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u s.A

aptimal control probl€ns of convex lype are considercd in
vhich the pri@l and dual state constraints d€fine cones,
sucri as nonnegative orthants! dnd noreovef, jumps id the
states ni!ht conceivahly occur. Necessa.y and sufficient
coidjtions for optinality are de.ived by conv€x analyris,

INIROOIJCTIO{

Ir optiodl control probleos of convex type, slch as often occur in economic modets,
it 15 typi.ar for the states to be constrajned to some conv€x s€t, e.9, ! a non-
.erdti,e o. \onL. l.ssi(", rleory r99ee l at4a.e\ea.r/ onojrron. fo. opr,-
ftlir, should lnvo,vp dual {adtoinl) \tate vdriabla, {hjch riqhr hdvp Junp,. Infarl. a ld,' of slrcn.j groulh co.dirions .n \of,e otubreas ra,\es ,he lloss.b,t ty
tra ;,rps .\or'd bF ddFrl do fo..1d p.i ot .ra!e
sary conditions do not cover such situatr'ons and indeed riBy run jnto other diffi-
culties as vell. For exahple, in an econonic problem with states rest.icted to an
orthant the expression to be optif,ized fty contain a function lhjch js defired onty
oi the orthant in question and cannot be €xt€nded snoothly bcyond ir,
In rh,e paper ve rse 'onver dnalysi\ to t.edL an ab\'.ac! prcblen r,rh the poqsi-
bililt of dll tresA lpaturpq. l{e(. \dry ard .Jfrr' i 1t col):t on9 o e oeIved rn

relq ol, ll"'ave p p/ o. r ,l€?e.op"o s. n.o.oiLjons !o'
blens of srnilar .ind,, bul {rtl spprial sL'urture nor olto{j10 .o' junos ,i boipriBl and dudl va. dbles tt. o. -or ad!o ad ro 9"""'at oo,.da./
s! d 1!s l- . "" 

.a.e 
" 

,! ; " -a ,os;'o e""e.ar oollo-
ary tems. llo{eve.! rc nake other restrlctions of a tesser sorr, mainty in order
to sinplify the technical discussion and bring out mre ctearty so@ oaihe prcp-
€-tipr o'oFdtest 'nte.es, r- €coFoa ( oppt. ctio. : .e o1 , t-ed d.to.o o s
s) .is rddio ror' ."-dep!,d"1r), !... i-e p. rt 6,0 o-at o.e
constraiits concern ftmb€rship jn

For the lay the model problea adopted here rar be used to rep.es€nt probtehs in
orr d, fo.. , o-ro-s, ir c ,d I r"osc

convex functions froii Rn 'Rn to RLri+-1, For

L{q(t),d(t) )dt

Let L ard I be lorer senicontifu
a fired interval It0,tj] !e vish

tl(1.1) l{q) = r (q(to).q{t1))+

space of functjons q: tt^,t11 'Ri , 4 = dq,/dt {at least ii ad armost
everyvher€ sense). In tems of the effective dondins



(1.2) ! " 1(qo,qt) l(!0,qr).- r, E . {(r,yl L(r,y) ..- I ,

which are the convex subsete or RnxRn ,here I and L arc ;inite, the inequdliiy
I(q) .- inplies that

(r.3) (q{tn),!(ir))eD , (q(i),,i(i))cE a.e.,

and hence in Darliculd. i.. the.onvex s.t

(1,4) Q =.1,r€RnLly=Rn !iii {x,y)€E}

{1,5) ((i)€a
'ihusr {i.3) anc i1.5) are inplicii constr6ints in ihe ninimi2atjon of l, !hater:.
space of functions q ve happen to choose, Condition (1.5) is called rhe,r,l'r:i:

A naturd crndiddte for "h" srd!, over shii l ro ninitrze i\
.,6 i= q tr^j, o q aoso ..e,

Cn l, ' r, d s lr-defr',Fr' onver rL4crrondl ,rrh v"lues in Rur.l iseet3tr.
eve.. u l4ss ! 

