whnt plrliNl dilterenlrrbilitv



t I lltrt t.l|,,

p(,f rrr. .,' /. , ,rn lr. ilr,h, (J t,,,r, , | .l r ' \ r t, .tIr.rr,I. .,rr ,,,n $r.-,r.t r.r
lrr,lilrtr','l nr,'lhrnr,'lr.,. Lut tIr\ h.rL/ ,'llr.r. rL.t ,rlrrlrrn , t,t,trn,,/,nrx, tt,rory som( rrrsc^ sill hc fro!irtc(t hLt(,w

MuLh.n kl,.,r Ir'. j!\r h((r' \ i,t .rt\,, t /l rt-r.,pt)trr\ r,, rtr.,,,nnrrinr
lurrrrn\ i,, rfr .,r lL.'.r t,,, rh(,n"q ,,hrr r.,,,.u.u r\ s,r(h., LI\fi, , r rd,rt,t
hc c\fr(\..,1 ,i. Ir { l t r rtt.r).rrt}.,r,i(Ll,,r,rmiFhlba(,,rtc\.,rtr,,.rt,.,,,,g
snroorh ()l .o!rs.. it

(t.1)

:,i,llJ,::_:,,1;;l::*.,,8re 
consr'rinr /;(r)so is cquivlrcnr k, ! sysr,m or.

(1.4) ,2,(\):0 lor elery r€ 7,

ll (i. ( ,1,7.'l sil,t,rl.trl\rr Nl.'rh.nrrr(rl l',.[rLNni'],rr rrl

rr rtrrmirA nrclh.rl5 whi(1, $lvc (/)) tinrrlly in .(tc. t(, ohrx, r n'$c, r,ou (l
tu, th. nrininnni ar lr') (rf llcld- wollL nnd ( ,o*d.r Il')l)

IhL ,l rl oi r "srotrrcni( pn,Aranr itr8 ttfttbkn in lhc sensc ol'Ittl'fin.
l'ct(ison ind 7er.r ll5lfrorides nnoll,cr exnnrplc. llirtor,si\tsol nrxirni/
ing. n'l,icel 1,) linc . conslrrinls. i .Lrlrin llnile. concrvc litnclion .l'nonnesx.
tilc varixhlc\ *hich has :r lormuh ir lcms dl losrrilh s lhrt look\ hrthlcs\
cnor8h. Ine ltr,,.lio,r t il\, howclcr,lo bc (lill".r.nlidblc t boondr.y poitrc of

Lx cl fctlrlrl mrth.(ls. which rcthtc (rl hy . ringl. m,niniT.ti(tn pi(thlcn'
*ilh no (onsltuinls.ornl lcast sidpltr consl.rinls. rlso le!d lo nonsmoolllncss
tln(l.r nrik! nss!nrnlions on lP). il will he lruc lhll for />0 somcienlly largc
rftr oplaihal v,luli,ns l,) {P) are Ihc saorc .s lhose 1o lhe ptublcm

ln ll'i\ s(ns it nr y sccm rnifi.int to bc *oricd rhou /; be;rg noosm)dh.why nor i n write (1.4) rirher thin./,(r)s(l.t
 ctullr. rlc thiotinS on gojrst is wcl in rtu,rher d,n(rirnr. Ihc s.t 7,rr.tr h. iIl' rrc.,'r't t r'tr. \.r) t:,r g( Ihu\ m.,\ nrr t" frr,rn.rt r,, rrcrr t t.,ti

'n 
l ll Lnmti"B t t 4r t,'Bcth(r \ n \rngtc c,,n(t,hon /,trt j 0 i\ i torm,,f (,,n.

strtrtt ngoRe titn ll enoush is tnoqn ahorr tl,c bcfirvior o i)mut s ot.rrpc
I I r,. ir nhv l'( nos'ht. t!, I'c.,t , dr,e.tt'. B(n.r.,trrg ontv lhc parrrrrtrr al rncc,l[l I,rrll\ .'r.,nv r" r

Norc rhnt ,r lun nn,n to'D { t.2) Inrght h.I( I @ A n rrtnt. trntc\s ,(\r,,(.
::'ll jl:llir^".",,:,r.rn,r rhcs.,) rh.,r,,,r,)dfpend\o,rI M,nimi/i 8,uLhan exren'red rcxt rrttrcd ti'nflx,n rs definrtrtv I mauer ot rnrerc,r rr,.. i,r rnuirl ,lu trl! h spd rcrhd(t\.

l)uJlirt s n miior \onrcc,,t nirsm,n{h od,mi,Jk,n nn,htenh flr.{tt,n,rry rrurl ,'\\ru.rrc!t silh tf) r\

'nrrimiTe 
l,( r) over a[ r,€ f

v lr':{r,, .,r,,,}en-t,,,=0 ror i*t.....r1.

'rrrr- Inl t' l') ll,r,t,trl_/,,t\t+ I r,/,t\r.

rininrize l.(r) over ll Yc(, with

( 1.7)

{ 1.8) lal, -mirla,ol.
rn(lof.otraolal=nt{ria, r.l lhis lyrc ofpcnrlly fondnn has bccn consnl.
ercd by Zrngwill 1621, Pclrzy*owsti14ll rklwc 116l, (i' fl tlll n(l ( hnns ll ll.
for nFhncc lfrhe fundn,ns /;arc snu h,lhe /in{I7).rtr6ercp.escolrdrs
i (t.l) wilh sdunh.,', s. Thus /is piecewise sn nnh. nol rlertwhcre dill{ren.
ri{hle  nolhcr efuct rEnalty approach, based or lhe (qr.rdr"lict}pc) 2u8-
mented t.a8rnn8iun n,r (tl Gee l55l). prescrves fi6ro er snroorhncss orrhc
l s bul can crcatc disconlinuilics in s.cond dc.ilalives.

S. lar w€ hav€ bcen dis€ussinS nonsmoothncss of lhe ki d lhich a.iscs
fon renrcscnhlions { 1.2)- ( l.l}. This is relalively e?sy kt derl wilh. bul r lri.l-
i€r kind ol nonsmoolhncss is encounlercd ir parAmetric programni.g.nd the
s(udy of LaS.ange nrullitlie.s. Sunposc lhat in place of(Z) we have a p.ohltm
which d.pends on a r'.r.meler vcctor r,:(rii, ..., rr)€ rl'':

'nin;mizc 
/i(r,, r) ovff {ll te('{dc a"

tl,, I 0 n 1,.. ,,,q'rh rhal ,lr, Y,l .. -''' 'l_ir tnr i \ I t, .,,,.
l.cr,40,l denorr lh. oplinr.l valu. in (P,.). Thctr /' is r ftnclioo on f,'ehose vrl
tr.s cln in s€ncrul he rot iusi .eal numhcrc br,l - - d d I 6 (thc lailcr tor t
such lhlt (fl ) is infcrsible). Wbal oa. h. said.bo(l 8.nc.,lizcd diffcrenrirbil.

A.tri'lly. r .rn he reprcs.nled hy

/r\r /,,(\r+, ij tl,,,,t, r')'tlr'tt\,
\, 
_' ,: ' I

lltl

(l s)

(1.61

rlrccpl f(tr the rele$rt of rn.ximiTrlion and mitrimizntion. wc (rn i(tcnlily rhisa\ !nins|Jnft ot a p,ohtcm ,,t trFc t/) *t,oc thc ohrct,ve ttr ctn,. R ,"^,"cltctr nln I t.r r hur m,tst]l nnt bc !t rle cveryshere. i,*. ,r r,, ^ "ni.. . ,rr rsr rrn.are run(tnm. q ,tc lo\\rhtv non{mor,th.

--..:::lll '.r'1":: ,ndrr,,.r. rnr nrr\rns rfr p,nc(rd b\ s.,\ or rDr. dc.r,rc
::j::T::11l...::: 

ro r)rnrrip worfr dtc,,mp*iri,_. . cl,'',.g pr,n" 
"rr,,;,h,'" ,,

:.::-':.:l'),"''^ ,i ( h.rfFcn\ r!, hc n co,r!c, n.ryr,.a"i,, ,*r ,r,".ri,".ii,,,,,,, a.e d,,m. !, ,\ p(cceiic t,nrrr rn,l rh. m,vD,/rrio, 
"rs.",r h. r,,,i"i"r"asnprv rs r pmht.'n in tir thcrr rnherot..picrc,..orvr.,iro. !r momo^, howeq. rh.n rhn .,Frrorch s rmpr*ri."r rV-" r,"n" ri", ,,,

:l:;::,lJrl,'. 'h".m,,"'h r,,nLrion qh,(h n(\c,rh.r.(* r,.^ *.r.r .,r1r,ri.".,,rr.tr pkrprrtre(.,\ *il be.t,s(t,\\cd trte,. t1,, i_ 
"t.",hc .r.. ," i,,,,,;;;-n;;;

(19)

(Llo)

r(,r: i'rf q', {.,).

