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GENERT\LIZED DIRECTIO\AL DERI\TATIVES AND
SUBGRADIENTS OF NONCONVEX FUNCTIONS

R T. ROCKAFIJLLAI{

l lntroduction. Srudjes of optimjzation prollens and ccrlah kiD(ls of
difierentiaL eqLrations hale led in rcccnt )enrs to thc dclelopnrent of a gen
cralized rheor] of dift-erentiaiion qLrite distincr iD spirit ancl rarse of applicati,m
from the onc base.l on L. Schwari:z's 'distriblriions. ' This thco( associares

.l-r,,t-\. u" t, r. .. o ., ;r . . oto,og: .r, .. ,. L
point r a I certain elements of the clLral space E+ caLLed \tLy tints tit
stneralircd gtarlitnt s ot .f at '. 1 lcsc form A set dI(r) rhat js a]lrat.s conre: and
Ncak*-closed L'possiLl_v cmprl ). The nrlrifurctior df : r + bflx) is thc

Rules that relate Dl to scncraljzed djrectional cterilatives of /, or:rlloN d,i
1o b€ expr.ssed or estimarcd ;n terns of thc sLrbcljlTerenrjaLs of other tunctjoos
(\i hen.l : ,h + f'. f = ! o ,1, etc ), co prise the vrrd.r'fl./.rrill ar/.&/,s. Such
rrLes arc used espcciall! ir anall,zing ihe con.Liijon 0 a D.f(s), Nhich i]picalt,v
Deans that:f is some sort of'quasi-optlnaL'poinr ior,l The cxtcnded-real-
laluccl nrtlrc of,i is essential in such a contcxr as a delicc for representins

SulijlTerenrial caiclils bcgan rrith com-cx lLrrctions on R". Rockafeilar
l43l defincd d,f ior su.h funcriorrs, shon'cd hor t.} characicrjze A_ft]j) nr rerms
of one sidcd cLirectional rleriratiles _l'l:;r r), and prolecl that rndcr mild
restrictions rLlles sllcI .s

(1.1) d(.n +/,)(r) : d,no) + dj,ir)
are valj.l. Thjs ])ranch ol coniex anall,sis \as delelopcd iurther b] ttorcaLr,
RockafelLar and other s j the 1960 s an.] irppLie(l io man) kjr.ls ol op rimjzarion
problens lcf. 142_, 1411. L15l lor .\posjtions) Bcsktes con'e! fLrndions, it

f rcrions and sarlcLle flrnctions ifrLnctic,ns of t\ro le.ror !,ri. '- I'i l. .o,d-ir. "o.-.;..r- -

.,1typc (1.1) lor sa{ldlc lurctions. scc lrcl-jnden 1381.
Thc mulrjlrnciions 0,1 in drcsc cases ,vie1d, or arc ctoselr associarcd $.ith,

nax;mal nnxrorone 'operators" jn tlre sense of c. tiirt,v ard L E. Bror.der
(cf. la 1l , al , la6. , laTl ) . ]'h c su bdjlTereni iaL calcLLlLls has sen c.l correspon{iingl}
as a nodeL for resuLts oD lrhen a -{ni ol ma-\in]aL nonorone op€rators is aqain
maxinral monorone (cf. fasl).

Iteceirea \larch lri, 197E lhis resear.h nr: spI:.re.l h,1. rhe -\ir f...e Ofljce ot S.i€nriic
R.:car.h, fi. F.r.e Slsienis C.nnnn1l,IIS.\F rders.dt numter t7-t20i1 ar rhe Unil.e.sir!
(;l \\ashiigron, Searlle.
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F ll. llarlie in liis l{li:l thesis L6l ma.Le a majo. contribLrrion jn shoNing
Io\ the .Lefirlition of d,i could be exten(led ro arbiLrar-! lo\rcr scmiconr;nLroLls
Iunctions / : R" - R !-r j+ .o l ir sLrch a l1al that )i is tlrc subdjflerertial
ol conlex analys;s \hcti.i;s conr.x or conca\ e or a nnite saddle lu crior, and
dj redfccs to lhc orclirar)' sradient mappirs V,i irhen,i js continLroLrsl! dif-
ierenriablc. IIc shore,:L tLr:rt

(1.2) a(,r, +,t,)(r) a d,l,(r) + d,/,(r)

ithen.ir and.! arc I-ipschjrzian (Lipschitz {intinxoLrs) ia a nc;ghborhood ol r
and proi cd arother rule r hen,l is the maximLrn of a collecLion ol coniinuolrslv
djlTercnriable lulcrions. He also claracrerizecL 0fir) L,,v na_r.,1 a gcncralized
directionalderjvati\eexprcssionl"(rIr)\he,iisLocall_rLipscliIziar.These
basic resLllts \ere prbrishcd in 17-. I 8t. i10l atartrc broadcncd the,:leEnition
of dre sul,difiercntial ro functions on Ba,racl, sfac.s anrl ottende.L the subdjf-
lerential calcLrlus 1o contjnxous srnis an.l pojnt\ise narinla ol localll, l-jp-
schitziaD fLrncLion:, as lrell as the compo.itiof of a locall,! Lipschitzjan mapping
and a ditrcr€nrinHe mapping. 'l hc naLuralness oi thjs cdlcept oi Dl has beer
undcrscored L,! a nean i aluc theorcm (Lelrourg 371) and afl invcrsc mapp,rg
rheo.en1 (Clarl.e l9l). ^r.ririn i1l Las prornled an accoxnr of th. l-;pschitzian
ctrse lrhicli also trcals th€ operatio oi infilral conlolLrtion.

Clarke did not characterize Di(r) 1n rcnns oi ar] ' .lirectionAl .lerilatj'es
n tlic non-Lipschilzialr casc, trlrt hls dcfinjtion is co ectecl \ith a certain
iangcnr cone t., the episraph of f al lr.,iir)). Hiriart i'rrlrrr 1261, 271, |as
obscned that this cone js rbc cpigraph of a srbLinear function rhich musrgive
rlc desired "ileriratifes," bul unlil nol no dire.r formula for this funciion
in\olrins ljmils of.ljfference quolients ol somc kin.l, has bccn discorcrcd.

hdeed, d,f ilsclf Ias n.,t,vet beerr gil eD a dircct dclnirior in thc general case:
Clarlre's approich Las l,een ro deinc Dl ior ia,:ntl! Lil,s(hi.!z.ia" iunctions in
ierms of certain ljnits, use this to.icinc gcneraLized rr ge t md nornal cones
ro closed sets and finalLy appi_r. tlrc laLLer to the epigral)lis ol I s.c. lLlnctions.
-fh€ lack of a 

'nr.c 
slrajghtforNnrd characierjzation ol di js one ol the chjcf

reasons \h-v rhc sLrliclifferenrial calc lLls lor ronconlcr iunctbns has so lar
been limitcd mainl,v ro the Ljpschiizian casc.

Clarke's resuLts do prorlde a dircct fornnna for rargcnL cones in finilc-dimen
sjonal spaces 7, Proposition 3.71. lhibault 551 h.rs adopted this lormllla ir
separable Banacli spaccs in orcler to brpass the llrst of rhe three stages of
Clarke's delinjrion oi d,i, apparentlr \jthont realizing rhat Ltc formula impljes
ihe conlexjt_v of 1|c coles in questlon. lior Banach spaces. the equiralence
nilh the jniiial forn of ClarLe s definition of Larg€ni cones (and hence the
convexit,v of rhe cores.lescribed 1)! rl,is lornNla) had 1)een (lemonstrated b,!
Hiriart Urrut,v 1271. llorc rccenLl!, tLre (lilcxirr has bc€n proled b],
Rockafellar l19l b].a dirccl arsume t i R. rhat casily carries o\er ro any
linear topological spacc. This opens the Nat ro a clirect dennition of df alons
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the lircs p.opose.l li] Hiriart-L.rflrty, because tLe arsumcnt can be applied to
epigraphs:incl translated into a staternen rLout Limits of certain difierence

]'he ain] of the present paper;s ro cnrrr out this project. Subderi\-atives
,fr(.r; r) re delined it1 rcrms ol a '1in s4 inl" \\'hich js a kind of minimax
|ersion of "ljm p and "lim nrl." lt is sho\\'n rhar ,l1(x; r) ls ahva,vs lo11er
senrjcontinroLrs a..L suLlirear in r, hparticLrlar convex. Iflisconvex, /r(r;,)
;s jrst rhc i.s.c. hLlll of the dirccrional dcrii,atire function J,(r..t .). It./ is Lip-
schirzian aroLrnd r, .t1(r I I ) .edLrces t., Clarke's (lcril arive /" (r; r). Thc larter
lact is gcneralized to a large clns: ol funciions. said to be "dircctionatt],
Lipschilz'a at r, throLrsh a Lroadened dcinition oi J'(xt I ) | these fLlnctiors
harc $e inporrant propert,v that b( f) ($) : , d, (r).