"isa'€ 
r pa.ri Lla. condit,oi :lor rii b" .

strin!t€ht for.o e apoli:aiions, there i5 serious doubt about I actua'lly attajrr';
a iiniaun, on l: it 1e pocsible that a nininjring sequence for I tends to a di::::-
tinuous function q nct in.\. The grc*th condition in quesiion js fulfilled ii -:
only ii ihe convex set

'-r - 2") -@

is 3ll of Rn. is a natter of fact, in the th€o.y develoF€d in I4j to coyer prc:-
leirs where I is ninimized over A, the condition

{1.8) p(t) €P(t)

apPears as the ati .t,ai. .aitrt!n:.." that n,st be satlslied by the iuncrions
0 i tL -0_ o e ta l o.a p.oDlpi .e a "d
rzatl6n of oprimolrry 1n rhe orlornol prool6n. ln p!onomi, dppli(a' ions! oL -:-
ten can be iiterpreted as a p.ice vector, and the constraint (r.8) @y reiteci
intrinsic requirenents like nonnegativity. ln the presonce of such requiremeni:,
therefore, lhe grorth coiditr'on oi L |lhich is approp.iate to a nininization pro:-
le over A fails, and re need to look instead at an extended problen lhere rhe
function q ruy be discontinuous.

STATEI4ENT OF TI]T XAIII RESULTS

In fohu'dtin9 dnd jus(iryinq thp app.op-idLe eyten\jon o' hp prob pn of ni1 -
zrlg I ore' !, iF sla 1,.r ro.r".ollo. i9 s:rud.io1.

rssrirFllrir i. lbi y,i.! rE rrz lab-iryaa 1 a1i t !d.t .eaa.@rt-:.-b,t ...
Er.E:, .rr.^. c:'a.C ct*z ae.. Q ee P ':a 11.4) tuA 11.7) .4 c'... t-;t-.....-

( 2.1) 0 c 0:a
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As'itE"ilAu 2, rh.r. i,. dt L?-.tt. .4 l"6cLi.r geA 8!ah iint:

2,2) q(t)eint Q(t) for all t€ lto,ttl .

2,3) Ittl L (q (t ), ,i G)) dt < .

4;iLrFrir,V 3, !h. t.!ati* tnt.?t)!.l itL ..1N., 0.1 o rE.i! th. p!..Li.rd
': .:2r:.t of tlie wt.. ee.

?,4) c. {(!oxj)fq€A sdiibi!:ns 12.3) Li.^ q(to) =qo,q(tt) =c1l

:! in t21, !€ shall uork rith the s!ace

?,5) s . iq: lt0,t1l'Rn q is of bounded variationl

.'oer thF conventro. thdr tko run, riors q: a.d c ,. I are :d.hr1(al r. q.(!, :
:(B) "1dq(r-) =q(')'0.a ' t!,rrl : o-rre elopo .o'l!0,- re

?.6) q(to-) = q(to) aid q(t1+) = q(t1) for q €6

iecall that a function q€8 does have a rjght limit !(t+) at every te[td,tr) and

a left limit q(t-) at every le(t!,rrl , and the jump tq(t) = q(t+) -q(t-) can b€
ronzer! for at rio3t countably any values of t. Th€ derivative ( stilt exists at-ast every{here, but it is rat necessarily true that

:,-l qr .r, = qr _t r /_,6 i,dt .0. ,rr ' o. tlcfto,,tr ,

rnd jndeed the lrtter prcperty holds if and only if q belongs to the subspace A of

:n general, the Rn-valred Lebesque-stjeltjes me-asure of dq on tt!,trl nay have a
:ilqL a" pa' t, rFrct I ru.n can DF deconooseo nto an aromj! ieas-re tco re,oond-''9 to i.,o - o o. Dosrrol/ o_po.e1r. rd rasLre dq Lar
:e idel':ri"d iirh r1e (0.!i-Lo.s ,nedr.,icrio1d.s o4 r.e Bo,dci spac.

