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Abstuact

The theory of subgradients of conyex functions is r€cognized for its many
apllications to optimiza,tid and diflerential equations (for examlrle,
Eamiltonian systems, monotone operators). I. H. Clarke has extended
the theory to non convex functions that are merety lower semicontinuous
and used it to de ve necessary conditioDs fol non-smooth, non convex
problems in optimal coltrol and mathematical programming. tr'or loca,llv
Lilschitzian functions, he has proved a number of rr cs for subgradient
calculation that generalize the on€s preriously kno\ar for co[vex frurctions.

This paper extends snch nrles to non,convex functioru that are not
necessarily locally Lipschitzia,n. Tie two main olerations con_sidered are
the addition of functions a,nd the composition of a function with a.

difiercntiabie mapphg. The theorems are strong enough to cover the
main results howr in dhe convex case.

I. Introaluction
Let E he a, linei,r topological space (rvith a, iocillly convex Hausdorff

topology), and let _l be an ext€nded-real-valued fnnction on ,. At each
point s wherc I is 6nite, there is a weak*,closed convex (possibly empty)
subset a/(c) of the dual spa,ce,4* Fhose elements axe called subgrad,ienr,.
(ot generalized fa,Cients) of I at r.

ff/is convex, al(l') consists of all z € r* sucl that

or, in otler words,

(r.2) AJ@ = {zl I - <. , z> \as z as a global minimum point}.

Ihis is tho case for vhich the notion of subgradient vas origina,lly
developed. Rockafellar llll gave the defnition for ,&: Rn and proyed a
oumbe! of nrles for calculaU4 al(c) whenl is expessed in terms ol otter
fr]nctiom. In particllax, he shoyed that
(1.3)

(1.1) flx') >.f (s)+(s'-r,z> tot all s' e E,

ajt+ (a) : afl\r)+alz@)

t R$ea$h spo$ored by the Ail tr'orce Ofrce of Soienrific Res@rch, Ajr Tor@
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iffi and /z aire botL ffnite at , and tlEre existE i such thatfi(t) < co an(

f, is bounded aboye in a neighbourhood of i. He also showed for a conve:

function g and linear hansfolrna,tior I (with adjoint .4+) that

(1.1) a\s o A)(r) : A+ L?i lA\s)))

if t is fnitc at -4 (r) < co and there exists i such that g is boundecl above or

a neighbourhood of -4(d). The proofs of these resultB in the intnit€
dimcnsional case, rvhere -4 must bc continuous, r'ere given in [f2] ar,Ii

1131, reqectircty;see also ll4l for:L general exposjtiotl.

tr'or sadalle functions, generalizaiiolrs of (1.3) and (1 4) have beer

obtained by Mclirden lr0l
The delinition of i/(c) was extended by Clarke [3,4] to arbihary lowc

semicontinuous (l.s.c.) functioN on ,: R" by a thrce-stage methoa

Xirst Clarke deffned A/(r) -nhen f 1B Lipschit2i.Ln (linitc and Lipschit
continuous) in a neighboLuhood of z and exprcssed it b,r' mearx of certai
gencralized directiolal derivaiiYes (described belo1v). Nexi he used thj
to delhc normal vectors to clo3ed sets Finally he detued al(r') in th
general case in terms of uormal YectorE to the epigalh of/, but withou
funishing a, diectional deriva:liYe cheractedzation. Lat€r Le used tl
dtuectional deriyatiTes in the Lipschitzian case as the basis of the definitio
of Al(r) when ,4 is any nomed space l5l.

$Ie hrve recently [l5] su?plied an altemative deYelopment of Clarke

ideas that includes a, d ect definition of al(,t) i[ terms of a still mor

genernl dhectional derivative function. This defniiion coYers all tl
caseE at once and does not requfue Z to be rormeal. It can be expre$e

in the foJlowing marmer, $dich brings out the natual relationship wit
the situation for convex funciions and explains 11hy the coneept

eslcciall rclevant for opiimizatior theory.
Let c be any point vherc / is ffnite (but not necessarily lower sem

contiNous). \Ye shall denote the set of all ncighboruhoods ol r by -f(a
Let us saJ' ihst 3/ € , is a' oectar oJ alptr)to 'mtltelu lniJotm desc?Not lot I F'L

(at rL rate p > 0) if for eYery I € r'/(y) therc exist X € -,/(c), 6 > 0,'\ >
such that

(1.5) for all t € (0,.1) and ''' e X withl(r') <l(j,)+3,
there exists y'e v \rrrhflp'+ta') < max{/(c'), /(s) - 3} - lp'

(If I is Ls.c. at 3, the 'max' term (1 5) can be rellaced sinplv by /(''
\''hi1e if/is n.s.c. i,t r the conditionl(xi') < l(r) + 3 is superfluous ) Call e

substatianary po'int olf if no such y and (p > 0) exists Then

(1.6) if 1..) 4t( e E* ) J - <' , z) llas tr as a substa,tionarv ?oint]'



,rlrl substa:tionrrt point rnust actunll)' be a local (and
..r - :::i r:innnunl loint. so that (1.6) reduces to (1.:). In thc
- :::: ::i. .l:e s.t ;/(i) is ron,emptj. if and onll. if :/ : 0 ir not i -ector
: :- r:-i.:..ielr |riform desceni for/.!i r.
-: .:.: :i iocal rrinimum at 

", 
the ccrtainll' r is a substationarJ J,.r-r-

:: :r:r. other er.bema dso lcad to this cordition. For crampl! ji.i is
:::,: nlll Lilschitzian' at,j (a properiy rlevcloped 1l l15l thar fill

- : :.., inirortart rolc bc1on1, it is Lno\ that;/(r): -a(-/)(xl. so ift
:: : ocal nntinun at.n, tlen again r must be a substationarl' loir]r.

- : : : . J,oints ol fnite sadclc functions aho nt ihi6 crite oD. Noratiomllr.
: :::rse, (1.6) says tlrat

: -oukl like to bc able to 'calcrLlate' tlis condition iDto more expticit
-::-i n henI has pa,rticular structure, and this is ore source of moti\.ntion
: ::LLles likc (1.3) and (l.a).

:rcli rules have heretofore not beer er'tencled to tLis general fta crorli,
: :i besides the corvex ard saddle frnction cases aheadl mcntioned, and
. : obvioLLs case of aifferentiablc fuDctions, some results arc lino1rr1 for
:Qll! Lilsclitzian functions on nonned spaces. Cl.uLc 15, Pxoposition El
.. o\nlor such{rnLr:on"rhdt Lhe ir',lucio.

.::. f I O\.{I,II LIPSCI{]TZIA\ I'I'NCT]O\S

I S) t(fl+h@) - tJ1@) + tf"(r)

l 'r)
.. flr'+lu)-{tr'J -.

(r L0) a@. I)(r) - A+ trqll (ttDl

:rlds. and moreover vith equatit:' ifi and l, are both 'regular' at r. -q.

.rnllJ' Ljlsclitzian functjon l is regul at . in Clarke's selse i{ for .1ll y
r1e one'sided directionel de vati\.el'(r; 3) exists :urd

(ln pafticul , a col1le]r function *-hich is finite at r and boundcal abovc
ir1 a reighbourlood of r is Lipschitziar and regular ai r in this sense.)

-{s for a geleralization of (1.1), Cllarke ])|1ll prorcd in [6, S 13] that

if .. is a continuously Gi,teaux differentiable mapping from a normed
stace t to aDother nomed Epace ,1 hav'ing deriva,tire ,1 at r, and g is a
locally Lipschitziarl functior on tr. E qualitl holds if g is 'rcgular' st ,{ (r),

The puryosc ofthis paper is to extend Urese results to fimctions that are
rot neccssa ly locallJ' Lilschitzian or e\.en locally 6rdre, and to sta.ces
that are not neccssa li'normed. tr'urthemlore, this $ill be accomplishecl
i]r such a raJ' that t]rc theorems quoted earlier for conrcx fnnctioDs s,ill be
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corollaries. The role of Clarke's ?egularity' will bc iahen by a notion of
'subdifferential rcgularity'. The interioritJ conditions tha.t appear in the
convex casc will be supptantcd by the 'directionaly Lipschitzian'
property.

