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] . II.J1'RODUCTlON

,\ futr.ition f:nn
cdclr r":Rn thele rs a

I'x ) -f x . _ x'-x' aur all x' -x, x €X (1,1)

. l(x'r ivr - flkrj
t

cr0

is aor e{ch x a riniEe, su.linear (i.e., convex rnd aositlvet?
lrunoqeneous) !unctioh o€ r. From this it fotlows by :lassi,cal
.onvex anali-srs rhat the ser

.l{r} 7-Ri.-, f"{r: l lnr rll v;nr'

,R rs sard to be ;oaaa;:, a;rstiiazirn tt Eor
neiglrborhood x of x such that, for sone \.',

(1,2,

ExrnpieE inc!ude dodtinuously diffe!edtiable runcr!ons, convex
r,rnctrrDs, concave funcrioDs, s.ddle llncliotrs and any tiDear
contiination or poincwise maxinud of a finile colleciion of such

clnrke 11975 5rd 1980), has shoun that rhen f !E locally
Lir,.chrtzian, rhe gcnelaljzed directional derivalive

-tl5-
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!E nonenptr, convex. compact, and satisfies a'({iv) = lrn
Lio

(1.5)

of rcL.rionshrp berwee. rhem nnd i)f . nrfftin lt9??!
and 1971b)r noer nordbly has uoiked in rlris di.ecrion.

ln the preseni: .1!i:rcIe we scudy !ie retationship berreen fi
.nd rf !or several speciat classes of Locally Lipschirzia! func_
:ron5 thrt sug.JesL Lhemsetves as parrrctrIa.Ly aneoabre to cofrput_
ari')r. Ei.srr ?e rJrvlr Eomc aw .esuIt. nbour continurty properties
.f t, ah!rn f bclon,ts to the rarh.r 1a.,e class of functaons Lhar
rr. ".ubdrflcr.ntri!:Ly rclluIari. No*r we Fass ro funcrions F rhat

tor sofre k, I k !,-, !. the foltowilg sense: for .-ach
." ;.- ry.rvar.D--..-

f r:r) : nay i;(r,.) aor riL x.x,

,lier. s rs a conpdcL: top.Logicat space and !.:x!S-R rs a func-
tron ?hi.h hds !artr.ri derivarjves up ro order k wirtr :es!e.r ro
r- L:d !hlch trLanq qlih aIl Lh,ase derrv.i::tvi!G rs conrinuous nor

l.rnLty r (x,.) ax ! S. 0e revro, rhe strong re_
,:rrllj obLnin,,d by spiiga!r Laordrcoturnd) lDr L.wer-C' auncrrons,
?rir,:h ,rr..rLtI rtLumrn.!ce thc propertres irreated by rliiitrn |97.7b),
rnd,..jr on ro iho! rhar tor k_ I Lh..lrss€s oi Lower-ak tuncclonl
ilI .-ornclde and hr,/c n sinDLc chn.acte.i.zarron.

2!-for. proceedinq urrh [hrs, tet ci the exis
r.!.,. pr!ii.rrrires .f t.and..nrinurt,,troperties.t ri Lhat a!e
iri3,icss.d by ant Lo.alIT r,itr.jhr:zjrn funcrr.n. This witl be use_
1,". rirtLt t'o. back.rr.und bnr air. co . rovide
rLr.iri propairi.s, ?hi.h nre nor ndequate ror !u.!osds.f sjrbgradient

and rh€ .efincnenrs ot .:her !i)ar ,i Ll b€ featured

Local LiFschlrz contrruir! ,)! r iun.cj.on f : ri)- p i6n1i." 6"
rt lrLa:r;icnl rheor.fr.. ilr.iinacter (s4e sl.ir rgiot ihar ror atmosr
:,r:r-r' x E n'r, r-f is drf:er..rirbL,r |tr,rt rhe gra.i_
r'rni n.pprnq )li .. the:r,ar rhrre r, -!ai5Lr, rs i,rriiL, bound4d.

fo(r'vl i max ly.v lyeirf (x)l for att 'eRn. {1.q)

Th6 eLemnts of af(r) are that Clntke called'qeneralizcd gradiebts"
of f.t x, but we shaIL call chem tLbgiddi.ntd. As clarke has

shoen, !he? rre Lhe usuat subgradtents of convex analYsis,hen f
is convex o! concdve (or for lhat nntter when f is a saddle func_

ri6n). whan f a3 contlnuousry differedtiable, a!(x) raduces to
the sinqletob lvf(xl l .