'rhcsLrL,derilarivcsI:(rrt,)thLrsfLrrnish,L]theduajir,!tretl'eensublinear
functions ancl conre)i sets a ncN approacli to d-l(r) thar col.ers thc generat
Donconlea case j a nore analytjc nanner aDd Ni|ho t appeating to the exis-
lcnce ol a rorm. This approach nakes possible an extension of rules tike f1.2)
to cases {tere the fLrncdo s are neidrcr convex nor locallt Ljps.hit,ian,

'rirhous]r 
Lhe detaib Nill not t,e sh cn hcrc (see l50t).

Thc r.sults in this p:rper are thLrr aimcd ultimatel_v at appticarions to dil crse
problems of oprin1izati.m. hnitc-.ljnrensio al an.1 iflfinitc-d;mersjonal, fol-
loNirg the no{ -fllrl1iliar paitern for subgrailienrs in the conve\ case (cf. f451,
51 .52 53 r'\d plF. \-I"r-- . tror,dmqJF

concemcd, \'ery important prosress jn ihis.ljrcciion has been nade b,v Ctarke
in nathe ratical progrannins i10l anrl optimal conrtoi anrl dre calcuins of
iariatiols 6. 8,.:111. 121, U3l, I14l 115', 161, t171, U8l, l19l (forarecent
survcl ol thc subjccr see 201). Hiriarr-t.rruty's srbstantial rhesis 126l has
iDclude.L thc llrsL applicarions 1o noncon'ex srochastic progranmirg probtems,
as sell as rci,Lrlrs i Lasic malhernarical programming 1281, 1291, and the stud,v
ol narginal Iunctnns:301 (an €xcellen erm hc hascoined l.,r lun.t;onsINhich
erprcss lhc optjmalvalLre in sone optirnizaLion problem as a functlon of param-
etcrs on \rhjch thc proL)lem depends). cener: izecL gradients of ccrrain noncon,
rcx marginal functions harc also been st djed l,y cauvin I23l and AuLin/
Clarke :21. Appiicatjons of Cllarke s corcepts to algorithms ior nonconvex
optimizarion hn\e beel crplorecl b,v F{rer 1211. 1221, coldstein 251, Chanev,/
Goldstcin 15 ancl llifflin i391. 401.-Uresc concepts are also put to rsc in r€cenr
$or1. of IolTe on thc srabilitv ol sohriion sets 321, 1331, and gcncrat optinatity
condilions 34r. !351, 1361.

2, Limit cotcepts, Throughout this paper, the ropotog] of the lhear space
E is assuned ro be localLl conlcx and separatcrl (ltausdortT). The detinition
of upper and loser subderilatives ol iurrctions on I sill depend on a new ljnir
notjon lor f unctions g(J, l) of r : S a.d ] a E, \\t€re S is anr ropotogical space.
As seome.ric Dotilation lor this lot;on, re begln by recalljng Hausdorfi s

d.finition 25. p. l.l;l of dre 'lnn inf' of a sequercc of sets. or nore generall,v
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of a multiiuncti(m in tcrNs of its arsrrrcDt isee also ltcrg 3, Chaptcr\-l-). \\'c
dcflotc b,r.-J'(s),.J-it] the (rllecrion of all neighborhoods of r. ], ctc.

l.et r be en] rrLrllitulctioD from S to r. (IhLrr for each r a S. f(s) is somc
$ubser of E. porsibll eflpr,v.) -l'hc 

set

(2.1) r(I) = lim inl r(r')

consists b] definiiion ol all I ! I s ch that

r 1'l, . l.ir).3 1' ,. . 1, is), VJ : a-: r n r'(s') * tr,

Il.tui\ alentl,\'.

il.:) ri.) fl,r.', 'r.1.,,. n, t,,lris') * l'1.

\ole that I ir) \ ould nor bc aiIected ii l'ir') $ ere rcplaced bl'cl l{s') for all
I'. in Nhich clcnt f Norld be closed-\'aluccl. -l closcd-\'alued nmltifulcrion f
is said ro bc lo?il r.,,t.rrrirrldri jf l(,) = r(s) for alL r.

i{ccall nert rlai rh. .ri(/(p,l of a fr.rncti{lr ( r I +/t U I +,I js rl)e set

epit = t(a.,1) . l: x,Rir > J(-vJi,

and rhis;s closc(l il and orll: if ! is loNe| semiconLir oxs on /r:

s'r'J = lim ;nl! -, ((r') : slrp':., ,, inlr'rr i.i-v') lor all I.
Consider nor an arhitrart- crtendeclreal valued ilrncrion ( on,s X L. \\c

shall l)e irtcrcslcd in rhe cxprcssion "liIn sup jnf dcnncd as fdlor,.:

.3 i r..
Js pr .,,, ini.,.,. ., slrp.,:r iDl,,:, str',1/).

ln tcflns of sequcuccs (\!hen the topologies or .S and I can so bc des(:ribcd L
rhis (rpression c.ln al:io Le charactcrized as

sup.,1 ..nif,,..,.6llt,I i-r..1).\lrere,r.1.-N|.l-r'',i-r:linr-.uP:--((sr'-rr).

\t here rhc innnrunL is o\cr rh( collectiou of all riequences conlcrgins: ro -r, and
the s pr.nLrm is c'\ er lhc collect;d oi all scquell(:e-e con|crgjng nr r

PRolosrrro\ L Ia/ t'1.h t: .t. l.i f(Jl le|ait tl? rtL:t! o.f E X R r.li., ir
lhacli*tupito.itht:!tlnclio,r+g(J.-r),,rrdici-l(s)natlftlinli!lii1l l'2.7).
Tlrrrr -\is),.r lha Qi,r ph o.i tht ft"clion r+r(.{, l')tz (2.3).,"1C h? cNit
p irltlrt h\s, r) i! lo1ttr lafti.onihLnts i1t ).

Proo-i. Ir sunices ir a X R to considcr reighborhoocls oi producr lorm. 'l hu,.,

Lo sa-! thal (1, J) a :\{r) is ro sa\ lhat

VI'i.1 (rl, Vc > 0,: t:.r'(').Vr't l,
I (1/,3',i : ll'X l! t. rl + .): n r(J),

\rhcre the final cordirion ulea s s;rrplr rhat thcrc exists t/ : l' such rhat



rir' t') < ,J * .. Therelore (r. B) a l(j) 1l and only ii

:iil

Vr::.r:(r). V€ > 0,! a'a.,]:frl sLrch thar

sup. €. nri" .! g(J', r"') 5 lJ + ..

l:rom rhis i1 i! cas] 1o see thal llr) consisrs ol the palrs (t'. ,) sLrch llrat
d > l,(r, -r), \liicl \as the lact to L,e pro'erl.

R.niith 1.lt tollols ironL Propositjo l that l i!ou]{l not l)c iil.crcd il !
ncrcrcplxccdLlj':slo\erseni(rlt;rlroushrLli'lthctargruncnL.(Thisnoul{l
])c cqLri\al€ri to replacilg l (r) bt iri closlrc )

n.-.rri l. -l 
hc r.acler slL.)ul.l nor lall into ihc irap of rhj|kiig tliar rhcr -\ js

dellncd L,! i!.1), ther I js itsell ]{Ncr rcm;conrjru.,rs r\ {llrntcrcxanrple is
lnrnished belo\. fiorrespoidingl_r in !icn ol Propositi{r I i1 (lo.s fotfollo{
i.ollr i2.il) drar I xas r|c scnrjrorriirLrirv properrv

il.1) linrsrp..-.trIf" ,r/r(j ,\1) : l(r.l).
Ore s 1irsl rcact:o| io lhi: srarc of alTairs rnight lrc 1o r.ject the dehDiiior

ol 1im inf f arcl to rq ro sll)siirnLc for it anolher \1'liich doe: ha\ c thc lacl.jrs
propcrl).ls a lratter ol iaci, jr c'1n bc sho\r there tloes exisr a na:irneL
nrlrltifun.rioD f a f L|al is lo\rr se ;co|tjnlLous lgtren l)r r|r Lrnion ol the
graphs ol r|c l.s.c. nrolLjlLrlctions a I'l. arrd prcsurnabl! Lh;,. is \ Lar.Jne reaLL!
oB, ."r f T- -. L
crercl_r. I. partic l.rr. no iormrla is knorr Nlrich erpresses the qraph of lin
lerms ol limiis (ol sone sortl in\ oh ins clcmcnts.,l the graph ol l . l hc impljc'r
tion lor llie epjgraph serrins ir thaL riile there is incLeed a natrral luncrior i
NhicL could L,e sltbsiirL[cd for I ard \ould 1)c the lea-qr iun.tion f]!joriznrg !.. I -r'r,,\ . ' l .. \t -.
ri\eL) sinplc iashion analosous to i2.:ll \\rii|oLr1 sLrch an.rprejsion. it rorld
Lrc (liHiculr ro \orli \ itll ; j]] arpli.ations. \\:c therefore turn our L,aclis oD ih.
tcmplati.)rr of srch aD approach.