{/. (r. \, ,l t i. a lirnhle.dlurion r,, tl,).?"r:l-.rt'-**.



irt r kD(l."r[n

l hu\/) \ (ll. trnrrN \e rlrriruri,rl r r(,lle(li.n,il ltnclion\. /l r I hc\e lrrr.
rion\ a'. ,i,e n,n \,rrrnh. Lh',u8l,..rrn il lh. / \ nrc \nroorh. hcu \c,n rhc

i{nrp ro rr'shr lh.p rnw.rrL.lrn' \l'rli\ i rlrirn a.\l(rtlh.frlr\ahil
irr- ol ir !i\.n \ i\ lo\l l.r lhi\ rL.ry)n lh( n.o\nr.rnh.c\\ ol /' ir trr(ltr to l
lj/.. \.1 \rr"iI r.\|ll. h.r\. hrcr,nrlrrn':l l.l l18l nf,l rl elrrelce\) (i(rrr
rll!.p(rtrn!. (lir.rlr()n,rl rl.rivrlr\. pn,tlcrlrr\.1 /' I r Uc (lo\.lv 

'rl:rle(l ro
rl. |)|'\'ibl( I rar,'lrc n 

'lrit,li(r 
!c.lo.( r\v).iatc.l wirh o rDxlir! .oo(lilnn,\

I IL ritr,rrlr\r .isc i\ rhc ,,rc wl,crr / (r. rl is ..n!cx iointlv i,, (f. \ ). rnll the
\.t ol (r,, ) \rlnliitrB \ e( (f ) n.onvc\. lhrn /, is n convc\ lirnelioi, l:!cn \o.
/ r! hNc Do ll,rirc rah'cs

'Ih{. in,forrn (c or,a a s.nsirn,ity io.ly\is is clL r: wc mry n.cd k, lnos
lhc txlL ol .hrogc ol th. oplinrrl vrluc l'{r). in s(nnc scnsc. trs | !rries. Ihc
cotrrt,oncnrs ol r rrv he ecdndmic q rnlilies \ biecl ro llu.luNli,,n or c.nr,.l.
ln l}t d.F d..oo,t!,\ali(m. ttl I is ir'( r s,hDnblorr: thc .rnl lr\t con\i\l\ ol'
mi^inri/i g in \ iod r iotrrly, srhjcrl lt) llc Bnctr .on.tilnns lh. ro\i(lurl
frcblcr. or mrdrr pnnt.n, cor ccrcd wirh tlis lirrniul.irion. is lhrr ol nririn
i/i 8/)(')overrllreR" ohriously.strc'rrliTrddill$enrirlpropcrriesol/,cx
hrvL n'nch kr do $irft \rcccr\ in this ri{l.

l nullf. ec *i:h r" tt)hl (tr,r rhrl h r[{ hn'.d pidnre ot ofrin'i/nrnrl ll'.
.ry thcrc.re olhrr non\ roolh lirnLrions wonhv ol conri{lcrnliofi l,rimc c\rnr
plrs rc rhc tkltrrn,rr f/, ol scts ( . /i'

lll 'ri,{.llllr V,,t\r=ll- 'l \q'
whco( is . .on!(.x sLl. q/, is I eonr(r llnclion l n8cntirl fropcrticr ()l-('
core\rtnr(l lo ilillircnlirl- n.ondics ot r,.. Thc nudy ol thcsc pR^i(l$ r
brid8. b(lwe.n g..n,rr.y r rl rnrrysi\ th ( l.r,l\ t(':i d.cp.. rndrr\rnr{lidg of
nrnny topics. nr(ll r: rhc rhrri.rt!izrrk)n ol-of'rin l solutiors.

2. llsclul Cbsses of Functions

As ec hr\. observcd. il is not cnouah iusl to (,nsi(ter rrrl \ h.11 tun(ti,)n\l
Ite vahes + - nrd @ nnn(tiorcs n.cd k) hc :kfinifl€d. wc rhntl \Fcnt ,n i
luncrn)n /: R" ,l - ip. @lr\ /'.,a./ il /(\):, - n,, r t. x (t /t\l< -, t,,, rr

tl l, llon' / I\.:,l"I/tI)-- -,I
is.rrlLd rhe.//i.rn1,./,rk, .r' /..nd
(2l) rpi /-l(\.{).: R"' l/ir):dl
thc.tliotutph Itt I l1r nnr\I tr!.toscs, tlcre is li|tlc tctredlnt ltxt m conccdt.nt
ins on (hc crsc drcrc I i: hnk\ ar tul,tnunut:

/ (r) liminl/1r') li,rrll \c/{"

ll (:f ."l,r,l \ulrfrirlrd' r Nt(hrnr r'rl l"ot'ri tl ri

I'rr' I'r"l(rr\ ll l'l 'l 'r"l r'rr rr rfr' r""l' al n1' , 1 , . , . , . 

' 
, , 

' 
r , . 

' 

. t , ' t ',\..r' 'P ,.r(' t r"l",rrr! "1"'rIi'l:]l" l':"
',,',;,;,;.,;;;.';:,:,;.,,l"rr.rr 

ttr'rrurrr"'r/r' 'rrrr''r"rr"r"rrr''r'r'r/in
illfllJ,,.,:' 

":. 
' r"'ii ... 

"rr,^v 
,r"r m,/ rrrv n'tr't"r rr'' rrnan\ !rr '| r'\rrlar

:;,1:.:,,.,".;, ,i,,,' ';''.-," r r'F,."r",,\.'|r rr'r' ' rr'ir"'| 'r '\
:::j,.,,;;,,:; ,i,. :r' "'.,'r r"".i r""r\r 'u'srr'{r' 'r '? 

I'r'r

:;.::;,,;';,:',."',i,,'\,..n,'ri,,,",.i rh'r)'r'' r(t('|ilrir F'nrr'rnr/ r' ir
;';;:;; ;;'.,".,t'.'r ih(,o,''\rn rr'trr "rn'n"r txr"t rtrrnr"n"' i\ r"$t' '(tr"
(oalannoo\ r d rrollcri \tc [481' ;';i',,,,',i; ., i"".'' - , '''1 r" r"nrt'ar 'r''r ' rrr'' 

r "rrL r''rr" 
r' 'r(

., -l l:1.:,1., , ;;' .;;,",,,,n' "r'.'" I '' Iin'r( rn I tr(rNhh'{rrrr(r "r '' r' rin

I'iii'ii ' .,''' ,'.,' *,','-.' "'oPCrrrc\ 
nr {r r' x ncishh''hrur A wcrr A'n'''8 rhr

il,, ,',;,':';' "'i ","'': 
, : r,, t'" ,"n i't"t'r "' 'tr\ h r L!trrr(\r I' r rrF hir/ (r'

i'",;,,;: i, t,;,,:r,r:,,,",, .,1i,r,c,,\(,r ii ,' "'r'r,,r'r',,,r"!,rrr'rJ'|c'\
,st\ n nxnrh.r rll) sr.h thrt

(l"l l/i\') /i\)l1,lh \l qh.n rEl/ r'€li

(li..c I l sl!nds tu.lhc tltr'li(lcln n'nn dn fi"'l Ihi{ condilidn crn l\o he pol

{.15) f/ir r rn) /.(r)l,1S.iltl $hcr r€t/ \ +th€lt t>tl

rhr,. ir .rIr \\., .r h,r"nl on din.t.n.c !tr.'rtln'" *. .'"1,i ',' , I I r^,ttt!:^Ia nr tt \ rl 'r F I il- I'rr/ {rirrrr'{'' rr' {'m

'-,;';;i;:;;,i "i '. ;.i 'h 
,r / ,' /'r Ji^ Irr\'/'aldx "n 'n.rr' 'cri ir 'i

i';i;;;;'.,;;,;';"i ",',h,' 
(/ rhr dN' rion bcrw"tr rr'r\' !r j'n'rv h'tr'r

: ::::;:;;;;::; ;,' ,;;;i,"i 
'he 

m',.r',r'F ) ,n ,) 4, rc(r rr"r h" \'rrrrr r"'| 'rrr "r I'
;ll;;";'.i;.;";;i,,;;';""nciEhh.',h"o(rt"rn"rrr('| t{' IF\:'r'c' rr\ r"

crl l-ipichirz.onlintilv nrdv he cited

'! heoren 2.1 [41, $ l(rl. /.'nr$ ftur.itut i\ krdh t ilt\d'it:i'u n d"t o?'" \nh'

sct ol R' nh!ft t'! rtl .s d lt'tt(

Ihdr.m 2.2 {R.dem.che. t ct 156l) l Id dllt I itahitlit' l'(tk'r |'n n t't\\'

,.)ij,--i ',,r,n..*r'p ^,,trt r nt,thahh rt,'t rnn^ m tI
"' ; ,',i;/,,;,ri,: :;i t' ' "' ,,r',n; ,'urr /cro 'r' 

rhc r ch*P'r' \(r'c r1'r ' \ r '(r

,''.1'.;i.l;';'".ii'" "qucn,p"r 
h.rrr\sho'(t.trr ''r'nrcn'""rrr\''rrrnrc

"'^^',,-,. 
',ii]i:i;'. .r I iPs'hir, corrrinuirv rlnr *irl bc iNPorr'nr rt) trs h'