In subgladient optimization. interest cenlers on methods fo!
ninlnizing E that are based on being able to generate for each x

at least one (bul no! ne.essarily ewery) y€Jf{"), or PerhaPs jusl:
an approxinaljon of srch a wector y. onc of the nain hopes is
that by generaEing a nulbe! of subgradlents al various Poinls in
sone neiqhborhood of x, i:he behavior of f atound x can roughlv be

assessed. In the case of a cotvex runclion f this is nol just
qishfut thrnkrnq, and a nltnber of algoritlFs. especially Ehose of
bundle type 1e..r., Leharechal 1975 and wolfe l9?5) rely on s!ch an

app!oach. In the nonconvex case, however, there is the Possibility.
,rLhout further f,3su'iptions on f than rdcat l,ipschitz continuitv'
that the nultrfunction ;r : x-)f(xl may be rather biza!re1y disas-
socratad from r- 

^n 
exnnplc qiven at che end of Ehic se.tron has

f Locally Llpschat2ian, yet sucb Lhat chere exist nany othe! LocilIy
Lipschrtzian functions q, noc merely diffe!iD9 fron f by an addit_
ive c.bstabt, for which iq(x) : af(r) Eor aI1 x. subqradients aLore

cannot !liscrrmrnate betHeen lhe propertics of these {lifferent fu.c_
tions af,d thererore.annot be effectiwe in determinrn,r cheir IocaI

B€srdes che need for conditions that inply a close connection
behavidr of f and the nat!rc of af, it is essential

to.nsure that;f has adequate conEin!ity plope!tj.es for the con-
structron of rpproxtmale' subqradients and i. order to prove r:ha

convergence .f various alqorittms involwing subgradients. The key
seems to Lie i. post!latinq the errstence of the ordina!y di.ection-
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civen any xe Rn, a poin! where f hay or nor haplen Eo ba diffe.-
entiabte, Ehere ritl in particular be in ever./ neighborhood of x
i dense set or points ii where f(x') exists, and for any scquerce
of such points converging ro x, Ehe correspondinq saquerce oI
gladients Hil,l be bounded and have clusrer poinrs, each of wtrich
is, of course, the limib of sohe convergen! subsequence. Ctarke
dsonst.ated in clarke (1975) rhar tf(x) is the convea hu]l of att
such possible limits:

lrf(x) - co {]m f(x')lx'-x,f difrerentiable at x.).(1.7)

Tro mnediate consequences (also ateri!,able straighr flom properiies
o! f'(x;v) without use of Radenacher,s !heo.em) are :irsi rhat irf
i:s l.ca:.1!/ barnied: fo! €very x one has rhar

is bounded for sone neighborhood x oI x,

Jn.l second tlrat ra :s upp.. srnicoiNiiu.rr in

(1.8)

ahe stronq sense:

for any ,j ' I rhere is a ,j ) 0 such lhar
;f{xi) a rf(x) | t_B whenaver x'-x r L5

B = .losed trnrr aucrrdean barl - {x rr < 1r ir

'rhe cas-A !h.rc :l lx) consisrs ot a s1nq1e vecror ./ is Lh{l
r.e ?hrre f is.irr,rtlr difrerenriabLe ar x ?irh.it(i):y, !hich
b./ defi.itron neans

- t,n for a1l v€Rr. (t,rt)

rhls is pointed orr ir cla.ke 1r97s), arom (1.?) ir is .tear
:hdt !his property.ccurs it and only il x belonqs ro the donain
.f ?:, and tr is..hrrnuous ar x reta!ire !o its dorain,

-t)1-

we .onclude thrr incroductiDn ,ith an illustratron of Ehe

abysmal eitanc to whrch rf could in gsneral, Hrthout assaPtions
beyond Lrcat Lipschrtz con!inuitY, fail to aqrce wirh _lf on che

domain oF tf and thereby 1o5e conEact {ith lhe Local propeities

co!ncerexanPle

There is a lrpschiEzian functlot f : Rn-R such lhat

.x!sllnj !i and,rnl/ if \'(x ) .xjsr:s lor i-1,...,n. 'r5€refore
;f(xJ E l-r,lln {nencv-^r rllx) exrsts, anc f.r each of i:he correr
polnts c of l-r,lln tne se! rx ,'lix) -el is dense rn Rn. tormula
il.?l i(plrcs then chat (1,r2) to1ds.

riore rhar 4very tra.slate glx) -l(x-al has i9=lf, becatrs€
rl is ronstint, ana fer, q - t ra7 be far from .6nstant.

)I (x) = {,t,tln (L,l2l

f, sL.rrt ?ith a neasurabte subse! A of R such Eha!

for ewell nonemPt./ doen inleival IcR, boc! meslAnll )0 and

neiilA \ Il r o (:lu.h sets do e{ist and ale described !n nost Eexts

o. Lrr.rsquc freasu.e,l lrefrne 5: R+ri by

il I ' ..' I A' l- r L(\

si.nce /l 1,,= I , h rs Lipschitzian on R rich LiPschitz .onstant
hritr exrs[s for almost everf t, and h'1t) ' I

rr facr h'= - alixrst eve.yrherE, from ,hLch i! foL]ows by the
.h.ice .f l tihat the rets {l h'lr! - 1l add rt h'(t) = -l i are both
de,,:e rn R. Nou Ier:

for x = ix1, -..,xr.)

