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Chdpter 20

Lagrange Multipliers and Variational
Inequalities

I. TNTRODUCTION

Variational incqunlities have been used to charrcterize the solutions to many
p.oblems involvins partial differential equations with unilateral constraints.
The complemcntarity problem in math€nratical prograntming concems a

special typc of vnriational equality in finit€ dimensions that has been the
focus of import.lnt algorithmic developments. General variationai i nequalit ies

c.rn be reduced to this special type throush discretization and the introduc-
tion of Lasrange multiplien, and this provides rn approach to computation.

Other approaches are susgested by analosies with convcx programming.
Many variational inequalities actually expr€ss the condition for the minimum
of a oonvex fLrnctional relative to a certain convcx set which. in the course

of 'discretization'. is represented try a finite system of convex (or linear)
inequalities. A bro der class of variatioral inequalities, covering perhaps th€
najority of applicatiors, is obt{ined by replacing lhe gradient mappirg as-

sociated with thc convex minima d by a mapping thrt is \Donotone'in the
general sense due to Minty. To the exteni that algorithms for convex pro-
g.amming can be fornulated entirely in terms of thc Fadient of the mini-
mand. rather than the minimand itsclf (including such numerical consider
rtions as stopping crileria), one can got computational procedures for vari_

ltionll incqunlities thxt may offer rdvantngcs in some c{ses over complc'

For exanple. penalty methods havc b€en used in the sohtlior ol vari
rtional inequalities. siD.e thcy reduce a constranred probleln to a sequerce
of'unconstrained'problenrs to which classical nunerical techniques can be
applied. Nowrdays in mathematical proBramming, penalty methods in pure

form are in disrepute because of their inherent numerical instabilities. They
have been supplantcd by mcthods that are based on augmented Lagrangian
functions and include vrrying t-agrang€ nultiplier vdlues (dual variables)
as well rs tenally parrmeters.
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(l) \lr,)-1r (!.r ri), {) lbr r r€(t
'lhis b ! rl,)\.(1 .(rr!fr rofu conliir;rs th. orisir. rnd in tcmrs ot it wc
wrilr lll id llk. lirnn

(-l) r.{ r(l d-..1(x)€.\i(r/)

lf lherc ir;r dilter.nlirhlr lun.lion /- on I whosegradieft nrrppins s. t isfies

Sone clTorts have b{en nadc lo rpplv sucl pe altv dtrtrlitv methods

to variationul inequalitics, but onlv, it seenrs, in the dse ol equalitv con-

strainri, and even then in terms of what is aniloSous to era't mrnrmrzallotr

in each unconstrained ptoblem- Fol grcaler efTccliveoess' it is important to

hav€ procedures that arc capable of handling inequalitv conslraints :nd can

l" "rt."u 
tt converse under more practical criterir (tolortuce levcls for

certain accessible quantiti€t.
The purpose of this chrpter, besides explainin8 some of lh€ backsround

to such nutterc, is to draw rtt€ntion to a new penallvilualitv mclhod

irrui fru" t""n a""ignea "irh 
thcse requirements in rind ll conv€rts a vuri-

rtional inequality ior a monotone mappins (and a convex lct dcnned bv a

finite svslcm of ditfcr€ntiable convex conslrainl fun' lions) inlu a sequeni€

oi u..on.t.nin"o 
"utoroblems, 

in cach or whiclr off @l'ul l(s nn apPro\i

rnate'root ofa notli;ear equatior) for a ceiain stroDslv moDotonemappi s'

rte overatt con'"'gcncerat; is sencricdlv tinear, with a ratio th't approlohcs

,"." 
", 

ift" p"*tti parrmeter is increased and therelbrc viel(ls suPerline '
""""..**." 

i,ft" p"t"ftv pamnEtcr Soes lo rnfinilv From lhe (lose nanlltl
Jir, "irrt' ." 'o,r., 

which rrc known ro be hrshlv effc'rrve in non lincrr

..""r"..f"- tr' do nol carry ovcr eo ea\rlv in lhcir Iomruhlion lo gentrul

i"ii,'."J ii.o,"ri,i"". one can hune for \erv soo'l re'ults Huwe!er' rlu

""tar"ittJ,irrt morc t€stins lt is also clear that fornpplications to vari'

rii; inequar ies it *oul.i be helpful lo incorponie additio'ral features and

n"*itirity i"v."a *l"t ttas seemed possible within the pr€scnt theorelical

2. THE CENERAL PROBLEM

Let I( b€ a noll-empty closed convex set in a real llilbcrt space I/ (iinitc

- nnnile-.tirn"""ionail, and lct A . V' / be a mappins(sinsle-vahrcd)

trt"t *"V * linear or nonlineat- The wiational inequalitv ptobl'n' l:ot

X. I 
^ia 

t" elenrent a€tl is to delermine an clement 'l sdlisfvins tl)e

ueK(l) \A\ut-r,v.u\.0 fo'allrr f,

Here (., ) denotesthe llrner PrcdLrct in tr1

lf r( is all of f, (l) reduces to the equrlion 
"l(rr)=d' 

More scncr'lllv

it cxpress€s a normality condition tery familiar lo everyone who has srudicd

optimization theory. The normal cone to K at a poinl I] consists by deli'

nition of all the normal vectors to half-spaces that suppo't ( nl !r:

lhe !urirlioorl in.,trrlity rxpr.ssrs th. iunrlxnrcnt.l lirst-o er neccssary
.ondilnnr li)r x to he lo..l sohrtilD to lh. oftnnization problcm

(5) ,,,inrnrj7c /'i, ) ,rvor rll r ( 
^

'I hc cd),liln!r is nrlli.iL!rl tur globnl oplirn lily *lcn F is convcx. Note that
whe,r ,{ is ln,ur- lhc cxistcncc of /.-srtisfyang (:l) is eqnilale t ro /t being
symnrclric. iD q{ich i:v(nt on. h|s

(6) /1r)- ! (1(rl,r)+(d,')+(onsta,rt

An inrporlant concopt in lhis conlext is tha( of nrcnoto icily ir rhc scnse
oi Minry. lhc Draprinq/ is nr x)krtp it

l7) (,4(r')-/(i),r-r')>0 Vv,Vt

lnd stto BI\, D,.) ott k' (with nro(t'h's d > 0) if

(8) (,1(r,)-,4(r;),! r'), @ i! rti V', Vi'

lil is Inrcrr. lhc e\fr,rssion on lhc lcll rcduccs lo

{..1(r - r). r r)-(,,1\lr t), r- r)

where .l, - I (l +.1 *)is the syhmelric prrl ol i. Monotonieily rhen rrrerns
lhat .4 is !6sirive setrridcli.ite, wlile strong monotonicity corresponds to
positive (lcfiniteness (lhes. lenns li{ine employt(l whrther or nol '1 is itself