Since extended'real mlued functions ale corereal, the results can be

apllied to thc indicator functions of subsets of -g ir order to obtain folmulas
lor normal cores. Tho case of a set defined by a system of inequalities is

giren erplicit treatment.
In the finat section, ar application is made to the chsracte zation of a

lelati.re minimum point. ard a conclusion About subgradicnts is draler
from Ekeland's variational principle.

2. Subderiratives and direrlionalty Lip..hilzian funclionr
The subgradient sct a/(r) (ai a point j, ere/is 6nite) colresponds to a

kind of dlrectional deriratirc that for general functions ]las a complicated
descriptior but can be reduced to simpler formulas in mantr impoftant
cases (as cxplahed ilr [I5] ). In exlressing ihis for general tunctions, it is
erpedieut to use the notetion

(2.1) (t',"') l,u + (r',d') + (r,/(c)) in eli/,

(2.2) er)iJ:{@',a')eIxRl"'>J@')}.

The (ur,per) subaler;x.!,t'ird of/ at .' with respect to y is

(2.3) ro;ut=ffi;yn;\W!4
q "'o 1""'"nl inr/'' -/' i 'llf J", l:"r.:'t''r t lr

Note that y is a vector of approximately uuiform descent at 3, as defned
in $ l, if and onty if/t (3j; y) < 0. Definition (1.6)is equii'alent to

(2.4) .flr) : I,z e E*l JI (r\ a) > <a,z> tot a.11a e Ej

It has been demonshnted ll5, Thcorcms 2 and 4l th.t the functio$

/t(:r; y) is lower scmicontinuous and subl ear (i.e. conYex and positively
honogeneous, not +or at the origh). One has a/(l) : O if and ody if 0

is r rector of apploxjrnately uniform descent at J', in vhich case

.f1(rj 0) : -.o. OurerwiEelt(e; 0):0 and

(2.5) bult 3/.: : € df(rr:/i(.r; y).
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As already mentioned, the limit (2.3) defiDing lt(,r;r) can often b€
reduced to something simpler Gee [5] ). Bui the fa,cts just cit€d explain
lrlly these subdedyatives, rhat€ver their de8cription, mDst natulalJi
enter rnto eny geneml study of subSradielts. They lllso have a, celtarn
geometric ifiter?rctation in terms of 'tangent vectors', and this will be
useful in seYem.l rcspccts belor.

Fo! any set C c .D and any ?oint o e C, the (Cl^tke) tangent wte to C t
c is defined by

(2.6) ?i(c) = IimiDJrl(C-c')
llo

4 n U n tr-\c-a,')+ l/1.
l, . -4 tn) x e.llt, r' . c.xi>0 r.(o,l)

This is always a closed conyex core containing the odgin (see [16, 15] ). Its
polar

(2,7) Nc@) : {z a E+ (y, z) < 0 fo! all y € ?c(r)}

is co"lJed the nornal qnc to C at r. For the i.Ddic€,tor firDction

(2.8) {tclt'):0 if t'€C, ,l'c@') = +ca f r'eC,
one has

(2.0) 'y'6(c;y)-0 f lJ eTclx), {t@:; y) =+,n tl V $ r.@1,

d coincidcs with the tangent, cone 4pilrj,J(r)), and consequsn ly one has

The fact that sets in 'd can be identified \fith th€ir indicator functions, and
results about subgadients can tlereby be specialized in some rcspccts to
assertions about normal vectors, is crucial to oul appro&ch, eslecia,lly for
alplications to constmi ed optimization.

The fundamental relatioDsLil betveen tangent cones and subderivdiiyes
is the follo\eing (see [r5]), The epigraph

(r.r0) al'Jt) - N.(r.1.

(r rr) epi JI @ ;' ) = {@, B) e E >< R) p > ! t \s; !j)\

(:. r 2) ?f(x:) = {z e E*l \2, -r) e ff.erlu,l(.'))},

(r.13) .. ftx'+lu'\ e'tlmsupl-:--, < co,

One of the situations where a considerable eimplific&tion is possible in
analJ-sing subded\.atiyes is tle csse \yhere there eiists et ]east one V e ,
such that

)n
ly
:0

Thcn rle say / is dri€rtian aIIU Lipch;,tziatu al r, In this event, as shoFn in
il5. Theorem 31, the set of alt g sotisfying (2.13) coincides ll-ith the open
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ift,tg e El It@; !) < @),

and for each y in this cone the limit (2.13) ag1ees with/l(r;y). Io!
convenience in applying thc main results belov, lTc list aome of the
criteria for this case that have bccn esiablished in F5l,

TbroREM L Each aJ the follolting i,mptries tlnt J is .lirectianattg
Upschitzian at t (a poi,nt Lhere I i,s fni,Ie):

(a) J ie Inptchitzian on a neiqhbourhood oJ r;
(b) f is com?r dnd bounaled abo& c,n d neighbo thood oJ sune point (not

necessartl| .: ituelf);
(c) ! tu can..Lxe dnd bourul.ed below on a neighbaurhoad, ol some po,illt (not

nace$oati;ly r ikelf);
(d) ! is non-decreaoing dth res()ect to the ptx ial olderi,ng of E i,nd ced Ul

some closed cutuer aane K udth non"emptlt i,nterdar;
(e) l tu the,indicatot aI et, set C that i,s epi-Li,pschitz,iak o,t ,:;
(f) ,E = R', / ir louer semicontimous on d, neighlourhood ol x, and thz

cane !g)li(q;y)<.Ej i,s not included in ang subqace of louer
dimens,ion;

(g) E = R'", J is lorNer spmiconti.nuaus on d neighbourhaod oJ ft, awj Al@)
i.s n(n-empfu and, iloes nat inaluile an enli,re line.

Case (a) impiies ihet a/(r) is non-empty and the cone (2.16) i€ all of Z.
It nreans ihat /(r') is 6nite for all a;' in some neighbourhood of o, and

12.tI) ri.tj"ple!4:Llgl . 
""

1d
In Case (e), C )E Ea"rd lo be epi-Lipschitzian aN t i t}.erc ensr X e -4r\r.J,
.l > 0, alld a non-empty open 6ct I such that

(2.r8) r'+ty' e C fot s"lI r' e C n X, g' e y, t e (0,A)

(see [15, 16] ).

3. Subdiferential regularify
The fr.rnction J rvill be called, subdil|ercnti,al\l regulat at t if I i. fi te

ot 3 and

(3.r) tt}f*"+*:Jt(xis) lotaus.

Men/is the indicator of a set C (conta,iniDg c ), tbrs $ea,ns C is tang.ntiatty
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r€glrlaf at, ,r in the sense thal lhe contingmt cone

(3.2) rc(o) : linsup,-1(C-")

: n n U lr t(C-t)+vl
r€Ji(0),r>0rE(o.i)

coincides Fith the tangent cone 
"c(r) 

in (2.6). More generally, I is sub-
ditrercntial]. regular at j' if and only if epil is tangentially regular at
(j',/(c)). Indeed, the left hend side of (3.1) defnes the function of gr $hose
epigraph is fieltlf,l(s)) 1|hile, as aheady noted, for the right-hand side
the epigraph iB 

""ptlr,/(r)).Recall that z is saial to be the gradient ofl at z in the Hadama , sen1e

lk +U)-Jlr)(3.3) e,kt) :

(3.1) l(r') > l(x)+ \r'-r. z/ + o(r'- r).

(3.5)
.. -f,J+tu'.j-ftx\liminj' " ' !z(u.z) lor.ll ,-f.

