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We show that the operllo ri4(con{liLn)nrl cxt{talion Sivcn a .-lield 4) ,nd a

(subdifcrentixlionl. when applisd to a rorh,l corlea inteeland t connule il the etlectile

donai. nultirurcrion r,'1r-.R' /(o.r)< + 4l n 4-neasurablc.

Wc deal with interchange of condilional enpectaLion and subdifercnliation
in the contert ol stochastic conrcx anallsis. The purposc is tc gile a

condilion that allows the commuling of these two operaro.s rvhen applied

to convex integral functionals.
Lcl (O. /,P) bc a probrbilit) sp.tce, ? a ' field contrincd in .1. and /

an sr'-nornal onnex intesarul defined on Q x R' with values in R u 1'..I
The latter means that the map

l' !,ts'€pil(i,, ): l('I.1lER''+1 l.fki.x:))l
I

I is a closed convex-valued rr'-measurable multifunclion. See [2] and [9] for
-', more on normal integrands and th€ir properties ln particular rccall that

for ary ./-measurablc tunction iQ+R', the llrnction

.,F / (.,,,I(.,1)

is a .61-measurable and the integrdl functiandl associatcd wiih/is dehncd

by

1/(-r) : j/(D' r(r.,))P(durl

!: codq! 3id !r&t sc aEe Pubri,bc^ ti!. F[

PiilLtrll}sunn. cd bv d granlolrhc An Foroe Ollicc ol Scienlifi. Rcs.arch

P,trrially sutt.rl.d Lrl 1 granl ol the Nalnr.al Scierce Foundatbn
l]3
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To bJpass some tri\'ialities we impose the following summablljlv

(1) there exists a g-measurable r:O+R" such that.Ir(i) n finite,

(2) there exists re laj(ia):"nI(O,4,P;R') such that 1/+(r) is finite.

{hcrcj* is the (/-normal) conjugate convex integrand, ie.

/+k ,r):sup-.R,t, \ /(,.r)l

Finally, we assume that.rr' and hence also E-- is countably generaled,
and that there exisls a regrldr condirional probability (gilcn 9),
Pe::./ xO-10,11. Wlenevc. lvc refer to the conditional expectarion given
9, we always mean tlre lcrsion obtained b) integraling wjth respect to
Ptr. Consequenlly all conditional eripeclations wjll bc regular.

ln parLicular the conditional expectalion ,qJ of I is rhe t4 nornal
inlegrand defined bl

tEet)(ti.\):l f E\)pal( o)

Also given frfllR", a closed-valued .c/-mcasurable multifuncrion. its
conditional expectation given I is a closed-valxed it-measurable
mullifunction obtained via a projection-type operation lrom a sct

9l = {u e -" t(o-.'/, P; R")lu(..J, erlt)) a.s.I - y}rr'/)

o.,to:t:(g)t:9110,9,P:R'). valadier has shown that a resular versioD
E'f:O+R" is given by t|e cripression

Eef ll,): ctlJ u\opq @( o) ue e:t4),u(orefkr,) 
^.s.1.

Wc rcfer to [14] and thc reterences given tlcrciD for the properlics of t3l;
in parlicular ro the article ol Dynkin and Estignee\' [:], which sp€cific ly
deals with regular condiljonal expectations of measurable multilunctions.

We consider 1r and 1.d, as (integral) hrnctionals an t'i(.."/) nnd yi(91
respeclivcly. The natural pairings of .y' and lr and (y')* yield lor each
lunctional two different subgradicnl mullifunctions. We shall use ij1/ and
/,, lo. de.rgnrrirg -.u-g.c'J'L -rJ. i . d,'/ . , i.

subgradienls. Rockaiellar [8, Coro]lary 1Bl shows that whcn the
sumnabilily conditions (1) and (2) are satrslied. one las thc lollowing
represenla!ion for (l n)*-subgradients:



6*lrl:r)- {u +r" lj e 1r(r), t,e.c',(../ ) with r"h -r'l=0Vr'edornl/l
(ll

ihere l,(.a/) is ihe spacc oi riD! dr conlinuous lincar lunctionals on

Yil.d), and

dom1f : { r e Yi (-el) lr(r) < +.c i

i$ lhe effective domain of //. (For the decomposiijon ol ("lf')* consLrlt [2'
Chaptcr Vll!). Furlhetmore the g'1-subgradient set is given bv

dr /x): Iuee:(.4)14.')e,T(,J, r(.,) a.s.l. (1)