Il ,/' is lirnctionrl sLrul thrt (4) holds (with'1 ot nccessrrrily lincar). lhc
nlonotonicity cooditnrr (l) crn he writtcn .s

(l) .,1())'d -!l;{r) V r. l'

( v/.1! +: ) vlli),2)> 0 Vr,Vt
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It is iit dilficult to show th l this is lrue il rl]d onlv il / ij "trrrL llus

i;; ;;';;i; p,ot,rcnrs tst *t,crc "tirrenrrrbt( 
(onv'r I'n*r'on i'rri'r'

;;i.;;.;;;,;;;, ^ 
scr.,o,,csr"n'r ro d 'pcci'r ' r"\s or \ 

"ilt'nnJr 
rr'c Ir''

iili",-*i'"" ,r is monorone tlowever, rot everv variarionil ir)equlritv wirh

; ;";;;; ;" b; inrerprered in rhis eav' since ror exnmPre ir I is

ii"".,.o", "t."'""'",,;c a srrdicnl rePruscntrrionr4)isilrtu\rltl' lr qrll

i," *"" i"r.. rri,t *,;r'.."l in?qualitius slrct" rl' rnrprins i\tr!'n 'r 'rrr

,.il"i ,* 
"".,i"", 

.l anv r o'rional can n(!(rrhclc\s I'v' rl'' orrr rrlrtv

;;;iiil' ,;; \un,L ,ni,,i,ni/lriu,' r',',hrcrn' {ir' '1\c\ r'F ur'r r I trt t -
;';iit;i;;. ",. b'ough( rnro ihe P'(rtrr( No''re Inrw' $rk'rl''r l') ' r'P

;';;;;;;;i,il 'j*s. rrr ''"r'nor"n" *nat.nr'rrn(qu'ririL5 rI r4 i r'r'

"'"i"i "i,""* ,'". 
"ltrnrrz:rtiun 

What n 
"lcJ' 

rlrotrslr' i\ lIJr rr '{''rurr"

;;;;;; r,;;,""i tvrc do arisc it'| I nurtrr'er or *r'' in nJrrr r'r1r i'
certain phv$crt lrohlcn)s tnvotvinB knt'on' t l,J"ri.,i.'i' r" ptrrriJl rt'trerentirl equ'tiorr' / F r^r'rr' r"r' I

,."i"i"':l';;"J;;, l,ir, ," , s"i"i"" 'p1." *n ,HJ u,, J ,cF ,n, 11 in u/!

it'" -"t"r*,4 rcrr(scnl', Jrtlet(nlirt ope lor' anJ fi tn(orn' rl(s vr

"".."i'lJra"rrr 
(on,lirinrr\' runctio ll rrrllvr; 'lu'iJ'rrti^n xr( rlr1

;;",. i;;;;i,;. '" 
n,akn,t su,e rhar v 

^ 
anr4rres'rrcrro{nritrrhr

;';;;;;";i';. r" r,ina rir, rhcov or dintiburi''ls F u5er i 'tu'r!' s

il;;i;,;:; ;'i;;,,k Jnd nrons 'orution' rrr' resnrrrr^ "t 'urrrtinr)' 
1r"r

"ii., "t"*i. 
:in"* ."ne'rs lre imPot ran r in r h( iirsc usr^n I n s( h(r (' of

ii,.,""i]".". t',, lor sonleonc in rnrthem!ri"JI pms'anrmiDF who a irr' r"

."J.ti.ft rit solvins problems thai are rlreadv discretized' thcv re nol

-"i"iii",u"tr, 
if varialion l inequdities arc viewed nr the fonn (-r)' therc

r' 
" "".v 

.l i,iJ e"*"rizdtion t; rhe :ase where K is non-convexi irter
; n;i"i;; rhe nonnar conc in rhe sen* or crartc I I I I'Le ars" Ro' r'r

iJj" ri. jri. ( la,re\ wo,k wirh rhc ahrrrus or \anrrrunj tr^r r\'r''nrr"

i+.Jf i ,"0 '",r. -.,,,*r 
p'osrrmrrrinslhI irrdi'Jresthdr firsr''r'l(rr)L $l

*'-irlil"". t.' manv non-.onvtx probhtls 'rl ollimi/alionIr lrwrill'r'

"i;;;;;;;;"i i".,,i'.irii", "' tr,b '(n( ^' 
rir 'r' rhu rhenrv or \rtr'rrrur'rr

';;;ii;i; " con.emetr' utrr g<n(r'riTarion\ ha\e nor )'r hrrn c\prur('r

i;;ii;;;" Lxiirina re{urr\ r,r hrsed on rrr. ons('rrrer! (' or ri'rrv.irv
,nd the nronotonicity ided.

]. DISCRIIIZATION

For thc purpose ol conrput tion, Mriatio trl ine(lualitv 1l) is oflcn al_

rr.-ir",la:'t't on. ,nu"t"i',g I /inrk (onslrainr svsrem in x 
'r'r''{li 

rcn.

ia# '"r* m* r is reptr*a lv l ser (i rltdr hes rn J llnrr' lirr''n'r'rrll

suhsr, .r l',, ,)t l'rrrl lrrs lh. lbrnr

(.)) Ka= trr V,, l1(f)< 0,....1;,i(rl< 0l

whe.c crcl' /; is r finite.oxp.\ f oction on ro. {litu.lily .onstrairrs lor
aifiDe iu.crions arc rlso tormissihle bul will be kctt oul ol the discussior)
ttnrporurily lbr notrtional silDpli.ity.) lhe !.rnntionll ine,lu lity is redrrcd

'IIis r{), iti(nr !cilly drtc .ls only d lle orlhosoll.] p()ieclions oi.l{ri

ilrr Lllr t'ur ll'r ,r. t,Rr/

Wc lhurkrc 8cl nnother v rirtiorul iD(q Jlily which is ctrlnely nr t'0.
nli,rcly lle onc lirr i". thc nrapfiDg/10 : /0 + fo. rnd tlc uk,Dent do € 10.
In tcflns ol norD l cones. we h ve discretized co|dition {3) to obtain