Catlx!.".i,onlit:. Ler f Le the n!hjfunctioD lron R Lo R! .lelinecl L\

lul
' I i.'r..1' irl l- I -.-...' r'n) I n

lhen r(r) is a nolenrprr cft,sed corle: scr ior each r. R One has
-i(j) = j10.0)i ilr = 1t ii : 1,2....). buL,\(rl - Ii.) othcrnis. l'hLrs

liminf.,_!,\(r'l: i0.0)l + Ai0)

rucl A is not loNcr scnriconli.uous nt -i - 0.

Rrrlrl,+ 3. lt is Lrsclnl arnl natural to extend thc mixc.l limir n.)tatioD bc'on.l
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the'lin sup;ri' in (i 3) Thus

i2.5) lin1 Df , -, sup". ,L {r j', _r) : inlr. (r, s'rp,: r,, inr,.:ssupr.r,r,ij,.1,)
(2.6) l;msup..sLr]r",."!(.',r')=;nr,..,i,,j,rf.j.,r,,)sLlpr':Jsup,.€rg(I',}',),

and sinilariy' ljn irl inf." Ob\ jousl), "tim sup sup', is rhe same as,llm sup"
\vith respccl Lo (J', 1') + lr, 1). Lut srlnelinres, as n itl Le secn in i j ttrcre js
ad|antasc trposrar)|icall) jr \riring tlre linit in rhis 1,a1' Jn the conrext of
P-o o-i or, . i, r '' , ,o *-1..,r o . ,',- l-
epigrapli nultifLrrction t'. i.c, to closing the sraph ot t-. itf r{rl js tak€n| ]." . I,r .. -ut r i..
ior I correspond to 'lim inf sup ald ,,liir sup sup" tor !.) Fnnn ilrts jt js a|
cas,v and unair|isLroLrs irep io nixed 1lnirs iniohing,,inf,'ancl ,,s!p.,an,!
.,.,1 rol ,.-r ).r." .r;r,..,,...

lim sup,. ,. sIp, .. infr,., srlp.. ,. ((r,. r'. _!',:,].

3. Tangent cones. For an! set al a E an.1 anv I i a. th. j.11i!nt ..r.
r, al ii .r is clelinc.l ro be thc scl

(l t) ?;rr) : lim inf / r(d - x,).

nherc Lhe otation is useLL rhal

x +,r:r'+r\ithx'a a.

The nultifLlrrctnu 7.r I x + l.(r) is rhus generated Ly r}c,lim jnf,, opera-
tjon i!.1) lroDi Lhe rilrltiilliction I den.ert or rtrc ropoLosical -qpacrs= cx o.-) bv

li 'rt ,') ir r > 0.

".,r:lr ir ,:o
ilctxall]. 1 . is rhc rcsrricljon ol the co.rcspoi.Lins A ro rhe ser of pajrs ir, jl
n ith.! i a. I = 0r for I > 0, I coincidcs ith f . i.c.. I j: ahr at s ton er scm jcor
tinLrous.) I! tcrms ol neighbornoocls, (i1.1) ral.cs the iorni

' ' "l ....r '

n othcr rords ] : r.(r) if and o.l),il lor e\cr_v s,vmmetric I' :.,.t'i0) ther.
exisr I a:.,1,'(r) ard I > 0 such rliar

r'+lir+ 1 ) rieets ar for all ,'a ara X,I r i0.r).
An equilalent dcscr;ption in terms of clrrlerscncc ot iseneratjzedl sc.Luenccs
is diat l.lJ) corsisrs ol thc yccLors I sudr that \henevcr r,,+.r an.L r|lo
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r|crc cxisrs I'r -,! \jrh ti + /,r-i : C. hcidcnrallv, it is ras,v Lo scc thal Lli.
righl sj.lc of 13 2) ls rnallectecL il C is repjaced L) cl a, ard th.rrforc

,i1.3) I"L.(r) = I.{r) Ior all I : cl (r.

In parljcular. L|crcis o harm in spe:rking oi l ci:-) as cLelined Lr (rj.1) e\erl
l.,r poiirts r^ -: cl C |'ilh.r : a:.

Tlie tnngent cone has not prci rcLrsl,v Leer recognizecl as colnhg lroD a
' 1in inf" or derined for generil spaccs E. 'l IibaLrlf l55l in Lhc conlcxr of scpa.
aLle Banach spaces use.L as a srartrJrg pojit 1|! sc.tLL.nljal iornl ol th., present
dehnition. lrhi.h jn the case ol R" Lad Leen klro\r t., be e.lui\ alent to Clarke's
deinitionici.17,ltoposirionS.Tl).HirinrrUrr!ithas!erirledni:27 lheorcrnll
rhar llrc cquiralcn( cxrcncls Lo all cases rlcn ( larkc's afproacLr is applicrble.
naDcl] \hcn I is norln,lble. IL iollo\r thar in srch cases lri.r) js a cLosed

con\ ex cone c.)ntajnins the origir, since these propertjes are nnnediare from
the origlnaL i ersiru ol ( larke s det irnu In 49 ]}corcrn I l, {r lra1 . d.morl
sirat.il thcse prorcrtics ol r.lrl ht a dirccl .1rsulncnl base.l on iil!)ithjs
arsLrmctrl is prcscrlcd in rcrms of E : R" Lir acrLl:rll) carries or er a generaL -EJ

ir o l' '1" .' i,
'llrrioR.\r L Fot't j:tt (: aEn1 ,L\ r: (-, l',,ir:l ir,r .la:nd.oni).r.oi1.

i1L E .oitrliniu A. Ii (: is .aE,|t. I'. ir) .ail1.;d.ti n.iti th'. .la:.d itn::t:iii t:ot1t lo
C ti t: ix ltc !cnr,. oi t:o ."6: nn\:is.

Proo,l. The nrst asserrn,D foll r s i,1, rhe :rrgL,ncnl oi 119, lhcore l'.asjLrst
expLaine.l. lror thc sccond asscrljon, .ccall firsL thar i :ia - r') is nonnl
creasiDs in t > 0 r]'hon C is corv.r so lnar 13.:) re,:lLrccs r!

i3.4) r"(i) : a,.,.i. LJ",! !r-,:.,. .1,.:".i.lI iic s'j i I'll
On the othe. h:in.l, rhe cl.,serl tangenr cone in the seuse oi rniex anal,v-.is is

i3.i) .1 !1,>0 \ rta x) = ar!,.i), Ur>! r-:ic - r) + r'
To proie etlualitl Let\een rrl.ft and 13.;1, it is crorgh to dcnorstrare ftrr
nxed I- a.,/(0) and r > 0 thar

(3.0) u,,.,r,, n, rc-., lr-,(c - r') + l' : r-'(a - i) + r .

Snrce E 1s locall_v con|cx, it can bc snpposc.l that ]--is con\er ai \ell as oper
and s-rnmctic. 'l riviallr', th€ jnclLt-cion a holds h i3.6), so \e m!r_! con.en
rrarc on the oirposite i equalit). For arbltrarl d : 10. 1), ihc sct
x, : (r + Idl') 1s a reighl,orhood ol r such tlat

r/ i )a, 3 I-1(a' - J^) + i1 - t) I' C 1-

fl.'tc'r'3 I llar-r') + lil
: nree - rqlr r(c r) * I-1(r - r') + I.l

);r 'ic r) + (1 - r)l'.
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S;!cc this is trc f,rr aLl , a 10, L) aid t.. js opcn. \'c obtnil the dcsjrcd con,rln
sion that J holds in (11.6).

4. Subderivatiles. Lei,i bc an,v exteDded ical-\ :rlLred function or I, an.l
let r be any poirr \'hcrc/ is linite. l:sins the notation

(1.1) (a" 
"').1,' .= ('" a') + (r,/(r)) i,irrr a, >,t(:,:,),

rre defin. the nlprl rrlld./ir.dli!, olj at r f ith rcspect to I br

12 :: l.-1, r, ''
" il.'''

or 1n other Norcls b1 the 'lim sup jnl' operaiion l.l.il) nr thc case .,t rtre space

"t = (.pjj) X 10, .. ) aDd r|c fLlnction

4.;r . | .r 0
. rl -4,

aL the pojnt ir, lir). 0, 1). Ill happcns ro Le lt^cr sc iconiillroLrs at r. rhc
dennition can 1)c cxpr.ssed iD thc slightly simflcr fornr

'.1 :.\' - | ., 
/

j,'iij,":'

t.r.5) r' +. r - r' i a and f ix') +"t{').
...-tt

\VY a,l t\), n' > t,: )a : ,l:ir), ; > 0, r > 0,'tr u. \ r

r i, a
Of course if Iisco tinrr.rs al r,itstrlliceslolrarex'+rin r.1.l), an(j ttre
con,:liii{rs in i+ tjl in!ol\'!rg, ca l,e dropprd.