?.8) c ir:ll0,rrt-Rn r is.orri.uous, ,

a-d r!ei, o??esooroeta o - 
q{rr .d. tre,e.oJ6 ,"?js.es o. , olo.p..s, 6,"ee-

i ald o , dLdl or C. l. rt kar a Ba.o . spa(e stl ,. - e .s
induced on 6! but re shall be rrore concerned virh the s.cr.+'4l"ott on I, by vhjch
i€ nEar the topology induced by the {eakrtopology on Ct under the isomrphisn just

DErrunJat't, A fb.!t.t qeB D:.ii. h. aalled P-tirgr1a.1! honotone tr? i,".rdrl/t.:drual tr"t1l e Ito,t,] ,1. laD

2.9) qtr,+) -o{r^-) - l rqit)dt € Pe''o

::.i.rhe, a ftflatian p€A &LL b. .aL!.d Q-r'i.?ta!La rgtata,e ii !o, eva



rr:;?r,ril I ..,r1.itn,rrl r,..,.ri

ll,r0r ,+ pt-dr r- ,tirdr€n

ll P = Rn, the 9-siiqutar onctonicit! of q re,ju..s to thr requirenent lrdi c:r_rhile jf P = Rl i. neais !iat

^ .; , o.t.

.-.:.o.0,

12.12) rf(t).P' for dll t.tto.tlj

5in.e e,rery element of A i: in parti.utar a p-sjnqutarty nonotone ote ent 0f i_ -:_gardl.5s of re .iroi.e of P, the iottcrj r functi;nal i is an erien!ion or r :;AtoE:

{ " o.o 0./-.]-t iq =1t+ rie ri e.
'lhe problen .l mininiziic'i o!er B turns out t! bo rhe naiurat ,.tosrr. of !i:pro,ilen of niiiiiziu! I o!rr A.

(2.r4) inf r(!) = inf r(q)

qo
'' - 

E.
q El Jit'ri n.r1rl,nri,rs 1 .)t 

^ 
jt::. tj.i,1i.ii2,.. 1 ,. B.

1"",.".d! ,9 .".o
'i o

The ertended problem therefore cai be slated e!uifalently in qredter deidit a;

,i(t)) EE a. e.

nininiz! t(q(.0).q(tr)) =

over all q €B su.h ihat

(q(to).,r(tr )) €D .

q(t+)€Q and q(r )€Q for tr|
and q is P 5inaularlv monotone.
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le.e i. oe. .pd f.or lhe p..;er ro 1 ,',5) L, 
'S:.e rlosedna<s oi Q. tlp Fnopoinl con(rrcint (q(t:).q(i:))o, End dssJrption (? ?)

Linits alo.e qould only qive q(io+) and q{to_l in Q.nd tell nothin9 about the
:.ue eidpoints of q,)

-ieoren 1 vill be proved in the next secijon along tith the follovin! chd.acteri
?ition of optiiraliiy in terms of subgradients I5,t23l of the conveN functions l

(a) (p(to), p(t1) )€ rr {q{t0)'q(11) ),
(b) { F ( t ) , p i t ) ) e ! L { rl ( i ) , lr { t ) ) nr .h.rr ,r.r:, t e lto,t1l,
(c) q(ti)ea.{ p(t:).P,'.? a:t t€lto,t1l,

ld) q i!, P-:i4r1.cr1..t !\.n..1A n4.1 p r"t Q'.iLr'i'uri.! a.)..tt,".,

(e) q.p i? cr':ir;er:, ..r!-:ana,r r. Itu,\),

:n (e). of course, ee nust app€al to the conveniion5 used in defining the space 6:
ie really mean that q.p can be r:4,rri.ii.j with a function r:{to,t:l +R oi bounded
,i-ro!io. t.e .d'se or 'a\'- t q r- .D r-) o r- D r- l/o5l ot cold -

t o 11/ ro, sohdsisi .ll bi rre a -.'tio'

'2.15J {p(to),p{tr))€P,P

js actually a consequence of (a) and (bl .