Then f rs ripsclrrtzian on iln wrih qradrent

;f (r) = th'(xr1,.,,,h'lxn))
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2. SUAOI'IERINTIALI,Y REGULAR FIJNC1IONS

A locally Llgschitz!!! fu.ction f: RrtR i3 sfiaifktentiQtlt
regLidr it tot ev€lv x€Rn and v€Rn the oldinary directtonal de-

livariv. (1.5) exlEls dnd coi.ncldeE wi!h ehe q€nelalized one in

{1.21:

r'(x;v) ' a(xrv)

tnen in garticular r'(trv) is a llnite, tubaddicive runclion of
vr EhiE ptoperty !n its.Mas been temed the q&tianff'teh-
tiqbilitr or f at x bv Pshenichdvi (r971) '

-tlt-

By a3selti.q Lhe €quality ol f' nnd f', i! iFplies por€lful thj.nqs
abouc Ehe seoicontinuity of f! nnd stlicr diffcrentiability ol f.
wc uhdellrno trris wiLh che nes.esulc which aotlows.

TITmREM 2. ior a fukcctoa t rat-R, trr :oilooias a!.

iu) f 1:! ro\:dLLV Lipa,rhitziah an.l .ub.jiff.-reatial,l!
r.guLrr;

ib, ft(x;vr ,.ti6ti fiticgl! for 1!L t,!, and is upper
s64i<ta ti4uo4. !4 N-

fttEoRFj,t 1- (CLarke 1975).

,a Rn for tdd. k\ 1, ch.n f no

but .rbdi i f . }.n t ial L ! r.srlat.

c1ilke did not stqdY loee._Ck
!n clalke {r975) a senelal cheors
functions" represented aE in 11'6)
diffe.entiable ln x. Itis tsheoren

If t it conrat or Lodet-ck
not orI! LadaLL! LiPochitzi.n

functions as such but Proved
abou[ lhe subgradien!5 of "rax
rith F (r,s) oot oecessarilY

say3 in the c!E. of lowor-ck

(a) - lb) . This is the easv
undcr .ruirdif fsrential rcgularrty, we

lr,3).

inplicationi siice f r= fq
deed only nppl)' (1.q) and

rhe functiotr olr) - E(x'| ) rv)
at everY ! 5Y vi:tue or (bl :

a,_ (t) * -r.tx,i iv, -v) {?-i

:< abd a consta.t

|2.5)

(b) _ (a).
h.rs boEh 1efb, and

Eo. .nY xr dnd v
ri4hC derivaCiver

af {rt - cotvrFIx,sJ lsel(x))

rtxt = nrq max !(x,r)

rt follovs fron this, (1.c),and th€ definicion
req!Iaaiey, that

r'i {x,v) = max (vxF (x, s} 'v i 3 € I lxl }

!.rreov'rr, !:he rpper .e(tconrinurEy in (b) rmplres
trxed x tnd v Llere 15 a convex neighborhood X ot

f'(x'+ rv J r) I and -f' (x, I tv. r) s -r

:jince Q has righc :n.l lcft ,jeriv.tivcs every{here and these ale
localIy bounded, rt is Ihe intoqrat ol Ehese der!vative6 (cf.

!:oh rhis ald 12.1) iE r!iIo,5 liat

if{x'+ tvi - r{x'l; :E ?hcn x <)i. :<'+ rv.::<

12.1)

12 2)

of subdiffeEential

I2. l )

tor lover-Cr functtons,a eell tnoh fact P.oved e.tlier bt

'rhe reader shourd bea! in nind, bowever, lhat Theoren 1 savs

consiil€r.bly nore in the case or lower-Cl functions than just ihi3.
rsus lihe IociI Lj.pschir2 p.ope!ry (r.i) hoLds a5 Lonq ns x"-i'
Ls some Fulliple.f a fixed v. To corplele tte arjumen!, con-
sjde! not jusE one v bu! a basrs vt,,..,vJr ror R',
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Each xeRn has convex neighborhoods X. abd consranEs lilO such

f(x'+ rvit -f(x')l < \!r when

Then there is a still smalle! neighborhood X of x and
4 r 0 such thac for xt€ x and x.e x one has

xr ' xi+ ttvl +...+ rnvh

?irh x'and ii+rrvt€X1 , x,+t1vj rnd(x,+tvl)+!v24x2,

lr{"") rrx,) : r(x'rrrvr)-i(x )l r r(x,+!,r+tvz) - r(x,rL,rJ r...