For tlrc sratemenL oi the nah rcsLrlr ab.Jui fiir; 1), re re.alt thal an
rxtend..l-renL 1alLrd lLrncrjon 1on l,;s \tllilptt ii ir js conicx, posirivejl.
Lomoscre.,rs Garislies llrr) : \li]) n! all l, : I It(t r > 0), and is noL
ideDrjcall) +n. These f.opcrLie," holcl if and onl,v ;f epi I is a nofetrpr! conrex
corcinEXR.

\\'e recall also that thc orc, sicled dirccrioraL deri-atir e

(4.i) 1'1r,n1 : l;nr,r! (-ilr + Jt') -,t,.r)),r
cxistslorall]nhe!_tjsco iex lallhougli ir nral treirhnitc). iionr e:ir_v implies
lhat tlrc dilTereDcc ctuotienl in i4.7) is !ondedcasjns ir / > 0, and thar
i'(:rt t) is sullincar rjth rcspcct to -r.
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'llnEoRErt 2. I'he Jtncliott y + .tt lt: y ) ;s s filinnr a rl, tauet ::em.ieo"!bn!oLts,
u1d i t :; . fis/ u ph is tic tunr.rt .one j,,j,i.r. ! lx)). 4 J i s canl).x, ttm
(1.8) Jtlr;r) - lirn nrf,. ,,_f,(.r;1,) jor atl ! a E,

ttn in iact JI Q; 1) - f' (.:;: y) ior an y nLcI thnt I ji t)anten ila] in a n.i!I,
Ltr/hood oj ! + U.tu/ jorrir r > 0.

1'l"oj. For cach (aJ, a', i) rhe episraph ot thc function s(x,. d,, t,.) in (.1.;)

I ^,, 
r-,".; I t-n.IL\R :II O

5-. . "in . rt - r" . to- Dropo-: r. L.. .- ." , .. - ;. o . oi- t.r..!, .-

lim inl i-(\'. o', i) : l.r 11.rr,rl.
,, i,

The latrer js a coni ex cole Lt 't hcorem t. so .ir{r;.) is subtincar. In the case oi
i con\ ex, 7 

"r, 
/ ir,Jl,)l is b_\. 

-r'heorem t rtre sanic as thc ctosed tang€nt conc
t(, cpi"l at (r, j(r)) in rhe sc.se oi convcx lratl.sij, i.e., rhe set

cl U,>! t-r (epi.l) (r, /(r^))l : cl epj,t,trr.),
and dris cquality is exprcssecl 1,"v (+.s). If for sone ] Ltrere exisr ]. €./(1,),r > 0andd €,Rsnch ihat,irr + rl,) 

= 
dforalll, : f, rhcn

J'(rr1') 
= 

Ll(r l rr') -,fi")j, I = 
la -,llr)l/), ror all r, a r'.

-l'hrs th. conlc:i luncrion.i'(ri.) is born.lect abovc in a rcjqhborhoo.L ot .!,.

l,rr.",o r . t. ,r "., . i..r,..t,ro. . ...
dre prool or Theorcm 2.

Thcorem l can lie rcco\ erecl fro', Tlieorcn 2 as rii. case \herc tis tile in.ti..

C.

i.1.l0r J-I, ,,, 1 0ii', 1; t,
rtu it ,r , l-fr).

Anolher obscr\ ati{D ol sone inter€st colc€rns rlc lo\er scmiconti.uous hLr

la.lr) d,,/ir) = tim inf,._. /(:r).
\atlrely,

(1.12) (cll,l)1($il) = f:(rtr) if/ isi.s.c. atr
'l'his is rlc re6n n of (it.3) ibat trolds for raDgcnt c.,ncs t.J epigrapli-q.

I nif :
Y, - t.o ii.\
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Ol course, e geomcrric prool ol sublinearit! in'lhcorem 2. bas€d on
'l'heorem 1, coukL Le trdslatccl inio a direct nrsunrenr

l'arallei ro thc abor e, r e clellnc thc l,lrrr j,U.rirdiir. oi,l ar r \ jth respect

roIb)

LIJ i -,i i .

using thc rolatior
(x', a')ir 1. €J (r', d') ' (r. t(xr \ idr a' 

= 
,iir:').

If,I is npper s.mjconlinLrous ar x, tliis re.LLlces to

(')rL tr r' .. -l;n; jio 
-" -'I

rlt
'Iire ot,i.ious analog of Theornr I hol.ls for f-irr r) and concai e functjons.

lhe reiationship letr eerl l1 nnd ,,ri ;i nor lriljal and till be addressed in the

5. Lipschitzian and dir€ctionall)' Lipschitziar functions. it Ni11 nor
be sLro\ thal jn mant of rhc nost jlnrrortdrrt cas.s bolh uppcr an.l lorcr
suLderii ati\ es cdn be .c.lucc,:l cs3crt;a]lt to dre shpler expression

rl!'+,u) a'
't) /-( )- .!.--'

tt'14 )!j I

\\ lrjch Nill ire call.d thc !'rrrdli:rJ Cldtk. ittiriiit., oi f ai r titll ttsl..t !0 r.
lIt is srill :'ssLln]ed, of coLrrsc. rhal,i is a exren,:led-r.al-\'alLrc.l irnciion on E
\ hich is 6nite ar r ) Il.I is Ls.c. ar r, the lormula Lecones

,) (').2 " | ,,1
' ;.r'

arld il,l is rctLlallv conrinrro,rs ar x the con\.crgcncc r'-/r car be simdiled
i(, x'- r. 'the latter l ersion of ihe l.trmia is the onc introdt.ed L) CLarke

t6l, l7l. :81. \ln) dnpLor'e.L it onl) 1or locallt Lipscliitzian fLLnctjcns on nornicd

ln rhc gcrcral .as., i is sa to be 1,iin:rti,ir, aro, r 1l there is a neigh-
brrrl,ood of r on rhich i is liDite a .l sarisfres, l.,r somc continrons seninorm !
or I a.d co.slant a 

= 
0, rhc inequalit,v

(5.3) f(r") "i(r') = 
p!(.r;" - ,") Ioi all s', r".

ili I i: a formed space, r, can alrals bc rakcn ro l)e rhe norrn ir q €stion.)
Il f is Ljpschitzia aro l.L €acl poirr of:r scl ( , iL is said ro bc /r.'r llt ,i,Dr.ni|
:io, o, a OLviousl-1 ,1is irrntinuous on :t ne;g|Lo.hoocl of s if il is Lipschitzjan
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nr.,und r, so 1|:ir iornLrla i;.1) is applicable (rriLI r' + r) antl -r iclds i ia (; t)

f rri 1) 
= 

rrf lr) louil 1 a E

Localll Lipscliitzja. lLlrcliofs on gcreral spaces hnre Lee| rc.1tc!l in ihcsc
rrns 1,_r LeLurs 371.

\\ c shall sa' rhat.l is dirc.iiolltll! L;P:;.h;izitlt tL ! 1ti!h tttiL.ct to t rcctot )'
ir i"i js lniLc ai x and)

r( '+ t)') - '
t,r 4l fr (up lrrti < r i

a con.lili.,r \lrich can 1,e simpljii..l Nlrcn,i is Ls.c. ar r 1o

.. /11'+ rr") - ih'r( ) L r''rp'

-\n ras-r fact ro ierlll, mcL \Lricl) gilcs.isc to rhis terni )los-!, is .har,I;s
Lijrschii,ia'1 aronrd r ii an,l:l only'if jt is.lirccLionally LiJrschitzian at:; virlr
respect 10 ] : 0. Accordingll, iie slall sal ,i is rilrcrtior rllr LiPs.hitlitn .!t !
ll rhere is at lens( onc l, not .ccess.rriL,\' 0, such Ll)eL i is .lj.ccrionxll,! I-jpsch;t-
zilr] at 

"_ 
\irh respecr to t.

'lhc gcomcrric appro:rch 1o this concer)t arI.L its irllplic.rliors for rhe.Leri|a
tives t"iri !) lics \ iih r1]r' hr,unul<.||i .o . c(x) i., a set C at a poi t:. : a.
'l'lris consjsls ol rhc \'cclors l' such thaL thcr-ri cxisr X a.r/(x) arld I > il Njth

(i.?) r'+rr'ad forall x?a(rax drrd I i0,).1.

Expanrlifg sornc\h.rl on rlc ttJnjnolog,v jD la9l, \c shaLl sa-r that (-'

is tl,iLi!:.hii.In ai r lri'h /.rrt..i /, f il pr.Jpert) l;.7) holds simLrltancoLrsl,!
lor all f in sonr neishborlood l'a-r'i-i). \rhen C is closcd and I = 

0. 1|js
ncans llrir t can bc represent€d locall-! as the epigraph of a Lip:c|ilzian
lLlncLi.,n icl. 149, l ll)

THFoRFv ;1. Fat ar t::ttt 1d.d t.nl Nllr.d Jrn.tion i o F' ol ttry poinL r
uh.re. j ii . tiie. th. ftlx.t.iar r,...i'hr rl i: :ttblincdt. IJ f i:; liectionall'"

.., 1

(;S) frir;1) = rL(r: -r,) : lim nrl" ., "i"(rj; !').frr.'"./]-!: E

In !h1\ cd!. tht tt.iat:: ) f.ith t.sie.! La thicll i is dit,\liotttlb Lipt.hit,iM it.t
tr. tho\. L.!on!;.u io

l;.9) inr itl:(.ri:v) < .ol.