4

),

lA

converge to 0 rniformly on ?"ll compclct E-sels ^a 
t, + 0. (If t = R", this is

plain 'differentiability' j it difie$ from I'rdchet differentiabilit)' $-hen ,4 is
infinite dimemional in that the latter refeff to bourded sets, rather tLan
comlact sets.) Let us sa)r thst z is a louet sen;srudie t aJ J at t (Had.LncL

i€nse) if merely the functions min{t r,0} conrerge in the manner Fescribed.
\\hen such a z exists,l may be said to be lalLer semi..li.fJercnttable at lt
\Eadaru1td sene). This condition car be *aitten

The 'Hadamaral sense' specifies for the iafinite-alrmensional caso vhich of
several possible iDterlrretations is to be given to (3.a). \1'e shall also be
hterested in lover semidiffercntiability and lorrer semigraaients z at ,
i the JulI lim,it sense, by which we mean that the foloving condition is
satisfed:

PRoposrrroN L IJ z is a lalLer sem;grailient al J at r i,n the Jull li.mi,t sense,

then tlrc sdme hold.s ,;n the Eadama\tr sense. .trIarca|)er, tlrc con,erse is tlue i.l
E is normable (antl ltence in particul.ar uhen E = R").

At all e\ents, il z is .t hlLer sem,igtarlient al I at r. itu the Jull,I,imit sense, then

J ,is l,ower semicontinuous at a and. z e Af@).

Ptool. Suppose (3.5) holds. Then for every y e .a and € > 0 dhere exist
Y 6.4'(y) and) > 0sucirthat
(3.6) ll@+ta')-l@)l/t > lA,z)-e for all!' e I,, € (0,.\).
i388 3,39 X
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A!p1$ng this to y:0, re see thatlis l.s.c. at". Since fox all g/ e d,

Jt@i!) >ti-!*pyrlYi+&

J@+ta')-llx)(y',:) < (y,, z) +€ ar\c1 > <ab2>-€

(3.?)

r limwL 'c'-1"' ' :J ' 'n-t t

lve concludc from e.q that z e al(,r).
Given any compact set D - E and. e > 0, there is for each 37 e -D an open

neighbourhood I € .1.(r) sAtis$,ins not ody (3.6) but

<a',,> < <E,z>+e for all y'e )'.
Tliis collection of neighbourhoods is aa open coverirg of, from $.hich a
tinite subcovcr can be extracted. Thus therc exist pints y, e -D, rvtrere
'i:1,...,n1, and conespondnig ncighbourhoods yre"f (ul) coitei]ll,s I),
alorg with numbers )i > 0 such that

(3.8) a' e Yr and , € (0,),) +

Taking ,\ to be the least of tle nnmben \. \re see that for ant- ?' e , and
, E (0,.1) there exists an index i such tLat (3.8) is applicable; thcn

lf@ + ttj' ), J @)l/t - (.s', z> > - 2e.

Thus for any e > 0 there exists .l > 0 such that

finle1@'),o\ 2 -2e for ail ,' € ,, , € (0,.\),

Since , 1{.rs any compact subset of ,, this establishes tLat z is a lorrer
semigradient in the Eadamard sense.

Ior the converse pnlt under the assuDltion ttrat Z is normable,
suppose z is :L lower semigraclient in the Hndamard scnse, brt (3.5) is f.Jse
for a certain 9. Then there exist sequcDccs Ak+y a[.l l,,{0 sucl that
(for some o)

Ulr+tk -J@)l/tk < d < <!,2) tot an k.

Let, be the comlact set consisting ofy and the poirts rr. By assumltion
the fulrctiol1s nin{fr,O} converge to 0 nrriformly otr ,, so for anv ) > 0
therc existE s > 0 such that

If\x + tui -ll!)l/t > <ar,?)-s for aI & \rlen t e (0,)).

This inplies for arbitmry € > 0 that

lI\E + tkltk) -J@)l/4 > (y,r) 2s for l. sufficiently largc,



and (3.9) is thereby controalicted. Hence (3.5) camot fail for rny y, ard
Proposition I is proved.

CoRorr-{Ry I. Suppose that E is narm.Lhle .Lnd AIO:) + A. fhen f i.s

subdillerentialllt reguhv at i iJ dtul anly ,iJ eftry BlLbgmdiefi z E AJ@) is
actuatrtry a lower semigradient (Eadama sense).

CoRor,LAnJ. 2. Buwose D ,is natmable. IhuL J is diflerentiabk aL r ui,th

srudient z (Eaddmdrd, sehse) il and anlA il l@) is fnite and

, _le tt.t ,lvt _ t,, lb, au r.
,10

PBoposrrroN 2. Buppose I k subdiflercntiaU,A regular at t and alsa
4irextionaw L.ipschdt i,an, at !x. fhen lDr all, A belanging to

int{si fl@; y) < a},
the ane-s,ided, d,irecti,onal d.eriaati,De f'(x; a) erists and
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(3.r)
!t" Lh,t\ ft-\

f'trts)=Jilx:u):tit-
Jl-0

?rool. A6 mcntioned at the begiruing of !2, since I is ilirectionally
Lipschitzian we knof from [r5, Theoren 3] that for y of this type the
irLL in r2.l3i rgrecs rilhJ (..:yt. Thc'Ffore

lim suplgl4l:l@ < /r(,; y).
t/-u' t
rl0

BJ assumption, ho$ever, (3.r) also holds, so 1l'e may conclude (3.11).

CoRoLr-ARrr. Bry)pose J is Li,pschitzi,an in a netghbourhaod. oJ x. Ihe.n J ;,s

mMifierentiallE regul,ar dt:r iJ and, anv i.J f i.s lp,gul,at i,n Clarke's sense \that
b. '1.9) hods).

Prool. The left-hand side of (1.9) is kno1r1l to coincide withlt("; y) in
Ae Lipschitzian case ll5, Thcorem 31. On the other hand, when / is
Dpschitzia,n on a neighbourhood of r and /'(z; y) exists, one has

I k:, _ r., lt't t!t'-lu'_llnrtr! t! t-!tr+ts)
I ,.., I

,10

,. Jlr +ttj') -.f E)
n-u t

Ers (r.S) and (3.r) are eqLiyalent in this case.
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Iinallv, $'e eive t1ro examples (besidcs the indicator function case

mentioneal at the start o{ this section) r'here I is subdiffereniialb regular'

Other examples 11i[ be generateal from these by the theorems irr !S 1 and 5

PRoposrrroN 3. IJ J is cow:e:r rnrl finite at 4 theh I is s .bdilferent'iallg

Prool. Accordhg to [15, Theorem I], one has 
"c(x.) 

: fic(c) rvlen C is

conren. Thus convex sets are eyerfrhere tangentiall)' regular. Ap?lying
this to epi l, l'e deduce thai / is subdifferentially reguler Fhen epi/ is

Gereralizing the terminology of Bourbaki [l], \te sa)' that / is srr;crly

difrercntiable at x) ;,n thp, Iladanard. sense (*i11\ gtadiert z) if it is finite on a

neiehbourhood of .l; and the functions

R. T. ROCKAI'E]-]-AR

f(r'+tu')-.f(. ') : <a,z> fot a,tl y.

(3.r2)

.oN'erge to 0 uniformlJ. o\\ 
^Il 

compact y-sets E s , I 0 ard J'' + ,j (The

Bo baki definition corresponals to thc Xr6chet sense i bounded sets

tustead of comlract sets.) On the other hand, we say J rE strictly ttrifrerentt'

able tlt x itu the J Itr limi, d€rs€ if it is fnite on a neighbouxhood of r and

(3 13) lim

Ill is kno$]l to be Lipschitzian in a neighbourhood of ,r, the limit ,' > y in
(3.13) is superfluous, because

, . 1,", ts t_J ., tt\ _ o.lrm-,

P3o?osrrroN a. If f is strictu dil|etenti.able at r in the Jlrll trim;t sense'

tlzn the s.Lme hatds in the Haddnad sense llarearer' the conL-erse is ttue
,iJ E is norrnlblp, (.inl hence in particul.Lr for E : n").