','- 
;.r;,: r.ll;,'"1,'" supposc / is r kr*cr scoriconrinuotr\' Prrr'r run'rio on

il :i'li'i", .;;t,i';i/ *.:',ivii"r t r,4,""r"'"tt' t tt'hn:nd d *ith r'\&t

lhlrc crist , > l) 
'anrl 'i 

l0 su'h llhl

tl6) l/(,+rr,r /l,rl I:rl/'l $h'n /l\r:=/(')+r '

l\ il::. 1/, _nl=<' 0<'<I
rr, o rh'\ rcJt((! lo / hcinr lil*'h'l/'nn xnn'n(l I
" "". ..'"'-"ii'," " ' '.,ni" 'i''"tt' 

tr"h'Iad t'r I:II ||iiI |\Ii'' 
'I

r"*, ,'"" t r,'ilir'", i i'"c(l nor hc r.inirc on N ncislborhoo(l ot i tur rhis ton'(l l)



n t R,r!.,t.I ii

(lifurr l{r I','l(l I1tr c\rtrr|t(.. rl / ^.,arrr. thcn / n ttir(11n,ril! I i|\(hir/iinrr \.rltrj r.\r(r r,) r \ , .,,(tr rt,iLr \ r/ri:in((t,,rr/ ) li" ,,,, _i,,ii.i",,il"jnxrt l.l{,1 l|'uiI inrl(t,nn / l/ 0_ / ,\ ,trr.rri,n,n ! , it,,.r.,,i". ,;;_;.,;;i
4n!'tfkf i\.'r"l,f! n t t,.t ,"rt,1, a,t hfi trnr rnr /r,, rn ttr,.!,r\( th r

/{r,:./t!'r rl(tr r' r( ti,.
rh n,/,r.,1,u,rI r,r ,.trt,.rl ,,.rr..t,\,r\,, tt.x,,/ ti.{r\xt(rr. ,rr/a.. ,I r,'r .r :rii , t ,,rr t,iii, i,r .r. ,,.,r,,,.,Ii,I|,,|||!rip..r,i,r,.,,,.,,,,f,,.,f
'''rlt rl q{ / l'.', t ,1,{t, /,rx trr,r.t,,,r i,, u u.,xt,t,,ut,,,,"t !n tr. /tr,,. \.(IJJI

,.. ,M,,rrrrx 
r,1r,1rrrr.,r,dtrr rt,.,n I it\t,(/ (i,,,fttrtr,r1 htrr ,t,[ \t,,trr,l| x(

::l :":"",,,,' 
,i" 

:, ", ..,,1.. ,rr,,, rs,, r xrrrv \rr,,Iri,..,", .r.,*.. ,,r ,,,".,,:,,r: .ir.,rrv.s lj,.\rrdhvrl\..t,\(u\\rn,rtr\t.t(r s\,,ytt,u t;, ",t"""_,t,1"i t,,,,

;,:.,:, 
,,, -- , .r ,rr,.r. i. . , ,,rII r.rrhh,,rh,nnr r..,r \ .r ,r .r rrnr....r,r.,

(l l) /{r)-,iu\",{!) lnrrl r€.1,.

Blrr(ir,.r!,nnthtr.rt,,n,,!ftrt\t,r.c,.x(t,./,,i.,lf1h,\.,..,nrtttx.r.rttr.\
"r ?',,rn,l ir\ lir.t t,,rrtr,rt ,t(a\,, \1,,rft,.,n,1
. c r r,,,r,, re r i r, ii,,;i;;il. ir:,,:l;:; ;:,:iil ;l:lJl j":lll ;li,:r l,lll.'u( r,,r,'r.,s) rh.,, rt,r.,,,r,,,air\ ,(q,,,r.n\(,,r'n, r,r r,,,,,,t. / ,,;;;.,.;.,tt'(ssihk t'(,'ttr.^ rrr. p,,,,r*^c,,.,i,,,n,,,r u 1,u,r".,1,.,i,,,,.,1 1",,,",i
:"rrj,,'Ar\,',II LI\i..t,.,lt ,.,\ t t\\,t\n,."rhr t ,,,,,,,,.,,.;;;,; ;:.;,'.;'r\sulrv(n,th,"!rrtN.rv rc {, tllrr(plc\.nr,,tion,:*r_r,r," ,n,,,,.,,, i,,'l,llu,a,r ,rp',,,,. ,,t i r ,,t,\i,,.\t\ ,,",. .n,,,.ur, ,,,,,.,,,,,, ,. .,1,,, . 

, ; t, , ; , , , , , , , I ;{hlc , ti) h. \inghkul
l l l , 

' 
. i l 

' 
r l l , l r . in {(.ll,,ll t tj,trhtlt\rhna trh ttt tql,t,t\u t t\! t,al.' t I if In rh. tir.,t 

^Ir$rn|i'xrrr r: ir.r"".,,. r! r,,.rl\,,r . r.,\. . . s,rh :., a ...,,,.r,r,,.,'''| nl":l' "t I rhr r,r rr,,"r. r'
,n,rc' , (hncr.r ., 

''r,nn,n,';;;,,, ,;, , 
""""""'"rirr rrrri\'rr'r( uPrrrrrrr'Fh

rIRFn2.rlt.'l ttt|-i, r,, h,t,,,tatrh !i, hrrh.,a,r .tt\1,,t t t . It.thr l i\ l,\,llt I r,r L,t.:rj I

Ihm'rD 2.{,1(rl It^.,In,\, \ tt ut,n.y't uft\ \,th h L tn t\ (t d,,k,,,, tt 1,,
\r,,.,t,,,,tt,tt,,t,t,,,t,tt,,t,t,,,,t,,,,.rr.,tt,

:.,.t,:.:.:.t.,^.t.1: 
t,n, h^ 

",, t, *,t,,", ,,t-,n,. u, dt tn,h, hn , tht,. t,,,.\,jrx\rri,nh hnrtirr rih.t, I r! w,,rr t .tt_,,r.\rtt L,,,t,t.tt

rlieorcn 2.5lrrl t r,,,tlnhntt rt ,tut |,nr
'"". t, "" i ,t ,,Lt -,; ,;t ;;, ,..,:;i,;,.:;' ,: ,::,,:,::,.,'i;,::";,:,:,,:,,,,,,:, i ,:,",'::,:1,,,,,;,th tr 

^ 
tt nttr\1rntf

ll(nrkr.,l,r!l\rl,l!.rl,.rr.,ir^l.rlr.n'.,r'1.,1I',,i1,r.,n'rf,if r1\

th.nn t. r\^t,nL tlt.\\tnnt,tjnh h tul n t t'ttht\\ ' -t /n,tflth

(itrolltr! ?.6. ttt, \'\ hnkl n|\tn, tlt \ he n th. a,t t't\tt\ l'.,t t,l R
thP tt\ rtlrt\ dn hil.

()n.,ilh!r .h\\ ol l!n.li(nr\ ol lxcrl inrIorlrncc ir ()lnrDi/rtiotr (lrsorr.r
nntrtntrr lh. vntll'lr,r,t,^ Sottosc /lr.:li\.otrlr( nr r( )'rdrl rodlrv(
i,,,'€:l.shric ) !l( R i!eotr*\. the,,/ isl(r'rll! l.ir{(hir/i n(nrhcinreF
ntrot l'\./Ilr. ln(o'.n' 15.llrDd rsmroyorh.rproFrtirs_sorhr\rt'.rris
t.tr.c ol o c si,lc(l (li'cerionrl dcrirrri!c\ l4l.llcd.cnr 15.61, h r / is trot nrl)
snNnl, [t're Fr .rrllr. In'('.o(l(l cor\nl(r th. .l.ss ofill fun(r nnrs .\ Drrssi.
hl\'l(r'rll! ,rs l,ncx, .')nrbirrt;,) s ('l \!.1 srd(ll0 ln crio s ri,,I8 vitl .('n\e\
nn{l c,) ( ( lirn(lnrN No h\rr cl elrrri(lrri/)lion ol rh's rlit\s is lDo*n.