rrLl+\?t2 1 "+ \ntn

i (rl r,\2+...+ rn) I x"-x,

In orher rords, f sarisfies rhe Lipschirz condirion (r .I ) wiEh
r . irl +,.. +rn)d . Thus f is locarry Lipschitzian.

that f' lx , v) j] r "(n i7) fo. art x.v by (1.2).
and therefore via {t.r) rhrr

rhe Lin sup in 12.i) is rusc
lhai r!(xjv) = fqlx;.,) rhus
Thedr.m 2 rs cohptete. C

a'1r )v) = irF sup f,(x.; w) \2.7)

(L), so ,e conclude
(a), nnd the irroof of

_t33_

CORoLrrRy L stpp.oe t i, i.acatL! Lip.chir.ian an,j
!rt)t)tfft!r,:nt:i4LLr regrtur or rn ana Let D b. tn. s.t ol aLt
ti.i\t:t dn..4 t ltappeni t. b,. aiffe.entidtte. rhen a, 4ach
x c ir, t ir t, la.t ittiaLLtr .lifferent.iabLe, !,t,rlternore,
t\t !t4daent nappi,s 1:r tonrin,ore reLat.irr .a D-

conoLLARY 2. Lf t as l,.dai,Llt Lipt.hitzirn ana subdif_
.fer.^LiaiLt.'9,Lln.,n Rn, tren tf is dcrrdLL, si,rgLe_raLred
.11 al.rnast etcr! x aRa.

'(l'ese coloIIarres a.e rmediaEe flon rh€ facrs about diff€r_
.ntiabrlrry of r rhar were cir€d tn 5r in connecrion airh formuta
(1.7). 'fhe propexties chey assert have tong b.€n knoqn for convex
.ELnc.ions bu! have not helecofore been poinred ouc as propelties
of ali lower-Ck Iunctions. They hotd tor such funcrrons by virtue

rroRorrAfty r. "fpp,r, f rr i.acaLL,, t,iptcnitzi ,n and sub_
.! i i i .. t p n t "; 4 L L lt requtar on nn. if s ii dnathet Lo.,.Li! Lip_
!,:nlrrian lLx,:ti.rn rr Rn s&ct fndr ng = Jt, .hen q = f+cons!.

Prt,,i. Ey c.,t.lIary 2r J9 is singte-vaLued aLnost eve!y-
whDre. Recalting ra! I rs strrcrly differenrlabte wherever
iq !s singLe-r.rlued, ke sce rhar at alnost evcry x€Rr the
function h = 9 - f is sLrictLy differaotiabte wirh ?h(xt ='r91x) -?f(r) = t. Since h is localty l-!pschrrzlan. rne fac!
trra! th(x) :0 for athosr atl x ihplies h is a constant func_

coRorrAnY q. :;rlfds, r ts Lrcaiir.! Li!-rc;ti.r2iar dr;3r._
i.:iierentirtijj ree,rirr rr rn, iiet j.r .!tery .antt4,a,.L!
i i j : .- r e i t i a b t, e ?dfriag i:R-RD, rne ftn.tica a lt) = f(!lr)))t.r rt)nx d\J i)it ,ilrararir.. ti(t) ,nd C,(r:) .Nr.!uiete,
a4ti !her2 tnti;:1

0: _, Lns' - =l,i -ur ol

ll Lr = rrm-rt !i1r) = !u-sf t:1r)

(2.3)
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Ptoof, rtle function O i5 itself locally Lipschitzian
and eubdifferenciabl! regula! {cf. Clarke 19801. Apply
theord 2 co O, noting Ehac al{t) = O'(l;1) ! O?(t)1) and

t:{t) = -a'itr-l) = -Qo{t,-r). and hence drso ao{t) =
lo:(r),ai(t)1. the relson a;(t) and o:(t) can appeat inte!_
cbarg.al,Iy in (2.3) i3 that Uy spccializatioo of (1.7) to
o, a. welt .3 ihe characteriz.tion3 of Ol dnd a: jusE n€n_

(l.Lr)

rhus 3f(x)v is a celtaln ldce o! the comPact convex set al(x) ,

the o.o coasisring of ail rhe p$ints y at,hich I i.s a notut
v€ctor. Lec u3 al.o recall the notion of ..nia400chae.r ot f
rnlroduced by M!f€1in 1l?77): lbis nenns lha!