At .Ltt el)ents, i! I is :'tri,cttrll difrerential)le at r: i.n the lull,l,i,mit sense' then J
is Lipsch'itz'ian an a neighltourlLoorJ oJ r and subd,ifferent'i.Lll! regnlar dt x,

dnd af@) rcd ces to the si,nsle elenent z :Yf(x), uhick ts in pattiuiar the

qretdient af .f &t E in the Hadahlaftl sense.

Prool. The argumcnt for the first part is closclJ' larallel to thc one for
Prolosit;on I and therefore reed rlot be relreated. Sulpose row that (3 13)

holds. Then {2.1?) cefiainly holds, so/is LiFchitzian ir a rcighbourhood
of,c. A1so, (3.I3) impries Clarke's regularity prcledy (1 9) snd he[ce
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subdifferentiRl regularity (Corollary to ProPo6itior 2), in fact 1rith

's.z -ttxtst-/rr/:r' lmir,lt'-tl,'I"\ 6r.11 u.
n-u

Thus z is the unique subgndient and the unique lorver semigadient in the

i-dl limit sensc (Lence a,lso in the Hadamard sense, in vie\v of ProPosition

l). The same holds for -z and /, so : is actueuy the gradient ofl at r
h the Hadamad sense. This lidshes the proof

Proposition a yields the follorring generalization of Clarke'! resr t
-5, Proposition al that Al(r) = {v/(cD $'hen ,4 is a Banach slace and I is

continuously Ga.teaux differentiable a,round r. (See Lebourg [8, Theorem
:.tl for another generalization. )

CoRor,L,\er' r. SuAIr.)se tlnt lot .Lll, x' i,n some netghbowhaod aJ r, J@') is
iinite, f'll; u) edsts fat.Lll a e n dnd is cont';ntnus int',y. ?hen J b sub'
dillerentittlly regu,latr at x, sttictl! iliJ:lerent'i.Lble at r il1the Eadanard serLse,

q tf @) : {YJ@)1t.

P,"ol. Under this hypothesis (3.13) holds, as proved in ll5, Proposi-
tion 51.

Iu the fnite dimensioDal case, $-e can speak simply of 'strict differ-
entiabiiity', stuce the 'full hnit sense' coincides then $ith the 'Hadamard
serNe' (and the 'ftdchet sense' used by Bourbaki). The next corollerl
extends & rcsult of Clarke [3,4], {or locally Lilsclitzian funciions.

Coaor-r-rnr 2. Suf4,ase that E :R" anl f is lalrcr semicontinllous an a
neighbovhood, oJ t. Tken the fol,huing aonal'itions arc equixalent and'impl! in
particulb that f is subal.ifJetmtialtrg tegular ot r:

(e) l'b stticlly d.iflerent'iabte at 3:;

b) AJ(p) aonsisk oJ & sinsle wctor;
(c) f I@; q):,f t(x; -a).for al.l. a;
(d) .f is Lipschitzia,, in o, neight).turhoaLl oJ x, di,fierent;1ble at r, dnd lhe

yorlient nd,pping Yflx) is aa irLucrus at x rcl,atiu to the set oJ po'ints

t'tkere J is dilJumt'iable.

Prcal. ct,tue l4l has sho\fll thc equivarence of (a), (b), and (d) (in ihe
finite-alimensional cnse) under the assumptio that I is ]-ipschitziaE h a

neighbourhood of rr. l\Ie have established in 116, Theo"err 4l that the
latter property is a consequence of (b)vhen/is Ls.c. ir a neighbo hoodof
r. The equivalence of (b) and (c) follows frorn (2.a) and (2.5). (In par-
ticular (c) implies/t (r: 0) :-/t(xi;0),solt(rj 0)camotbo co, ,,lrd r/(r)
n1ust tleftfore be non'empty.)
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Clarke hes demonshatod in 14, 6l that certain functions o:

/(,r) : maxr(t,,r)

(.r.r) or+d,: inf{di+ ail di > q, 4 > 
",}.

l.l

are locany Lipschitzian and 'rcSular' in his sense when tho functions g(t, '

have these properties. These too rre irDport&nt ex&mples offunctions tbai
are subdifferentially rcgular.

4. The sum of two firnctions
'lIi€ are ready to prove the 6rst of our main theolems, which concernF

the subgrodients of/1+/!. For a Nmber of reasons cormected with the
a.pllicrtjons that are intended, it is impo ont to &llov the fimctions to
htwe -co &s rell as +.o as v&1ue6, and this could cause ambiguitJr in
int€rprcting tle sum. 11re tlercfore adopt irr t[is comection the con-
vention that d1 + d, = + co if cither q or ds is + co (ever if the other is

-co). This co esponds to our emphasis on eligralhs and giyes unirersa,l
Yaliditv to ure rolation

fiDlLq.Rri.
the form

(3,14)

(4.2)

Then

(4.3)

(4.4)

TFEoREM 2. Lct h d,nd fzbe extended real-ralued fun.tiah$ on E that arc
finite at a, Srqpose that l, ds directionaly Ldpschttz'iak o.t r a/tu1,

{sl l1@; a) < @} aiJ,niiy) l!@; y) < 6\ + g.

(.f,+:f")r (E; !r) < II @; !) +JIlx: n) lor alt u,

?lf , + J")@) - aJ'@) + Ek@)'

bhele the sat on the riqhl in (4.4) i,s tllso ueak*-aloseA.
E.gali4J holtu in (4.4) iI tL arr!1, 12 an 61so nbdillerentialllJ regular. It

a.l,sa holds i,1L (a.SJ i.J in ad.diti.on J1@;0) and lt@;0) are nat -@ (tlat ie'
aJt@J and eJ,@) are non-em1iy), and dn that ewi h+J, is likeuise sub-

dilJerentially regutr ar.

Ptoof. Let, Jo= h+!z ai\d lt( =h@;!), ford=0,i,2. Ar explained
at tlle begiming of $2, It is lo\\cr semicontinuous and rublinear. If
l'(O) = -cc, \re haae Ahb:) + A, but ourerwise I1\0) :0 a':d, Ah@) + A
In thc lette case ;li(0): t/i(') by (2.4), since li is conrex and con-

sequmtlv has its subgredients describoble by formul& (1.2).

\Ye argue Grst that (4.a) a,nd thc NeaL*-compactness assertioD follow
from l0 < 11+ L (tllat is (4.3)), 1lhile equalitt iD (4.4) can be obiained ftom
lo = l +1o. (In thesc sums, thc convention oc -co - coisinforce.) Suppose

irdeerl that l0 < L + 1,. If either L(0) - - €c or L(0) = - co, this inequality
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mplies Io(0) : -co. Ther (4.4) is trivial, because both sides are empty.
Ne can assume therefore ihat lr(0) : lr(0) : 0. Then

zfr@ : {z h(a) > (E,z) tor atl E}

fo sta,rt Fith, we consider 3/ in the set 9.2J. Lert F>Ir(E)=Jl\x;E),
iince /:) iE dixectionslly Lipschitzian at r, and y belongs to (1.2), the limit
12.13) for /, is/:1(,;y) [r5, Tleorem 3], so it is less than p. Hence there
)xrst vn e ,|t(a), &\ e -( (,r), 60 > 0, and \ > 0, such that

4.5)

rhere thc fina,l €quality is valid becaBe ll+L is a conve)r function
ntisfyins (L+LX0):0. \trie can calculate a(L+13X0) by means of the
,heorem for coNex functions quoted in S 1 . The dtuectionaliy ]-ilschitzian
rropertl offi implies thai/J (c; y) is coniinuous in y on the interior of the
/'L {!Jl @; y) < co} ll5, Theorem 31. OuI assunption (a.2) thus pm-
;des tho existence of a point i such that lr(ii) < co and lz is bounded
rbove on a neighbourhood of i. Hence

:4.6) A(L+r,)(o) = AL(o)+A|,\0): Al1@) + AJ'@).