{to) l(r) ,,. ' -k). rr

(ll) ! . ](o lDd d, - ,ao(x) c r\'r, (r)

ht lhc srudie l rase (4), the proje.tnnr slep (ll) in (his proredtrro
rhoullts to rcstricling thc llnctjon l]? 1o I/o. l)enoling the restriction

(ll) .1"(r) /r,, =v/,,,(f) Vr.1,,,

vhrre tir( Arxdicnl is lrken in thc \(rsc ol lhr st)r(c l'o. 'l hc correspon{lins
ot,tii'ifutio,r t)rc1)lern {5) is tlcn:hy rlis.rctiled to

r)'ir)in,r/r /;{r) o!(r rll r,. lr0
r I .11

srli\llrns /',(r)a 0. .l;i(r)r 0

Il is iIl)orlrll lo (.cNll lhll wlrll .1 is !mo()[c. tlr! lLrneln'Ial /. is
Lonv(\. rn(l h.rLe /-o loo is roo!r:\ I hc disdtlizctl r'ftntelr lhcn hlls iqtt)
tlrc elrssi.!l r)rltcn, ol ,rDt(.\ trro{rut)u itp

(htiniTrlion r)rcblems rll(l lhei. cxtensi(nN typically involvr not only
primal vrriablcs. but also dtrnl variirl)lcs that lend lberiselv$ lo i teqreta-
lion rs l.!sr!nge Ilrultil)licrs rssocirlcd with v .ious constrri ts This is wfiy



:lo8

(r5)

7)

a !roccss of djscreliznln'rl (io th. scnsc ustd irr lhis ()'rle\t rrth0rrral
icil progrannners arc accurtoned to s0.!king o, dixcreliz.lior otrly iI rht
rxirenE ca$ wh(.e .ll conlinitous'lttu.lure is.bandon.d) rrrud Ni.r I a

finite syslem ol coflslrai'rl funetions, {s wcll 8s a Prinalsltdcc thal is lirtil._

Dual larirblcs in lbc e st of (l:) nrire in rctrcs0Dtirs lhc nonrrrl eo.c
Nr. (!). Let os lssi rc lhrt / , , t ,,, rrc nol onlv (oovLx br,l diflcr!trtir'

vdriatianal ht(q@liti.su tt (trrPk\ cntuti^ lro'Lins

I ! c l/" wilh /'l ('.) L 0 ,. ., /;, (r) < 0

' t.nllatg lthtlrhlitt/so n htiaturht ttvtutitit,\ t0()

ilu!lilr.s /.rlLr, (J rrt - /.;(r ). 0. rt 1..\t lirttrcsrkrot ltjr,!.ti.rl !nilol
nrity. A iamilirr r(tincmctrt ot .s$r,nptn,D (t5) can rh.r b. inroked inprssirls rr) (hc 

'rl)reie,rrrti(),r {lt): strid incqu!tily can b. rch\t{t li) *c!k
irequaliry lu $.h .onslr.i t functidr rhur is !firnc

.1. (.Ot\tpLIit\lLN.t.ARl.ly

Mdry rr,r ronr l.rr r,,lth iutjo*rng I|,oJel r;ivrn r mrt,rri E lv ltv I(,:rrd v.. r''r r . Il,v..tcrern,rn!.. . IRn,,r.h rt,.,l

li) z)O Mtz)+tt 2O z.livtz)ttll-l)

I.|lis is tht uDtth\n. tutilr probt.ht iot tt| a\\l q I tr. llolr(id ; > 0 nrcll|srh,r z l" lo /\ r.. rh- Ion nrrrrire orthrr rlR\.It,,rsrnl(r.,)L,r:.,2, u. ,
,nd nrr. 

' 
rrt x rn....q1 r.th(.^n,trri,,n{.4\rh.rr

9)
i,'r r..lr / - 1 . , N- onc has :t j ll. tt,, (.t

xrd eitltcr :/ O or ni = O

Anollcr vrrsion ot l|c .ordition caD hc drteit in tcn s ot rhe troirnat
concs rssocisted wittr IRI otre^rins rhrt

,\iRr(z)= {-r,: x,> 0, r. w-oJ ti)r rr 0

we src th,rl { 18) is tt)c snnre xr

'lhen as is well known, N{"0i) for a po'nl r,. Ku is lhe coDvcx cotrc lco
idnins O) scneraled by thc sndi€nts v,/ri(r) ol llre a.rilc construiDLs rl rr

(i.c. those havinsR(r)=0 rrlhcrtha r';(r)< 0). In othcrwo',1s,

( l6) ,^,^",,,,= lf ,,virr!) ,,,0 r'l,(xr=01l=r I
Tbe variational ineqoality (12) then can be rewritten as, coDdition i'r bolb
rc % rnd,=(f, . ... r-). llt"' :

tl(r)< o r,> 0 n'rd ril;(r')'0 lbr i= 1....,,

.1,'(!r a.+) r,v/,lrl=0
i=l

ln the sradient case (l-l) these arc known,s lhe KuhDjluckcr(ondiliors
for proble'n ( l4). 2n{l they play an enornous rolc in conrpul ti(mal ted'ni_
ques. Ihe co clusion wc wish lo errlph size is that rurok rc Y rialiontrl
inequalili€s, after discrctization, corrcspond lo an exlended ibln of lhc
clessical opiimality conditions lor convcx progratrming, ir tbc scnse ol
involvins a monotone term,4o(Il)-ao that does not have lo bc lhe sradienl
of anylhine. One cn attempt to gcneralize mcthods for solvins { l7) in thc

Aotut'oa=vIolu)

lo ifiis broadcr LaDrcwork Sincc momtonc tuPPings havc nury lowcllul
propenies that sccnr to placo lhem wilhin thc realor ofco.vcx !n lysis, it is

natural thercfore to regird tlte solution ofmoootone v.rrirtionalirrcqoalilics
,s a kind of'extendcd convsx ptugrirnming'.

When equality constr inls are of inlerest (the funclions ir qucstiotr b€i s
alfiDe), one can, of course, express ar equation ri(,)=0 by ll pair of i e'

c0) : d Rl and ./-tt(?)r Nn{Nr? )

Ihe conrplementrrity problenr is thus sinrtly thc vlrirtiorat ine(ltrutity
r.oblenr lirr {=lil ls sinptc tbnl h,s tent itselfld ti,e rtevck,p,n;nr (;tr nunrl)er ol alsorithms. rtlrinly tor hrcrr nrrfpines ,/ (sec otheichaptcrsh lhis lolunrc) r\Brin in this coDte\t the rotrotoDieity of lh. na;pi;;;
r)hys r! i rpo' t!nl r()le.