The slLnnnability condilions (1) and (2) on / implv similar prop€rtics lor
r'l. so thc lormulas abore also apply to lF!r. Thus for ).ev;(r) lve gcl

e"IL,rG):Iu+u,uEetE,lx),!.et"g) with tr"h - r'l >0 Yr'E dol]llF'l

.ONVFX I,IINCTIONALS t?5

(5)

tI r. t(x): lu E e:g) u\o) € atel ((,, r({))a.s.}. (6)

r./x,,|(.\): r4(a//(r)) +rc[erz,](.!ll. (8)

; I., /lYr: E4i/ / lr r. (e)

W€ are inreresred in the relationship betvccn i1i and a/r', Relving on

the fornulas just siven, Castaing and Valadier [2, Thcorem vlII37] show

that if in place of the summability conditions (1) and (2), one makes the

stronger assumptjon:

there cxjsls r'eit;(g) a! which l/ is finite and nonn conlinuousi (71

llcn lor every )i €-t4i(t4) one getsl

wherc /c denotcs the recession (or as-rmpioticl cone [2.7l lf
r€int dom lFer. elrr(r) is weakl), conpact and then rc[e1r,/(-r)]:101, in

This was already obscrved by Bismlrt [1, Thcorem 4]. For the subspxce ol
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vii ol constant functions. Hiriarturruty [4] obtain a slmilar rcsult for
thc r-subdifferentials of convex lunctioDs. For finiie-valued Lipsohitz in-
tegrands, Thibaxld 12, Proposition 4.71 obtained recently a relatcd result
in!olling Clxrke generali/cd subgradients.

Here we shall go one step further and provide a condition under which
the r. term can be dropped from the ideniity (8) $ithout requiring that
rsinldoml/. Very simple examples shorv thal the rc lerm is somclimes
incscapable in (8). For instance, supposc 9:14,QrL Go t":E) and
consider /(,..):r/( ..(.x, thc indicator ol the unboundcd intcrval
( o:,i(1,)1, whcrc i is a raldom varidblc unilormly distdbuicd on [0,1].
In this casc /t -3-EJ:E [:]F"rso that e1.cr(0):R+ bur te(N'1r10)l

-1101:101. Thus (8) would fail rvilioul the /r term. Another example
rppears h [13, p. 63] where it is ihe oondition of the Theoren]: "ll (r)<
+.! lor every rEjl;'(9) such rhat r(rtEdon l((i]. )", thal fails io be

satlslied.

THEoREM Sr,ppirr? J is an .d tnal co I,ex integrund su.h that the
(losute af its ellectiue domain multilunttian

,,+D(.,)::cldom((,..):.r{x€R'/(o.-r)<+,r} (10)

is 9 measwable. Assltme that I/x)< +,r: lor ewty xe:liltq) su.h that
i(.r)Edom/(.lr.J a.s., and that lherc exists xoer;(tt at which tr is linite
and narn (ahLinuous. Then for e*rt \E 9:(S) one has

?Es1{,6( ))=Eq 4,xt))a.s., (11)

ot in oLher \tords, thc (bsed-1:aLued 9-nedsuldhLe muLtifuniions

(,)+6 EeJ(.a, xla)J

{1,+ retil(.. rOl (r,

dte alnosl surc\) eryt1l.

Proot Fron (lt) it follows that

alpor(x) r E"{;rlt)).

In view of (6) and (a) this holds if and only if

aE4JLx()) - E ill.xl))d.s.

It thus suffic€s to provc thc reverse inclusion. Let us suppose thal
i e i E6f (, xl)). For every r' € R", define

s(r,, r ) :/ (o. )) - &(,) r.
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Thrs is,rn .a/-nolmal convcx integrand $hich inherits all the properties
assumed for / in the Theorem (reca11 rhat ,89,r(9)1. Moreover
0€it".d.{)). we shall show that 0€t",sf,rf)), which in iurn will
imply that aereilf,x()) rnd therebt complete the proof of the Theorem.

