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F'*G and secofd order .fumalitr_ conditnr.s ar. ke3t.d nt pn.an.reriz.d clasre\ of
.onlnlcar ti(isramfrinc pr.blen$ i. ,{i. Undcr cerlah rsrmptions, il is sho\rn Ihal alnost
a1l trcblcns in (hc cla$ ir. \u.h rhar e!err n)cai mnrifrizcr satisIl.s the srrong I.rn ol thc

dprinalrt! condilron\

l. -Iho rlrotir'.rtion behind gcn{:ric coDditions. Oplimalil} conditions in nonlinear
programmlng.rre uscd in the dcsign and anal,"-sis of algorithns. the studl of sensitiv
irr lo chrnges in param€ter val!res. and in theorelical siluaiions involving dLrality and
rhe exrstence of "p.ices." It is cl{racterislic ol such afptications that. lo get anywhere.
one has to assume that an! solulions 10 rhc problcm satisf! condilions (rongcr than
a.e reail.- n..errd/L ior optimalrty. Hose!rr, such an assumltron is arvkward because
it ma) $ell he inlprxsible ro verifj.

l'or instance. an algonth ma] be guarantced lo con!erge in a cer{ain Drenner to a

soluo()n to a nofllinear progranrming troblenr. provided thal the solntion hns certain

rrop0(les. But t!ese fropcr(ies olten carnol be checkcd (and the algoritllJn lherefo.e
juslified) unless lhe cxacl solution is kno\\n in adlanccl ln facl. il is rare in nonlinear
program ing that one e\er sccs more thao an approximale rolLrlrcD- and thcn onl)
af lcr lengthr" computriion.

Actuallv. lor most applications, the assertions thal can be made about a./d.u ot
problems are of greater vrlue Ihan lhose concern'ng a fariicular problem (in which
nunrerical values are assigned to all parameters). One would like kr knos thal r
tropcrl! or kind of beha\ror i\ "llpical.-'allhough rhcre rray be "ericcttional cases.

Intuition 3nd erperience arc olt€n helpful in thls rcgard. bu1 a sound theory rcqui.€s a

rnore solid mathematical fuoting. 1o dra!\ an analog), itrtuilion and e\lerierrce sr\ a

lol aboul ho$ a computational procedure may be exneclcd to work in practice. bu!
rheorerical a.alvsi\ of conlergence is valuable nonet}eless for lhe insighls and
drsc,pline it p(\ides.

A condirion rs said io be F€,cr. for a class ol prottenls if il is 'usuallt true l.)r
problens in rhe chss in onc oi rhe scveral rigorous nithemalrcal senses rhat h3v€
been developed. The ain of rhis paper is ro treat the sraDda.d oplinliliry condilions io
nonlinear lrogranlniig from tlis poinl oi view. For simplicit). we llmit oursehes here
to thc problem

ninimize /( r) over all x € R' such thrt

s,(.x) < 0 iori = I,....,?,
\rhere the tunctions/ ard & .rre conlinuousll differentiablc.

An! theor\ of generic conditi(nrs dcp€nds hea\il] on the "clasrcs of problems
relati\c to which the geneflc asscrlions are made, as wcll as lhe pariicular nolion of
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''gencric $hich is adofit.d. One xPproach, rc ini\ccnt ol work that has beeu done on

"arioLs 
ec,'no.ic rnoricls. sou|l be ro id€ntitl (0) \'ilh a l)oinl (l t,. t,') ;n o

l';;". 'p,,." 
oi highl\ d,rlerertiahle I ncr]ons from R" ro R"'+1 under the whitnel

topology. 1rn ttrii topctlogy. a lequencc ol l nctions conlcrges if all the p'trtial

ae.iuar-iie. up ro., ceruin order conversc uniformll on all bounded sets) A "clast'oi
.'.,f,,*'. "' ' " he Ier"'.nre,l h) 'L.r' 'or'c rr'elr' 'r oer\"1' b 'otre L\'cr urlh
:' r'n,p,. .,.,', A !ro iJn $oLr'J he,rr'l ro h lJ (Pacn''l1' rt 'l'e 'ubelr'' fur

*r,'.r';t"roil, tuIms a point set of lirst Sajre cate-qorv (ie a countable union oi

noBhere dcnse scts).