-1. Subli|ltrr lirndions Reprcsenling ('onrrx Sels

lnlhc(lri'i(,1 rJ,tfuxrh lo dilltrenri hilil!.oncscclsloinpnr\inrrtcilunc
rnD / nnrn(l n |bnrr \ hy i rtr1r.InndnD /:
(l.l) ll\ +|t) /l\l= llht+.llhll
I hir / (\fi{.r$ (lirccrionrl (lcriv li!(s oi / rr r wirh rcsrcer lo v riour vc((ds
l, Nc!r- onc sc\ rl'c ilnilir} hcl$ccn liienr luncli,,nr / on R" rrd t(tds
r'c F' lo dclinc th. rrd./i.rr ol / rt r: thcrc is I uniq(. r su.fi rhrt
(r.l) llrl:r /r lar lr /ref,".
'this r is thc g.rdienl l/ir).

wt c.nnot limir our\ehcs nr{rel! lo linclr l'uncrions I ris apt,.\i.rrrnu\. irr
tryina to c,pto.e thc gcnc.nlizcd dilrc.ctrtinhality rmn.rtirs ol lutr(ti1D{ / hc
lon8rng to lhc !ilrat)!s (lisscs mentn)nc(l in $ ?. A b(trd.r lfunliry e(tr'c\ll,nd
rak! lhxn lhc onc h.lsFtr vrckxs.nd liirnr lrn.ti{n's i\ rlcrcli'rc nqrir(1.
lhc corrc\tofl(lcncc rboul l() tu des(rihcd rethecs \c(lo6 r€ti" hy clo\.(l

A lxnclion /: R" .l -. + *'l i\ s i(l to he flr/,/i".dr il / i\ .onver. n(hiri\rly
ho,no8cn.ors l/(lr)=,tl1r) for ,{>(,). .nd l(i,)< a. Th6e conditi(nrs mcrtr
th l cpi/ i\ cl('sc(l cofl!rx corre in R" conlainirrB thr origin li!crr linrirr
lirtrdnD is in pr i(nl r $bl,ncd.

lliorch t,l f4r- g r.rl l-., I h( d snt'ht4r lun.lnn d R' 'l1kh i.\ lDk.t ei n\ t
h tu\t\ Itu .ith.t I it t,n'tvr. nith l(u-tt. u I hn\ a Mhk\ dht't llrt + 6
dnl '- tn l tua @q. nu ea ol pntt\ h '/'/'.n llht= q n n &^.11 .or.
t:t\ r .r t.tttnt \ \).

Ihcorch 1.2 I:r1. g r.ll Tlrz ,r d on. hn . to .\pnl.tna' l'.hr.. tt/at,.t.
L^r(. \a no"duk'u\. luhliNar l n.tnr^In, R' drl no ott't|. (lt\ttl. rt,r
r,r rr/'1/'\ l ,/ li . r/i'u l,'

/(\):r(r)i /,(r) i,r n \er.
tith a.onkt. h ot.tos, r I

,(rr):s(D r'l' hr ll h. ta"

l':f rcR'lr t5l(r) lnt uL heR'1.

(l.e)



| 7r, R Lil,.l.,rrllrl

llc \ri(irl . !. ,'l'\in8lct,)n \.t\ l' !irkl\ rl,c chssicrt orrc\rron(rcrr! hc
l*ccn linca' ltrn.rnn,s nd voLt(n

Ihc l,ucl(lr.rtr rornr /(lr lt i\ in e\n')rpt. ot n \ubli rrr ti,,,(io whi(h
i\ nol liaur ll r.,rr\l1ond\ ld lhe brll I=lilln: ll Ihc srbtin.Ir rindion

(nn.'rl'^11 \ulr','.ln'r. m nl.{h.nlrnnl r1!,tsr., nr

il ir .\i'l\ (f(\\rhlr xs I € o, @) lhis c,tr'(ctn (n ir (lcrivrlive h,,s ir\ tr\es.
hnr ir n 'nrdeqrrk In. rl.alirS qilh Inndnr$ rhrr .r. not nc.cssnrily Lonrnr'
uous rl \. ()ne ol lhe (l'rwba.ts i\ lhrl diilircnce qtrolicnls rre only.on\i(1.
crcd rlonr vs etrrr riin8 lroD \: no rll(){xnec i\ n\r(tt lor "curlilil$r bc.

Ar rrr illunr!r,(),,. co si.lcr thc indicrtor lirn.tion ol thc .urvc
a..lr (\,.\ric R l\. \jl:.oft\rml\ rr' th. |hlvlopc

r 16r I ,,,ld, d.l

rr'r /,/,, l" 'r 
lc^

l@ iIl,9A,
wh(rr X is r ckxell ronvex cdne.o trioiflg (,..orresponds k) rhe potrr conc

  finalc \trbli ed furcrion oD f,". beinS onvcr. is @trtnnnus (ct -llkok,m
I l). hcncc (nxnrly lower schiconriauous. This giles thc ln owing spccirt
casc of I hcDrch 1.1.

Corolhry J.l l4ll litu as (l.l). (.1.4),gny a on.-to4n. turrr\pndentt h(
th..n th. litit. sublintut fundions lo R,'and th( non. ryh tu ttai.nrre\

The duality betwecn fitrircne$ of/xnd boundcdnessot yexren.ts ro. nrorc
dcrailc{l relrrio'Nhip Hc.c wc rcca that sinr! y is a ctoscd (onver scr. iflhc.e
is no halispare h.vang. nonempry bounded inters.didr wilt I, rhcn rhcrc h I
vcclor ! + 0 $'ch thdt lhc line lr +/:tr E Rl is inctudc(t in y i, elcry re y 14t,
$ lll- ln rhe lt'(er caxc, r is.iust a bondte of na.r .t tines.

Iheor.h J.4 far.6lrl ta,/,r ,hc i,ttipnt.nr h nr nn 1.2, r..ha\
L t n tdnm t t tt oa.l nrh it h t \,ta lt ts R,1,.. k.t lt. e y t r. tt Z tJl ^ 

h,qtuh1t,n.t
4r4.. ttttt lhr\ 'h t. r.\ ntn., d^nt hd\ . .n!r iq^rh, it d J ,4,!t tt y .t rt.\rh\n\t , h Jh,nt Nn ,.tt, r\.

Thc p.(crn s.. (tranarcty vish to fo ow is thrt ofd€finitrg Io.a givctr tonc
lion / nd point t i lin(l ot gencrntircd direcrioort (terivltive whicl is . ,)i",
innjntinuout s|hh ftt li,.r,on / ot the directbn leclor r. Thc ctchenl\ r ot.thd.o csP|rnd"'F Irr'\rd 

'onvcr \.r y yi hc tftc..\trher,(l,en,\..!,f / Jr I

4. Conlingonl Derivatires

llll l f"T l',," /. x .t @.-t.,n.r n fornr, shere / i\ rihrr.. rhc urdin. y
one :ttct tllr.nnnal lolanp ut I t \ ,1th ,.v..t k, h t\

/,{r.,,): tirr 4Ir 'r) /1!l

(11)
l0 ,l , -\:It, , ,.r: l^, ,1 , +,i.

Ohvn)u\ly /'(0. oi , . n,): @ for all noo/ero sc.kr^ /t =(/',.lr). Thcrr is troth
irg io (lisringuish rhc vcctors tdngenr ot rhe ctrrvc a ut (11.0). nrmely the oncs
*irh /rr 1,. tdn thc orhcrs Allliough lhc funcrioo {:t.l) nay bc s€€tr nr an cr-
rrcnre cr\c. ii .cnecrs i h.k ol restonsilcness ot ordi nry direc(ionrl deriva-
tivcs thnl i\ rrlhcr widcspread

( rnaioly itr hrndlitrg olrimal vrltrc fr.ctnnr\ lilc thc/ inirdlucrd towr.ds
lhc en(l ol'N I, il n csse.tirl k, considcr norc sobtle limit\ of<lilltren.e quo-
ricnrs. lnstcld ol jusr sequenccs ol toidrs rr=t+t, sirh 410. onc at lcast
nceds lo l(ntk ir rhe nossibiliry ofrr-r+ttr witft 4lo nnd /'r -r. {A sc.
quca.e l \r I whicfi c n he cxprcsscd in lie I llc. lorm with/l 10 is srid to r,r-
rns. ti t nt k lir.(k"t il h.l

A usclul co cepr in this reg..d is dnr of the .oahu.rt ldtuh.lnl\o
crlled rhc l,rr,r fr,,/rdnrrrl libati.(l ol l at r with rcsnecl to l:

(4.r)

14.41

ti\+tl't-/.i't/'t,.r):li,nintI

:ri-[ i"r /]l+'l ' ll"l,,.1, ",, t I

ln conlrdst ro th. ordinrry dcrivativc /'(rir). lhis lind of limir .lwrys disis.
of cou.sc. ln exnmnle (4.2) onc gcts

lrr if /l o.
[. tt),Oi h,,h:, = |'' l- it h,/n

Strong seonclri. molivatiof, fo. ttc contingcnl dcrivxlivc is povide(l by ils
elfiSraphi(al i.rcrtrchrion 1o cxplain lhis, *c recall tllzt tltc .oatn'o.nt .or.
lo a cl{*ed sct ( c R' at a poini re C ii lhe scl

r. {O-.1/'ll4l0,r' ,r, *ilh r+,r11€(-l

Thls (( (r) cotrsisls ol lhe zero veclor !nd .ll leclo6 , *0 si!ins diroctiotrs in
which sequcnces in ( .r'r convcrge to.t. ll is clemenllry lhri ii (r) is ckxc(|.
rnd lh.r x. (r) rroly is a .o'.. i.c. .l r,€ r(. (r) sben ,€ i. (r) {nd , > lr-

lhc cdnlinScnl conc was inlroduced by Bouligand i11 lh. 19.10: (cl I56l). ln
lhc dalhcmalicll troaramminS lileralure. it is olco crllrd lhc lddaerr( cone .