trecial cases oi the "rransversality" condition (a) and '9uler-Laqrange'condition
b) in Theorem ? have be€n desffib€d in l3l, (see t6l for eenerarizations of su.h

r,69 ro e' . o.oi r ! co.o o'
:he ne.sure dp js 0'-valued anc in pa.ti.ular

?.15) rp(tl€Q' for all L€tto,11l

-his and (?.1?), uhich rikelvise is a consequence of (e), iell us in coniun.tion rith
'c) add re relaiion

2.11) q{t+) . p{t+) = q(t-) .p(t-) ior alr tE Ito,tj] ,

r.ich holds under {e). i:hat

?.rB) q(t )':p(t) = o and p(t').lq(t) - 0 for all t€lto,trl

.s..tt t.!!n .i. tt.!.,'iiti !t!-
i.::ia-:.t::. t-t .tr!. ..'':!.



The a.qunents rill be based mainly on otrr previous r.sults in t2l ior.onvei:-::-
lens of La9ran93. Ttese results con.er! the nininization oi ihe fun.lional

l,r ILq - Llotl.it dr

on A subJect to eilpoiit constrai^is of the elenenlary forn q(t!) - q: and qi:. -
q,, They like!ise involve an ertended problen over B rhere the fLictiona'l is

l. (ql _qiD. q.q.
(3.2) I {q) .l_ {F other !r se.

This expression is simpler than the general on! in i2li it .orresponds t! th.
present cas€ lhere P is a cone rather than an arbi ary conver set. oth€r siir'
fications oyer the situalion in t2l occur because L is me.el_v a .onver fuictio- :-
Rn:Rn and does not vary vit,r t. so thai the sets Q and P do not vary vith t s.---:-
our assumption ihat Q and P have nonenpty int€rio. ensures that the basic as3L-:-
tions (s.). {s:) dnd is3) in I?l are fulfilred. (Q and P a.e thE .1..e,r.. oi.-:
conver sets denoted in tzl by x and P-)

Dua'lity is an essential feature oi the .esults in [2], Since L js a lore. se::-
continiJous, .onvex function from Rn-Rn to RL-r.+. kirich is not identi.ally r'
(due to As;umprion 2) , re functioi

(3.3 )

(3.4 ) t(x,y) = sup

Duality properties hav€

(3.5)

(3. 6 )

i{{2.!i = sup i.y+w.r -

L is the conjuqate I5,!t2l

Llx,y)l = L (u,zl ,

of Li has these properties too and saLisije3

iz.y+r.x -r,l(z,w)l = M (y,x)

to do lith the iun.tional

rM (p)

and its corr€spondjns extension on B:

(r (p) if p js q-singularly monotone.

1,,( P, = I' {+- oLhe.li se.

- eT,T[,', Le]l o"-'reo
-/.tia'a a." .. 6 (q d"'ir"d
The reasonins behind this is given in [2. pp. 186-r90, startinq !lith (6.24)1. !r:=
it is shotn that {in present notation and simpler circumstances) the erpression

.1!uq"1t1.;,1t110,

jlq"rq.+r4 * f ;,t.r.or.r* - 
1rq,q"q.y,q1ey, lr



Coh@x cont l prabtens

.- ". ''."" r: ;.".".'".. ";" 
,;. :: 1 

"'". :".". '.",',.' 
.-"".". "

o- " .0.,-.,oi
:i'l"lk!',31:"q,';ir:i;l,ii:i,*",1,:,:J:T:i:l il"l,;;l;; ;;;;j;i.j;; ;.;::';
jilTi; *.,," {e mu't inyoke iron rzr invDrve Lh! follovrie con,ex fun.tions

ldserve that the set:f a .onver functi oi
":lative i iierior of

t,itrrrx/ .- [2.p,130j, :\.t.r t:::,r:i,.:_.):, 1 .ut 2. ..t i.a.

.rri ,rttQ . at id.m ilr = rl .tom rA = , r

= inf:lL(q) q €r.q1t0) = q0.q{tl) = qr, .