We iecl this approach would be unsalislaclorv i' nonlinear prog'anming lor

serenl reasons. Tie crrphrsis on hielr orders oi diiferenliabllily seems rlien lo the

subject. while snoo$ness may be neccssarv lor certain results it would seenr to be a

nisiake to adopr a conceptual lramework lJrherentLv dependent on it Furthernore'

the classes' oi problo"s-are not sharp enough (The delormdtions thal are-aliosed

arc too general.i lle associaled notion ol whal colstilulcs an "c'iceprional se! oi

p()blem; is very dilficull lo inlerpret in a neaninglLrl wav m applications

The alternalive that 10 ut appears superior is ar apProach based on the alnost

cverywhere concept of neasLrre theorl' ln this case rlre cLassei'of problems are

nuci nore resrricleil and b€ltcr able 1o reflecl the iine structure that musl be taken

into consideratior. we imagine as a "clsss a set of problems
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minimlze/"(r) over all.r € X" salisfyilrg

s,"(r)<0lotI=1....n.
(0('))

wherc { is a parameter r€ctor ranging oler a set tt c ii The conPonents ot t mar"

represent costs, d€lnand. ctc , that are vari.tble within the conlext of a pa'ticular

model (lts opposed to other parameler values that are 'structural" and therefor€ best

.ec".l".t ,rs:tl."d krr thc cl3sr). Ir is nrlural l; ahink ol " as a rd"/o'l vccror

!.\.:,i.J 5\ !.rr. f1.5.rl.i|1\ fr''.'.rrs,'n l' .\n .\eellir'nrl \et rrf lfulil'n1s is

;i.!.i. \|r:: f:..f.1'jr!rl ri a 1r.']]JLirir l.lc! a.r.'j.,r'rr /Irlrlj'. l: he !r1'n
chss) il it holds lvirr probabilitt L

Wc p()pose. lh€rcfo.c. lhe gefcrrl stully al \hdt d!!ttt:?tnm a* ntLrlcd on rt

puftmelei'.d Llas: olprcbtenr likc 1(0(r) : ' e wja d d Pnb.lbilit.t nEd'rra o tr
h o d thdt t)driaus lapefties. n1.h.t, ttdnh cotldhi.ns lot oPtihlalitt, dte surc 10

hottl e\c.tt.ft, a elhL!6s of nea n,::(tl Ot caurse t}is is a large projecr. and onlv a

linriterl conirjbutron can be trescnled h€re. Besides !be nroti\aiion alre^dv menlioned,

there is the prosPcct of speciljc rpplications to areas like slochastjc programming.

whict are dnec!l] concerned \vrth problenrs dependent on random parameters

An i porhnt crs€ ls where the probability measure is given bl :i densitv with

rerpect to ordinar,"- t-dimenslonal (Lebesguc) measure oD the set tt c Rr; one can

cover all such probabrlities si]lrultxncously by considedng as e{.cPlirr.r/ those sets ol

Lebessue measure zero. Spingar s rlesis [4] de\elops a fairll gene'al iheorv

addressed to this case and applicable to a wide choice ol param€tcri2ations

In the tresent paper we t.cat only a stecial kind oi parameterrzatron bv leclors

r': (., r) € R'x n"'which. however. turns out lo be lurdamental in some respccts:

minimize/( r) r'r ove':tll{ e R'
srtislyins j,( \) < ll, for rll iE1-{1. .1

(0(.,,))

I.el us sa! rhal (Q(1.,,)) is a irouhlcsone problem il it has a locall) optin\al

sohrion which does n.r salisfl the slrong second-order corditiors for olljmalit) '