htrr we prcfcr ('.escs. thar lerm fo.anorh.r concepl h bc dcscrih€d in 56 and
kccp k) lhe chssi..l us ge. The followi s ld.l is e.sily dcdlced ironr lhe dcli'1.1 t)



r7s R l,r,,rl.rl.ll.',

IhLorcn' -t.r. /n, th. ttn'ti at ! l.tni!it\'lututki, I(n: |'t\:hl-trt II\ !ltr
rorti rrt .r, k' q\ I (t th! ttri t l\.ll\l)
Cororr"rl.l.2. 11\'tt tti a. tldi\tti1.l'l\.1'lt\nh\\rr\\"n1rttt..x\ r.\i
tn\'lt hn \tlik1 ^ l trlr ol h rlth l'l\ttl\'-*

SiD.. eo linFc l (ol.\ lo c rl\o hrvc lhc l.llos

Corollar!.1.-1..ti,/,/,,\. l'\ u t,n\\'t tt,r.\ l tut . nl ld \e<tnn / ll4 t(
ontn'!tr1tt d.titdtill lun.tk"t lth) l'(ttttl i\ ti, Ir hntlJ rr nl 

'tr' 
ort

I hr eonrc\ .rs. .r\o e{hihits r ck)qc rehtion\hip hell!t.n ordinrry dit..
Iionrl ('crirrl'\es r (1 .(nrli gr l (lcrivrliv.s

Iltmrent.l.{ lr.rl \ t,tri\. Ii\ a p ,t1.t tonu\ lrtutn,t o R.n"lL1 t<t\\r I
Il'. l l\:hl\\^t\ lot.t.tt httro\uhlt d\ t @ ot ii)nrl

/ - (r: l)..linrifl / (\ i/,').

In ldt l'l\:hl l\\:hl ln' r.rt h \n(, //,,I r+/r€inr(don1l) lt a".

rhc sublircrrit] i. ( (noll rl.l I i\ tfi e hr\i\ ol lhe *.ll kr()*n \uh8rr(licnl
rhcory ol .('nrcr rnrltsis l4.rl. c!Lmrnt\ ol whi.h will h. rcvicN.d in {?. tlol(r.
lun lcl!. coolinectr( .oncs lr) nrnrconvc\ sel\ Scncrilll rre n,/ .()nlcr ll! thc
srnr. tokcn. lle.onrinsenl (lcrivrtiv. lonctnJn /(l):/'(\:r) is gen.rill!,,t
convc\ whcn /i5 nol conrcx.c\ectl li)r ccn in inrporla l.rscs$hictuill hc
rkn.d i \6. llrt .onrinsrnr {lLri!rrivr d.es nor. lh$elffe. ler(l ro , r)bu\t rhc.
ory ol $bsrndicnts in lcrnrs o[ (Ic ,lrrlily corrcsnondcnce in $ ].

whrr is ncedrd is r .o ..pl ol (lirectnnrrl derilrrivc po*c$ed olan iDhe.
r l.onvc\it!. Sn.h x conccpr hr\ hecn iuflrnhcd hy ( larkeIlll lb. locNlly l-ip
s.hirlirn li'n.lions. wc shrll prcsent il in the ncxt scction in r ertended l.r.l
whirh ro a.errrin c\lenl is trscli,l rln) in conn..lion sitl l,,neti,rnr $hirh ire
nol locrlly l-ipschirTirn Ihc lullcor..pr ol(le.iuri!c needcd in trc ting su.h
gcacrrl lunclion\. thc $ crlled \ubderi!nrive- . uill not he dis.!ss.d unlil \6.

5. Chrle DcrirrliYcs

tirr bwer \crni.onlintrous iun.lion /rnd! poi t \ whcrc / n Iinite_ wc d.
.i'1e lhe (thlkkal ( l rk. .l.'itutn\' nl I rt r {irh .csp..i trJ the rccror , to bc

,. .t,t tt,,(s ll / l\ ,r:l'r'r\un " "
',:i

,l (r.n., l'l.tl S' l)s,.',lrnl. ' Nl.rrlicoi.rrr!.'l 11L,!, 'rr ,"'! lit

$hcrc rhf n.rrri(rr is u\r.l rMl
t. -\. \ ,l' l r{, './"1

ll / fiipf.n\ r,, he.onlrfuor\ nr \. onc hrs /(\'). /(\llvh.n \'-\. s) rhr.\ltr
nlnilio i\ (n cr.\srr!. Ih. cn'c wtcrc / is ol n.e.s\ ril! conrinuo s rl r i\
or'd.lrnirc inltfu\r. houc\er. rs lh. tollo$ins lx.l (inrnrc(liNlc lioDr rnc dclioi

rlr@r.'n 5.r- l.rt I h. d LNo !\ l ttin u\ Ith]l\'t li ttiu on R dl l.r
\?.]\rnl tlrt"lrt tr.tothon.hn\ | ltthl.- il tnlohil litdih\t,t
dlh I irrh't:tun tt \ r'ith |V.tt kr I'

( lIlrs orisinrl (lclinilion ol / (t:n) ir llrl xfplicd only l. lhc er\c
sn.rc / rrurllv n l.if\.hir/ir r(Nnd \ lhe li,nnuh thcn lrlc\ oD r si'ntl.r

lhcorrn' 5.2. !x/,/'o\. lI\ 14\lhit:nu nu rl \ lh.n

/r\ .,/r, ,r\ I
I {) / (\.4) lrf, 

'rF

" 

r;,'

A slritrnS lt.lurc ol lhe crtcndcd Cl.rke deri!rtile i\ il\ inhffcnt conrc\irv

'fheor€m 5.1. l..t | tun k'alt \.n turt!. l1k\ht lit.tio m R.n ll.t
tedon I Ih. th..\t!nd.tt Clark. l.r a1i'. l tuhtt l\hl- | (\thl i ( ttt
.rl rr\itillt honb!. . s. h t not,L\t\alrilr hnrlt la itl tti rou\ tnt ltkt
.1,,m / ,\ dr ,rr a ,.,rr.t ,,rn r.

Il l ii I.itlsthit:td a nd \ d lr ,l'. t qunatl.rt tn l'|tittt
o>/{(l).=/"(yi{r), t/r,, / i\ ,ot o lr rthlurnr h t lntitu...t.tr'|ttu |h. ..Io

'lhis resull loo is simDlt r conscqrence ol lh. delinilions. We likc nolc
now ol a very i Portrnl casc where extcndcd (larte d.rivrtivcs,.ontinacnt
dcriv.livg Nnd odinrry directionaldc.ivrlives rll hr!c the sdme !.luc.

Iheo.em 5.4. SrZ',i/, Iir\the oo t dro n\ n'o l l\thl.tists al a \tl
ntutl\, tl;,i,.) hl.r. heR". ar.]

(1.4) / 1r:r)-/'({:l)-/ (r:l).
I k1hr'( t h\rl Rp \c talion ol I as nt 12 8) l(ith q, etu.tt'. d ltt'll\:h)
.utit krt\ i/'nrl\ i ta ltlirt.a(hh)o (ha\

/'((ir)-ndr./l(\ir) lba heR,

/. - lr€ rl,,', ( t): / (\)l: irsmrx .2, (\)

t'oflnrh (5.5) w.s li6t proved 
't, 'r",t.*i. 

frl, tnd lhc equrtio
/ {\:/r)=/ (\:/,)w.sc({bli\htdhy( l.rkcIl.ll Thc lroolol(5 5)shorslh.l



r ) tt I t{,tr l.rt.llr,

/ - tr i l,) rs sirLn h\ rhc \rnr. nrl\inrunr. in fucl dir..lionrl (lcri!.rirr\ err\r in
thc lk{hm Rl \cn{(:

(5 7)
/r\ +,/r r ,rrr

l"'l , 'li'- r\''r r'rt 'r[ t

A subs,.r(licnt \r^io or'(5 5) willbc si!.n i lhcorunr 7..1 rn,l ( orollrry 7.4.
ll is 8oo(l lo nolr. ho\re!cr. rhnt (5.4) nssociitcs with er.h r r finitc. $hlincr.
llncliotr / lfiil d.pcnrls only on / .nd nol on rnv f.rti.trlar mr\ rcpresenrrtir)n

For n'trctions which.re not bqlly l-ipschitzi.n or ever directionnlly Lip
\chitziNo, th. r\tcndcd ( krke deri\.tive.onleyr littlc inlirmrtion. Ihtrs lar
thc lirncrion in (4 ll. onc hxs / (0.0:, . r,)- - lbr ll (r,.1,) tDde.d. ii / i\
nol dircctiorrll,y I ip\.hilrirn rt r. onc n.ccss.rilv h,rs / {r: i): @ lbr !ll /l hy

6. Subdcrivalires and lhc Clarke Tang€nt Cone

A typc ol direclioDrl (lcri!r(ivr will now bc dcsoibed whi.h is htc to rc.!r rs
lh. f.undnrioD Ior N rhedrl ol $bg. dients ol very generrl iunclbns. tr xsrccs
wilh lhc cortingent drrivi,tirc nd.xlended ( lrrlc dcrivrlivc in lhc imp..r.nl
. rc\ *herc thosr (leriutiics yieru r n)wer scmiconrinuoos. subti.cnr lln.lioD
/ofrhcdik'.rio vrcror n ht. it yirlds suLh xn / no n trcr whr( thc ci,exnr-
slnnccs wirh rhe olher dcrivrtilcs

Ler / b. lowc. scmicontin,,ors rnd propei. rnd lct r€ dom t.1hc atht.ntu
,n!, df / rr \ snh r.sfec( lo/t is detin.d t() hc

rhr ,,'.r,, r,'[i",.,,,[ ,,,r 'r' r//" /r\rll
'r .,., t,

where asrio rhe notrlion (5.2) is uscd is r shonhNnd. this r lh.r conpticrt.d
limil k ! son ol rmllgxm dl thc ones uscd in detining / " (t: /r) xnd / ,(r: /r):
cl. (:l.li .nd (5 l). lt wNs firsl 8i!en hy Rochltlhr Jilsl, bxr as we sh.lt sec be
low. it is cl{,scly relire(l to r geometricrl norion ot ( lrrkc I t ]1. 