. Not $ olNx)os is lhc t!.1 rhlt dr:/r ronoronc vr.i rioht inequality inlhe dis..e(iz.d lbfln .bove tan be .cfonnohre(t ns a mdrorom co,nptc,nsiaril) trol.l I lru\rlrr\tnrr:rt.r.( i\n,,r snspr(iJt Il(r.r .

To drnn,,'ctrxt/ rhp rnrrh,,f tt,$ Jssertron t uc firsr kx,k t J v,rrc.
wh t limr)lcr, bnr very conrnron cdse whcre {o. ml rtr,..p,"" lr. i,"i,u



(21)

we gel (22) nrlo lhc corrrplenreDl:rrilv fornr

Mtu, -(Ar(ut+ f l,vlr"l, 'c'r'r)

3t0 Vubtiotut Inequalitiet antl Conplne tunry Lloblcns

ide'rlil'ed n!,w nulalron,rll\ wrll tR'r SplJilr(rll) tcl u\ {rlI\\( rl'xl rri

il#i""'""i",';" io, 
""" 

n"'n - ' +r dnr ror v r'' 'n)

t n , /"1='ut for l= I '. n

(21) dlr) = (I.'('') ri'{'})

antJi=(J, ,. ,!pt,1=0'p r |* .ln),onec'nwnte(l?) s

i> o a(")<o i'd(!)=o

(12) !2>0 i>0 7 r/=0

r,','-r" ' t J,v/:,rxr='i
i-1

Settins q = (-4o.0) 
')d

Usra gc lthtttiplieBa ydationtl Inequalities 3l I

Ii the rnapping ,40 in lhc crpanded vanational incquality (17) is monotone
and continuous (and each r; is convex), then the mappins t in the cor-
Esponding conrplcmentarily problem (28) (or (24)) is monotone and
contiluous rel tive to the non-negrtive orlhant. How0vcr, M canoot be
strongly nonol('re (even il.{o is slronsly rronotonc), wheD the const.rint
syslen (9) is non vacuous.

'lb prove thc fi6t asscrtion. wilh r/ gjlen by (25). we obscrve lhdt tle

|Illzt- lztl .Iz z| fot z=lu',u ,yt,z=l' ',u-.tt

(29, Vtkt,r)-tl@,iJl'lu-ut -{G(/)-C(n)t tr- rl =

- 1,4" {,,) -,1" (t)l l,-t| +

' L l(r,vl';r'/),,vr';t,r)lr.'r'rL,, tin/,(,r F,llr)rl

where ! = !' - r_ rnd ir = ii' - ii_. If /,, is moDotone, we hrve

t-ao ('?) -,40 (-)l.l'/ - n I > 0

On the other hand. the conv€xity ofeach 4 yields

OteF,tu) t,vFilii))(u- !l) + (y'-tt(F,(r)- r;(ii)) > 0

lbrough conrbination ol lhc lwo inequaliiies

,ilti\u\ > ,l"i&) + tiv L'ila\'Q -n)

|J:ilrt)> yil:ilut+ |iiFilul(n rt

(No.-ncsstivity of/i and ti is needed here.) the expression in (29) isthcn
non-n€sative (when ), > 0. t > 0). and the monotonicity of ,'tl with .espect
to the non-oegrlive orthnnl, when /o is monolone, is eslablisled. The con-
tinuity of 11, fallows fro r thc conlinuity of,40 and lhe iict that 0 differetr-
tiible convcx lirnction 1'; is always conlinuously dilftrentiablc. Strons
monolonicity i! inrpossible b€causc (19) vanishes when t=u blrt y+t.

lntidentally, il crn also bc p.ovcd thrt a nlappins tt of fornt (25) (o.
{231t ca not he lhe s.adient of any function, even if /o is of gradient type.
'Ihus, throusJr the proccss of retonnulation usine Lagmngc nrultiplicB, we

F.n the lcnLral (as. ol (l?t lhe IcfomulalroD as a conrplcmcnlarilv

d'."; ;':;,;;; 
',,i 

*o"i'"' somc .ereorenr'ry 
rrirrs werr tnown io

1,"i1,"i,,',." rheorv lhe'quarion musr be wrilren's 3 pJii oi irre'l rJlrlics

]ii' iil;.;,;;-;,.i;e e;p,ess€d as rhLditreren(cor'vt'\ ton r'rnr x (rrJI

"i" "i..i.i"ia . t" .t'nesative rhus on€ scts q = c"o do 
' 
0) ano

Q5, M(u',u', v\ - III\u' 'u"' vJ -H(u''u 'vJ"(;lu''u'')'

{24)

c(!) = (r'' (r) . , r;' (r))

,/r ,.r ) =,4n{rr + | v'vt't',r

and this Puts ( l7) in the fonn

(28) z>o M\r)+.t>o ' IM(z)+ql=o tot z=lu''u t)

(x,i)> o rttu,it+q> o @ it lMtu t)+ql =o

(26\

\27 )
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ties. Lest onc take this sort of behaviour for granted, thongh, it is wc ro
look at a classical case wbere the constraints cannot be handled in such a
sirnple fdshion. This will also iljustrate how there may be an advartase in
using convex (nonlinear) inequaljties in the discretization process, althotrsh
lhe original variational inequality appc.n to bejust .linear'.