&d tt e1t.L su.L r it! f1t".!iar J'\xt ) ir .o tixtolt:; tilh

(i.r0) .rr(lir) = ,i](r; -r) : r("rr) : ,]i,ll:11 ."i,1("' + lr')---d
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Belore pro\ jng l |cor.rn 3, \e -qrate t\o clrsr.iLrcnccs.

CoR[rLI-\RT LIii i:L;prhi!.;tlntLtattnnx.lit t jfu itncLiar t-,f i"_rllir
i itc, :ithlittcitt,1 n e i; at: r.ilh

{;.11) frliil) = fr(.r r) : i"(:;it) lrld/1t : E

C.rRor-r.1R1 2. Fat rn! rtt C C lt. 'tnd rutt :t a C. jh. h)i,rtttnlni. tont
fl.i$) t0 { ,ri i tr a .au$ ..n. tanttlinin! A. Ii (' i,: .fi-Lifs.hit.'itn a!:; uith
t.s!?t:t to ion. ) . !h.n th. it.tot: ) L-ith Liti: Pto!tr!.. rt,: l,tc.i|.b' thojl. b.l01Lrin!
ro;nt,c.(.!1, .ltirt a1t. nt.i r,rix) : cl 1r.(rl. Ii h dliiot r js r lo,tzdarl
lair! o.t C, tht:n lh 'ti .r' = il\.) \J r:i is til:..tis. .bi-LiN:.tiit.iti1t1i r. ind
lclr) = 1..(rl

Coroilar,v 1 1s the case r\ here i js dirccriorall! Lip"ciritziar aL r \ irh respect
io el erl -! : -!; lhe asscriioD in aorollar] l aL,ort l"(r: ) being lllite. sl,l)lj,rear
ancl conrinLror:s (hcD I is I-iprchirzian is rot ncr! cf. 16l, I7l. 8l a,rl 137.
Corollar] : is obtajl.rl L) laling l lo bc rhc indi.:alorly'. in (1.i1).

Prcal of 1n.o :n:1. \\:t bcgin 1)r {lrnn)lstrarirLg rhat the theoren ca! ])e

derned in r rf iv rpplling l-orollarv I1. al: cri i ar ir,.i(r)), $ that a

.Urect prolf .ii aorollar) l \ill siLlfc..
The h]pertangeri .dre ,Y"u..(r, lirrl conrisls ol rhr icclors |f, t) in

, X Rsfch thal rhcrc.\isr I :.-l:ir). a > 0an.L I > li \jlli

L;.1.1) rr'. d') - i1l ,) eF; i lor all (r', a') . cfii. / : i0, \)
n itli r' a -r, d' - ,lh) = 

6.

From tLjs arcL rlie clerhitior (rl.1i ol i" i1 is rradilv sccn thar

i;.1!) i"(xil) : inil, i- Ii il rJl ,. J/",'(r._i(r) l

fr.,,.lJ, r(rl) ) ii!, it) a L X It l"({il) < dl

-{c.ordirg t., Ci,rollarl !, H.,Il.-.,rir')) ir a noncrnprt coNcx <r,nc. hcncc
vriserii.i'(ri ) 1),\' (i.l:ll. arr(L this nre:ns t|a1 ./oir ) is a sLrl)lincar funcrion.

ln similar fashion, orc s.cs rhat rhe recrors i1. rJ) niL| respect 1.:] \ljclL
cpi,f js cpi T-jpsclrltzj:rn ar. tlrosc sarjsltirs

r.t u) l,n,!o .1,r,r/':+ !! 1 - J
o l, _

(lorollarr': l.lls ns r]rat \hcn rhc scr of srch 11cntr-. rl, d) is lorempt_.", it
coinci.lcs rrit| the ifrlrior of //",,! /ix, iiij) lhis ls bv (i.1:) rl,c san,c as Lhc
inrcrior of epi .i'lrt l. i.e., rlre sct al i!, i) a L X R sucl L|,11 I"fxi ) is
boundecL aboi e l,r , or a uelghl,orhood ol1. Snx,e ,l'1"- i ) is d con\.ex lundir;lr,
ir is cortirtuors ar o crl point ol tlie set

i;.1t) ;nrit' ,i'(r;t') < ..1
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jf il is L,onnded al)o\e ir a ncig|Lorh.iod ol onc point. Ol cour-.e, -r satislies

i;.1+) for snnc p if a d onlt ii i is dircctjonall,v Liprcljlzian at x \jth resPect

t.J l. Thcrrforc. nr.h iedors (ii an-v crist) are die ones bclotrsins to (;1:),
aI.L at eich such l onc h.rs

: l ':"
ir.",)1. i ,,:i,

\\r. lurn ro\.Lo (;.S). rhicl) rnlrsl bc deriie.L irom Ciorollarl 2 Lrn.lcr thc
assLlnption il,aL cpi I ;s tpi LlpschlLzia,r aL (x, llx)). The ep;sraph of th.

I - lin irl, ," r"irrl"l
jst\rLeaLo\erl,.clo,.urcul,ry.D,,(:iiir)).\\'ealruarllkrorfromihtorcnl
1 that epi irirr'l coinci.l.s \i1h 7.",.ix.,ii"")). nnd LI rh. salnr lolicn rhc
h] rografh hlp i-ili ) coircirles filh l;." .(x. lixi). rhus rhe epjgraph or the
f|ncLion _r,- irir; r,) ij -r.(x. iix)), \hcre _F- (lxR)\(epi"i)
irrc.rll (3.rJ)), antl (;.31 is the eq aliot

l,,r ;ir..1l.r) ) : rF(x, r'x)) : cl.ryo,.rr,"i (r) )

rlich irll^s lrorr C.,rolla,t 2. Ol)!io!sl,' i;.rt aIriL rLe coilinril-! of i'(xi )
on Lhc sct (,1.1;) impl] drar rhe l.11lcr set is.1n'same as tle ofe in i;.9), alrd
]|ir]r this obscr\ aridl ne ha\e corlrcd all rhc ass.rtions ol TheorenL il.

\\e are Lelt nor \ irh rhc r.rsli oi r(r'ins C.,rollnD z dir.cll!. Clcarlr 11.lx)
(lrrairrs al ard is closed llnil.r 

'rLrltiplic:rtior 
L} poslLiie scalars. ]i tr r1fl.] t!

])clon! J ,ry.ir) drere e\isr ,T, .'-1"1:L) anl I > | srch th:rr

i;.16) r'+ 1r' : t. ior all r'- a- l I, r a i0, I,l li : 1,2).

llhoosel:.,1:i ) a,:l I>0srill clorgh that-{ aLL, I < IL an(l

i-;.171 ,Y + /lL a )ai lo. ill i a (0, Il.
Tlieniorl' : aa.Yardi - (0,r)ltcliasr'+ r-r, - ( . -I:1,-.; i;1{j) and
(;.171. so rhnt ir.' - ')i) + i-!! a a'1)] i;.16). T|!s

i;.ls) r'+ri]j +rl) !:C lorall r'a (-a-1. r. (l, I),

ard ii foll{^s thar H((r) js a con|cx conc.
Lcr -& denoie dre ser ol all ) \ il r rrspcct 10 \ hich a js epi-Lipschitzian at .!,

and assLrm: -K :0. li js tri\ial rhat 1l is an oprn scL corraining all posirilt
nLrlliplcs or irs clcmcDrs. aDd drat -{ a H.ix) a r.ia). 'l'o provc thar

d = nrtH.iijj ard r.(r) : cl //.(x),
jt \ill le cnough to frove int 7.lrl C li (LrecaLrse I.i.") is conl€x
b_v Theorem l).
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The incLLrsion ht l c(:t) a ia caD be establishecl l,y i erif,vnrg

(r.r9) 1r + TcG) a r{,
for il tiie latter liokls ard I a ht l .(x), en for a*ritrar-v li a 1l r|crc cxisls
I > orirh] U0: intI.(x)Isinccalsoi)0 a,(ar.lU!+ 0 - Itr: ).
ir folloNs from (;.19) rhar I e ,(.

LcL ll a ,/{ arcl l1 t f'(r'). Ii ordcr ro vcrily (t.19), \e must ciemonstrate
rhal 1L + ): i ,{, i.e., that rhere e\jst Ij ajl(0). -Y 4.,,/(x) and r > 0

(;.20) (car)+t0+_!'+ I')Cc iorall r. (0, I).
Succ r, t -(. re knor there e:i-d l', a.-.1/(0), -r a;f(s) and I, > 0 such
rhar

l;.21) (laIr) -r(1.,+ l;)Ca lor dll ?a (0,ij).

Sel€cr I'i.../(0) smali cnongh rhal

i;.:2) I'+ I'C li and x + I-+ l(rr I') C Ir for all I a 10. 11.