-t 
he initirt dilli

.rlt,es in pprcci.tins thc nirure ol /r(rit) rrc fu. ourwc;8he(t hy its rcnurkr.
blc ptupenics A conrincing.dse can be mrd. tbr this doiv,li!c as the nrtur!l
one lo .onsider &r gcncr.l iunctions /: ( tcr.ty

{6.11 / ' (t: r): /r(r: l) 
= 

/ "1rih) taralt ,
lft@rcm 6.1 l45l I.(t Ih.uk\rtu\nii tti nu\.tur|ofu dnnuR,.d th,t\ed.nl lho th. jh.ttr .tit\,lit Jnntth)-tjt\:t,li\h\!tat nu,tl, ^

Just rs tl]c contirSenl derilativc cores0onds to a conlinSen{ conc to rhc
rpisrnph ol / (.1 TficorcD 4l), the $hdcri!.tivc corcsponds ro rnorher
geonrrricrlcon.cpr tior r ctosed scr Cc R,', rhe Ctartu t,ttotttt ttna n a poltrt
re( i\ dclincd ro bc

Ilri\i\.l$r!sr.r)\.,/.r,u\'\..ttoklditttn,tr\urrrisingllclinvicwor'rhc
lacl ol rny con\(rrly lssnnttioos whalsdever on (-. For I dire.l Piool. scc

l4al Ihr conc l; (\)wrs orisinrlly dclinc,l hy ( larle ll.llin t morc circlilons
rrnner. hol li)r nruh l6.lJ ttrrncd ont to h. innlicit in .nc ol his ren'lls (scc I l].
11op I 7l). wc \hnll s y ntrnc Nboxt tltr tft)tcrlics t,l lhis conc in Ih.('rcm 6 8
()bviously lhr ( lrrl. ltnScnr conc is x srbsel ol lhe conliirgc',l .one in $4:

ll (;.ir xl 7.(l Srh!r !1,(fr\ 
'n 

Ntrrhrn, ni.rl I'r.!'rorn"n!

t6.r) 7i 1\i-{rlvrr .! in (.,Lll), lh/ ., with \r l/,n'.(l

inr l[ € R' l/r(r: l)< -l: {l e f"l/ (!rr)< -).

(6.7) /r(yir):fim/ (i:(l t:lh+t:l') lotd heR'

(irolls.ies 6.4 !nd 6 5 follow from l heoren 6.:l by wny ol hrsic txcls !hout
lhe closures !nd inlerioS ol epiSraphr ot conlex lutr.lions l4l. Lemmr ? :l nnd
(irdl&y 7.5 ll. Of course. the concs (6.5) and (6-6) are noncmply only when /
i{ dirccrionnlly Lir's.hitziln at \i cf. Theorcd 5 l lhls in thc dircdion.llv
LiF.hil?irn casc, /r can be conslrocied trom the si'nPler tunction / bv lrft_

ing / r (\:,)-/ (r: n) on the conc (6 5) and liDits (6 7) at bound ry poinls. hur

when / is not dircdion.lly Lirschilzian. no fielP..n be obrnincd lroor / '!l
.ll.

ll. fuliliooshif herweeo suhderi!.tivcs nnd.ontin8cnr dcriv.tivcs i\ rol
r: ensy to descibc,.llhou8h il docs turn out rh.t suhderilatiles tan be e\_

nrcsscd rs .erlain limils of conlingcnt deri!dtives. tiial ol all. lct us inttoduce
fhe rcrminolosy: / is rrbdifferentidtt ..sulat rt \ it l r(ir l):/ '((i l) lo. all I

Tho'rrm 6.6llll, f461. tf lisdhndsenti.o nttout and.o tutotr d tr.i.tt'hot
hnod ol r (o pint r'lnr. / is finitr). o/ il I i\ suhs,nooth an[n.t \. tht l n ,thlil'
lt\otidllr r.q l.t ot x.

'f'hcorcm 6.2 l45l I l be o tu^.r semicontihuots l ndnJf on R" an.l ltt
\€(lo'n/: r..//(r)-./r{\:hl lh.t th. ct'isrufh iJ li.\ th( CIa (tana.nt(.ttt
th! !r4ot,h nl / {/ (r, /i\))

thc rclxrion\hil hctween sth(lcrilltiles !nd (he ( hrkc dcriutites ot the

prccc(lin8 scclion i\ quitc sihPle.

llteorrn, 6.1 1a61. /.r/ / r? d b\'.t tu n1n'in@6. ln'f.t litrdi.n on R . dn.l k't

t do th^orn @\'d(on. n.hds|t(\tht:| (t:h)

Corollary 6.4. l.rt I hc a lo\|.t s.nnanti'n 6. l1d'11.t fiDrtion o', R' x l h\
\edonl' Ih., oi. hds Ih..Pi|tu nol ft'lati. rhil
(66) intl(/r./l)€R""1/J=/r(r:/'t:(r./l)€R"rll>/ {\:l)1.

Cororlary 6.5. L.t lh. o h,har tu ni,tinuous. r'1., JtltutuD on R . x tl k1

t el'om l. L.l h bt d .l.nent o.l tht o e 16.51. fl,.
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Th€or€m 6.7 l4ail ll /i\ a l r@ s. ra, rr\r' l )l'.t lututn on R atul t h

.lilli\c tialh r.uuh ut th. Ihi' te<loi I lt.n lbt .r(tt h nt t' n' (6 5) th'
onttnn l it e. tit,nt l.rn:dt it'( I l\',hJ $trts ant|'(\:l)=/r(r:h)

Thcorcor 6I ptulides t flrludl gcncr.liTdlioo ol Thcortms 44 aad 5 r.

which..rrespotrd lo rhe ctscs in Theorcm 66. An exa pleol r subdi{ltrcn
lidlly reg lir lrnclioa aol colered by lhcorcm 6 6 is given bv (4 2): this lunc

tion is nol covered by lhcorem 6.7 €ilier, sincc it is nol diiection lly l-it)schil

zi{oi lhc scl 16.5) is enrPty lnr .rery x Edo /:
To Srin dccPer und.rsl!ndins ol lhc cdses wh$e / is suhdilc'ealiallv res

trhr. w; c.o atPcrl to i result ol ( o.nel 12ll I'bout thc relxlionshiP bereeen

tfic ( hrtc rd Senl conc irnd the conlingcnl cone

Theoren 6.8 l2rl. r-e, ( r. a .hsed s tu R" |nd lct \eC lho
(6.8) I (t):liminrK, (\)

::l/r Vrr '\ r'n, xreC, lhr=l' n'ith hteK.(tt)l

nus n li:K,6 ll drd onlr ifthe n llittn lio, K,:r*(, {t) 6 /on.r {.,"
(ntinuors dt \ lcldtirc k, C.

This.an bc applied lo lhc episrrphs ol /I((: )and /'(ri )ducloTheoF
ens 4.1 and 6 2.'rhe limil in (6.8) can bc cxpressed in lun.tn)n teflns using n

trcl in 146. Prcposilio ll. wclhen obrair lhe nnbwitg forn,uln ftr /r in t.flns

Th.orcn 6.9. Ltt I he loN(t \entiontituort. dnd I.t t he a rn't 6l'te.[ i lhite

'lhis has lorcc whether or not / is direclionally LiPschilzirn nt t.

Corolbtr 6-10. L.t I he lo||.t schn ohtif,uous ahd l.t \ he a Poi"t *herc t it lin
ite. Th.; I is s hdill.r"htidth lesulol ot r I dn,l ontu it tot erc\ lett ene \r -'\
||ith l\{ t-I(\) on.l .r.4- h. tl'.t. is a sequeae h^ 'h eith

lirn sup /' (rL: rrr)S /' (t: r).

Incidenhlly. in innnile dimensional sraccs th.orem 6.8 SeDcrally taik (cl
Treim.n t6ll).