Since almost sLrreLy 0 E rE'sl!r. -(rt). knor' that
0 e i l,,,(rl c il+I5r,(r). Hcnce r minimizcs IE s d1 .v;(.'i). LeL ini denole
thc natural injection of lZll;lS) into 9:l-"/.) \r)th

L t\l /"''l

Now nolc that jni -!:x also minimizcs I,,, on t/'-:f;l.J). ot
equivalently 1" on /', since the !\\o iDtegral functionals coincid€ on tl'
(by the definition of conditional elpectation.) Thus

0=.'*(1, + ir' )(r).

lvhere !i,- is the indic.Ltor iirnction ol"l . or eq|ivalently:

0 E.*lq(rl +,:*t/r(r).

since s is (norml continuous at some xo:injroer". B) (-r), this mcans
that there erist r e.v;(../), r,.e /'"(../), mch that

{.,) E.rdr,J. r((rrl) a.s.,

, t\-rl>0 for:li \'F.lon/

(12)

113)

and (r,+r)")is orthogonal ro ll'. i.e.

(u+ri")tx'l-0 for all r-'en'. 04)

This lasi relalion can also be expressed as

(, +,J tinj.r'l = 0 ni an ie:ti(s).

or still lor all rEYl(41

ini+(r,+r.)trl:0,

where inj*:(v;l(../))+-(:r:i le))a is the adjoint o1 nrj. rh|s the continuous
linear functional hj*(r)+r.) must bc identlcally 0 on s:1"), Le. on :rilq)
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ini*r:.: inji,: ter 115)

Tlc last equality follows liom the observation that ts:inj* when inj* is
'c.L r.red o / r , . (l 2. p.:o5 or e\d nfle.

We shall compleie the prool bt showing that the assumprions (12), (l:l)
and (15) imply that

0 }j"a (.,r) € tsl,D, -rlo))a.s. (16)

This will cerlrinll' do, since n lril,ially yields the soughtlor relarion

0-t'(r, terr € rsesi, rf)).

To obtain (16), it \\,lll be sxfficient to sho$, that

t1( t',1 tr-_,tl-o (1?)

for all r"Edom1,,--7l(.1). To see this, recall ihat the relations (17) and
ue.:.ta(r) (cr (12)) inlply that t Ea'"eilts(x), from r,hich (161 follo\,s via
the representation of 3t-subgradienls given by (a). In facl. becausc the
efeclive dornain muitifunction. or morc prcclscly its closure.r+r(rJ). is
9-measurnble. il is suflicient to show that (17) holds lor elery
!edomIs. t'. Suppose to ihe contrary that (17) holds for every

.r'edom1,nlr'-- or equivalenily because of the < inequality llral (17)

lroldsforevery_r,ecldomI"nlt -- but there e{sts iE-l;-(i/j such that
la(i)< +.. and for rvhich 117) fails, i.€. ll,e hale

111 t"u) t-r-rill<0.

Bccausc Ie| and x are g-measurable, ihis inequality implies that

r{( ;,,) t- Esit} <0. {r8)

Moreorer, since laf)< + r, it follows that almost surcl)

i!,edom31.,, )' D('r'

Taking condilional .xpectation on both sides, \{e see lhat

(E" i) \o) e Ee Dlt'): Dkr). (l e)
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bccausc l] is a closed-\alue It measu.ablc multifurction. Naturall]
t"i€r'. Bccause /, is by assumpLion iinitc on liEslii(lrl
:l,redon 81.r, la.s.j. and Dt,l:.l dom s1.,,.). ir follo$s from llel rhar
,ei€.i dom 1,. Hc.cc (17) cannot hold lor elery fEdon /,.'/l'since
,e-rj belongs !o (r/ dom lal ./ and satisfies (18).

Thcrc remains onlv Io sho$ lhaL (l7l lolds lor cvcry rEy;(4) such

. that xli ): redom /,J. But row ftonl (13) lve hale that for e3ch such r-

,,.ti rl:,.tinj ! inj _'l 
=0,

I or again equilalently: for each r.edom /,. y,iltt).

{inj*,J t-t }l >0.

Bu! this is prcciscly (17), since $'e kno$ from 1151 ihar oD 1i(tt), inj+,":
Ler. tl

CoRoLLARY Suppose J is a r/-nDmdl conl:e\ nlugantl v.]L that F ix)<
. "',,P P. -do'n/f. | .. '/..

i' (rl - I y (a,, rl l.