Srnce li a 1.lr), Ic|a1cfron (jl.i) LLeexistenceolXr.r",fix) and 11 >0

t,1.23) t! a / rra r/) + i'l forall r'a Ca-Y!. t a (0,I,).

\o\ ler

(t.24) X : )(: a fr i I'), r : min 1Ir. I:, 11.

\\e claim thal (;20) holds. as rLesired.
Indced, suppose r' : ar a ,r, I a (0, rr). Then (.t 23) ;s applicable, so there

crisls;" i I such thatt1 ?airla- x?), or in or}cr $or.ls

r' + r(l: - '") a. a.

x'+ r(j: - !) a (.! + l.) + l(l'j - ll a i(,
by (;.21) and (;.22).-1'hcn (;.21) an.l thc firsr condjrion in l;.rr) impl)

a I x'+ rbj i,) + r(_rj + I-1) I r'+ r(r, + r': + I'),
and dlis rcr;fics (; 20).

The onL,v rhing renaining js the assertion ol Coroliarl' 2 a1)out C' {,iren r is a
bolndarl point ol t. Suppose t, js a recioi n'ith rcspcct to which C 1s epi-Lip
schitzian at x, ttrere exist l'€.:[(r), I i -,':(r), I > 0 sLLch that

1i.25) r'+tYa C loralL r'aCnI, /€ 10,\).
Choosc open Y' tI(y1, X' .: -rllr^) and I' a (0, I) sxch thar
(5.26) 1- C l- and I' rl" C I for all I a (0, I').
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Then

(3.2i) r' - tyt C C' far au r' a ar'n,Y', I € (0. I')

271

lor il not thcrc \\'ould exist r' € C'A jl' and I : (0, I') such thar x, rf,
contains a point r-" i a/. ln this erenr ]1'c Nould ]!aie "" : .| bv (j 26) arrd
r" : Lr furthern)ore x' : (r" + /l'') n C'. The latter implics r" + tY, tr C,
bccaLrsc Lhe set r" + Jl'-'ls open an.l the orl,v pojrt of C'nor in C is r Nliich is
a bound.rr,v point of C. This contradicts (;.2,1), since r', a C^-I, l.'a f
and / i (0. I') C (0. I). Thus (,1.27) is iiuc. and since l-':.y'(-)) re
concLrde tliat C' js epi-Lipschit,ian at x Nith respecr ro r.

This arsun.nl can be reYc.sc.l to shon' that in lacr a' is epl-Lipschitzian at
r \ jth rcspect to,! il anrl onl,v ;f al is epj LipschiLzian at r \ith rrspect ro r.
Appl,ving t.) C' the par. ol Corollary 2 alrcad) pro'ed for C, rie obtainj t11..(x) = ht cl,x) t0 aDd 7.,(:J) : cl,y..(r). tror€o\er,ry".fr) is
convex, like Ir.(r), so

crH.,(r) : cl(inr ..1.,(,)) : cl(ht l7.ir)) - ct Jr.ir).
'l hcref.,re T.GJ: dflclr) = ra(:r), ancl the Drool of Theorem ;j is

6. Criteria for directionally Lipschitzlan behavior. As a conplcn)e t
to Theorcm ll, \e non fLrflrish several cordirions guaranteeirs ihar f is Lip,
schitzian or directionally Lipschitzian ar r.

PRorosrrro\ 2. Sllf,post Llult F, it lnite dimns.ialt,tl. tnd that f i t|ti
senticolltilLln$ .il t ne.irhLathaad oi x Md nnik ni x. Ttcn i 1t dit€.iionn r
L.it'chit.inn tt r: il tnd a l! if ih. sei

(6.1) ,(1) : 1r a E"l](xj) < rr]
t' not in.t d.d tn samt hllrhtt e a.l ll. ltittthtnare, f it t i?scnlt,it! n/o1md !
1J aut anu .iJ D(!) - E.

P/ro-f. Sincc the conclusjon jnvoh'cs onl_v locaL propertics of,l At r, \c can
repLacefbl,jLsl.s.c.hullc]rfifncccssar,vandthereb_!rcclucetoth€cascwhere
I is Ls.c. on all ol I lhcn cti,f is a c]ose.L set j,r J' X R. \\e tralc shofn in
119, Th€orens 2, 3l that a closed set al jn a 6nitc-djlnensioral spacc is epi Lip-
schitzian \ ith rcspccr to I rt a poi t x if and onl,v it I : inr r.(x). AccorrlinC
io the prool of'l'hcoren il./ js directionally I-ipscliitzian ar r r!ith respccL ro l
ll and only ii cpi I is epi Ljpschiizian ar ir^,,1(r) ) 1r ith respect ro (r, !) for:ome
13 i R, ard the latter condiiion is therelore eqLrivalent to

(6.2) (t,iJ) a;trtcpi l:(ri ),

because cpi,fr(r; )is r|c core r.D,,(r..I(,!)) (The.,ren r).Snrce,ir(ri.)isa
sublincar irLnctjon (Tlcorem 2), the scr r(r) js a conr'd cone. Since E is
finite-climensional. (6.2) is equivalcnL ro 1 : intrl.^) ancl fllrrr) < rrl
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a4, i 61. ,{ conier set ir a linite dinersioraL spa.e lias rorempt} jrrerior if
and onl] if it is nor iDcludcd in some hlperpLane.

Of coLrrsc, i is actLrally I-ipschitzian aroLrnd r if and onL,r if-t js rlirectiorall-v
l,ipschitzian $ith respect 1.r f :0. Sincc ,Dlr) is a conc. ilc condilion
0 € intr(r) is eqLlnalent to r("") : -0.

PRoroslrlo\ 3. Sry'rr,rr J is .o e:t o1t E tlul l ;t. tt i:. t h!1t j ir li!.!;aullt
Lipsthitr"ln .'.t ): .LJ dnd anlt i! tfur. 1r ni ofen nn)u! of F a uni. f t i 0 jtdcd

tlore tpa.iicnll!,.i 1s .littdiontllt L1t:.htt.i,ln tit :t ltith tt5p.t ta ) tl rnd 0d),
iJ J is borkdcd olau on t! nuthbathatl al x + U rol jr,'r I > A. In lttt;.tlnt,
J is Lifschitzin lr1x t ! lf tntt axl) ;f J is l)atntt t ..]lJa.I 0x I nri:<llhothaott ar' !

,{'/r"f. -lhjs 
is jLrst d1e epigraph r ersion of the assc.rior r]rar a con|cx set C

is epi-Lipschitzian at a point r : al.clati\ c 1l]l if and onlt ii r r I./ i int a
for sone I > 0. in rhis gcometrjc asse.Liorr. Lhe ner:essity ol the rurrlition is
lrililrl. For thc sLrrncienc), srlppose r. + I(t + l-) a a, \l1crc \ > 0 and
I a,,,/10). Choose Li !.//i0) n,ctr thar r rr-r + a'C r- 'lhen x?a ir + L:)
1mp11es

!+r(-v- L') a.!+I(r+ I-rL:+ a.:) ar-I(r'+I)Ca.
Since C is cor\ ex ir lolftIrs thar

x'+t(,v+ a-) CC lorall r'. a.a(r-r). t: (0,\).
'l hercfore a is epi Lips.hitzian at x \ ith respcct 1() I.

Cor(n-r-trR\'. Th. ts:ttiiont h Prcpositia" :1, holl Jot i .on.ir,!, iftetld 0l
co ."ex, if 'horndcd ui)or. is ttllrr.tt. [r [atnd.t] belou,' n d ! ittcll :ctl
ll r.

l'lr,f. Appl,v I'roposirio il to / and irr\ ole l'hc.rcn 3.

FRorosrrro\ '{. Sllrror. J .is nan(lt.t s.i"r tiin /t\!et: h th ltrttu| arllriu
1n.t|c.t ax F.h! i no .i,!\ tta!&t com,t:(.o"e K :-f(rr) : j(r") r,l.x r/ 5.,//.
I.i iit K + A tnd ! is l;n.itt tr !, thui J is h..tiaitn!4 L;p:clii'hn nt x uith

(6.3) .ir(xir) 5 0 lor dll -1 <"0.
1'lr,,f. Suppose tr : nrrr. i'hcn rh.rc cxists i'a.,f(t) such $at
l: a 1l. For aLL 1' a ra..ll>0,onelias-l-1't-.(,sothat,'Ity'!ut'

lor all r'. Tfereforc

(.f(r'+ it') -,1(r'))/1 = 
0 forall ]'i: f .!'t !, r > 0,

' /(,'+l!,)-d'-^
,..",,,"_, I -
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In paLtn ar, f;s cljrectionnll] Lits.hitzian at r \.idr rcspccr to I,
tnd.lr(rr-r,) 

= 
0. Sjnc€ this holils ior arbiLrurr,r.-1 lelonsing ro -intll. and

sirce rtie furctior ,il(x r.) is Ls.c (r'hcorcmt),\ei,oDcjuacrhaL Ii(rI) 50
lor cicr_v _v belorging nr thc closurc ol int .{, nhich is irLsr -,{ hecalse -K
is convcx arrl closed.

lrR.)posIllo\ :..Sltlto!,!ht/. i\ t .1!hlati.ad X a! x tltLn thd. fol ill
!! - x t! tt ! . E, j6") .is jln.i!. tnd th. am--\itl.tl d.,.ifr1ir' ,i/(x/r l) .rtJrj.
Stphot. tlt0 thnt ih. .tln.tian i.x', r) + it(.r' ) ) is Latxd.(]. a a tu:irhi)athoon
al i!, t)). thlx i i Lifs.h;tzit datnt x. Ii in n.t(tiiion tht Jnnlt;0n
r'+['lx'1y)i'.antinl!as.!tx.lotildtIaE\M,tntut!t!),th.xt]L..ll11ctiat1
I + l'iilr) i: til1ctl,o t.anti t.at!\ lnl

''lt

hr ihi\ tttnt f'(ri :\) =,t'lxil): i (xr tl : lI(!t))f.t,1t!:.r.. t:..