7. C€nerrlized SubgrNdients

'lhe suhlineftily .nd lower semiconlinuity of the subderiv.live funclion in
Theorcm 6.1 dake il possible lo itrvoke tft. duality correspondence in $ L For

Thc lccro.s | €rl1y)lre c^lled lhgrtulrcntx lot a{t.ntlc.tl rndi. t\) ol | lt t.'Ihis tcrnrinology;s rornlly in hirnony with orhe. usrse. c.g. in conlcx aorty
sis. rs wall besccninrmoment.FronrThcoremsl.l.I2 nd6.1 we iDrnr.di
rtely ser lhc .r..l conneclion bcrwccn subdcriv tivcs rnd sohgrddi.nrs.

Thenr.m 7.f. I.t1 | tu a hw.r ser,i{.onrn u'us tu,rr li1 .tu,hon R.d dl.t
r€doD/ 71r., i l\f) is a tk,s..l lottie\ set. O . hd\ ?llxl+ll il dnd ohlr i/
/r{y:0) > -. rr !/',ir.d!.

ll (;e e.nlircn Snh8tu,licnt\ in Mrthcmntical lto8r.mning 18r

an .dril.rry lt)wr. semicontinuoos lun.tion / on R" rnd point I where / ir fin.

(r ll ;/{\):{r€R"lr'r:/r(\i/,) lor xll ,€: R"l.

\7.)) /r(r:r): sup r'h lorall h.

llclorc dfuwiog some general lxcts lrom lhesc loflnulas. wc look rt some
parli.ulir.lasscs oi Iunctions.

'n€oren 7.2. Stnose.[ is .onoet, linit. ot x. anll lon'et vhitutinuo s an d

".iohhort 'd 
.'1 \ nrca

(r l) ?l(\):It l.t h=/'(tih) /oro hl
:lrl/1r+rl):/(r)+! rh fua r>0 nn<t hl

lhe llrst cquation is valid by Theorcm 4.4 and the suhdiffcrenriat reBUtrri(y
ascrled in Theorem 6.6. Th6 second eqoation th.n holds. becalse

17.4)/r(\.lt:tim Il'm\up [ 'nf /'(t lr,')l].' ,r'1,- L', ,.' lJ

in lhc convex case 'rhc second expression in (7.1) (where one €outd iud as wc
lake ?: l) is rhe delinition customa.ily used for rhe subgradienrs of. conver
luD.lion (cl. t4l, S 2lj). Thus Theorem 7.2 lays lo resr rny doubrs ibo{t the
preseol le.ni.oloSy veGUs te.miroloSy aheady esrrblished in co.lex an.ty-

'lheorem 7 .1. S ttryse I b suhsnoolh alourlt t . Ihen fot anr h].dl t.t1tt 
'?n 

tatioa
al Iqs ia (2.8t (nilh the grudient Vq,g) d.t.nlina ontiruo sh'notjuston\but

(7.r) a/(x): co I tra, (O lr e I.L
ilpre T, t th. rct in 15.61aad "co' sldn.ls fol.od.et hu

Theorem 7.3 follows at orce from thc subdifTerentirl regulariry of sub-
shoolh funcrions ('ll€orem 6.6) and the derivalive equalions in Tteorem 5.4.
The scl y on the riSht side of (7.5) is compact and convex. and the formul{ in
(5.5) rsse.ts rhat rhe sublinear lunction coresponding to rhis y as in Theorem
1.2 is/:/'(\i.).
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(-'roll.ry ?.,r..\x,',',! /(\)=nrr\1q'L(r).....l/,(\)1. rrkJ. td(h tP, iI er.t'tI'
71rt' i ll\l i\ th. ltnlthtt aot ttul 

^ 
th( tk l'. 

^ 
I t|,t\l tl ttu lnndk)n\ q,

,.hnh dn,tutitY dt \ nn r.nQ thnt q,\tt:llt)
Now lvc l..k rl l-ilx(hilzirfl (ses -lh. ncrt rcsull coubincs lhcorem 6.1

wirh lhcorc t I li,r/(r):/r(\:/,).

Ihcor.m 7.5. I.tt lha tr h\.t:.n oatn&n^ t"r'r litf.tit,t o R'. on! let
t edo l l ht l r\ tud tn"n r Lips.hit:id, nt \ il onl orl.r'1 1 / l\l 6 nn.urtt
ht "t.\t'h\\ibl. \n rh t1thu"dl.ol pn1 ll littu'.|. I thdt(d!. eI'at

(? 6) il(\):lr I h=/"1\:h) hta hl.

Then.r is callcd rhe uru./i."r of / I \ and denoted by C/(r). Thc conccft of
rrl,? dillerentiabilily of /al r is lcss well known: it meaN thrt

ll(ntrc,'ll/.(ls!6trnl.n(iNllhcn,rlkrlltoPr.'nnrrrrS 1115

rhisisNloc lizrrion(,tcontinrousdillirenrinhililyr / issmoothon t/(r!oFcn
scl itr /l") il xr(l only il /isstri.llydilltrcnlilble,ttveryret./.
Theorcsa.t. l.tt / h. h'ntt \.nn1'ntn n r .n.l kt \ h! d riat hlt. l is li 'ttI1t' I t\ \t tu1 lt l il /. a't nbt( tt t il d"t.,l t il i | (.t) onlsts ol d rnlttL r.tut t.
nalklr th. tt lit r'/(t). In thi\ n.nt l tst h. Litnltit:inr d til \

( l.rl.ll ll prcled this f.cl under llc rssumplion that./ is locrtly LaPs.hil
ziin Ihe 8encrrl (sr follows lrofl ( ltrkc s resull ttnd Iheorcm 7.6.

Suhdillercnlirlly.cSuhr tunclions have rn especi{ll} strong frorerly in

'fh.orcm 8.2 15rl Sut't'o\. li\ ltuallr Lilnhlrioa atl eth.lilf.4'ntin t r4tultr
on th( tr)tn \d Ltcr". os i\ t t. i't ldttklllat it t is tlhnoont on U Th.l I is

n, th ltlli\!'txthlt nher.r.r it i\ tlill.,?ntiohle. nM erc.llt lbr a 4tligihl. s?t

rl rrttt\ \ t Lt th( .o r.\ n1 i l\\l r.duts h d sntolt'r..kv.

lhc lin l .s.rlor is brsed on Rldemr.hers theorem (IheoreD 2 2) l:inile
.onlcr ltrncri,,ns irc ia Pdrticrl^r $rh$noorh (( oroll.ry 2 6). so rheorem 8 2

c\r'bins thc fucl mentioned !t lbe heSinning of lhis seclion

Corollaiy 8.1. Itrlll,',r. I is rthero.th a td \ d d hds d lo.dl t.Pnrc totitn
\7.a) n.h that th.t il onlv or. teT sith tt',.qxal h,./ a! \. nlot.l 6 sttidlr dil:
krcnttuhlt,dt t nith u kliqlt Vl(t):Vtl,,6).

'Ihe c.se in lhe corollary is oblxined from lheo.cn l l Note th l lhis
rDswcrs rhr qlestaon rris.d in $ I ahoul when a fun.lion cxPrcssed a\ r in.ri
mum ot a collection ot smoolh funclions (t, as in (2.8) can aclially bc smoolh

lr is snrooth il the represenlalion satisfi€s thc assunptaons in lhe defini(ion ot
subsmoothness in $2, and itlhe m ximum js altained for ea.h r by a uniquc I
The latler is lrue. for instance, il r is a convex se( rnd ?, (\) is sl.icllv concave

Sr.ongly suhsnroolh lunclions. Ns defincd in $2, hale an cvcrr ni.er Proper
ty. Rec|ll thar I is thxl-.lill.t.ntiahl. ntritit islinitcin d ntighboftoodol(
,nd {ficre cri\l r€f" rnd llert"'" such lh.t

(ri.r) lm l(r+rn,)_/(tl r rh :!n.ttn r,,, 
^n 

t,.

(this lorm ol lhe definilion does nol requi.e / to hc on.e difterenli blc oa I
ncighbdrlrcod oi r.) A .lassicrl lhcorcm ol Aler.ndroll sa)s lhat finite convex
lunctions r.c twi.c direrentinblc almoil evcrywficrc this tr|DslrIcs hv w y ol
Thcorem 2.5 into rhe lollowing.

rheonmE.,l 1511.,.1 rtro slr ruhsnoonl fit".ti.tn.loh 4 orn a't ttcR 
^ 

tAn!
dilllrentidhle .\..tt or a d.ltligihle iuhs.t of U.