A sood eximple is the potential problern studie.l by Strmpacchia ir the
crrly days oftbe thcory ofvarbtional incqurlities In rhjs problenr tbcre is
a boLinded opcn domain O h lR, .nd a noncjlpty ctosed set t c o. The
Sobolev splce l/; (o) scryes as I/, white 1( consists of rhe ctosure of the ser
ol'lest functions' ( a - lunctions) | in /1,1 ((l ) that s,tisty

€0)
r(r)> 0 rorrll r€o\,
'(.r)> I lbrrll x€,

Nole thal (30) has the appearance of an nrtinitc systeD oftinc.rr hequat
iti€s indexed by / and a\ t:

see that monolone mappings thal rre .ot stronglv onotonc nor ofsradient

i*oe h:r' an es'enrial role Io Plav in Ihe lheory' I rerr $lrcn wc slarl lrorrr '
"',itt"rn 

or opri*'turion. *e mav be led to d comPlemenldn(v l'ohlrnr'
ana nence a panicutar kinil of vdndlional rnequalrr) involvrrrs su'h a rn:1p

pinc

5. LINEARITY VERSUS NON LINEARITY

Ar the present stage of developmenl, mosl oi thc tech iques lbr solvins

ihe conplemcntarity Problem, at least thc ones lhat misht take sdvaD

;,ce ol rnonolonrcil) or olle' 'ucl n'u(rtrre rJIhet rhJn irNl Fdrr'ins

.v;nrhina lo ll,e lo.rrior,.l J senPrdl h\ed pninr' c' "rn onlt lIe 'r'e
of a linear rnapping. Tbe Ibllowing clementary fact is therefore central iD

;ny discussion of solvins variation:tl inequdities bv wav ofsuch iecbniqucs

If ;0 in the expanded 'discretized' variational inequalilv (17) is linear and

€ach Fr is affine, then M is linear in the conesPondins complernentaritv

problem (28) (or 24)). Thc coDverse is also tme'

Ofcourse, in discretizins a seneral vanadoral incqualitv (l). we obtain

,4" a' a rentirlion and proie.lron ol.1 \u,40islinerril/iiOnrhPrlher
rrana, tfre cfo.e.f cnrrrex 'er K is llrr inle^r'lion ol dll the 'lo*J tralt_

."accs conrrinirrg rl. so in princille *L mav re8ard l as 'lefined 
bv ' I'o-

*iuty lnnnit. sy\lrm ol linrJr inequllities Di5'reti/alion codld l'e J' I'ct(J
h! DasinA to i l-inite-drmrnsional sDbsvstem' ir'u" in " c"n,in sen.e. lhe jnfinile dirnen'ion'l vrriJliorrrl rr(llu1lirv
n,oblems Ihal ran beappto\inraled bvlinP,r(omplenr"nlarirv problum\'Jn

i" iJenrirre,l simplv Js lhe onLs in which llre mxpcins ''t I' linuar lrr rlr op

timization context, they are the ones that correspond to infinite{imensioDal

ouadratic/l'near rrosramrnins
lhe lineur comrlemcnlrnly xpProd.l lo conrpul"lion co'rlJ bc lu'heJ !

bit further in considerins a scheme in which a nonlinear '4 is linerrized

iteratively to get subproblems that fall withh the suidelnes just laid down

However, no such scheme has been shown 1o be attractive for convex p!o-

g/amminC, until reccntlv, and then in foflns that nrav not rcadilv extcnd

to seneral variational nrequalities-
Many important varjational inequalities do involve lincar tnonolone

mappings and constraints which in passing to a finitc dimensional subsPace

% (based on a triangularization ofthedonain !r over which the iunction

sp;oe I/ is delined) do re.luce neatlv lo finite svslems of linear ineiruali

(ll)

(32)

,x(') < 0 foral x€ t
.tl (r) < 0 for all x€o\t

/i(D = r ."(r) /i{r)= r(r)
The t.ouble is that the functionals /i and /i are not continuous or even
d€fined everywhere on ,/= //; (o). lndeed, the elements , ofthis space are
really just equivalence classes of functions that differo.ty on a set of measure
zero. Evaluation at a poinr r thereforc does not mnke sense untess an equiv_
alence class can be identified with a distinsuished rember ihat is con tnr uous.
say (or in the case oftle'tert funcrioDC, infinitely differenrtuble).

An idea that midt at first look temptins in this situation would bo ro
rt'pre.enr lhe conslainr b' rn dt,tra.l incquatrty in r p!rtia y orJ(rpd stace
lllus iI //; tAr is gllen llrt' nururdl urJLnnS inJI(Ld hy tt,e,une ot tunc_
tions that are non-nesative almost everywhere, one could hope to write (30)

(33) | > xE

wherc r, h the chffacteristic function of t. But x, does not belong to the
sprcc /ii(o), so this fornulation falls short tn any ev€nt,like thepreceding
fomrulation, it fails to take into account rhe fact thrr l( bmerely tlre clorrle
of the set ofr€r/trcrtunr sntisfyins the consrraints.

Ihe lack of continuity of the functionals (32) atso bo{tes iI for schemes
of discretization where the infinite system (31) is replaced by a finite sub_
systen. Althoush th€ finitedimensionat subspace % rhar is chosen may be
such thrt these functionrlsare weltdefined, th€re is lit e ro guarantee that



(34)

(sce €quations (32)). Ihen d€fine G :lt; @)' IRU { + - I by

cl,) lin,inl lmx { 4{,'). 4 (r' I ll
where the limit is taken over rll 'test function' sequerces conversing to r in
tie norm topology of lrj (a). Th€ set we are inlereslcd in is, by dcfinition.

K= { yf n; (Q): c(') < o l

Note tMt G is a lower seni-conrinuous colrdir tunctional. Otr certain sub-
spac€s %, in particular those whose el€ments ar€ all test functions, il will

(3s)

'fhc Dultituncrion A,f, rsso.iates, in othcr woftls, wilh each , € / a certain
closed conex (possibly e pry) set in ,/. (For the appropriare definition ;;0/, when F is not convex, sce Il.j I .)

Thc rjonncclion between convexily and monotonrcrly rcmains stronsurdrr rhi\ senoatizarion. A m,rltitun.lion r..cr_,"r,ea .,p1i,,et i , i I i)
ls said to be ,ronaro,. ,t
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the discretized proble rerlly 'approximat€J th€ given one.
One way around the impasse is to forgo the linearity of the constraint

r€presentrtion. For'tcst functions' , in /tl (o), denne

3t5

6 GENERALIZA'I'ION I'O MULTII.'UNCTIONS

If non diffcreniiabte funciions !.e to be rreared, the sradienr mlppinestlur dppedr in-r I/r {and I l3 jt)Urt he reptdrrJ by 
"un,"rt,ingrnnr" 

g.nerul.
ror a conver lun.lional ,. , . n u I | - t it w,fl b( ,c(ataed rhrirhc s€r
of subRtadie ts of I; atr t

(371 a /'(,) - {'y. y: l.tr')> I-(el i (r,.),,- r), Vr,€,/ }

(38) for all r.ij in t/ and
att wcr(vl.wc7'(t)

\r4-a,v-u)< 0 tornlt ,.K

Iagranse Multiplios a"d Vdnttio at tnqttuIiti.s

(39)

(40) u. K ar{J u. Atu, + Nrtul
'l he coorplemenlni(y probtcm for a mutrifunction ,, Las 08) rcptaced by

(4t)

4(v, =

F,(rl =

tl",(x):r€tl
{- r(r) rrr c! lo\rl }

wilh 4 and 4 still well delined by (34). 'Ihen

(J6)

h is rnarrDrl/ monolone it, 
'u 

addition, there does nor exisr.rny nronorone
mulrifun(rion T . y :. t etith U (y)r r(ytforr[,rna Ir,tiitrli_

. Morcau l7l ruoved in rhu llltben srrce caie that a;. is mrxirnal nronotone
runcriotr on I/ rl.t is tower s€miconrinuors and not ident.ically 1. *. (t-or the seneralization ro Bar""h,p"""" 

"",1 
n," p;;;;;-;;,

aclerization of the ctass of maximal monoton€ muttifuncrions thrt are otFtain€d in this fashion, sce Rockafella. l8l ).