Ihe combination of (a.5) ar1d (a.6) yields (4.4). Note that (4.6) also

:stablishcs the wcak*-closedness ol ur@ +Ah@). If also L >,1+4, the
rclusion in (a.5) car bc rcve$ed to obtain equality in (a.a).

We proceed now to prore (a.3), that is,

- {,1lt1+1,)(a) > <y,z> fot alt y\ : a(tL+1,)(0),

14.7) Iols) < tt(a) +t,(a).

.ft@'+t!')-d; <p

(4.e)

subject

(4.8)

?' e Io, , e (0,.10), r' e Xo, ei> f,\r'), d; l(t') < t0.

0n the other hand, 1r€ have by defnition

/.(ar - .up | 'i,"",n I i"rfil'-"f-' llr.)"ytt,...,,;o.'",.,,tu.r t tr
nr'r\e,>tnt.,,

Here the difference qdotient can be exlxessed as

Jt\r rt! t-oi , IsV rs t ",lt
.l+"i="', ard the 'iimsup' can then be taken equivalently
to t 1/ 0, ! -+ \ ei -+ /1(,), and d; '+/!(4 $'ith di > /l(c') and
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d; >/I(,rj. lneoLing (1.8) in (4.9J. r.e obrcin

z,rvr < 
"*r,, [ri''*r[#({.tff=r-u)] ]

- ft@; y) +9 = t,ls) + F,
where the 'lim 6up' is as ju6t, described. Since tlis is true for s.U p > t (:

ve conclude (4.7).
Eaving established (4.7) for g/ in the set (4.2), we rrow consider general

If either lr(y) : +ca or t,(g) : +or, the riSht-hand side of (4.7) b +co ar
the i-rlcquality is triyia.l. Suppose Urercfore that y belongs to Dr n rr, n.h€

D, = {Vl \@) < co} (conyex).

By hypothesiE there exists , € rlniitr, (this is tbe asseltion of (4.2
l'hen by conYexity \rc hal-e

(r-E)s+EA E ,1o]J.tD, for € € (0,1).

Points of this kind thereforc fal within the case &lread)' feated, so th
(1.r0) l0(l - €)y+€i) < L((r- ')! + eg')+1"(G -,)s +.8).
The functions 4 &re conyex ond lo\rer seDicontiDuous, so

Iinlt(lt -qy+E ):lt(s)
..10

(ct [17, Corola,ry 7.5.r] ). Taljng the lirnit as sJO on both sides of(4.r(
u-e obtai! (4.7) &e destued.

Last on the agonda are the essertions of Theorem 2 about subchtrerenii
regulsritJ.. \1-e have already seen that if either fr(O) - - co or lr(0) : - o

the inequality ,o < 4+1, atready established implics equality in (a.a) :

the trivi&l sense that both sides represent the empty set. Slppose ther
fore that l1(0) = 0 s,lld L(0) = 0 (i.e. that Al (a) and ar(r) are non-empt
so ir1 fa,ct LOl)>-co and L(y)>-co for a[ y). If fi a,ndl, axe 6ul
diff€rentialy rcgulan, then

(4.11) 1,(r) : Lmhf"fr(r +tv')-/r(r) fori:1.2.
n't t

Since ,i(y) > -co, Ire do not haye to wollf' about the conyertic
co-cD - co in thc expression

Jd@+ts')-lolc\

(at lea,st in the limit), and tho inequality

(1.12) ,1(y)+,"(e) < rin- &.@l4LiE) < ro(y)
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:s thereforc yalid. In conjunction $ith lo<11+1,, we conclude thet
equality holds ir (a,12). Thus equality holds in (4.3) and (a.a), and l0 is
subdifierentialy legular at ir.

The consequences ofTheorem 2 are many and diverse, because ofall the
cdteda funfshed i:r Theorem I and the specia,l fornulas for lJ(z;z)
provided in lr5l for yarious cases. In fact, the remaiDder of this ?aper is
essentially an exploration of corollaries of Theorem 2. The ones we now
list denonstrate holy Theo?em 2 covers the main previous results of
siuilar nature.

CoRorr,Ar,y I ll2l. Let h cmd lz be conxer fltrLct;,ans thot arc f,ni,te at t.
Srppose there exists i suck that Jrli) <.D Mul Jz is L)ound,ed, ahow on a
L.,ishbawhoad al ,. Then e(L+i,)@ : af1@) + a!,@).

Prool. Convexity imflies that/l(c; y) -<11(,,;y) < co for evervrr such
that /r(i+)7) <.o for some ,\ > 0 F5, Theorem 21. Hence the vector
i = i -n belongs to the sct (a.2). Theorem I (b) asserts that L is direcrion-
,11y Lilschitzian at e, and Prolrosition 3 contums that l1 ard fi are sub-
diferentially regula,r.

ntishbourhood oJ t. rhen t(k+i,)\t) c Ah(r)+u2@), dnd, therc is eryatity
ij J, and f, are also subdif.ferentialLl tcsular at .r.

Prool. Apply Theorem l(a). The zero yector belongs to (4.2).

\ote thet Clarke's theorem [5, Prolosition 8] requtued bothi andl, to
be Lipschitzian around ff (and, to be normeal). lve l:\ave seen in the
Cbrollary of Proposition I that 'subdifferential rcgllarity' reduces to
a'l"rte - ragrlaijr) tor Lip'.hiL,,i.n Iun"rions.

CoBoLr,-a-R!' 3. LetClanalC2be subsets oJ E,.1wI lp,t u e CLoCr. S4)pose

(1.r2) Tc,\rJ.,]f..tTc"lr) + O,

qnd that C, is epd-Iiipsch,itziaq, at h Then

(1.13)

(1.14)

rc,n c 
"@) 

) Ic,lx). rc"@),

rc,nc,(r) c fic.(?) +rc,(c),

'lhete the set on the fi,ght ;,n (4.r4) is ueaL*-cl,osed,. Eqnli,tll hatds in (4.19)
cnd e.ra) il CL anil, Cz dre tdngentiaitry regular at \ o,ruI, then q.Cz,it|
I i hewis e tang entially regula,r.
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Proof Apply Theorem
condition (e) of Theorcm 1.

The flite-dimensional case of Corollary 3 was proved by the author

116, Theorem 5l in connection with the follolring simplifrc:,tion

CoRor,LAril. 4. Suppose E :P.". ?hen the kypatltusis in fheorem 2 tl
lz is (li,recti,(nally I'ipschitzi.an aan be replaced b! the a;ssumpt'iah ttu1I 12

Iower semiconti,nunu,s in a neighbaurkaod aJ r. Liheuise, the hllpatl&sis
CorcIlary 3 thlit Cz is epi,-Lipschi.t2idn .Lt r can be tqkrced bA tke Msunryti

that C2 i,s closed. relatiae ta a, neighbowhood oJ r.

Proof. InYoke case (f) of l\eorem I

5. Composition of a funeiion snil a diferentiable mapping

Theorem 2 and its CoroJtary 3 can be used to derive formulas for
number of other siiuations where it may not seem, at tust sight, that
sum of functions iB involyed. We demonstrate this tust for the operati
of comlosition.