Sincc 
'bsmooih 

funclions are quile common in oPtimization lhe preceding

resrlrs can bc ntplied in many satuatbns.
Locnlly Lipschitzi n tunclions which.re flol $bdillerenlixlly rcguhr do

not ne.essa.ily havc r/(r) consislinS j!sl of !'/(t) !r poinls where trl(t) exisis.
since / nray be direrentiable bul nol nricily difcrcntirble ai such Poinls An

Thcorem 7.6 1441. L./ / re a h,4!t x.tui.o inuo \.rol.rlkfttiononR'.dnAlel
redoor /. lil.a / il Lit i hit:nh unrotul t 4 o,'r! o h il i' l ltl is aon?nt r an.l

()l coursc (7.5) hot{ls roo when / is t.iDschilTirn xtuund \. sincc thdl cotre
spords ro / bcins dire.lionrlly Lipschitziln wnh respect to /t:0 The necessity

oi lhe condalio. i. Ihcorcnr 7.6 wrs ohsened by Clarkc in his oriSinrl prpcr
Il ll ( l.rkc rlso lurnisfir(t (7.6) .s a chtraclctizntiob ol stbgr.dicnls oi locally
I ips.hil/ixn r'un.tnrns (sec ll4l), but his definilion of i /(r) tor Scncrtrl lower
scmi.ontinuous Iutrclions. allhoo8h eqoilalcnl to the one presenled here

lstrdmins lrom Ro.k.lell.r I:l5l) wns ralher .ircuitr)us. Not hrving lhc conccpt
ot subderilrtive at h;\ disposrl. he slarled wilh r speci l ldmula for subsrr-
dicars ol l,).rlly Lipschilzi{n iunclions (sec lheored 8.5) a d used it to de
velop his notiotr ot lanSenl cone by . dual mclhod. Thcn hc d.tined subgrr-
dients i. ge.erilhy.8comctric verion ot fudulr (7.1) wbich cotresfonds to
the coigrrph reldthnship i. Theorenr 6.2.

lo thc Iocally Lipschilzirn casc rhtre i\ r,reneraliz.d mern vrluc lhcorcm
*hieh servrs rs r tunher charactcriTalion of thc sels i /(r): set l-ebourg l.l7l.

8. Relationship *i(h Differenliability

A convcx functaon / as ditlcrentirhle rt y itand only il i /(r) consists of I sin-
sle vecld r, nrmely r- t'l1r)i ct lal, Thcorctn 25.ll. whrl is lhe salurlhn for
.onconvex iunclioFl SomethinB more than ordinary dillerentirbil;ty i\ in-

Re.alllhrl / is /ifi,ii,a/nrbl. rt r in the clrssicrlsen\e iland otrly il / is fin,
ire on r neighhorhood ol t and there erisls a lrclor r suct th.t

(8.2)
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exJrn.lc c\i.tvrl x I'r,rlll I 
'F{ 

hrl/r'rr lun, rr.'n / I hi, h r' ,,r'tu n {'i' ll) dil
lerrtrr,Jhl. l(rl rllhnnth / mu\r he Jilleretrrrrblr Jlmnn .rrr\uhere b\ lle
orem 2.1. Ncrcnh.lcss ; /ir) cdn hy con(nrtlcd liom tnowlcdgc ol r'll(Y') at

points ncrr lo \. ns lhe next lheorem shows

Tteorcm 8.5llrl.llal.so/,t D\. Ii\ t.iry.hrt:ian arou dx TlPn

(8.4) f/(r)-.olfll\r- t nith I rlillercnti.hle dt \r {'/ y/1\^)-|I

This is lhc n)rmuk originally used by Cltrle tlll for $b8ridienls of locallv
Lifschiuiri lnndions.

A generllizrliotr ol Theo.cm I5 to .rbitftiry lowe. scmicontinuous trnc
rions / has bcen tunrished hy Rockafelhr I52l ta9l In such a setlins one musr

coosider nor sequcnccs ol gddienrs t7./(tr), bul lowe. semisradienls' or
''prorinr!l hSradients . Nnd rhe ndlion ot convex hull musl be brcadened lo
intlude n.inls rl infinily .

9. Subdiffer€ntial Calculus

Nor much .onld be rccomplished with seneralized subgrldienls il there wc.c
no rules !or calcntaling or eslimnling them. beyon(t lhe definition iGelL Such

rul€s do erisr in the convcx c.se llll. and mr.y of lhc'n hale now becn cx_

rcnded. we rin only menlion r tcw h..e.
A formula tor lhe subgradienls olthc poinlwise marimum of] colleclion of

smooth lunclions 0',.r€I has lready been Eiven in lheorem ?..1 and Corol_
lary ?.4. This h.s been seneralized lo cerlain colleclions ol nonsmootfi func_

tions.p, by CIarke llll, t141.
An especirlly importNnl opcralion to considcr is thil of addilion ot lunc_

Theo.en 9.1 laq L tton.l tr h. hnet sedi.uh lous.nrklions ot R".aadI.tr
he a rcint wherc hoth l t aad t, dt. lihite . Sut,pose therc etists an h € R" ru(h ldt
I l \t I hJ < - ald / j is he.tionoll! I'its.hit2ia, at x i'ilh test'..l tnh m.n

(9.1) r'( /, + /r)(r)c illi(y)+ i|l;(r).

Mot.orcr (quatitr hokts h l9.tl iI 
^ 

otd .L are nll,Iil.li f,tiall! rcutlot at r

Coiollrry 9.2. .trppoie /i ,s li irc at ! dnd lot'.t s.ni.ontinu us a nl t a d ./1
is Lits.hitzidd a rdd x. 71En the .onthBiols .f the theorc ot. rolirl

The corolhry is the case ol the lheorem where 
'l 

=0. A numbe. ol applica
lions ofTheorem 9.2 have an indicator funclion in Dlacc ofcithcr /' or A. The
followinB tacl ihen comes inio play.

'th€orcm 9.3 [lll. L., / 6" lhe indk atu t!'. .'I a dosed s.! C c R". ar.l lel x eC

\e.2) 4^r): rr', (r). therc N. (x): r. GJ" (totdn.

Il (lenrrxri/cd sut'Nrrdienh in Mathem3li.,l ltostrnDti'rs 187

'Ihc tolar N, {\) olihe ( htkc l.n8cnl conc [ (r) is tht Cl A. on trl (oa'

to a rr ;. and ils el.ment" are called not d/ r1.rr.r' A nonzero no.m l ve'lor
exisls rl t if rnd only il r isa boundary poinl of C(cl Rockrlell'r1141) fordi
rect crtrcssions ol thc no.mal cone as the conlex hull ol limits ol morc tFcial
tinds ol nonnnls rt speciil points, sec Cl rle llll rnd lieaman 16ll

Theorem g.l isonlyasriRplcof thekindof clltuluslhrtcanbec{ricdoul
lhechrintutclmhrsits8cn€raliz^tions:seeal.rkeIl4l.Rockafellar[44]1541
Funh€r rulcs are listcd in 1491.

As nr rs m!lhenrlical proSnmmins is concc.ncd. lhe qlestion ol how lo

estioute lhe suhgrrdienls ol.rn optimll value tuncliofl /, ns des..ibcd krwnrd

rhc end ol |i l. is hiShly signilicanl. and much ctlort hrs been exPended on it
(see lasl nd ils references). wc musl contcnt ooaelvcs hcre with indicatins

whrt thc ansqe. is in a special c.]se

Lcl o\ consider the Prohlem

nrinimi,e l,{r) subieci to
lP,,) , (r) +2,:0 for i:1.....,,,
where/:(!'.....r,,,)aadthefunclions/;,t. .,r',areloc,llvl-ipschitTianon
R". Suppose lhxl for ev€ry / e R" and .r € R lhc sct of texsiblc solutions lo ('1,)

wirh /i;(r)=a k bounded (maybe emrry) Letr'(rt dcnole rhe oPtimal v'lu€in
{ri,). Then / is a lowc. semiconlinuous, prollcr tuncrioD on R " (convex actuallv

itevcry., is conver. bul thal is noi thc siluation wc wanl to reslrict ourselles lo

at the ;omenl). Since /, is nonde..e.sing itr !. it is also direcliooallv I-ipschil

zirn lhroughoul its efleclile dom in (ct end of {i2).

Theoren s.4. Let t\/) be th. ol,li al oatue in Uohl.n (P", und.t th' aborc av
sunflins. Fr. anr u lt h that P@, is li"lt., onl lct Xlu) d.notc the .orresPo d
ins ier of optinat solrtions. Fot ea.h \e X (u'),tzt Klu. tJ de,ole the kt ol dll L4-
qiaase muhittliet Mtton teR"' satisflirg the sot.tdlize.l Kuhn Ttuker to'tli

11>0 and ,', /;(r):0 lor i:1...., n.
(9 3) 

0 € ar, (r) + 
',, 

a/, {r) + . .. +r'rlt,(r).
Sn il.nh kt Kr(u.r') be the sc! o.f bectots ,- ||hich w,ntd satislt 19 J) il'the |'n
? l;lt) n'.rc oatitte.l. tl Kolu.rJ.onsists.fitst Ih. zero ft.totJbt ett t e x\u).
th. tn Litahi!.idn a 

'und 
u an.l

(9.4)

(9.5)

.r"1!)c co 
[, 

]-i(,,,rG.r)j (@dl,.r'l)

f,r(',;,,):r"(!:r)5.mai, ,:i,i,,t h I*.tt h

For a slability condition ensu.ins rhal al'(,): r(t, /) in (9-4) see Pomcrol

1421. A mo.e nbslract analysis ot i?(!) in the case of functions 2 of the torm

/(!)- infl(t,, r),

with / lo*er seniconrinuous on {"' x R" .nd erlended_real valued. is canied

our in 1501.
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