_t15-

To state the !63ulEE, de ddoPt sPlnsarnrs notation:

;f (x)v = (y€3f(x) I 1y'-y) .v < 0, vy'€)f(x)l

,hencver xj-x , vl +v, t.l o , yj+y, uith

vJ€;f(rt ut. 'jt , r tren o^" hds y.v = l txivt
o:(i) = !!n sup O'(r') a:(t) - Iin inr 0r(r') ,

(1.5)

whele tle linitB in thts ca3e are ove! the values r' whele

O' (r') exists. O

]. LOIIEF.C 
J 

EGNCTIONS AND SUDIION TO ICITY

Th€ nultituDction at : nn:nn is 3a!d to be rrn.rrnd if

(*,-r"). (y'-yi) '0 whenev€r y'€af(x,), y"eaf(r') (r.1)

This rs.n lhpo(tant propdlty of long srinding !n nonlinear rna-
iy3is, .nd ro shall de.l vith it in 5{. In this Fectior our ain
i5 to revie, r€sqlts of spingarn (folthcosins) on t,o qeneralir-
rtrons of monotonicity and Llrei! connection ,ith subdiffeientially
:egular tunctions and Iore!-Cl funcBj,ons. the gen€ralized prop-
er!ies a!e aa iollowE: af \3.rbnoaaco,e lt

T|EOREM I (spirqa!n (forehconinsl,. :he :aLltui",a
;r,Fr.tiet ol 4 hadLLg Lipochid.idn Junatian f:nn-i arr

lt) I t. t.clt 3utdi;f4rsnti4l,i, ssuidt anl Jrhi3noo.n;
(r) 7t a. rub,re4otona;

l.t) tf i.,!ipctionaLit! upp.r :ek;to"tintous in .h2

'raai. :\at :rr pr€tu xGRn, veRn ar _ ,0, 1lct,
ji r 4 :0 slr/r ,,,dt

lrx-LvJC f (x'v-.4 wnen

(1.6)

'rsEoREM 4 (sPinsa!n (rolthcomin.J) ) .

ifop.fc-:zt a: t Loca!Ly Lips.thiizidn,rrn.cjrn l:&n-ii ,lra
r n.nr (r,-xl .(v,-?l , o , vx, vy€a!(x) ,

l*'- x,r'e tt lx'l

and it is rrridtr! .rb^onoLon. tt

t.im 1nf (x'- k') . (y"- v') , 0 , vx

(t.2) -t

tb) :) t :.. rrti.:rLit.,bnh,dtaar:
lc) )t tr ttrar!LU nir.tction,,L;.,! qper .aEicoatitaout

tr .n€ r.nr. trat ia, er.r! *€Rn, v€Rn rrd .>0,
rh.f. :,s 41'o.ndt(t.3)
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(y" y').v,> -. lhen ix,-x . 6, v,_e.,t,o<rr5.
Y'e aflr') and Yr€ 

'f(x'+ 
tv') '

(3.7)
spingarn ba5 further given a numbcr or vjluabte counrer_

exanples in his forthcohing paper. These demonst.ate rhar

_ll7_

Ne sake use now of th6 coDcepr of monoroniciry of ]f defined
r'. ha oca,na,r9 o- t.

TITIoRIM 5. frf a l.aaLL, Li.p.chit:tiar jrlrr;:,n f:Rn-R,
t)!p-:aLLDtiag p.ape.t!er a". equ LtaLent:

(].3 )

(:1.9 )

a qLasrdirrprpn raDt- and scm.smodrn,. r 5-Lc-trer_elL'al ty -eo rt rr. I l. tO)

Conpa.i,ng 'rheorens j and q, ke 5ee rhar lowcr_Cl tuncriods
hav. distinctly sla.per properties rhan rhe ones of quasidiffer_
entrabiliry and senismoorhness on which Mifflin, for rnstance,
bas.d his ninirrza.ion algo!ithm (]97?al . rn perbaps rhe natority
ol JDpl.c.crons or suJrr-dI" ,

-Jail7 lower", or ev6a joqa-..-. -hr.: sJqorsrs .he p.ssib- rry
of develop!n9 hproved atgo.iLtms ehich take advani:ag€ of che
sha.per ploperties. witb !his goal iD mind, we explole in tlje
::r 

.-".t- eriL Joo. iondr .c- dr- ^njo:!o ry Loun,_
L :unctrons lor k I .

q. LowER-c2 auNcTtoNs A D rJypofioNo1osrclrr

The prop€rties of Lower-Ck functions for k > 2 rurn our,
rathe. su.prisirqly, eo be in close correspondence eirh properties
of convea fu.crions 1r is crucial. Lherefore, rhat we first rakea took 3t rhe larter. LJe will have an opporlunlry ar rhe sane
trne to verrfy thar convei fu.crions arc special exanples of
Ioee!-C" tunctions. The rea.ter m.ry have rhoughr of rhis as obvi_
ous, because a convea funcrion cnn be represented as a maxihum ofaffine (linaar-prus-a-consrant) fun.rions, uhich cerrrinty a,e c
The catcb is, ho'ever, rhar a rep.es€ncacron musr be consrruc]:erl
!n terns of affiie tuncrrons ,hich depond .ontinwusLll on a pa!a_meter 3.an9ing over n r.nidd, set, if rhe definiLion o, Loaer_a-rs ro ba sarrsfi€d.