A napping I: E -+ E', whera ,r is another linear topological sps

(locally convex, Hausdorfi), will be called 
"rrictly 

diflercntiable at r in t

JuIl li,mit sense il therc is a contintous ]ineax mappiry .4 : u -+ E such th

T. ROCKAFEL],AR

2 to the indicatorB h: 'l'c,, Jr:,|'c,, 1l].1i

(5.1)
-. -F'(r'+ Iil') - .8(x')lim r -: : A\tl rcr alI 4 e [.

r-r '/-u
Just as in the case of -ar = R, considered in S 3, this Foperty implies sti
djfierentiability in the lladamard s€rue (defired in the obvious Fay), ar

the two are equivalentr when,4 ard Z, are normable X'or finite dim€

sional spaces, they ate equivaleni also to strict differentiability in t
Frdchet seme.

TEEoalM 3. Let f : g 
" 
I, uherc g is an edellded+edl'ltalued lulLctdon

\ dnd I 'is d mapping lrom E to Er. B Wase that ! is stticttrg d'ilferenlial

at x \'in thelutrtr timit sense)uith de tatixeA"E'>Er,Qnluntgisfnited
d. ectiana.l,Ia Lipsckitzi.Lrl d I\E) uith

(range.4) n ini{,1 gt(.x(x); u) < a} * D.

Jt@; u) < sr@@)i A(y)) lotqus,
aJ@ - A*Las\I @))1.

Eqlnli,t!! holds i,n \5.q iJ s'is subd'ilfuenti'a1'trE reg lar at r' It dlso haldg

\5.3) iJ, in cLdditian, st(F(s)i o) + -.D ( nt i.s, Ailr@) + O).

(5.2)

Ihen

(5.3)

(i.1)



DIi,ECTIONA]-]-YLI?SCIIlTZIANI'UNCTIONS 347

Prool, Let u = X(r), a\1d deffne /, on,&' x rr by

U\x') it u' - Ilr').i.i) h(x',u'): \
ITco orleni isF

Sot€ thet n:i+/r, n'here 11 is the indicstor of the $aph of -F and
fi(r',2') : r(xL '). lve clain

I!'k:Y) [u=Aw)'
J.bJ nt\r,u; !J,D): I

I +co iI D - A\4,.

indeed, from the defnitions we h:Lye

..i) i.l(c,z; 3r,o) : limsup nr h(r'+ta"u'+tu')-d' 
.' ai41liGa oiiruo t

.here the condition d' > ,(ir', ?r') implicit in the tust limit is equivalent to
i > l@') a d u' = I(r' ), and where

tl$ -tu't il o -.[t!' t tg )- I:\r')). I.hlt'+tu',u'+10 ) : l"
( I oo otlerrr ise.

:ince (5. r) holds, the mixed limit (5.7) is +.r if?] + -4(r), I!.hne otherwire

t ! -ttt't- t' ^",h'tr.u. !.ut=limsupinr' "' i --I'V,vl.
lld1t* v -u

'loIhus (5.6) iB valid, and it follows that
eh@,u):1@,u) ht @, u; s, t) > <!t, z> + (x, u;) fot att y, v\

= {(2,11)) ) I t @; !) > <a , z:) + <A(s), u) tot au, y\
:|k,u) Jt @t a) > <s,z+ A*(i.x)> fot au s)

= IQ, u) l z + a* (u) e al@)j,

md consequently

;.8) aJ@ = {zl (2,0) e ah\n,u)}.

The next step is to apply Theoreni 2 to tle rcpresentation t:fi+/,
rot€d above. The strict difercntiability propelty (5.1) implies for the set
? : graph? tlut
5.s) tra@,u) : K6@,u) = graphA.
lhus lr is subditrerentialy regular at (c, u ) with

to if u_A\!).5.10) J!@,u: u,t): I

\ @ iIo- Alu),
i.l1) blL@,u) = Ne,t,u) : (slaph.a). = {(2, ?,) I z = _,a*(,,)}.
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On the other hand, I obviously inherits the dtuectionally Lipschit'

property from g and has

f[\c,u; g,u) = st (u; 1)),

af,@, ):1(0,u)lt e as@)\.

(5.12)

(5.r3)

In pariicular,

(5.r4)

(5.r5)

{tu,,)l J!lx,1! !.r) < co} n inti0, c) I /j (t, d; y, r) < co}

- {(y, A(s))l tl(y) e int{, i st @; x) < @}},

ollal this set is ron-cmlty bI assumption (5.2). Therefore the hl?oth
of Theorem 2 is sst'i;fied, &nd $e haye

hr lx, u ; y, t) < f I@,u; y, x) + f l@,u; V,u),

ah?:,u) - 2h(.r,11) + ah@,u)

Combining (5.14) $.ith (5.6), (5.10), and (5.12) $c get (5.3). Sirnila
(5.4) follows from (5.15), (5,8), (5.1r), and (5.I3).

I'or equality in these rela ioDs 1\.c need ol]ll-havc equalitl in (5
and (5.15). Since /1 is already subdiferentiAlb- regular at (r, ) 1

eh@,1r) + A, ve can conclude the equality from Theore 2 \vhen J

subdifferentially regr ar $ith efr1r,u) + O. The l&tte! propertjcs
equiva,lent to thc coaeslonding oncs for 9.

CORol,tABY L ll3l. Let J = g"A, ukete A ie .L continuaus lineat trt

lormation frcn E to Er ahd g is d colDet Junclion oll Dr. Suppose

fnite at A(r) and, fot some i, bounded al,ote in 6 neiglboufiood of 'a
?hen eJ@) : A*lAs@@))],

Proot Convexity implies tha.t gt(l,; r) < 9'(?,.;o) < co for any ?l ar

such tlat 9(1t ) is ffrite and g(1l+)r) < co {or some ) > 0 85, Theoren
Honce the vector t : -4(d)- '1(r) belongs to ihe set in (5.2). BX Thco
l(b), I i6 direction&ly Lipschitzi&n a,t -{(lI), and by Prcposition 3
Bubdiferenti:,Ily regular there.

CoBoLLAsy 2 (Claxke 16, 9r3l), Let J = g.I, lt:herc X 'b d mary:

fton E (rctnd) to E, (normed) and g is Li'pacLitziah on a ne;ghboutho(

I(r:). Suppase F is umtinuoustr! GAleaax difrctent;.Lble in tke se6e tha

Lim,it

r'(a'is):\jIF(,'+t11)-I(r')

e ,sts Jor al,l, E',g, antl, the of)eratats I'(/; ) arc trinear and aontinuous

deItetul co iMtously uro r' (ia tia rlorn topology Jor li ear operatorel.



t.n tt(,x) . A*las@@))) (11)here A : I'\r; ')), atut equdt'ity hatds iJ s ;r
'..liflercntiaU! regltar at X(t).

PraoJ. The cortinuous Gnteaux difierentiabilitJr of .F implies bI the
::elaliz€d nean value theorem (ct IIcLeod l9l ) that -A is stricrll
r-erentiable ir the full limit sense. As noted Theorem 1(a), s is
-JectionallJ Lipschitzian at X(r) if it is Lilschitzian in a neighbourhood
. x) thcn tg@) + {4.

CoRorL.qR1' 3. Let xeC=I r(D), lLlme I:E+8, and DcEr.
'ppose 

N is stti,ctly dilJerenti(rble at t \in tlE JulI linit sense) Ir'ith tletitu
v A, awl D ,is epi-Lipsch,itz,ian at l(c) u,ith

Faliee A) ontIDQ'@.)) + b.

D IR,E CTTONA T,I,Y ],IISCIIITZIAN I'tINCTIONS

rc@) > A tLrL@@Dl,

rlk) - .4*tr;(rk))t.
1.r6)

t.1?)

:laalitA halds iil (5.t 6) and (5.ti) ij D is alsa tuwentidlhl resulat at I(r).
Prool. Apply Theorem 3 to g =,!D.
Tle €nite-dimensional casc ofCorollary 3 1las established bl- the author

- 16, Theorem 51.

ao]RoIJ-fR]. 4. Suppase I : Rn. Then the hlJpothesis tfu1t g is d.irecti,an,

11 Ligtsch,itz,ian ,in Theorem 3 can be rcplac.d b! the canl.it.ian that g is
.t sem.icontinuaus on a neighbou.rhood oJ I(t1. Tlte a.ssltmpt;an in

:,Dllat! S that D ,is epi-L.ipschitzian can be reu)laced. by the cand.iti,on that D
: :losed in a neighbourhoad. aJ F(x).