= inf.irr(qt q=E.q(t0) =q0,ql,:rt=qr, ,

. inf:JM(p) p=8,.(t0) -ro,piirl =pjl

o.o1"."".""
ret o oo,,t 0,oL..0, .i

.6 ,." " . ..:" t:

't-, ;. t:,.t0) -;i

"" o;:g, 
t''' o'

:ii.e ihe infinun of a coi!sr function f !n Rn, Rn isr@r ri dom i [5.!7], tie iniin!m o! the .i9hi in (3.

3.15) 
'i ao"1t*tl) = rjiloh I ndcm ri (D 

'rc)'l) =

the 5ame as the infimun of f
3) is un.hanged wrrfn restricred

file the infinui on ihe rjqht in 13. 4) is !n.han9ed khen resr.jLted io
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(3. 16)

(3.18)

R.f. hock.feta.

ri dom(l+fl) = ri{doh r ndon fl)
= ri(0 

^ 
{a: at 

^dorL 
fl)

llere rc have {ritten DntQxQl in place of 0 as justified by condltioi {2.11 li

lle kno! from Assuhptions 2 and 3 that

(3,1i) Ir'nt q xint Ql nc I a and .i onri C I a !

ard sr1." C. dol fL do_ f" rle iJs! r'o-ie.

; / IlDt 0 inr 01 ..i dom fi = intla Qlnr' dom ri

The c!lculus !f rclative interiors I5,c6l then yields via (3.11) rhai

t I ri(D^a) - ri Dori c

= hi 0nri(ra,al ndom fl)
= rl DninttQ'Ql .r1 dom fl
- .i (D - t0 . Qt .dom fi)

CoFbining this,ith (1,15) and {r.16), *e see rhat lhe inl:nd on rre rrqht sjqes c:
(3, 3r,ard (1,'4, a.p boLl v.c\arqeo hlel .est !teo ro .. D .i c, I 'b agree:
{i!' fi o. C o/ -1eo-er l. so ir'. rlloks 'o corcluo" re rLo i. o a.e eq-j
Thus (Z.r4l is true, as claimed in Theorem L
The other assertion 01 Theoren 1 i1 noH easy Lo verify, lt.q\ I is the,edk" l1-:
of a ninimizing sequence iqJl of I on A re havp I(qi) = r(qr) dn. hence b, rhe lc4'
sernjconiinui ty of I thdt

lnfal r lim I,ql) . ljr Itqr, 'T{a, lfBT

Slnce the erl,.enilies ot this ch.jn a.e equal. ds jusr oemor't.ated, He ldve T\q
i.'sT. l.e o.oof o'Tleo"er I i! rEJeby fi.,- ed.

Turnjnq to the proof of Theoreri 2, we note first that q ninihizes T ove. B 1f an.
only lf for a cerlain pair (Eodr) in RnrRn {e have that

(3.19) {ie,!1) ninin:zes I * rl over ni'ni
(3.20) o p.ovloe5 rhe qrlir,j', ,n (3.9, fo. .do.q1,

Lle sh.ll dnalyz. these optimality ptuperties sepa.ately! using the fdct that wh€.
th€y hold re fiust h.ve

{3.21J tio,o,r- r.8rco,6,r,I o = l/60,qr, !L\q. \rili!e,
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The analysis of (3.19) starts wi.h th€ observniion that il is equivalont i. terms
of svbgradjenlE [5,;?3] lo having

\3.22) (o,o)Fi(r + fl)(Eo,cr )

By (3.18) dnd the relation l.[Q'Q] = D. doo I (cf. Asssption 1), ve also knou

9l ri D.intlQ:Ql = rj(0^lA:al) = ri doF l

and consequently, again via {3.r8j, lhar

ri don I ^ri don fi i 0

This is a sufficient condition fo.

i(l +fi)rq0.q1) = rl(qc,qr) +lfirtro,qrl

vhich case {-1.22) cofespondr to iJre existerce or (;0,t1) eRtr. Rn

(50.-?j ) .i,r (io,i1 ) (inprvins iE0,E1 ) €q r 0),

(-po,prl € fi/qo.qr)