(cl. $3). Oor main rc\nlr staies that whenJ and g are sulficicntly snroolh, the sct of all
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{ = (1,.,) € R'x R'' lor which (?(r, r)) is I'ouhlc$ e is or (i-cbcsguc) mc.rsure

2. F;.storde. conditiorrs. Fo. a feasrblc tulution x to (?(!r. r4), rirc sct of a.rhe
consnoitt itltlicet it

1(r. r): {i€1 : &(Y)='],1.
'rhe standard r/-v o/1cl cofiditi.,1s tot locrl ortnnalit] or r in (?(r, e)) a.e thar -r
should be fe.rslble and t|ere lhould exisl a vector r € R'l such ftat

Vj(r)+:_],,!s,(r)=,

lor all I € 1. eilher_ri:0 0r i

and

€ /( r. r).
((7 )

Of course, as naied. tles€ co,rditjons are not lclualll rc..r!r,r/1 for optimaiilt. Ihcy
)rc onll necessary under rn additld)al assun1pt]!rrr atons/tunt q iliti..?/n,r Lhal in
practicc is often difflcult or lnp.rssihle to \c.l\. ltlant const.ajnt qualilications have
becn studied. but tle slrongen th.rr evcr secms ro bc necdcd (for the purpose of
dra\ing sone conclLrsion about the ri.sl orclcr conditions) is

1V.q,(\)ri€l(!.r)lisahnc!.I)i.dcpendentsct. (a?)

For fte p.ooi thnl lhe first'order optimality conditions are necessarl when r satislies
(('8). we reier to Ilesrenes L2l.

TILtRr,Nr l. Su rose the Junct(D1\ Et,. .. ,8,,, an R' u<' .[ tlurs C". ri\ dtlr
r e R^. rhcn fu att u e\Lept rn a \d nJ netrwc :eta h R"'. (Qi.u)) t\ ftt.h lhat
etet.\' fetsible s.lutian \ \dtirfie\ crndnjon ((Q) lt.l henc a.cn tr.dt!\ aljrktl
.ut.t. n ,..r, r^/.,", ",, R.r.

Tlc princital i.rol lr the prool of thcorem I sill be the well-kno$n the.rrcm of
Sard. To stalc it. a lew d€flnitions !vill be.eeded.

Ln rc.tahgle C C R" is a none'npt\ set oi the form al: Ii :a, < !, < r,.
, = r.. .. n). Tfe,,eoiu€ or ( ir fll=r (6, d,). A suhset s ., R" t1as 

"1cn.\11r. 
zek)

if for every. > 0 there c\isls a counlable fanrill ol ,-.ecra.qle; covering S. rhe s!rI of
\vh0se m€asures is 1e\! than €.

Ler +: R'-n' be r differentlahle maf. For rnl r E /r'. 4r( r) will denot€ rhe
Jacobian ol e al r. If range (./+(\) + Rr. rhen \ is x./ali.a1p.r,i/ lor d IfJ = e(r)
f(rr some c.itrcrl point .!. then.r is a ./i1'.dl |d1,e lor C: oth€r\rjse. 1 ;s a rcguk, ittue

S.\Rri\ lur-oRr]r. Let ,!: R'-R' he lilfck tidhlt 4 rlr" (' ! /i.,? r]-
nr.t\(0. J /). Thc ltu \el al tntt.ut rdlu..\ l;, + i\ il tcd. trt :.rr ir R'.

Fo. e prooi ol Sard s I h€orem. consult Abrlheni xnJ Robbin Il.
PRcrof or 'lHEoR!\r l. For r E /r' .rnd O + S a /. lrr qs(.r) denote rhe .S -

dinrensional vector with compo.enrs g,(\) (i e S). B) Sard s lleolen. the sct of
criLicalvaluesfo.qJisolmcasure7er,rirns.So.if!-|'deiotcspiorecriononto
,R si.