Prool. This follo$'s flom c te on (f) o{ Theorcm r.

Theorem 3 can ahobe applied to the calcul ation of 'partiai subgradients'._:r 
a flLnction I on a product space rrxr, ore mnv consider besides

i 11. t in -O1* x rr+ the sets

AJ(rt,1L,) = set of subgradients of t(.,u,) at 1,

arl(u1,r.'r) : set of subgadients of g(&1, .) at r!.
: general

es(.\,u,) + ts(u.t,u,) t i,s(ILL,d + as@t,u,j.
-lnllermore, 

there is no uniTersal rela,tiot1shi! bei\ree11 f1g(rr, rJ and

ptoirqgluL,ur) : {2.1 e .41+ I there exisNs lrrt (i.\,1t,) e Alu,,u")}
rr bet*cen As,Q\,u,) 

^r.d, 
ptojrAsll\.11,)). Ho$€\'er, thc follo\,''irg

orollary sho1vs tlat $.hcn t is Lilrschitzian around kq,?q) ore does have

e$kt1,uz) x a,lu,1t,) - ptojrts\u!,xt|-) x rtoj,?!t(ut, u,),
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and that equelity holds if g is sLrbditrerentially regular at (u}zt. 1

sharyens slightly an obseNation of Clarkc [6, S r].

CoRo ,ARl. 5. Let g be ertended-real-xalued an ErxE2 and jn'ite
d.itectional,l.a Li,psch,itzian et (ubu,). Sllppose

tr'l x {0}l . ini{("^l, o,) et @1,1t,; at,Ii,) < cD} + g

(as i,s tu1rc 1&en s i,s Li.psckitian araund, (\,u,)). Ikek
A$@r, uz) - voil AsfuL, u,),

and. e.$cll,i,t!l hold.s if g is aka subililferentialla tEgular at \\,uz).

Ptool. Iaka E :81, E\: ErxE'z,It(u'L) = @l,ur)

6. Other formulas
lYe tuin no]v to conclusions that can be alra.rrn from Theorem 2

more precisely from its Corollary 3 in $a, $-her one or both of dhe r

Q, Q is an epigraph. Thc key to these is a sharper formula than (2

relating the nomal cone of elil at (r,l(r)) to ,l(fl) in the case $-l
a.f @) + a.

Sirce ;/(r) is a non cmptt weak+-closed convex set in .4+, it has

acco.:rt ed,..,*;o,? "or4 (1.),rn!tol c .ore).

(6.i) 0+ rJ(x) : t,I fot atl z e AJ@),lor all t > 0: z+tu e Af@)).

Il'ormuta (2.12) &nd the fuldamental prolerties of recession cone8

fI7, r8l) imply (becauEe al@) + O) that
(6.2) (?,,0) € -N.!ti (r',,/(c)) * be0+AJO:).

Since N""'la,/(c)) is a reah*-closed convex cone contained in thc h
Epace {(,,F) p < 0} (becallsc it is lolar to r.Du@, f(r)), irhich contr

(0,1)), \re hare

(6.3) x"eilr,/(r)) = ru,I(a/(c), -1)

(when;l(r) + 0), $dere the notation,\ > 0+ refe$ to all the cases wl
.l > 0 and also the case ) : 0+. Of course

(6.4) 0+ aJ@) = {o} ifaf(r) is bourded,

*'hich is true *hen lis Lipschitzian in a neighbouhood ofii. Il] this er
one could jusi as well mite l > 0 in (6.s)

ant is urlue (u'Iich i.s J\r)) ts fnite. Buppose tlnt

(6.5) {!rl lll,; a) < .o}oini{y Jlln;a)<@}+D
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'.. ':i: difecti,o7r& g Lipschitz;an at x. Ihen

i. lt(jrj y) < llax{ll(l.; 3), ll(,c; s)} for a[ y.

.' :.'.- !) and tJ,@) are nan e rpt!, then atsa

:: El@) - u llr;i(I)+ I,;ls{')],
,\r>0+,,11>0-

,\1+,\1-1

: '-.:'... '.1 
arl the righthavl side aJ rc.'l) cainc'ides dth the ueal+-clased

:.::::.t.fif1k')and?f,(r:). Equattt! hatds in (s.6) and, l6.i) iJ JL ahd h
.': . :: ;rid;frercntidl\l rcgular at r.

:--r.' {ll the conchsions are obtained bt- applXing Corollary 3 of
-'-:::r ? to the epigraphs Ct:epi, at the point (r,d), \ ere

. :.'.., : J"@) : lA), usins (2.r2) end {6.3). To see that the required
,rj -:rliio s are satisfied, note tust that

: : 7.,{e,, o) n int ?,-lr, a) : epill(r; .)niniepi/j(r; ).

,.-. -' :l! J;@;!) <c.]fori: r,2. The convex function lj(r; ) is
r-:::::rnus on irtrr, because f, is dtuectionall)' Lipschitzian at ir ll5,
::.:.r:1 31. Thercfore

hte!i/J(}; .): {\!J,p) e ExR" yeil:ltDl",ls>Jt@;A)\.

-:-.,.rdition that (6.8) be non-enpty is thus equivalert to

DLojJ,t D, + D,

:-: -!. to assumption (6.5).

-i:,-..rr-l,]ny (Ciarlre [6, Theorem 2]). Let l: rl..ax{.h,...,f,h}, uhere the

' ::lt: J, arc Lipschitzian an.t neighba rhoad aJ ?:. LeI

r(r) - lii ft@) = J@)j.

11(cj y) < maxlJ(r; s) Jat &ll a,

.-: ?l(ff) -U{ > \,.a.f,(x) 
^o> 

0, ! 4=r}.
'iel(.) ie-.lt)

-.'.'t::rt'diffe|enti,allAtegularatrJorcach;,eI(x),theneEullit!hotrtuin

. . .rd (.8.10).

,''-.y' AWIy Tlreorem 4 indLlctively, using (6.a). I'orte1(r) $e have

' i: < /(i) s for all c' in some neighbourhood of r (for some e > 0) by
':::-ritl' (as implied b]' the Lipschitzian prope y), so (,t,1(r)) € tepir,
::-'L1; ) and a/(c) aro irdependcnt ofr.
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RIMAIiK. The cited result of Clslke is slightly morc reshictive than u
corol1ary, in that it assumes the space is normed. Howerer, it is mo
gencral in an important respect: it covers certain kind,s of infirite indl
seta besides {1,...,r,,},

TEEoREM 5. Lel C={t'lJ@')<0\, antl. let z be d pa,int satisfgi

J@) : r. Ellppase that:f is d, ecti,anallE Lipschitzian dt r u'ith 0 # AJ@) + |

and ].et D : IJJ JI(r) y) < .Dj. rken C is epi Lipsch'ilzian at x u'ith

r..@) = {Jt) li (xi y) < 0},

int,"c(") >{s s e il..tD, Jt@; y) > 0\ + ti,
Iro(c) c 

"U.M/(r),
lLhere the set antheri,ght of \6.t s),b ueah+-clased. IJI'is ako sitbd'i,f:ferentia.l

regl at at x,then equality halds in (6,11), (6.12), dfld (0.13), and C is ta
gentiallg rcgulat at r.

.Prool. Thc conchsions are obtahed by applyiug CorollarX 3 of Theore
2toq:{.(2,y) erxR r.:0}ardC,:epilatthe])o t(c,0). One h

(6.14) .rc,@,o) : Ik,hl p : 0), 
"..,(3,0) 

= eli"ft(r; .),

and by polarity
(6.15) -\t,(r,o) - (z,p) z:0), 

^'a(r,0) 
: the cone in (6.3).