. .The.generaf 
varialional inequatity 0) in the case ot a nulilu,tctk,, A

6(r) = nrax {r',(,), 4(,)}

K^ Ilo = Iv c V6.Ft(,) < 0,F,(r)<O)

Takins the latter to be r., we have a discrEtization wher€ the constrainl
system fu expressed by a pair of linite .onren funclions. As a means of ap-
proxinate the orisinal problem, this approach is nuch n)orc stable.

Obviously the convex functions F, and F, will not $Dally be dillewr
ridrle on ,/o, but this need not be a serious obstacle- In the thcory ofconvex
proSramming, much alt€ntion has recently been given to nondifferentiable
functioN. In pa , this is due prech€ly to theirrolein reforrnulating problcms
thal miglrt otherwise involve mote constnints than may be handled con
veni€ntly at onc time. A knd of 'aggregation of dud vadabl€s' is involved.
ll (he infinilc aydem (Jl) were rpproximlred hy.larse finire \ubsyitenr,
lh;it would b€ a concspondinBly larse number ol l-agmnae mulripliers thal
would havF to be kep! lrack ol. In the representation (3ol lhere rre only lw,'
muttiplieri. ln evalualing 4 or 11 or one ot lheir suhgadienls al r poi l L.

as may be requir€d by an algorithm, we n€ed only invoke a subroulinc lbr
lolving the maxirni/alion problems in \ thdl Jre embeddeJ in Il,c f,rnnulir.
(l). Tlius, in effect, we can scneratei as we 80 alon8, the.rffine fun(tions
fi ot fi lhat tum out to be important, rather than havins to heat all of
rhcm individually.

z>0 'y>0 z.lv=o we i.t(zl+q
so tlnl lhe condition is

(42, -q614(zJ+ Nd$ (z)
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In the retonnulations discusscd earlicr, (17) becomes

Ilstory. lqitlti)li.6 . d vanational In..lutrlities 31',]

1i(r)< 0 /r> 0 and ri4(!)=0
r4l) -\

ar ( A"tut +L \dFi\ut

while in the definition (25) of ,1, one takes

gcneralizaLions ol cl.rsical boundrry value problcms fd prrtirl diffe.ential
oqudlions- I hcrelbre, it is very atural to look for wrys ofsolving them in
terms of reducins thcm 1o a succession of cl.ssical problens for which
nunre.ical tchniques are already hishly developed. Sometirnes this can be
accomplished by the inlroduction of penalties to force the satisfaction of
constraints However, there now :rppears to be a possibility of using more
sophisticatcd nrethods based on ideis ol recent years in nonlinesr pro-

To sce thcsc idcrs in thci. orisnral rDd sinrplest lbrm, l€t us .onsider
first thc cdse of a non-lincrr programnring problem with eqralitl construintsl

(44) H(u.\)=A,,tt,\ ' ) r,dr,(rr

nrstead of (27).

Suppose ld is ntaximd in (a3) (and each ar is convex). and that ( l5) hokls

for an elernent ' s ch that.4o(!) + 0. nlen the multifunction ,:r in the

comespondins complementrnty probl€n (defined bv (25)and (44)) js mrxi'

Ptooi This follows frotn results in t9l when the sum of two maximal

monotone mappings is again naximal monotone -' for the argumenl' see

tl0, proposition 51.

Th€ assumption about (l s) holding with '4o 
(v) * 0 can be replaced bv the

folowing. Thete exists '€(o n int D(,40) such that Fr(')< 0 for all non

aflin€ functions F,, where D(,'10) is the set of points wh€re '40 is non-

empty'valued- This mod;fication is noeded in treatins the case of equalitv

The connection between ProPosition 3 and Prolosition 2 is this: a mooo

tone mappins A:V+V tl\:trt is weakly continuous relative to each line

seement in I/ is Inaxn,.-i monotone when viowed as a multifunclion Fur-

themore. if ,4 : f3 I/ is a nraximal monotone nultifunction and 
'/" 

n int
,(,4)*0 then the projection A"tv"'Y" is naxinral monotone lhisis
a consequence of t9, theorem I l )

Whether the oxtended problens in temls of multifunctions can be solved

effectiv€ly, rernains a ldgely unexplored question. But in view ofthe trend

in convex programmins, there is certainlv hope in this direction.

7. PENALTY'DUALITY METHODS

Vrriationat inequality ptoblems that occur in applications are verv often

(1<r rnrn[, i/c /;ri ' .,rbJe l to /,l', 0,. ,1,,,r,, ,r

lhe dugne lcrl ldgralgitl, iirnction lbr this problem is

(46) L(,.r,/)= /,"(r)+t tyrl.;(,)+ ; r;(r)rl
i-l

whcre r is a non-negative variable that serves as I penalty prrameter.
A fundanrental class of penilty-duality alsorithrns can bc described as

lbllows. At itcration k wc hrve a vector/r = (J f ..... /f,) in ll{" and avaluc
& > 0. We detennine attr 

"s 
,n 'approxinate solution to tho (r!ncon-

(47 ) ninimize I (r,1r,ro i overall r

Thcn. by means of sornc rulc that may involve information gleancd durins
this pro€ess, we generate },&+ I and /r + | and repeat thc st0p. The ain is
to set a sequence {r*} thdt in so'ne sense yields in the linit an oprimal
solutbn b the constrained problem (15).