af submonorone y' af strietty submonoronc ,

f subditfe!enriatty regula! / f toser-Cl .

ia) I ii dnt"t ;

tb) 3f L. n.nt.n. i
t.) Ja. .ach i an" r;,,., ii a ne:-shbarhood x oJ I

nnJ.1 .apratentation rl f ds t, (r.6) uid/i s a
.:.npo.t c.p.LaQi..aL rpd.,, !'(x,s) dffirp in x
nnA continuaus in s

.r.D/. (a) - 1.). r. Lerns of rha conju.aate 5r or rhe
.onvea function f, ,e have the fcrtula

f (x) = nax Iy. x -fr (y) I for aII x ,

: lx) = ma* Iy.x-,rl

'rhrs is a represedrarron of rhe desir.d rype rrih 5 = (y,:r),
! (x,s) = y.{ - i

?her,r rhe naxrhufr is artained at y if and onty !f t€;f(x)
r5ee Ro.kafella! r970, i2l). Any; has a conpact neighborhood
i( on ,hr.h !f rs bounded. The s€r

s = l(y,::) enn+1 fx€x Hirh 1€;f(x) ,j=t.x-r(x) 1

nnd we have !s r specrdt.ase !f (ir.l)

(.1 - (rJ. rhe rapresenrarions i. 1c) imply ce!-
tarnly that f is conver.elarrve ro some neighborhood of each
pol.t. rhus f6r any fiaed x and v ihe €uncrion O{r) = t(x+rv)
has Lell and right dorivatives e,and e' uhrch are nondecleasilq
in sone neighborhood o€ each r. These Lterivatives are Lhen non-
decre,rsrng reLat:v€ to t € (,-,!), and i! totlo{s !ion rhjs rhat
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Q !s a convex ru.ceion on (--,-) (cf. Rockar€rla! I970, "i2{)
Since this is true for every x and v, '€ ale able to conclude

that f ltself is convex.

(a) -lb). this is wetl-kno{n (cf. Roc}alerlar
r 9to, 52q) .

(b) - (a). A di!€cts args€nt could be given, but
qe Ey !3 s6II Lake adeantage of Theoled 3' l'tonoLoniciEv of
al trivialry ioplies subtronoton.icity, so ,€ kn@ rroh Theord
3 that ! iE 5ubdifferentlally resular. Fitinq rnv x ind v,
ee have by the rcnotoniclty of tf that

5y the s@linearirT or t'(x".), (4.2) t.lls us that lhe func_
rion o(r) = l{x+rvl has left and.ight derivatives rhich are
evelyrhole nondecreasirg in t € l--, ,). ag.in a5 in the arqu-
menr rhar (c) inplies (al. re conclude frofr this facE that a

!s convex on nn. o

((x+t'wJ - tx+i'v)l. (y'-y') r 0 then

r'< !, v'€i)f (xlt'v), y"€rl(r+tiv) -

y,€; , | !,v) y,.€if(r+r"v) t.:Jt(xlt"r)

or equrvalenrly (by 1.rr) and Eubdtfferenti.l regularity)

f'{x+t'viv) I -l'tx+g"t'-u, ,hen t'.t! (b.2 )

-f'(x':-vl . r'(xr;v) for aI1 x',{,

COROLT,ARY 5.
.itrir, ],rd.r-c- -

E "ttt eu.J.: 'n rtr P,r-
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r,.r,t, In rhe representation in (c) ee muEr have F(x,s) .
,rls).x- !(s) for celr.itr a(st eRn ar.t c(s) €R that alepenat con-
r-inuolsly on x. .llris ir rhe onry lay rhar.(*'s) cah be affiie
ir r an<l contlnuous in E. Then, of cou!s6, a{x,s} has palriar
rlerivatlwes of all o.d€!3 rith (especr to rr and :h€3€ a!6 !t1
,jontinuous in (x,s) . O

Lot u3 noq define two norions pdrallel to spinsalr'5 submon-
otonicity abd stlict iufr@notontci!.tr At \s ntpononoroi. it

I n .,! (x'-x) . (y'-y) > -a ro. att x 6nd ye;lf{x)
ix,-xl 2 (4.1)

yt€tf(x!)