Since the conyex funciion/t(r; .)is continuous on int, due to/beir
diiectionalll- Lipschitzian at c ll5, Theorem 3], onc also has

(6.r6) it1tetill(r; . ) : l(!t, P) e E xP'i lJ 6 11\r D, J I (ri a) < pl,

and this set is non-empty. Therefore b)' (6.14),

(6.1?) rc,(r, 0) . int 7...G-, 0) = {\a,0) s enLD,Jt@ty) < 0j.

The latter is also ron-enpty, fol othendsc the set (6.16) 
'ou1d 

bc co

tained tLe har-stace l.la,P) P > 0], and the same would then be tlr
ofits closure, fhich includes epill(ri .). That nou)d inply/1(:r;s) 2
for all y in contmdiction $'ith thc h}?otheiiis that 0 d ff(rl]). The assuln

tions of Coroilary 3 ol Theoren 2 erc therefore satisfied. The asseft(

rclation! folloratorcefromthe ones inthis rcsult And (6.ra), (6.15), (6 r{

CoRoLr,Ar.]I 1. Let C = !&').flx') < Ol, and let r be a paint satisfy,il

llx)=o. Buppase that j is Lipschitzian'in a neighbourhaad oJ x, at

0 F AI\t). Then C is epi-Lipschitzian at r uith

t(,(r) ) lu <u,raoJora zetJQJj,

llit I ck ) - rt! l <jJ, z> < 0 lat a z € eJ @)\,

It(r) c 0? .r > 0, z e ,/(i,)],

(6.r1)

(6.r2)

(6.13)

(6.r8)

(6.1r)

(6.20)



:',-':.:,:ot.ilErightin(8.20)bueak*-clased.. I.f .f k ako subd.ifJerenti.-
', - .:. 4.. 4! .. th.n equatritlt lnlds in (6.18), (6.19), and, (6,20), and, C ds

.-...:t.:::r rc!4lar at r.

:-:,:'. :r.ce / is Lipschitzian, \ve haye a/(c) non-emlty and rreak,F-
:.:-:i-. rius 0-;/(r) : i0) and

jt (:t;a) =naxt(y,z)lz € a/(r)] (finiie)

!IR ICTIO\-\LLY ]-IPSCITITZTAN I'ITNCTTONS

2l.

r.:- . r:. Let C:&'lft@') <0,d= 1,...,r?]. lar iieC, Iet
: : : .' z: :0j. Suppase the lunctions h are Ltpschitzian in a neigL

.: 0fco{af1\x))i,e1(t)}.
,; i; €p;-L;pschitzidn d,t r uilk

Tc(x)= {! <s,z) < 0 far alt 4 € alt@), i e I\t)\,
ftrc@) c la (.y,2.) < o Jar al.t, zr e Afl@), i e I(q)\,

nlc(,).!a,&,,i)'l> 0,4 e afl@)I,

:'.-. :/. ':.t on the ri.ght in, (6.24) ds beah+-claseil. Il each h i.s also sub-
: =.-.-.;all)J regular a.t x, tken equali,Iy haus i.tu (6.22), (6.23), dnd. (6.2q,
r'. a a: ianger"tiallg rcgular at L

:-.,,i -{!ply Corollaxy I lrith I aB in the corollary of the lreceding

-: .orrrse, Corolarj. 2 in tulrl implies Corollary l.

:. Alllication to minindzaiion

-'rr a rery general soft of a?plica:bion can be discusseal here, but it
-.-ates one of the fundamental possibiiities of the theory.

::.oREir 6. 8utry)6e f tu$ a f.nite local, minimam .Lt a rektti,w to a set, C
.:'.r-, 1iuane endcd.-tE Ltr-Nalued lltnctian on E anaL C < EJ. Assume that
!'... oJ the lallau,i?1g tuo cotudttians ,is satisfied.:

. T(.(x)nlntftJl ft \s; !t) <.tj + A arut I i.s d;,rcctianalls Lipschitzian at
r liJ E = Ra , tle lattet can lte replu:ed by : J ia l.s.c. on a nei,ghbourhoorl,

. :.'r J t (u a) < .D\ omtfc@) + b and C i,s epi.Lipschitziqn at x (if
E : P,", tke tratter uln be replaced bg: C i,s closed rel,at;,1)e to a neigh-
boutload aJ c).

.'.-. ajix) neets - No{p).
:: !!,:.;i Y
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Proot The funciion /+,y'o ha,s a local mininum ai c, and helc€ c is

substetiousrJr poiDt. Eitn$ (a) ol (b) is sufrcieut for TheoreD 2 to I
applicable and yield the inclusion

0 e aU + {'cl@) c aJ@) +e{tc@) : Aflx) + Nc@).

This say6 there exists z e Al@) wtth -z e Nc@).

RntrRR. Tlle set C in T[eorcm 6 can in ?articular lave the form i
Corollary 2 of Theorem 5, and a, Lagreng€ multiplier rule then folio\rs b
v&y of condition (b). At the sa,me time,l cr,n b6 ofth6 form/o + Jr, $her
, is a set defned by coDstraints of som€ other tJ.Te perhaps, and i/ ca
then be anslJBed by a,nother application of Theorem 2, Ia this FaI oD

recoTers by 'calculation' the lagrange multillier mle Fored bJ Ctark
15, Theorem 1l (except to the extent that the latter applies a].eo to €?rali,
coDst aintr erpressed by locauy Lipschitzian, non-smooth furctioDs; suc.
conshairts involve aclditiona,l coDlideratioDs that go beJoild the presen
framesorL).

Fioally, we describe an application to ELeland's yariatioDAt prilcipl
F, Theolem r.ll.

TEEoREN 7. Let I be ak ectand?t-aedao.llret louer sem;.onlinuolt
lukcti.on on a Banach space E, anl lel s be d, point uhare I i"s fnit€ ant ha,s,
p-ha €-minimun, i,n thp senoe tho|

(7.1) /(o) < inf{/(.t') lr'-rll < p}+6

|lt') > s(r^)- (e/i)lla'- z^ ll forellc'eE.

(u:hare 0 < p < @, O < 6 < co). Cl@oae any i e (0, p). f h.en there ed.st !.
and z^ e el@^) auch that

(7.2) l(rJ < -f(n), ll rr - . ll < l, ll zi ll < €2.

ProoJ, Let .B and B* d€note the ulit balh of E and ,E*, aod le
g=f+{'c,\rhe$C=i+p3. The functio! gis lorer semicontinuous er
he,r a, global €-minimum at ,.

Ekeland's variationol pdnciple Fl asEerts for a,ny ) > 0 the eittence (
r^ 6uch that 9(a,r) < ,(c) (hence l(o^) < /(r)), Irr-c | < ), arld

(7.3)

Let h@') - (E/i)llr' - e^ll. $re ca,n interpret (7.3) a6 seying that 9 + U h€

its global minimum at ,rr. Assunle that ,\ < p so that cr e intd. Th€D
coincides $iithf axo|nd sr, and/+, therefore las a loc&l minimum at c
genc€ 0 € a(/+lrxr)). Theorem 2 is spplicsble, becaus€ i.is Lipschitziar

e0 + h)(x) .= aJ@^)+ah@^) = aJ@^)+(E/^)B*.
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Thns wo may concludle Lhat 0 e AJ@^) + (s/i)B*, or, in other wortls, thai
there exiBts zr € a/(cJ vith llzill < 62. This complot€s tho proof of
Theorem 7.

RxlraiK. lVheDJ is convex and p - co, Theorem 7 r€duces to a, tesult of
Brsndsted and ihe autllor [2, Lemma,] that has bem uled in the global

study of the Eultifu[ctionr D/ in convex anal,ysis'
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