Taking ./t- 0 and /r / -, wc obknr the .lassicrl qu drnlic penalty
method. Pure duality Drethods have non,trir l s0quences {rr }but rr = 0.
In I968. Hestenes ltlldnd Powcll ll2l indetendently proposed lhevery

(18) rf *t= !!+\ttituk\t)
The s.quencc l/r I was non-decreasins but did ror have to teod to infinity
iD order to enrurc that {r. } rpDrcrcbed a soluiion 10 the coDstrrined
problcn. (Powell rctually auowed a different vahrc of r? lir crch l;.) This
was an inrportrnt breaklhrough, since tuster convcrgence was demonstrrted
than with Dure penalty nrethods.atrd sorlre of the intrirsic numerical instabi
lily in ihe latter was sidestepped.

In {he case of an inequ:rlity constrairt.i(r)< 0 iil (45). the exprcssion
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'.F,r'r F 4 ,q(rl

in the ruSmcnted Lagrangian shoukl be replaced bv

t ttt)' Il,tt ' 
il / (r'' -ti'I(4e) 

. ]1 ir
)t

The corespondins lonn oi nrle (48) is

l.qra ef Mndpl.tsatul t/onatu)nd lher\atiti.s I 19

8, PROXINIAL METTIOD OF NIULTIPLIERS

we hrve proposcd tl0l nrodified version ol tlre llertenes-l'owell al-

soritln thal docs carry ove. to generalized vrrirtional inequ.tlities rs rcfre
senled ir the fonn (17). Therc is no spnce here to explxin lhe natural notiv'
atio ; nrfllce il to say thrt thetlreorr oinuxinral Nnolone DrullifuDcli(Ds
is decrly involved.

To rpply ihe nrclhod onc needs to specily r plramclfl vsluc r ) 0, rDd
positivc sequen..s {rr land {.* lsatislyiDg

(s0) fl + I ; max 10, -vf + r/,'/r,(rt *r ) l

F.r the thcorv ol lhis crsc rnd ti disc ssion oi lhe crilcria lllsl crn b' uscd

i', '.i"1"* fiji 
'lpproxirnatelv see tl3, l'1, ls, l6l 'lhe rb'or'- nrrkcs

h.arv rse-ot proL'erries "l mr\irrrll m'nulon( nrullrlun lron''ii" 
rl"rr*..1"'.rr rnrtho,l hds dlre!dv t'ccn rpPlied ru (errurrr \'rr

iat;n;l inequalities thrt correspord to boundary value problqns of (conu)

"'ii.ir"i"'i rvpe wrlh eqrrJlilv cohrrJinrt unlv ff clo$in'li/lvlirto "
ii;i ;;,i 14"'.;;. Llsl lhi. su,k 

'upno'es 'r ' 
I ro bc 0n ''d' r sorrrrrnri ro

ii li", .,.r' ,*'"'." or 'our" sohing(4/Ie\3'rlv r''qur!ilFIr ru\nlrrng

a cerlain equation ir Y, rrmely
and looks lor an approxinrate solution rr+l
sr..ill. rll\, r' i\ lrk"n ro be .,nr ve.ror .,.

(s3) t, /t -- rnrl ) L, "
r0

one rlso mrkes x initill sues (ro, f0)oilhesolulionto(17) (lo lict 
"0

and 1,0 can be chosen arbitrarily, for instance both zcro). In iterrtion k, one

(54) /*(f) = j (, uk J +,r,o) ao +)-

isiyine

(ss) t?r(rl'r)t. lj. max f1, t(!/'r,r,rrr) (r/,J,r)t"l

(56) I ('i,.i,)ll, = ls 2 lrl ?+lrll'?ll,
-lhen ]r + I is defincd by

(s7) l1+r=),(l ,r,l,/rr ior i=t..nt

r;( r. r,f, rr)vtri(r)

e eqortion 4(),) = 0

(51)

(s2)

0 - v, t- (r, rt, /r )

= vf.(rr+ ) t,it r;.tr)vril/r
i:i

lo, euualili( '
Y,r,,r'-(

ru,ur ,0. r,, ',/,(r)r hr ir",tuJlrlr".

'nns couldeasily be generatizedto vrriational inequalilics not ol ollitniTalion

type by replacins thc lernl vFd ( l'.) bv,'lo (,) - do '" 
UnfortLrnatetv. exa* solution at each it€ration crnnot be obtrined except

i. ren so.ial ,a'es. Yrl lhe I'ind oi crilerion lor'3fPro\irrr'rle rnrIi

',',,rri"n rn r47r thrr l r l*-n rr 'eJ in I r'nl' ol Clohrl ' onvrtg' n e i

t(rrk +r.1,r, r, ) < ini L(!r* rr) | 6r

Jr)'l rli'hFrrurr'rl"tu l"r !"rr1li"nrl irn'lurlirr'\ rrul "l ur'rrrr'i/ 'li rr {il'

(llerc v, rs silen by (52)i this formuhtion covcrs rny nrij(ture of cquality
aDd illequality constraints. 1n lhe case ofrn equaliiy constraiDt. the corre
sponding conditions in the first line of ( I 7) are replaced simply by 4(") = 0.)

In problems of optimization typc, the task ofsolving 7i(r) - 0 approx-
imrtely reduccs 1o tlrxt ol rninimiziDs a('.),i. /r) I (l/:sl lr-lltl'ir

(see ll0l) lf .1,, is N conlinnous DxrnoloDc nlilt)pills fl)d ea.lr /'; is convcx
and dillerentilblo (or in ihc case ol nr eqLrality conrt.!!rt, ,fline), then the

lapping 4 in each iterxlion is strcn8'y nroDolonc with moduhrs (l/x).
Assunrins llso thrt tlre cxp nded lariational ineqlllllily {17) has.t lcxsl

one solution (r. r'), il will bc tnrc thut



where (r-, r-) is sonre Prnicrhr solulion (cven thoush thcre ordv be more

Moreover lhere is a constant 4J € I0. - I such th!1

vonatrrnll t'F tn\t l Liu tlcndllontr )' 'hnur\

|(rr*I,JLI)-(rd r-)1, ^.4,lim lrn i dr; )

llrx(.tr )_(!- r;rl,

t20

(s8)