^ad ttri<:ctr nyponoaotone Lf

Lin int {1"- r'} ' {v-_ v') t -- :o! all x '
x"- x' 12

t4.q)

t = 9 - h da .t D-,t\ s .a,ret, t\ luadrat.c -.rrl,r,. (q.5)

clerrlT hypmnoronc nnplies subnonorono, and srrrcrl? hypodono-
!Dne irpLids srrj,c!fy subnddotone. re have L!rrtc ro sr? here
ibotrr- hytoronotonici.T irseia, buc the i!0porcdncc ol srr:cE hypo-
norotonrdity is demotr6crrted by tlre follouing !esult.

THEOREM 6, aar a iacai!:! tipacni.t..idn :-rr,::1)n f on Rn,
!tA j.li,ouiat lnpattt.. \.c a/iuiudicnt:

id) t in a-ur-c2 ;

,f is ! rri,-'r:V h:t?oaoaotDar ;
:_or ruury i e nn .\.rr ts t 1.ar jt "-eir;tt.,r\a.,1 x

't i )4 tnir;t r )ius r rzpr.:s.jn,{rr,,

iC) iar et.r! i enn r;,,:rr i. r aeirnn."io.I .r al 7
'1na n r.?rpsea.dtirn rj f.r rr {r.6t ,j:j: s :
.nhpac: ./:n.l),ti.ai rfd.., rlx,s) otdarart, i
x an,i --.r{.i:rrrrr ir s.
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ia) - (c). clroose any i and consider on some neiqhborhood x
of i a represencarion (1.6) of f as in rhe d€finition of f
being lowe!-C_: F(x,s) lras second pa.ciaf derivaiives in x, and
t-hes€ ale continuous *j.th respect ro (x,s). shrlnk x if
necessalt so thar it becones a compact convex neighborhood or i-

x,r/ dcpendq contrl,roLsty on .x,s
ranginq ove! a compact set x t s, sd we have

''ri r r, s)' --(x,E) e)i s
l"i=r

Denote this ninihun by -o and let

c{x,s) * F(x.s) +lp/2) \2

v . 12 ctx,s)v = v. Ir2F(x,s) + orlv ' o

-1!l-

conLrnuously at] its coefricienrs !n any expalsio!
as r polyoomial of degree 2.

(c) - (b) , startilg lron (u.5) we arque r|a[ Jftx) -
)q(x) -th(x) (cf. cla!ke 1930, 13, and Rocka!ellar 1979/ p.145),
rhere,r9 happens to be nonor:one (rheoren 5) and th !s acruatly
a linerr lransfornation: y€af (x) if and on.Ly if y-Ax, wher.

^ 
ri symmetlic and posttjve senidefiniLc. Eor y€;f(x'), y.€tf (x',

re riavri yi+ 
^xie 

trj(f,.) and y"+ ax'E aq(x"), so flon rhe monoton-
i.rty of eg it follo*3 E}lar

0. (x'-r").(Iy,+ax' - I./"* Ax,'I)

. = (x -n ).(y'-y") + ( x ' - x ' ) . a I r ' - n " )

aho.srn! o :0 !alge enougb Lhac

u.,q". ,r "r'z fot at1 v€R|

?€ DbLa!n rroh (1r.3) rnar

aor atL lx,s) €x x S lhen v = 1 and hence atso in Eact for all
ueR", u".u... borh srdes of (4.?) are honoqeneous of deoree 2

Lo v. fl,s ?; c.x.,j rc 1rosr(. e setr.dea.n..-
matrix foi each 1x,s) exrs, and c(x.s) is rherefore a convex
function of x€x for each s€S. rhe function

9 (x) = max c(x,s)
seS

is accordingry convex, and we have tron (it.6) and (i,6) rhaL
((.i) holds ror thrs and n(x) = (r/2t xl2.

(c) - ld). civ€h a represenration as i! lc), we crn rransraLe
it into one as in 1d) slmply by plugginq rn a representation DI
g of the tlpe describad in Theor4n 5(c).

1x -x').1./'-y') ' o x"-x't2 ohen xi€x, x'!Ex,
t'. rf (x') , (q.9

(:.1[i'j,ty (rL- r) h.Iils thcn ior x =x, rnd jrnce x ?as an arbi-
r r.rr./ p.!nc ol ai *e conclude rhar ,tt !s hypomonotone.

lb) - (!). wc rr-e issumrng iq-{), :ro lor an_v r ?e know !e
ca. fr.d r conv.x.ersbborhood x of i and a cro such rhar ic,9)
hords. Ler s(x) = rlx) t \j/2) x)1, so rha! rs = lf +,r (c:. clarke
r'la1r, t:1, and RockafeLlar r9?r, p.:lq5). thcn by trr.tl , tg is

r{, and ri lolLows thar ! rs ./rnfex on x tcf. .rheolen 5,
Lhe arDlmenc i! rheorem 5 is rn rems ot fun.rrons on atr of Rnr
bLt ir: rs edsrlt reLrr-ivrz€d ro conven subsers of Rr) . Thus (q.5)
hoLds aor this s an,l h(x) = 1 ,'2) a 3, Ll

(d) -(a) , Any represe.rarion of rype (d) is a
of the kind of reFresentarion in !hc Ll€finirion of
ca (rn fact Lower-f-) , i! a quadraric rrnctron oI \



lrdat. As noted !n the ploof that (d) - (a), any re,
plesentation of rhe kihd in (d) a€ruarly firs ihe defini-
tion of f being !oser-C- .