Prroi. U-v lLrr)or|csis rhere erist conier -f, a.f i!:j, t :. _.f{lt and I > 0
su.| rhat,I is nnitc on -I' and

(6.;) .i'(u'ir) 5 I lor all xr a -I'. r' : 1..

llhoose -:(r a-f(:), t' ::/(1), sucli thar -!, CI', I,, a r'. ar.L
,lr * l', C x'. -fhen n,. r' : Il, _r i h rlc haie ::'+ jt a I/ ror atl
1a 10, 1l ll)y rhc co ilxilr'ofL'), so thar th. ftln.tion d,n) =.t(r'+ it) is
rjght dificrcfti:rlLe or 10, 1 \ith ri. ht d€rj\drile,i'ir.,+ tt;l) :: /tr. Sjnce a
riglt rli0erortia|1c fLrncti! js the inlcgral ol its righr dernarivc (ct. 54, rr.
27ll), ir loll(Ns ihal olt) d(0) < i for alL / : (0 1). Thrs

,l(r',+ /t) -.ilr')l / 
= 

p iorall r'€ Ir .r' : }i, j r: 0. 1).

Therelore i is l-ipschitzjan aroLrnd r.
Il in atldirion i'i r_r') is contlnlrous at r, ihcrc exisrs lor anv € > 0 a lcigh-

L,orhood )1i1. .j ol r on \l)jch,i is 6Ditc ard satisltes

,l'(.!ir) e 5,I'(r';r) 
= ,f'(ri:v) + . forall a' . ,r(1, €).

Bt an integration argument
sulicilntl) near r a..l for i >

rl.I'(iir) .t 
= 

/(.-'

lihe thc one j st giien. Ne obtain that lor r,
0 sLrlicientl,v small.

+ rr) -,iir') = 
/l.l ixi ],) + .1.

This bcing true ior arbitrary t ) 0, rve hai e (6 f), at teast in rernls of the tiniii
i. a' + r atrcl r10, \ ith t' = 1. The llnit in v' + 1 can be added |arnnessL!.
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Lccause,l ls Lipsclinzian ar.,!nd r. Ijr pariicrilar, (0.1) jmplies

. ( -.,- (.'..'',
:t!

.l ( ) "( : ).

But l"ixi ) is a conri rous su|linear i|rrction b,v Corollar,r I ol'lheorcn 3. so
thcsc trro e.runtjdrs imrrlr -i'ir;.l is conriruoLrs afcl li ear. lhcy also_!icl.l the
last ccluation irr Proposition ; by \ral ol rhe sane corollar_r.

7. Nornal vectors and subgradients. Since r|c tangcft cone t.(r) ro a
scl C a E ar a point x .: Cisarronenpt,v.losed con\cx cone iTheoren t),ltjs
polar tr) a rcrtai. none rptv \eak*.l.,se{l con|ey coire i.lr) in thc dual
space Ei:
(7.1) -\'.(rl-l:.E*/].r=0 ilr all r: r.(ill.

7.(r):l:'-:Iil,.)=0 lorall : a fi.lr)i.
Tlrr set I.(r) js dellncrl Lo bc t}1c liotrrti .ant: io C rt x.

Il al js con\ex. this dcllnilio. ol rorrnal cone agrccs I irh rhc ore irL comer
anai,vsls. l,ccausc r.(r) is rlte same as rhe tangcnr cone jn co \ex a,rallsis
fllheorcn l)r rher

(7:) -t'.(t) - i:: E* (:,r' r, 
= 

0 torall r' : al.

U t is a rornc.l space, -\ir(r) is iclenticaL to Clarlic s no]-nal cone. eren .horsll
l. dcnnccl iL.rLlitc clilTerentlr. l)ecanse 7.(r) is idcnlical to the tansenr con.
fc inrtoclucerL in sucir s1)acc: (as cilc.l inSl),arcJlisnormalarrcLrargcnrcores
ner. Polar to ea.h othci.

The duallr_v bcnccn rangcnls an.l rornals can Le eatenLled l)t -l h.orrnr I
into a dLraliL,r bctN..:r iub.lrrirati\es af,:l sLlbgrd.Lier)rs 'lhere arc onl,r' tro
possibiliLics tor a sLlblirear iitrct;on I on Z rhir:h is lrxrer -.emicontinLrousl

(j) (proper.a-.e): l(r) > i. for all _\,, i(0) : 0i
(ii) limpropfi casc): t'J) : +, lor all l, l(0) : -:..

In rhc inrproper case there is lirtle ro bc said, cxccpl that the set
Jr J(r) : .o I is a closed 'l'hc prt,per case, liorei.er, charac-
lerizes the support lllctions of thc none pt,v real* closed conlcr scG in
t* (cf. l31l): I is oi r}is rlpe ii a|.L.,rl) if there is a,rorcmprr \'€ak*-close.L
conre: set G a E+ sLrch rhat

(7.2) 1(r) - sLlp l(-!,:r : . (; .

This set is nDiqLrc ancl js deter i ed lron / bt
(:i.1) G : 1: .- E* i_v.:) 

= 
ll)) ior all J'. t1.
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Oblriousl]'G corsisis of a shslc clement : il ancl only ii I is lincar, i.e., has the
addit;onal properry thatl(t) = l( r')loralllitlienl(t) = (1,.). I"urther-
nore, G is a tio nded ronempty sct ;i and on1-f if I is frnite on all oi E; then G
is Ncak* conipact ard the 'sLlp' in (7.r1) can l,e stre gthened to "max."

Bcaring this in mind, \e .Leline the set ol rrDgrddierlr of a function.l at a
point x ({hcre,l ;s finitc) b-\'

(7.;) d/0) : 1: :: L* Lt',zl = 
fr(rir,) ftrr al1 I € 11.

Theorem 2 tLen gjves Lhc follo\iils result.

TlrFoRE\r .1. 2.1.1 lr ou! dtentl.d lctl-rtlrcd lkltction an F, ud let ): be nn!
painr uher. f ;t hnite. Tlr.n df(.x) 

^ 
n uuk* clo'cd co Ter vbsct aJ E* dnd

i7.0) d.l(a) : i;. t:.* (,, -t). N"", /(r,,f(a))I.

{,fr(r;0) = t:, then df(.x) Ls.mpLy,ilt! o!h./uis. d!(r) 1s nonenpt! thd

(7.7) .tr(r;r) : $p lb,,:): . dllx)\ .to/ tu ! i. L.

Pro,/. Sincc rhc iricrion l{1) = ft(r;1) ls 1.c.s. and sublinear l,y Theorem
2, all thcse facG €xcept (7.0) arc innncdiatc frorn tbc cited propertles ol such
ILrnctions. As lor (7.6). r e recalL from Tl'eorenr 2 rhar rhe cpigraph oi lr(rl]i )is
7"",'(,,J(.1.)), arrd heDce the uorm cone rv""ir /(s,"/(r)) consisls oi thc pairs
(.2, 1) a E* I R such that

1r',:) + ,i1 <0 lor all (r,!); cpi/1(:|.).

In parLicLrlar, i,, l) bclongs Lo 'Y.,, r(r./(r)) lf and onl"v if

il,z) =il 
forall (r,P):EXR \rjth P =.l:(ril),

arrl this neans 1,,v dennition (7.;) that: a o/(,).

CoRoLL,lRy L The subs/tdicit set dl(r) azsnts o,f a sinzb ele'ncnt. il ond
on\ iJ Jt(t;-)) = 11\x;rJ lat altJ; th.n Jt(.\y) = iy,.). llhis is tllt
in pdrticukt iJ J l,islt\ th. n'st" ltionr i Prctos;tion a.)

CoRoLL.\tr\ 2. The sltbr/ulicnt r.l d/(,) jr nor.mP\t --tak* lact 4 d d
onUlJJt\xiy)i'IniteJata.LI)'.iruhichelicnt"sup"cl be rePlrLced. bt "max'
in (t'.7). (lhi5istrkin purtiunal iJ I is Ltps.hitzian orcrlnd r.)