(5e)

at li r=

1'! 
'71 

1 1 1t 1, 1"' t

o

I

If 4r is iinitc, and Nore will be sdd about this in x nronrcnt the hst Drrt

of the theorem gu antees linear convergence at r rate thal cNn be cDn'

trolled by how hish the Penrltv Parameter values /r are rllowed to go lhe

case where /r / - yields superlinear conversencc This js much superior

to what would lappen wilh a pure penallv method. In pnctice' thc inlpro'

ved rate ofconvergence means tbat I satisfactory ternrinalion can be rerched

before r* gets so high as io cause ntrmerical instabilities A' r / - 4r dccrel

ses to thc constant that would aPpear in the conespondins conve'seDce

rnle lomnld for the HestenevPowell algorithm, ifl thc case ol convex pro

gramnring in IRN.
It q"=-, 

"n" 
still h s slobrl conversence (58) from arv slarti's point

(ro. y0). but it is no longer lossible to est.blish a linetrr rale llowcver. it

can be shown thdt this c,se is senericallv rare'

Suppose F,(r') = d;(t) rr for i - !... ]hen for ahnosl every choice ol
a0 € I/d (finite-dimcnsional) rnd D=(b,, ,r- )€ IR- such that the yariatii'ral

inequality (l?) has a solution.the concspondins constant{r is linite'

This follows Irom a lheorem of Misnot on the almosl evervwhcrc diliere'-
tiability ol a maximal monotone multiiunctioD on the inlenor ol its cifec

Li\e donrain in R'. fu' lhe dsumenl 'eeIl0l
The choice of r in ihe proximal poinl algorithn k $mewhat Prcblernnti-

cal- It r ;s too bw, a" m,y be hish, rnd the conversence rnlio dkl,/r-) will

..:
L\gtunge M tiplieBand l/oitno al lnequaliti5 I2I

suffer. while llis could be compensated for by cboosirg /* high, there might
be a trice pdd in numerical stabilily, After all, tbe whole point of the
augmented l,agrangian approach is to sncceed without r* getling too high.
It would be an improvement if instead of a fixed vahe for r the arso
rithm couid be expr€ssed in tenns of a non-decrensing sequence rr / r- < -.
This would allow some control over the phenomenon, just as in lh€ c|se
of th€ penalty paramete.. Better still, in order to take a.count of second
order nrformntion, the factorlA inthedefinition (54) ofrr nisl' t be se nerali
zed to S;', where Si is a positive definite rnrtrix. The use ofseparat€ values
of rr in (57) lor each constraint function, as proposed by Powcll, conld
also bc restorcd. Undoubtcdly such developmeDts are possible snd desirable.
but r significant ctrlargement of the theoretical applr.lus (in lerms of maxi-
mnl monotone multifunctions) would be required.

Another direction of seneralization, as mcntioncd carlicr, would be to
allow.10 to be a nrultifunction and .1.; to be non-difierentiable. Iior this,
the existins theory cnries over with wt + I = Ir(lt + I ) replaced by nn elc
ment wt + I e rl (z* " ) ;n (ss) at each interation. Bnt ellective nnnerical
techniques would reed to be developed for detenrrining such zt+r and

REFERENCES

fll F.tl. Clarke- Gencralized gradienls and rpplicdtnrs Trdns /nt MaIh. liL\..,
205 \t915t, 241-62.

l? l R.T. Rockafeur. Cldke\ trngent .ores rnd Lhe boundarid ol closed kts h lR' .

ND li^eot 4tu1. 3119 t9), 115-54-

l3l R.T, Rockafdlld. C.oc(lizcd dcrivativcs od sDbsradienls or no.convex trnctions .

Cta. J. Math. To 
^ppeat.l4l F.H Cldke. The Benerulizcd prrblenr of Bolza St,rtt J Q)ntot & Optntiz.

14 (r9?6),682 99.

l5l F.ll. clarke. Earrenral arcs and cxtdndcd tlamiltonidn sysrenN. ard,' ,44 ittull.
Srrc . 231 (197'1J,349-67 -

16l F.H. Clarke. ,^ new approarh to tasransc mulliplic6.Moth t)tEt Rcs.,I (t916),
t6s.14_

[7] J.J Morelu.'P'oxirilc et dtralild daN un 6pace l,ilberlien. Nlll .tr.,,ttdr,
Ft., 93 (1965 ), 2'13-99.

[8] R.T. Rockafellar. 'On the naximd nonotonirily of s,Ddiferorrtial afpnrsd.
Pdtilc .1. Math., 13 (l9 Io).209"16.

[9] R.T. Rockafcnar. 'Maxin,ahy of snnN of nonlnrcir Donokrre operrtos Tlu,r
Ah Math. 5o...149 (l9tO),75 8A.



322

{lOl R.T. Rockafelar. Monolone opcrlto^ and augJnenr.d riSrtngian mclhods h non-

lincf. plosammjnS'. In lvotlincrut frosmffii4 Yol. 3, cds O L MatSNriu ct

d.. Acadcnic P'cs, New Yo'r (le?8). 1 25

lrll M.R. Hert.nes. 'Multiplier dnd gndienr methods J Optihiz Theu- &Appl'4
(1969),103.20.

Jl2l M.J.D- Powel. 'A method for nonlin€ar contraints in nininization probl.tr'.
tn Oplimiza.io cd- R. Flotcher, Acad€mic Pr.ss, N* York (1969), 283'98

ll3l R.r'. Roclofelar. 'The nultiplier method of Hestercs dd Powdll aPPlied to conwx
ptostuNtjdl' . J. Optidiz. meol & AqPL, 12 (1973),55542.

I l 4l R.T- Rockafellar. Solving a totrlin.d prcgsmitrs Problem bv wav of a dual
prcbLnl. Synposia Mothetult d (htituto Nazionde Alt! Malematica) vol XfX'
Academic P.€ss. New York (t 976), 135-60.

Ll5l R.T. Rockafellar. Ausumented kgdgians md 4Pllcdriotr of th. proxitrl
point rlsorithm in @nvcx Pro$ffint. Mdth. OPq. Res., r (1976).97{ 16.

ll6f D.P. B!n*kd. 'Multiplier methoft: t suruey'. It 4 IFAC 6th Tnennizl World

consres, Pan lB.
[17] R.Glowilsld md A. Marc@o. 'Sur I'approximation, Pu dldmotls firtu d'ordre un'

et la reslution, par p{nalietionduditd. d'une clas d€ prcbLnt de Diticblcl
non linaaircC. C R -4.ad. &i , Pdnt, 27A (19 t4), \649.

ll8l B. Merciei. 'Apprcximation par dldmettt fnis er r.solulion, Par m algorithme de

Fnalisationdudita, d'm ProbDnc d'alaslo_plaslicil6'. C-R Aca.l Sei' Patit

28O (19751,287,90.

yatittio dl In qulines atul ConPlenentunry hoblens