COROtInnY 7 , Ipt f:Rn+R be louor-t2, Ihen aL aLnoBt
erera x est1, f is ttida-diffe.sntiabte in the eens. tndt
Lhe,e is 1 euddtntitt functian \7 for Dhi.h ane ]talj

f(xr) = q(a') +o( x'-xJ2 )

Proof. Thrs is a clasaical property of conwex func-
trons (cf. alexandroff 1919), and rt car.ies over ro gener-
a1 lo*er-C2 functiors via the represenrarlon in (c).
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conoLIARY 6. If a funat:ion r:Rn'R is ,,r.r-c2, tt
is actualia laDBbC-. r^ur for 2.k<- the.Laea.e of
Lvae.-t lu ct1a43

Alearbdroff, A.D. 1919. Almorr.vcryrhc.e exisrence of iherecond diffcrenrial of a conver rrnc|ioh and some propertiesol conw.x surfaces connecLed llrh iL. Leninqrad lEaie univ_S b:r- 5 'Frssraa.
CLrrka. E.rl. 1975. aenerrLiz.(l qradicnrs f,nd :ppLicariohs-

r.1ar)1. :ioc. 20!:2'r7-262-

cIarr.e, r'.H, 19U0_ 'jen.ralized,Jrndienc. of LjDschirz conrin_
uous functionals. advances in Marh.

Danskin, J.tl. l,r6r. ,rhe |heory of l{ax-Min anit its AppLrcationsii llleapons 
^tlocarions 

probtems. sprinqe!_verrai. Ne york.
Le1tralecha1, C. r975. ln extension of Davidon methods to non_dirfer:entiable !robteni. iqnrh. rroqraming Srudy l: Non_diffarenciabte qirinizatioh, 95-r09, Norti fior1:nd.
]!iffLrD, R. 1977a .\n atgo!irhh for constrained oDLinization wirhs,,n',noorr tlr, ,h .: .91_lo-,

r.lrllilni it, l9rrb rjerLisnoorh and semiconvex r!ncrions in c.n_rr.rrned.ftrmrz:bro conrr.Iopr.15:s59_r12.
rishe.).lnyi, NecessJry C.Jnlliiro.s to. rn Extremun.

fir r..I D.kkcr. N,rw york.

rnik.rtcLtar, H. t, 111, cdnvex r\nalyiis, l)rirccron unrv. ?res!
k,).{.irr11J(, R. r. l97i , Dt.eci:ronally Lips.hltzran :uncciDnsrDd subdifl.r.nr!aL calcu.Lus. proc. Lundon l,tath, Soc.r!, rJl-155_

:;rks, :j. l9lr, Thdory.f Lhe rntegraL. afner. N.u yo.k_

5prnq.rn, .r.5. (arrrh.jomiiii) subironorone suir.irffer€nrrals of:ip6ch:tz f!n.,.ions. IraDs.rher.:4a!h.Soc,

Properti€s of tuncrions. frrrceron lJniv. F,ess.
ko1l., P. l9?5. A n.chod ot eonjuqrt€ qradrenr3 for mrnirizlnqnin.ii IterentialiLe fur.ti.ns_ Mnrh. pro!rnminq srldy l:Non.iifferentlabLa optrnrjari.n, jq5-t71. No.!h Horl;nd.

countereadpte

Sin.e the :Lower-Ck functions are afl rhe sahe for k r 2. ir
nrrh La unnd^roll ,a rnr loupr C !dn-Lr.ns ",- Leruy a; d.r-
felent eiLher. Bur here is an exarple of a lowex-Cr funcrion
rhat is not rower-c2. tec tt*t = -1*3/2 0n R. Then f is of
class cr, hence in parrrcular a toeer-C1and rhe.e would exiscby
charactoriza!ion (d) in rhaorem 6 nunbers d,8r1, such rhat

f (x) ) n + 3x + y*2 for att x near O,

with equalitt Fhen x - 0

'rhen n-flo) -O and - nr/: ' ,:**.r*2, r.o^ which ir fotlops on
dividing by r rnd L.).ing ibe linirs xIO and xiO rbar itEo.
rhus / woutd have t. bc such trrut - * r/2: ylx 2 ror a1r x suf-
liciently nea! 0, and rhiG is rmpossible. rherefore r is Dot