.-06.61re "'cn.',.,. 6, -cn.i,o - {rco,,,;

ihich is equivalent by equatjon i3.12) in lhcoren 3 to having

(3,25) (Fo.ij)ep"p and rfi(p-o,Fr) =Ai.F1 -io.to " rl(io,{.)

lltoqether, then, {3.19) holds if and only if there existr {F0,8) ro. vhich {3,23)
and (3.25) are both fulfilled.

londition (3.2!), on th€ other hand, i5 equivdrent io

i3.?6) (q(t0),q(i:11) = {q0,i1) dd TL(q) . fl(io,q1l

simr'larly, the jnfinun derjning ifh-0,F,) is attainea rv oer

[5,]231, in

i 3.23 )

(3.24)

(1.21) {p(i0),p(tj)) = (4,ir) -d T 1p) = rfftfn,n,t

and accordinq to Iheoren 3, th€rofore, there is at least one p€8 satisfying th€
latier regardless of the choice of (Fr,E,). It follo,s th.t (3.19) and (3.20) to-
gether are characterized by having {3,26), and for sone p€6 satirfyiig (3.27), con-
ditions (3.23) and (3.24) as lell. Thus q ijninjzes T overBif and only jf ii ful-
fills alonq vith some pEE the conditions
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( 3.28 )

'3.2e)

( 3. 30 )

(3.3r )

Here (3.28) is ihe same as con,lition (a) oi Theorcm 2, while the other ihrEe ::-
ditions are together equivalent by t2,ThEored 2l lo havinq (b). (.). and (dl ': :
o a 1",o' o.. q "ol-.o .do) o . .oi! I

(1.32)
p_.(dq-idt) = p_.(dq-idt) = o .

q-.(dp idt) =q_.(dp-idt) =0,
D -di. "

dq od D-.o ddbr {dl. L' 60 p-.d-qo)' r
case nonposjtive, and the sa e is true also for the other tiree measurEs lisi:: _

(3.32). 5i n.e the ideftity

d(o,o) = p+ d,t:q-.dP - P-'dq +q+.dP

is yalid for any q€d aid p€F 1cf, t2,p.r61lj. it follors that (3.32) is €o!'
valent (in rhe presence df (.) and (d) of Theorcn 2l ro

d(q.p) - Ip.d +qirdt = o ,

whi.h is (e) of Theorch 2. This finishes the Frooi of Theoren 2.

R.T. Rackafellar

(p(to), - p (Ir )) €3I (q(to).q(II))

(q(to).q(li))ea'q and ( p ( to ) , p ( t 
I ) ) = 

P : P ,

TL(q) = rl{q(to),,r(tr)) and TM(p) = ril(p(to).f(tr)) ,

iillp{t0).p(tr)) = q(tr ).p(tr) q(to).p(t0) - rl(q(t0),q(tr))



ConEx @tul p,obtd6 349

?EFEREIICES

frl Rockarellar t,t. , StiLe consi.airte in.onvex conirol Drobi€nr oi solza,
5lAM J, conrrcl 10 l.1972'),691:t15

nockaiollrr R.T, , outsl p.oblens of La-orai!. f!r ar.s of bouided varr'alion,
in: Calculus oi va.iations and Con ol (A.ademjc Press, 1!76, 155-192).

R.ckaiellar F.T, , Dudljty in opiiral coni.ol, in: ti.A, coppel {ed.l fath
einrical control Thoor),{sprinqer'verlad Lecture otes in r,Ialh. 680 i1978),
?19-?al

Rockafellar R.;. , Fxi:tenc. ard dlality theorens for convcx problens of
Bo za, l.a1s. Aa.. farh. so(. ti?ito71 . r-4(

Roc(afellar R,l. , Conv.i Analysis, (princcton Univ:riity Press, 1970)

Clarke F,N. , The Erler-La9ran9e differonrial inclu;i.d, J. Diif. Eqe. l9
{ie75),80-90.

Thit rork vas supporred in Dart bl the Ai.lorce office of 9cienrific
Rosearch, Air Force Systems Comand, Lj^jted Staies Air Force,
lndct grait no. 77 3204,