,\(.1) = lr E /i"' : rr i! rL crirlllll \|lLre f.,r !'l
is oi nreasure z€ro jn 1l"'(a subser of n"': n"' s x R s $hos€ /i j,lecrlons 

arc rll
ol neasure.7-ero is irscll of nrcr\ure z€roi tlri! iollo$s l.onr Fuhifl s Theorem). I-h.n
r_Uo. .\tsr ,,..Jf
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supposc rf N and.r€n'. and let .s=/(,, l.). Since rdN(.t), {Vg,(.t):r
€ .l((. r)) is lineady rndetendenl. Hencc (CO) i\ satisfied at r-

3. Second-order coDdilions. when the functions / and L are lwice diltcrenrj,rble.
a vector r is said t(' salisl) the $ftrtt s.Lolkl-oillct (onl iant lot local oftimaliry in
(0(t, r/) jf r is fersible. condilion (CQ) holds tor .r. and fiere exists .r' € R? such
tlat (,(I) holds wi!h

I > 0 for all i 6 /(a. n). and

e!cr! nonzero r E R i for which ;. V3,(.!) : 0

for all t € i(r. J) sAtisfjcs: H(.(.1): > 0.

$hcre I/(.y. r) is rhe Hessian of rhe Lagrangian funcrion in (0(r, r)):

(3.r)

(3.2)

r7(-!.-r) : I:(i) + : -r;v?(r).
-Ihese 

conditions are Ino\r'n io guarrnlee thdl t is an isolatcd locall,,- oplimrl sohtion
to {0(r, r)). They also hale other impo.tant consequcnces. tor example !ijth rcspecl
to the se sitivity of .\ to changcs in v{he of the conrponerts ol I al]d ri cl. Ilesrenes

l2l. \'lccorrnick [31. (Sone$.hat weaker conditions q,ould be enough to gua.antee bcal
optimalill.)

TllLoRr\r 2. Suppse the Juncti t\ I. gr. .. gn are ol (lass Cz. rhu e.\ctl,t lor(\ u) beld\otg to a set tl neasne '.n in R" :1. R'', (0(r. 14) i.' rll./1 thdt .tt, .Et)
lo(dlh oplinal sahnia .\ and etot I e Ri sotisl)i X the.fiTt oulu .aliditk tt (KT)
|ith \. lhe stro,g se.o d-ordet &,lditions acMl, hold.

lclore passing 1() the proof. we note thal here. in contrast to theorem l. rhe
paranret€r vector r hes an esscnlial i(te. Cenerall) speaking. lhere is no assurancc
thal for a t,re, r the conclusion $ill hold for aln1ost ercry r. and indeed rhrs can be
false. This senes ro enrphasize hos crucial ir is to have the dghr concepl ot the
''clas{ ol problcnrs relative to rhicl a generic stirtement is to be mrde. loo lArge a
class ma\ render the resul( meaninglcss (the actunl problenrs oi interc\r na! rhenr-
selvcs lorm a negllgjblc subclass. bec!use of their special srructure). But l(n) s rall a
cl.r\s r1ray render lhe rcsult invalid. Wc refengrin 10 Stingarn i4l lor a more refined
lhcory of lhe kinds of parametcriza(ions rhar are irorkable.

CoRoLL^Ry. Sk lo:e.f is aJ (tdt\ Cz and g,.....8,,ate of .lds C,. IlE" e\q
lor O. x) betotgin| n a sct of nteasure ;ero r, R" x R-. (8(r. ,)) is such that erc,r
lo.dll\ oltinul salktnrl x tatisJiat the ltnn| s!rcn.|-otdet co .litiaff.

the corollary is oblaincd by combining $eorems I lRd 2. The exceplional k-sct in
theorem 1 is of neasrLre rero ior eacb r, so lhe exceplional (r, r)-sel in ni x R- is

also of mcasure zcro.
PRoo[ or THroR!]r 2. ForrEn, le! P(i) = nlax'](o. r). Then p is oi clffs C' $ith

p'(t) = 2 . max(0, 0. Consider rhe map *rn' R'' dcfined for anr
x' e R" 