Sut)pose narconet thut tho. exists )io€R" dr rr;rl F i\ Ji ite and
contilnnu\. arul thdt the muhiJin.tian

l,+D|,,):.1dom t(0, J

is almast sute^ .onstanL. Then lat all \E R'.

rt (,r)t:rr(x), i20)

rhere the expe(tution af the tktsel taLued nea\urable twh\Lrctian f is

Er : d!,1l.(a)pl.Lr:) tE 3;1../). {.,) E f(,Jr a.s.i

P/ool Just appL) the Theoren \\ith G-1{r.Ai. and idenlifv the class ol
constant lunctions the g-measurable lunciions with R". !

This Corollary rvas firsl derived by tofe and Tikhomirov [5] and larer
generalizcd by L€vir [6]. Notc tha! our definjtlon of the eripectation of a

cLosed-valued measurable muhilunction is al variance wirh the definition
now in vogue lor rhe integral of a measurablc multifunclion. $'hich does

not inlohe the closure operation. lotherwise the dcfinillor ol lhe inlegral
of a multilunction \rould be inconsisient wrlh tha! ol ils condilional
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e)ipectation, in particular with respect to 4:{d,O}, and also when f+Er
js viewed as an integral on a space of closed sets it could generale an
clcmcnl thal il is not an clonent ol lhat $pace.)

Application

Consider the sro.lrasl;. lr pLimization yobLeml
find

inlrt/(.,,r1(.r, r,((,))l o\et att x1e.s/fJ'e),x,e !t;(.. ), {21)

wherc .d a l,t are as before, and J is an .l normal convex inregrand
shrch .aU,fic, r r. r'..-11.cnn.inui.t condirion

\x.i, xi) e r;t.'e) x sL@)

at which lf is finitc and norm continuous. Suppose also that the efective
domain multilunction

{,-dom/{,J, . ): l(r1. r:)ER" x R" l/t . -i,,-rJ < +:. }

is uniformly boundcd and lhat there eists a summablc lunction ie-!tl(.c/)
such rhat (r,, )i:) e domj (l]), J in1plies that lt(r,, 11, xJl= l(,). Finalty
suppose that the multifunction

(,r+r1(rJl :.1 l-r, € R- lrr e R"' such ihat /(.,,-\,, rt< +.. i

is I mcasu.able. For a juslification and discussior of these assumptions cf.

[-Ll, Scction 2]. From Thcorcn I ol ! ll, it follo s that the problem: find

s(.,, r1) :E"iinf ...R.,1(, r1. r,)j(O,

is cquivalen! 1o (21) in lhe sense that if (tr,-i,) solvcs (21), thcn t1 solves
(23), and similarly any solulion 11 ol (23) can be "erilended" to a solulion
(rt.rr) of (21). Both problems also havc the same optimal value.

Thc hypolheses imply that

intE[A.l,,.] lo)ll over all { E =f:,('a\, (23)

lrD. x,)+inr,. /(,. x,,_rrl
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is an .ir' normal convc\ intcg.and. since lhe multllunctlon
,r'cpi(inl,rjk .r,.rJ) is closcd-convcr-valucd .nd ../ nreasurable. Its
cffective donu]1l multifunction. or more precisely

.,+D1(l,): :rldom q(.,. J.

is g-lneasurable. Conbining (11) with the rcprcscn!a!ion lor llc
snbgradients of r fimal functions [15. VnL4] wc havc thal lor c!cr)
\ | e !.';,(s)

,4f rli):,E.'lr(ol (r(o).0)€.. il(iD, r10r), -r,

for sone rr E R"']i).

lioln lvhich Thcorcn 2. thc lnain rcslrll ol ll. follo$s directly.

R!,u/l Il Lhc underlting probabilit]' measxre P has linite suppori, iheil
(7',i)*: /j. aDd (ll) arid {10) arc srtislicd wirhoxt any other resiriction.

On the other hand. il P is nonaiornic. and lhc cllccri!e domain
muliifunction (or 1ts closure) is not 9-measurabl€, ihcn tbc idcntitics (11)

and (20) do not apply. More precisely. suppose that there exisrs a subset C
of R' srch lhxL the .c/-meas rable set

lo, donli.,. ). c+d,l

has (stdctly) posltive mass and is not ,-measurable. Ihen the term
/.tr/,,/(.!)l can neler be dropped from the representation of ,'1i,,/ gilen
by (8). as can be seen lrom an rdapralion ol lhe arguments in section 4 ol

0l. In those cases thc inclusion Eaif-.1Eif |til1 be \lict lor at least
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