The parenthetical conmeD t ;n Clorollary 2 is based on alorollary I ofTheorem
3. llore rilL L,e saicL about tlie Lipschitzian case in d1e next section.

Tr]EoREll{ 5. Il ! is a cow.!: lundion on L, t.t'.lx is n foint uherc J is f,nik,
then df(r) asle.s u.ith lhc sltbstndient set i the sns. aJ cokxex unrllsi;:

(7.E) d,lG) : 1" € L\ tj,z) 
= 

J'Qty) lo/ rttt . E\
: ,,2 . a"lf(.x,) 

=_f(,)+(r, 
r, z) la/ aLL r, . Fj.



:76

?/rrl. The nrst cqLralilr is imnecliate fronr clelinjtion (;.i) ar.l thc asscrtion
in Theoren 2 tLrnr (+.!) holds in rhe co ex mse. The secord cqualiL! is \cll
knoNn in conrex aralvsis r1r.l corresponcls to the lnct that tLl€ cLifierence

quot;cnt in {1E) is no decreasing jn I > 0.

While Tlcorcnr 5 shoNs rhar the deEl]jrion ol il,l(r) b,v (7.,i) ;s;n larmony
irith tire rell establishc.l .lcnniridr in dre case rhere.l is conlex, T|eorc .1

has the sane efiect relari\e Lo ( larke s dellnitnn in the case \h€re -a is .!
norned space Gl. 6., L7l, l8l). ('larl(c s approach iivollcs lirst definins sul)-

sradients in a special irn-r for 1.,cnll) I-jfsc|itzjan ILnrctions, applying rIis t,:l

the djstance fnDciiol associare.L i\ith a sel al to get i concepr of rhe normal
cotre x'.(r), and 6nalll rsing i7 6) as ilie dellnition ol df(r); the tangcnt conc
r.(x) ;s dcilncd b! Clarkc as 1l,c lrolar of r.(rl (so thar (?.1) holds). Thc net
resLrlt tor D,l(r) rst L. th. sa rc, thanks 1o ITiriarl-Lrrrt,v s prool 133_ tLat
Clarke's cone 1",(.!) cnn be describe.L rlirectl) (\hen, js no ned) b,1 the
sequeitiaL lorn ol the rresert delliition.

Oi corrsc, in ihc.asc of an indicator fLrlctnn,y'c olle has

(7.9) o,r'.(r) : r'((r) lo.all r : c.

8. Lo$er verslrs upper subgredients. TlLc sct ,/ir) Lras bccn dcfinc,:1 iI]
renis of (riI). l)ut the sut,deri atii es,11( ;j) nre capable of an equalrole
When,l is linite. rc dcinc

(s.1) qti"t : 1". Z* ()-,:) : i-ixrr) forall r:.411.
D.? 1,.t.. -,, L o , ..,,\.-1o.,
conlex slrtrset ol I*. tl ir(r;1) - +r. dlen D/ir:) is enrpt,r; otheN ise d.fG-)

(t.2) ,111r;r) : inll11, :); : ;iir)l for all I :- E.

Thc clerJrcnrs of ;l(x) coLrl{l bc called "xpper' subgra(:lie ts, tol:iistjIrgLlish
then lro r tlie lo\€r" srbgra.licnrs in dllxi. Brt it i-..lear fiat

ts.3) ;,r(.): o( .r) i.).

so lo rcally nc\ concept i-. nrlrnied and r s)ste ratic insislence on "lower"
and "uppcr" NoLrl.l bc lcdioLrs. Conparlng tli,- seis iI seonetric tenrs lr,v {a,v

fr.nl o: cpi.f an.l .F' = lJl X R)\(cpi f)l u i1r, l(x))1,

\':'
;f(') = i, (". 1) ,. -\i..tr,l(r))r.

, .. , F.F-...:\ ,. r., J
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ard J](r) can somet;nre: bc .lificrert sets, neirlcr included in thc othcr' This
sonre\l,aL Lrnsarisfactor,v sr.1c oi afiairs has le,:l Tliriart I'rrlrt,! iL26),127':) ta
i trodLrce rhc s!nn.t/i..d subgra.lient set ,I(r) corrcsponding lo ihc loNer
senico tinLlous sublincar furctior i on E lor fhich

(t.6) cpi I = l.(r,/(r)). l1(4,,1(r))

(r'ith 1i, 1"' as in (E.;)).'llliis nrears Lhar

is.7) ,tir) - \.4,.) = 
l(1) foraLL I i: I1 \'hcre

\\ihile I iand L] iInplicarion ,/ (r) ) does hale a .lcscription ol sorts ir terms of
liniis ol ".Lifierence.lrorients" of.l. it js a rather complicaLcrl one ard hard t.l
rorl. Nirh, and this.Lisad\.anlagc nn)st tre rejghe.L againsr thc good efrects
rlrolrghl bt ihe propert,v l,(-.1)lr) : 4l(.-). \ote from (t;), iS.il), lS.7)
rhat il borh dft) an{l ;,1(x) are rorrempl,vi rl,cn

,.i lx) : clco ldlir) u ;,|(x)r.

' .i. o I l. ... I u . JJ . .r

ro enrpl), bLrr.lificrcat, nlust be rega..lecl as somc\hat path.,logical. For
mosr purposes. therciore. a sinsle .o cepr of LLc subgradicDt set \ ill suillce.

'llo srate dre resLllt, \c sa! rhat a onenrpr,v {cak*'closed corlle)i:el
Z a- E+ isxo t:)tkltati: rclati|. t. t r.tlar ) a E il l.Jr sonc B a R tlie set

i. a Z 6,zt 
= 

i3l is ro enptv ar.l fcak*'compact.

THtoRErl Lr. /-.i r ir.. y'ai ttlLtt j 1\ not onlt tinitebri tlit..tia"allr I'i,schit'

, i, -t
: i' a E+ ty..) 

= !1',1!) iat tt|! a El,

(t 9) sl,p l(r',:, : . ql(x)l : lim inl, ,, ,i!(rr r.').

I.l d.i(i) + lJ, lh.ii !h., tr.iats ! 1ti.!lt t.s!..t io uhi.h dJ(.r:) i5 non,t$n|totr tte
Lha! n-ith. ttslt:.t ia ]!ll.idt i is tlitt.tlandtu I ifschit,iln d x, t dlotca.hsu.hy
..ll':\)'

f/orj. Fornulas (!.S) and (3 0) are imme.liate from lheoren 3 a d deli-
,\irbns lt.1).rnd (s.?). For a noncmptl reak* clos€d conlcx set Z C E* and
its sxpport flnction
(8.11) l(r) = srp i(r,:) : a zl.
it is k o\rn tliat Z is nonas]mproric \rith respect to I (ard hcncc "sup' can
be replaced b1 rnax' in (t.11)) if and on1l il I is linite and continlrous at l.
ln the present case of Z: QIi-') ardl(]):,llir;:v), these vectors r are b-v
'Iheoren 3 tlie ones rirh respect to \hich,i is cLireclionally Lipschitzian at r,
aid lor cach sLrch onc lias frlr;rl = l'(r;l).
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Conor.r.\Ry 1. ! E is itit.-ditwn'iotul lnd dJ ix) .L nonthpt! nd. n01t
asjmqtati.ltith te5!.ti ta san. tit.tat )-. tt." J is dic.lio ,rlly Liis.hitzion at x
t ..l th. f/ol,e/tle5 in ttr. tlearctn hald..

P/rr,f.1h;s lollos s !ia Proposition 2 arr.l the facl abolrt d1e " onas,vmpt.,tic,'
property Lhat is cited n1 rhc preceding proof.

LoRofr-ARt 2. .SJl?rore.f it a .anctlre Jut.!ion an E. and.l.t x [t.t fa.tht t ]tut t
is |inlte. I tn tl a.hi'

o.tk-) : 1,: l-.flr') 
= 

/("-) + (r, t,ztJornllt, i Et.
ttt iJ J is holndel ,.tau* ar 5a.nt xok.np\ op.n set, it is tt:;a itlt( tht
i/G) = djk) ,-l

.Ir(r:t) : lin jnf.,-. -i'lx: r') lot L ! - F..

iIJ f i' not lroand.d Ir.lad on ,1nr nontnpt, optn rj. tho dl(!:):s
tnd .ft (t; t) - .t: jor ttl ;t.j

Prrd,f. Appl) I"oposido l aDd l-heoren1; ro .t. Ttre lalidit) .,t the fi,al
assertion js seeD f.onl the iacr rhal cl(epi,t) = t X R undcr Lhis asslnptiolr.

epi fllr; ) = r"i,,ir,.rlr)) = tXR
Ll l3.3).

CoRor-r.rR! 3. -S,rrrnr.l ij nande.l sinr ulttt t.tl,.ct 10 ttj. ft/iitlt aklelin!.
on E itttlucLd L.) t.tased ranex ..xt It uttl okelnf)b i1t!./ior. r..!
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