^nd lt = \ /tt,.... 8,,,) € R- b)-

F/(.rl +:/,( /l)f f,(\l

Bt(t)+e(f)
:

s",(x)+0(n,")

v('.r)=
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Ihis map is ot clas( ( r. so h\ Sards lheorem its sel of crilicnl vifues is of nrcrsLrre

Lcl (r, ll) be a regular vallre lor 'l and suppose r to he a local mininizer ior
(?(1.. u)). l-€r_r € IRT be strcl lh (rr) is salisficd. Fron the detinitnn of V. there is
a uniquc B e R"'such lhil

Ler G(')

The Jacobian ol * ai (r.,3) is

as follows for the iop hall ol
constrainl ;. f(,(.\) = 0 for

(3.1)

(-').4)

V&(.r). aIr(i lel

n,.o-t€ /(u \)-,t > 0. (3.5)

/i(1. r)i+ : rrr.q.(r)=0 (3.6)

,t (.. /r ) : (:;).

0\ B,)=.r, f(,r all , € 1- \irh /1, < 0 ill i e /({. \).
denolc the , x /' nrrlfli wholic colunns nrc the gr.rdicnls

ln 'n'' In(f )=l . I| ''r'-'l

Srnce (o. ll) is a regLrlar !0lue k! V. it folkNs h(nn (3.3) that /*(r. /l ) is nonsingular.
If for some I E / we had /i = 0. thcn dre (/r + t)rh colunrn of d*(r. /r) would vanisl.
in conlradiclion tr nonsingularit),. Hence bj (3.4).

ln lIrticular. part (3.1) of thc sriong second-r)rder condiljors holdr. Furthcrrrk)re.
-tinceforl,<0onehas0(B)=Oantl0( 4) > 0. \e mal conclrde lrorn (1.51 rnd
thc nonsingulrril! ol d{( r. l) th.rL the gradients l8r(r) lor i € /(1. r) arc lincnrly
independent. Thus condilion ((?) holds.

It remains orly lo shov thal the Hcssian cr)ndit()n (1.2) ir sntisfied Since t is
localit optimal and the corstr,rint qualilication (a ?) holdr. se knos from rhe thcoLr
ot necessar) condirions for oplimrlitt thrt at lcast: H(r. r): > ri i\ rruc in (l2) (cf.
rleslen€s l2l). lhcrefore. il (3.1) $err violatcd bt vr rc.:. ir No!ld havc ro b. s lh
: l/(r, r): = 0. xnd : $ould thus be L,n:.r, optirnxl \olurion r) lhe pn)bloll of
njnimizin.cr(:')=i:.1/(\..r):'suhrcctro: lF(\)=0 nlr all t=,I('r..\). Itcrc
I/r(.:) = //(r. r'): (bccau\c ,Y(r..r) is svnrnretlic). so r]rc lhc,)r! ('l iirsr (rder oprirrul-
ily conditions implics rhc cxi\lcnc. of scalars n for i € /(v. r) such thaL

/(x. !)

Recalli.g rhx! for I E /(ll. r) {e have r'(4) = 0 and r'( 4) } 0. \ hih for , + 10,, .\)
$e have ,'(8,) > 0 and 4 ( 4):0. wc definc

I-r./it f,) Ll r!./(r. !).

":'1 -rrq1'1.1'ri B) {id.t\r.\\

l'1,('./J) (;)

botlr)nr half from the
choicc of r. for rorvs

= /01

(3.6) and l(,r rhc
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tdr(n,r). Since dv(x, P) is nonsingular, we musl hav. z=0. r=0. But z was
supposed to be nonzero. This contredictioa validates (3.2) and finishcs the proof of
thaorem 2.
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